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CONTENTS

Part I Introduction 1

1. Resumen en castellano . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.1 Motivación . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2 Resultados . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
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4 1. Resumen en castellano

1.1 Motivación

Los últimos años han sido testigo de avances espectuaculares en el control y ma-
nipulación de sistemas cuánticos. El Santo Grial de este esfuerzo es, desde hace
algo más de dos décadas, el ordenador cuántico; un dispositivo que reduciŕıa los
ordenadores convencionales a abacos y que podŕıa enfrentarse a clases de prob-
lemas que son intratables o inimaginables para la computación clásica. Con esa
visión en el horizonte, lejana en la situación tecnológica actual, los experimentos
se han centrado en la antecima de la simulación cuántica, que es ya una realidad
palpable.1

La simulación cuántica consiste en recrear las caracteŕısticas o dinámica de un
sistema f́ısico muy complejo a estudiar (t́ıpicamente, sistemas muy correlacionados
intratables computacionalmente) en un sistema cuántico que ha sido diseñado a
tal efecto. Las plataformas experimentales que se usan y proponen para estas sim-
ulaciones son muchas: iones atrapados, circuitos superconductores, cavidades,... a
lo largo de esta tesis veremos muchos ejemplos en una sola plataforma: átomos
ultrafŕıos en redes ópticas. Para conocer más sobre este sistema, referimos al
caṕıtulo 3 de esta tesis y las referencias alĺı incluidas.

Esta tesis se centra en un aspecto muy espećıfico de las simulaciones, y que a
nuestro juicio consiste en una de las cuestiones que más información ofrece sobre el
sistema simulado: la medida de observables caracteŕısticos. La motivación de esta
tesis no consiste sólo en medir con la intención de atribuir valores a propiedades
conocidas; sino que la misma definición de observables y medidas arroja una luz
sobre el sistema que queremos estudiar y al que, en ocasiones, sólo nos podemos
aproximar con modelos que preasumen la existencia de este tipo de clasificación
por medidas. Por ilustrar esta idea de forma un poco más extrema, creemos que
la aproximación al conocimiento de un sistema complejo se basa en dar respuesta
a preguntas (los observables) que no caracterizan por completo el sistema, pero
extraen lo que más nos interesa, dejando el resto inexplorado para futuras sor-
presas (ejemplos sobre observables espećıficos que interesan en śı pueden ser el
número de estados de borde en un aislante, la presencia de superconductividad o
la degeneración de un estado fundamental).

El trabajo contenido en esta tesis se centra en la medida de dos propiedades no
locales de un sistema: la topoloǵıa y entrelazamiento. Aunque a lo largo de la tesis
aparecen conectadas y relacionadas en más de una ocasión, el foco principal cae
sobre la primera. Revisemos brevemente en qué consisten y cuáles son los motivos
para creer que medir estas propiedades constituye un avance en el estado actual
del conocimiento.

La topoloǵıa, y especialmente la aplicación de este concepto en f́ısica de materia
condensada, ha sido una de las principales v́ıas de estudio en sistemas complejos en

1 Existe un fuerte debate entre puristas sobre qué constituye verdadera simulación cuántica;
o incluso si una verdadera simulación no seŕıa al menos tan útil como un potencial ordenador
cuántico. Esta tesis elude ese debate y se centra en los aspectos prácticos de las simulaciones
experimentales.
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los últimos años. Existen dos acepciones comúnmente utilizadas sobre que quere-
mos decir con topoloǵıa, y la relación entre ellas en difusa. La primera, de uso cor-
riente en ciencia de estado sólido, se refiere a la distinción entre materiales que son
aislantes (o superconductores) pero que presentan diferentes comportamiento en
el borde (por ejemplo, conducción sin dispersión) dependiendo de propiedades que
no son distinguibles con medidas locales. Ejemplos paradigmáticos son el efecto
Hall cuántico anómalo, el efecto Hall cuántico de esṕın o la cadena fermiónica de
Kitaev. La segunda acepción es más usada en el marco de la computación cuántica
topológica, y t́ıpicamente trata con modelos cuyas propiedades (por ejemplo, la
degeneración del estado fundamental o la estad́ıstica de las excitaciones de baja
enerǵıa) dependen cŕıticamente de la topoloǵıa de la variedad en que se inscribe
el model. Un ejemplo t́ıpico es el código tórico.

Aunque existe relación entre estas definiciones, y muchos trabajos utilizan ver-
siones refinadas de éstas, podemos decir que esta tesis trabaja fundamentalmente
en el marco de la primera acepción. En este sentido, definiremos una serie de
invariantes, que toman valores enteros, cuya medida caracterizaŕıa parcial o to-
talmente propiedades en los bordes del sistema. Una definición más precisa de
qué entenderemos por topoloǵıa (y, espećıficamente, por estado topológicamente
no trivial) la presentamos en el caṕıtulo 4 de esta tesis.

El entrelazamiento, por otra parte, constituye una de las caracteŕısticas distin-
tivas y más antiintutitivas de la mecánica cuántica. En śı, el entrelazamiento es
una consecuencia natural que establece la existencia de correlaciones más fuertes
que las clásicas entre partes de un sistema (por ejemplo, entre dos part́ıculas).
Sin embargo, y desde el asentamiento del formalismo cuántico como teoŕıa para
explicar el mundo microscópico, el entrelazamiento ha sido la base sobre la que
atacar dicha teoŕıa (como hicieron Einstein, Podolsy y Rosen en su célebre art́ıculo
de 1935 [28]) o la propiedad definitoria de las nuevas reglas de la f́ısica moderna,
en palabras de Schrödinger [83].

En el campo de la computación cuántica el entrelazamiento es, ante todo, un
recurso fundamental para implementar los algoritmos que la hacen tan especial. La
mejor forma de resaltar su importancia es en el modelo de computación cuántica
basa en medidas (MBQC) que, como indica su nombre, aspira a realizar un cálculo
arbitrario únicamente a base de hacer medidas en part́ıculas sueltas. Condición
necesaria para poder aplicar estos protocolos es la existencia de un tipo de estado
entrelazado, llamado estado grafo, que implica la existencia de entrelazamiento
entre dos de sus partes cualesquiera. En este contexto, creemos que la medida de
un estado grafo es un paso importante en el camino para la aplicación de estos
protocolos.

Por último, y de forma más especulativa, existe un esfuerzo por comprender
cuál, si la hay, es la relación entre estados topológicos y entrelazamiento; relación
que es natural ya que los estados topológicos mantienen correlaciones especiales
a largas distancias. Esto no es una prueba, y los esfuerzos por conectar estas
áreas para caracterizar mejor los sistemas de muchas part́ıculas son continuos y
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se han redoblado a partir del análisis de espectros de entrelazamiento [63]. En
este apartado, también esta tesis prentende aportar medidas que clarifiquen qué
podemos esperar al usar estas clasificaciones de entrelazamiento en problemas de
materia condensada.

1.2 Resultados

Como hilo conductor, la tesis trata la posibilidad de caracterizar y detectar propiedades
no locales de gases atómicos ultrafŕıos. Como hemos mencionado, las principal
motivación para esta colección de propuestas surge del campo de la simulación
cuántica y la información cuántica. A continuación vamos a listar los resultados
principales de esta tesis, siguiendo aproximadamente el orden en que han sido
estructurados los caṕıtulos:

• Un Hamiltoniano de Dirac completo y controlable puede ser im-
plementado de forma realista en una red óptica bidimensional.

Hemos revisado la forma en la que un modelo de tipo enlace fuerte (o
tight-binding, en inglés) con part́ıculas masivas puede dar lugar a teoŕıas
de fermiones sin masa de Dirac en el ĺımite de baja enerǵıa. En particular,
se detalla la relación entre todos los posibles términos que pueden incluirse
en el Hamiltoniano (sin interacción) y los parámetros microscópicos contro-
lables. Las especificidades de la implementación son explicadas de forma
cuantitativa, con el objetivo de realizar una propuesta experimental com-
pleta.Por último, se sugiere el empleo de varios protocolos de medida, según
las caracteŕısticas particulares del experimento que se quiera realizar, y que
allanan el camino para la realización de simulaciones más complejas en exper-
imentos similares. Este resultado es expuesto principalmente en el caṕıtulo
6.

• El orden topológico de un aislante de Chern puede ser medido
mediante imágenes en tiempo de vuelo de átomos confinados en
redes ópticas.

Hemos demostrado que un aislante de Chern puede ser implementado y car-
acterizado en un experimento de redes ópticas. Un ı́ndice (o winding num-
ber, en inglés) que toma valores en los enteros puede ser medido a partir de
imágenes en tiempo de vuelo del gas atómico, lo que resulta equivalente a la
medida de su número de Chern. Hemos comprobado numericámente que el
protocolo de detección es robusto frente a las inhomogeneidades y temperat-
uras propias de estos experimentos con redes ópticas, como cabe esperar de
un invariante topológico entero. Este resultado es expuesto principalmente
en el caṕıtulo 7.

• El número de Chern de un sistema compuesto de dos pseudoespines
puede ser medido de forma exacta a partir de ı́ndices parciales.
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Hemos demostrado que el número de Chern de un sistema 4x4 con invariancia
traslacional puede ser descompuesto como la suma de las fases de berry -o
ı́ndices- de dos particiones de tipo pseudoesṕın. La prueba requiere que
dichas particiones no se encuentren maximamente entrelazadas en ningún
punto en espacio de momentos -lo que supone una gran restricción a la hora
de seleccionar las biparticiones. En general, esta restricción implica motivar
la elección de particiones en base a alguna simetŕıa del problema.

Además, y basándonos en este resultado y el expuesto en el punto anterior,
podemos concluir que el número de Chern de un sistema compuesto también
puede ser medido mediante imágenes en tiempo de vuelo; exponemos este
resultado con un ejemplo paradigmático: una propuesta para medir modos
de Majorana en un experimento con redes ópticas completamente detallado.
Estos resultados están expuestos en los caṕıtulos 5 y 8.

• El ı́ndice topológico puede ser usado para detectar transiciones de
fase en sistemas con grados de libertad adicionales.

Hemos construido un model de enlace fuerte que incluye el efecto de po-
tenciales Abelianos y no Abelianos sobre fermiones masivos. Las medi-
das realizadas únicamente en el grado de libertad de esṕın son suficientes
para construir un ı́ndice topológico que cambia de valor al cruzar una tran-
sición de fase provocada por el potencial no Abeliano, como se demuestra
numéricamente. Reafirmando la intuición de la que nos dota el resultado
expuesto en el punto anterior, la cantidad de información extráıda a partir
de estas medidas parciales depende cŕıticamente de la ruptura de simetŕıas
relevantes del problema. Este resultado está expuesto en el caṕıtulo 9.

• El entrelazamiento genuinamente multipartito puede ser medido
localmente en estados grafo.

Hemos demostrado que la fidelidad local a un estado grafo puede ser me-
dida en un modelo sencillo de qubits -o bits cuánticos- en una red atómica
bipartita. Lo que es más importante, esta fidelidad contituye un testigo de
entrelazamiento genuinamente multipartito que puede ser computado sobre
regiones arbitrarias, haciendo uso únicamente de dos conjuntos de medidas
simultáneas. Hemos incluido evidencia numérica de que este protocolo fun-
ciona aun en rpesencia de diferentes fuentes de ruido propias de experimentos
con redes ópticas. Aunque las medidas son en śı destructivas, el método es
útil tanto como forma de certificar entrelazamiento entre muchas part́ıculas
como para calibrar un experimento que tenga el propósito de construir es-
tados grafo de gran tamaño. Este resultado está expuesto en el caṕıtulo
10.
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1.3 Ĺıneas de ampliación

Esta sección hará un compendio de las posibles direcciones de investigación que
abre el cuerpo de resultados de esta tesis, además de comentar brevemente al-
gunas ideas más especulativas que pueden afianzarse como posibles campos de
investigación o ser descartadas.

Una de las principales cuestiones que motiva esta tesis, y que forma parte del
núcleo duro de la investigación en el campo de la simulación cuántica, es cómo com-
putar y caracterizar con éxito el efecto de interacciones entre muchas part́ıculas.
En la mayoŕıa de problemas, y espećıficamente en problemas de fermiones en redes
de dos o más dimensiones, los métodos numvericos clásicos son muy costosos com-
putacionalmente o directamente inútiles. Sin embargo, muchos de estos problemas
son importantes: pueden dar origen a fases exóticas de la materia con excitaciones
anyónicas, a modos de Majorana topológicamente protegidos e incluso a explica-
ciones sobre la superconductividad de alta temperatura cŕıtica.

Esta tesis presenta una nueva herramienta para atacar esos problemas: un
observable, el ı́ndice topológico, que puede ser medido en experimentos de redes
ópticas con técnicas de imagen rutinarias. Este invariante no es sólo equivalente al
número de Chern en su caso más sencillo, sino que los caṕıtulos 5 y 8 demuestran
que esa equivalencia puede mantenerse en casos más complejos, con la ventaja
añadida de dar información sobre el contenido de entrelazamiento entre particiones.
Si algún experimento es capaz de controlar la elección de biparticiones a voluntad,
estas herramientas caracterizan directamente las propiedades de escala del espectro
de entrelazamiento del sistema.

Aun más, el ı́ndice topológico puede ser usado como un invariante con sentido
completo cuando no tenemos acceso al conjunto de grados de libertad del estado.
Ésto ha quedado demostrado en el caṕıtulo 9 para un caso sencillo, pero la potencia
del método podŕıa quedar mejor ilustrada aplicándolo a un sistema fuertemente
correlacionado.

Otra pregunta que surge de forma natural es si existe algún conjunto de observ-
ables que capturen el número de Chern en sistemas mayores que los pseudoespines
- una especie de ı́ndice topológico para dimensiones más altas. En cierto sentido,
el problema de un esṕın es simple porque tres observables equivalen a una tomo-
graf́ıa completa del estado, pero la experiencia con sistemas compuestos 4x4 da
esperanzas de que los sistemas más complejos no necesiten un conjunto de ob-
servables equivalentes a la tomograf́ıa; esperamos que aparezcan nuevas (¡y muy
interesantes!) restricciones sobre los estados a medir, como sugiere la importancia
del entrelazamiento para sistemas compuestos de dos pseudoespines.

Por último, esta tesis apunta sobre algunas direcciones generales que puede ser
interesante mencionar. Por ejemplo, ¿hay algún protocolo escalable para medir
espectros de entrelazamiento? ¿Son los invariantes parciales relevantes a la hora
de caracterizar un estado y, si es aśı, qué sentido tiene que toda la información
topológica este restringida a unos grados de libertad espećıficos? Ya que es posible
modelar aislantes y superconductores topológicos como sistemas bidimensionales
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de esṕın, ¿cuál podŕıa ser el sentido de hacer que esta red de espines estuviera
entrelazada o incluso -inspirándonos en los resultados del caṕıtulo 10- presentara
entrelazamiento localizable? Éstas y otras preguntas pueden ser combinadas en
el gran objetivo de la tesis, como ya hemos comentado al principio: ¿es posible
extraer más sentido de los constructos que utilizamos para caracterizar estados
si tenemos protocolos para medirlos? Creemos firmemente que la respuesta a esa
pregunta es afirmativa, y que ésta es la justificación de la presente tesis.
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2.1 What this thesis is about

This thesis is about measuring. Physics has changed the way we think and in-
teract with the world around us. Our understanding of nature has grown at an
unprecented accelerating pace in the last couple of centuries. Nowadays, with more
professional researchers than ever, theoretical and experimental breakthroughs mo-
tivate each other and deal with our universe at scales completely alien to our ev-
eryday experience. In these unintuitive realms, and particularly at the quantum
scale of the very small, people have come up with increasingly abstract mental
constructs to explain what is happening; on the other hand, experiments on this
scale are forever giving rise to technological applications that improve (or at least
change) our lives. It will be few those who say that the boldest of ideas will never
become a factor in some real world application.

In this context, the interface between theory and experiment is more blurry
and important than ever. We will defend that -in Physics- nothing truly exists
that cannot be measured; that any given concept is not only as powerful as its
abilities to describe physical phenomena and simplify the number of assumptions
on our physical reality, but also as its identification with “the truth” can be denied
in practice.

An important example of the connection between theory and experiment lies in
particle physics. The standard model has a deep formalism behind it, in the form
of Lorentz invariance restrictions, Yang-Mills theories and spontaneous symmetry
breaking mechanisms. However, (almost) all of this theory has to be put down to
the more mundane language of scattering cross-sections in order to allow itself to be
measured. This translation has given rise to amazing developments in experiment
and theory, but sometimes lead to frustration regarding aspects of the model (even
’free’ dynamics) that are difficult, or arguably impossible, to explore1. This gap
is made even more obvious in extensions of the standard model, where many
unmeasureable beings are postulated in order to satisfy some aspect of the theory.
It is our view that a ’measurement-dictionary’ is essential for these theories to be
physical.

Similar challenges arise in the growing field lying in the intersection between
condensed matter physics and quantum information. In the following chapters
we will develop this ’measurement-dictionary’ for specific instances of two very
wide concepts that are ubiquitous in the understanding of these systems: topology
and entanglement. These two words are used a bit too profusely in research in
this topic; we will try specify at each point what we exactly mean and what can
be unambigously measured. We hope that, in this way, the reader has less of a
buzzwordy-feeling to them.

The measurement protocols here contained are accompanied by detailed exper-
imental proposals, all of them based on optical lattice technology. Since we deal
with phenomena that typically involve many particles -and one can argue that is

1 One can only elucubrate about the existence of right-handed neutrinos, glueballs,...
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usually the case for non-local properties2- optical lattice offer the required balance
between scalability and parameter control. Together with the proposals is a thor-
ough analysis of experimental parameters and requirements needed to implement
the setup in hand; with a realistic study of orders of magnitude and the leading
decoherence processes.

All in all, we hope this thesis helps to link abstract ideas to measurements and
reality for many theoretical physicists, and stimulates further experimental effort
in these fields - specially in the cold atom community. It is often the case that
knowledge of the existence of a new toy – of the likes of a topological/mbqc-useful
atomic cloud – spurs the imagination on what to do with it. Most of all, making
this toy is what this thesis is about.

2.2 Overview

The structure of this thesis is as follows: First we have this very introduction, which
should provide some motivation as to the guidelines of the work here contained; it
provides the minimal information required to know the purpose of the thesis and
its units and to succesfully navigate through all its chapters.

Chapters 3 and 4 will review some background information which will be help-
ful to those readers who are unfamiliar with some parts of the field of research.
Specifically, Chapter 3 will review some basic concepts of optical lattice technol-
ogy, most of which are routinely implemented in experiment. This chapter only
contains tools which are used in a proposal further along the thesis, and should
not be viewed as a complete report on the capabilities of optical lattices The chap-
ter also contains a section devoted to the implementation of condensed matter
tight-binding models, which are one of the success stories of the use of lattices for
quantum simulations This sort of models will indeed play an important role in
this thesis, since they will constitute the basis of a few experimental proposals in
following chapters.

Chepter 4, on the other hand, reviews our working definition of topological
order and of a widely used topological invariant: the Chern number. It briefly
reviews how this invariant is related to the dimensionality and symmetries of the
physical system, and contains two main results that will be used repeatedly: first,
that Chern number and a winding number are equivalent in pseudospin models;
second, that the winding number is an observable quantity in those systems. The
chapter also shows that they are also equivalent to a Berry phase, therefore em-
phasizing that we are dealing with properties which can be attributed to both a
model and a physical state.

Chepter 5 is the first chapter of the body of the thesis. It features the analytical
proof of the following theorem: the Chern number of a model which lives in the

2 We are here calling a very small set of spatially separated local measurements local itself, in
contrast with the broader approach needed to detect topology or genuine multipartite entangle-
ment.
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product space of two spins can be identified with the sum of the winding numbers
of both spin species - as long as they are never maximally entangled. This state-
ment can be considered remarkable in both parts: on the one hand, it provides
a motivation (though not a complete mathematical description) for the winding
number to be considered a full-rights topological invariant on its own, even when
the system itself might be way more compplicated (e.g. an interacting system). On
the other gand, it provides an intriguing link between the definition of invariants
and entanglement, specifically when the partitions might not be necessarily fixed
from the start- it also provides a protocol to experimentally measure the Schmidt
coefficient of some pseudospin bipartition. The proof is numerically tested in a
couple of relevant examples, but its influence is felt along several chapters of the
thesis.

Chapter 6 deals with an implementation proposal of a full-flavoured Dirac
Hamiltonian (in 2+1 dimensions) purely by intensity modulations of the lattice
(which are best built in by using diffraction mask technology). It includes a review
of the appearance of massless Dirac particles in the half-filled honeycomb lattice
- and how the microscopic parameters of the tight-binding model give rise to all
possible terms (mass, abelian fields, and even valley-dependent or coupling terms).
Most importantly, there is a very detailed analytical and numerical study of the
setup, ranging from the specificities of the state-dependent lattice to the order of
magnitude analysis of all the relevant quantities. Moreover, a lengthy section is
also devoted to the possible measurement techniques on this kind of setup. It is
important to bear in mind that Dirac-cone engineering is the most typical way of
implementing topological insulators of many sorts, so it comes as no surprise that
this chapter contains the main experimental techniques that will be used in the
proposals of the following chapters which deal with topology.

Chapter 7 leans hevily on the previous chapters (specially Chapters 4 and 6)
and can be considered one of the main results of this thesis. It contains an ex-
perimental proposal to implement and, crucially, measure a topologically ordered
state. In order to do this, we suggest to use a slight modification of Haldane’s hon-
eycomb lattice model (there is a section highlighting the differences) at half-filling,
and then perform time-of-flight measurements of the densities of both pseudospin
components. It is shown that an integer winding can be derived from those sim-
ple observables, characterizing the topological nature of the state. Full numerical
analysis shows the robustness of the invariant to typical imperfections in cold atom
experiments.

Chapter 8 contains a proposal to measure topological order in a particle-hole
symmetric system (i.e. a topological superconductor). The result which is sim-
ilar in spirit to that of chapter 7 but takes on two very important conceptual
additions: first, the different symmetry class implies using a totally different set
of observables; second, the difficulty of implementing p-wave pairing forced us to
work our way around the simplest models to arrive to a much richer s-wave paired
two-specied model. The consequences are beautiful: the model presents a Chern
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number 2 phase which signals the presence of Majorana zero modes (which has
been an elusive task so far - more on that on the chapter itself), as it is adiabatically
connected to Kitaev’s honeycomb spin model. Moreover, the use of two species
allows us to use directly the results of Chapter 5, making it also an experimental
proposal to measure the entanglement spectrum of the system. As the model is
more involved, a thorough study of the experimental setup, orders of magnitude
and feasibility is provided.

Chapter 9 is a last step in the consequences of being able to measure directly
topological phase transitions, and makes full use of the ideas (if not the proof)
which guide Chapter 5: it uses a pseudospin invariant to signal the presence of
a topological phase transition in a more complicated system (which has a non-
abelian phase transitions). It presents a model which has a spin-independent
magnetic field coupled to spin-dependent tunneling elements: different transitions
appear depending on the presence or absence of time-reversal symmetry. The main
result, as long as this thesis is concerned, is that the rich phase diagram can be
partially derived from simple time-of-flight measurements. More than everything,
this chapter signals the outlook on one of the most promising lines of immediate
development based on the ideas of this thesis.

Finally, chapter 10 provides a protocol for measuring genuine multipartite en-
tanglement in an optical lattice. This protocol provides an entanglement witness
which can be constructed with only two measurement runs, simplifying over pre-
vious protocols whose number of measurements increased with the number of par-
ticles. Moreover, the protocol allows for the identification of regions which are
highly entangled regardless the rest of the system; this result is useful both from
a purely theoretical perspective and from the point of view of experimental cal-
ibration. Finally, a experimental proposal is provided, together with a detailed
analysis of the main sources of noise and their effect on the measurements.
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2.3 PhD scientific contributions

The results explained in this thesis are partially published the following in peer-
reviewed papers:

1. Detection of Chern numbers and entanglement in topological two-species sys-
tems through subsystem winding numbers J. de Lisle, S. De, E. Alba, A.
Bullivant, JJ Garcia-Ripoll, V. Lahtinen, and J.K. Pachos, New Journal of
Phys. 16, 083022 (2014)

2. Topological phase transitions driven by non-Abelian gauge potentials in opti-
cal square lattices M. Burrello, I.C. Fulga, Emilio Alba, L. Lepori, A. Trom-
bettoni, Phys. Rev. A 88, 053619 (2013)

3. Seeing Majorana fermions in time-of-flight images of spinless fermions cou-
pled by s-wave pairing Jiannis K. Pachos, Emilio Alba, Ville Lahtinen, Juan
J. Garćıa-Ripoll, Phys. Rev. A 88, 013622 (2013)

4. Simulating Dirac fermions with Abelian and non-Abelian gauge fields in opti-
cal lattices Emilio Alba, Xavier Fernandez-Gonzalvo, Jordi Mur-Petit, Juan
J. Garćıa-Ripoll, Jiannis K. Pachos, Annals of Physics 328, 64-82 (2013)

5. Seeing topological order in time-of-flight measurements E. Alba, X. Fernandez-
Gonzalvo, J. Mur-Petit, J. K. Pachos, Juan J. Garćıa-Ripoll, Phys. Rev.
Lett. 107, 235301 (2011)

6. Mapping the spatial distribution of entanglement in optical lattices Emilio
Alba, Geza Toth, Juan J. Garćıa-Ripoll, Phys. Rev. A 82, 062321 (2010)

Other related results published in peer-reviewed journals by the autor of this
thesis are:

1. Generating and verifying graph states for fault-tolerant topological measurement-
based quantum computing in 2D optical lattice Jaewoo Joo, Emilio Alba,
Juan J. Garćıa-Ripoll, Timothy P. Spiller, Phys. Rev. A 88, 012328 (2013)

2. Hall response of interacting bosonic atoms in strong gauge fields: From con-
densed to fractional-quantum-Hall states H. Pino, E. Alba, J. Taron, J. J.
Garcia-Ripoll, N. Barberan, Phys. Rev. A 87, 053611 (2013)

Some of the results have also been presented publicly at the following national
and international conferences:

1. Seeing topological order: topological insulators and topological superconduc-
tors E.Alba. Talk, Biannual Meeting of the Spanish Royal Society of Physics,
Valencia (ES), Jul. 2013
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2. Seeing Majorana fermions in time-of-flight images of spinless fermions cou-
pled by s-wave pairing E. Alba. Poster, Workshop on Quantum Simulations,
Bilbao (ES), Oct 2012

3. Seeing topological order in time-of-flight measurements E.Alba. Talk, Work-
shop on Topological States of Matter, Freiburg (DE), March 2012

4. Mapping the spatial distribution of entanglement in optical lattices E.Alba.
Talk, Biannual Meeting of the Spanish Royal Society of Physics, Santander
(ES), Sept. 2011

5. Mapping the spatial distribution of entanglement in optical lattices E.Alba.
Poster, POLATOM Meeting, Hersonissos, Crete (GR), May 2011

6. Abelian and non-Abelian fields in optical lattices E.Alba. Talk, Workshop on
Quantum Simulations, Benasque (ES), March 2011
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3.1 Summary

Optical lattices are maleable and controllable devices which have been used for
everything from simulations of condensed matter physics models to single-qubit
manipulation to measuring low-energy properties of particle physics theories. Its
many-body nature, together with the high degree of control achieved in quantum
optics, have sparked the imagination of theoreticians and experimentalists alike.
Optical lattices are, in short, one of the most promising candidates for the holy
grail of the all-purpose quantum computer/simulator. All results contained in
this thesis are obtained with the capabilities and limitations of ultracold atoms
technology in mind. Therefore, this chapter is meant as a brief review of optical
lattices for the uninitiated, and as a common base for the explanation of the results
contained hereinafter. Please consider reading more complete references ([15],[62])
for a thorough understanding of the matter.

3.2 Light-matter interaction

This section will explain how neutral atoms can feel a potential which depends on
the intensity profile of the radiation field, which typically consists on a set of laser
beams. Our starting point will be the Hamiltonian of a two-level neutral atom
immersed in an electromagnetic field, which will be described semiclassically. The
Hamiltonian for the particle is:

Ĥatom =
p̂2

2m
+

~ω0

2
(|e〉 〈e| − |g〉 〈g|) , (3.1)

where (|g〉 , |e〉) are the ground and excited internal states of the atom, separated
by an energy ~ω0. The semiclassical interaction between atom and radiation field
is due to the eletric dipolar force, to first order:

Ĥint = −d̂ ·E. (3.2)

The dipole moment operator only depends on the spatial distribution of the elec-
tronic wavefunction in the internal energy levels:

d̂ = d |g〉 〈e|+ d? |e〉 〈g| , d = 〈g| d̂ |e〉
(
〈g| d̂ |g〉 = 〈e| d̂ |e〉 = 0

)
. (3.3)

The kinetic term commutes with the rest of terms in the Hamiltonian, and can
safely be ignored for the rest of the discussion. However, it is important to bear
in mind that the atoms loaded into the lattice must be drastically cooled (in the
nK−µK range) in order to have an energy lower or comparable to that of typical
optical lattices.

We simplify our problem further by considering the field to be coherent and
monochromatic, E = E0(r)~εeiωLt + E?

0(r)~ε?e−iωLt. We rewrite the atom-field
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Hamiltonian in the interaction picture defined by the natural internal-state fre-
quency (UI = exp(iω0/2 (|e〉 〈e| − |g〉 〈g|))):

Ĥint = −
(
e−iω0td |g〉 〈e| − eiω0td? |e〉 〈g|

) (
E0(r)~εeiωLt + E?

0(r)~ε?e−iωLt
)

(3.4)

We further assume that the frequency of the beam is resonant with the atomic
transition (∆ = wL−w0 � w0) so we can apply the Rotating Wave approximation;
thus discard all terms which, in the interaction picture, oscillate with a frequency
higher that ∆:

ĤRWA
int = −~

(
eit∆Ω(r) |g〉 〈e|+ e−it∆Ω?(r) |e〉 〈g|

)
, (3.5)

where we have defined the Rabi frequency Ω(r) = E0(r)d ·~ε/~. Transforming back
into the Schrödinger picture, the Hamiltonian (less the kinetic term) reads:

Ĥ =
~ω0

2
(|e〉 〈e| − |g〉 〈g|)− ~

(
eitωLΩ(r) |g〉 〈e|+ e−itωLΩ?(r) |e〉 〈g|

)
, (3.6)

The effect of the interaction is easier to understand if we treat it perturbatively.
First we must get rid of the time dependence by doing a change of basis:

(
|g〉
|e〉

)
→ U

(
|g〉
|e〉

)
, U =

(
eitωL/2 0

0 e−itωL/2

)
(3.7)

and transform the Hamiltonian accordingly:

Ĥ → UĤU † + i
dU

dt
U †. (3.8)

The resulting Hamiltonian (in the basis which co-rotates with the laser frequency)
is

Ĥ = −~∆

2
(|e〉 〈e| − |g〉 〈g|)− ~ (Ω(r) |g〉 〈e|+ Ω?(r) |e〉 〈g|) , (3.9)

The perturbative coupling regime requires then |Ω| � |∆|, where a second-order
energy correction is added to the bare internal state energies:1

∆Eg(r) =
∑

Ψ 6=g

| 〈g|Hint |Ψ〉 |2

E
(0)
g − E(0)

Ψ

= ~
|Ω(r)|2

∆
,

∆Ee(r) =
∑

Ψ6=e

| 〈e|Hint |Ψ〉 |2

E
(0)
e − E(0)

Ψ

= −~ |Ω(r)|2
∆

. (3.10)

Summing up, the effect of the off-resonant light on the atom is to exert a con-
servative force that can be described by an effective potential, V (r) ∝ ~|Ω(r)|2/∆.
Since the Rabi frequency is proportional to the intensity of the field, |Ω(r)|2 ∝

1 Strictly speaking, one should aleady demand that |Ω| � ω0 in order to apply the RWA. This
is safely the case for all standard optical lattice experiments.
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|E0(r)|2 = I(r), the atom will be attracted to the intensity minima for ∆ > 0,
or blue detuning. If ∆ < 0 (red detuning) the potential will have its minima at
the maxima of the field intensity. A cubic optical lattice can thus be created by a
standing-wave configuration of the laser beam, I(r) ∝ cos2(kxx) cos2(kyy) cos2(kzz),
with a depth of the potential wells that is set by the intensity of the laser beam
(V0 ' ~|Ω(r)|2/|∆|).

Finally, it will be useful to estimate the rate of inelastic processes -heating-
arising from the incoherent decay of the population in the excited internal state.
This sponatenous emission process is characterized by the inverse of the excited
state lifetime Γe, and the total heating rate will be proportional to the expected
occupation of the bare excited state, γheat ' Γe|〈Ψ |e〉 |2. In our ultracold atom
setting, |Ψ〉 will be the ground state of our effective two-level Hamiltonian( 3.9),
where |〈ΨGS |e〉 |2| ∼ |Ω(r)|2/∆2 for |Ω| � |∆|. Therefore our total heating rate
can be roughly estimated at this level of approximation as:

γheat ∼ Γe
|Ω(r)|2

∆2
= Γe

Vo
~|∆| . (3.11)

Experimentally, the heating rate and the scale of energy hierarchies implied by
this approximations (ω0 � |∆| � |Ω|) are key ingredients in selecting the atomic
species and laser frequency and power output. It is important to notice that a
large detuning is needed to keep a low heating rate together with a deep potential
well. However, we will see that in certain setups (e.g. the state-dependent lattices
we will see in some proposals of this thesis) the maximum detuning is fixed and
thus one must find a compromise between having a low heating rate and non-trivial
dynamics in the lattice, and a detailed analysis of the setup is specially indicated
in those cases.

3.3 Optical lattices

Neutral atoms can be cooled down to temperatures where the energy scale of the
potential created by the laser beams is dominant. The main way to achieve this
ultracold temperatures is through the use of a magneto-optical trap (MOT), which
combines a magnetic quadrupole field with beams for laser cooling (for details, see
[67]). Without any other fields, this cloud is constrained by an overall harmonic
potential. This potential can be made different in the three directions of space,
allowing for effective uni-dimensional and bi-dimensional setups.

However, we have seen in the previous section that neutral matter can feel a
potential when a strong enough laser beam shines on the cloud; the potential is
directly proportional to the spatial intensity profile of the beam (see Eq. 3.10).
The simplest way to achieve a non-trivial profile is to shine a beam against a
mirror in order to obtain a standing wave pattern: I(r) ∝ sin2 x. This periodic
potential can be engineered in one, two or three dimensions, trapping the atoms
in the minima of the potential well (see Fig. 3.1).
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Fig. 3.1: a) Sketch of a standing wave spatial pattern (nodes in red) on top of an ultracold
atomic cloud. b) Sketch of a bidimensional optical lattice. Atoms tend to lie at
the minima of the potential wells. Figure taken from Ref.[15]

It is also possible to recreate more complicated potentials by adding more
beams or using different techniques. We will see in chapter 6 more on how to
engineer complicated optical lattices in 2D.

3.4 Tight-binding models

The natural periodic-potential structure of optical lattices is specially fit for ad-
dressing solid state problems. This section will review the behaviour of a single
particle in a lattice potential, along with some basic charateristics of the interaction
between cold atoms; and will present the tight-binding family of models.

A cold atom in an optical lattice of any geometry will have a Hamiltonian
governing its dynamics:

Ĥ =
p̂2

2m
+ Vlat(r). (3.12)

The defining propoerty of a lattice potential is that it is periodic in some dimen-
sion(s), with a lattice spacing set by a vector (or set of vectors) ai:

Vlat(r) = Vlat(r + ai). (3.13)

Bloch’s theorem states that the wavefunctions Ψ which are eigenstates of this
Hamiltonian are also periodic -with the same periodicity- up to a phase:

Ψ(r) = eik·ruk,n(r), uk,n(r) = uk,n(r + ai), (3.14)
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where the periodic function u(r) depends on the specifics of the potential and can
be solved for by using the Schrödinger equation. The wavevector k can be seen as
the quantum number which lists all possible eigenfunctions of the Hamiltonian, and
it is called quasimomentum2. Quasimomenta are periodic, with a periodicity which
is inversely proportional to the lattice spacing; the set of unique quasimomenta
which are closer to 0 is called the first Brillouin Zone. The other quantum number
is the ’band index’ number n, which labels the set of eigenstates for any given
quasimomentum k. In the thermodynamic (infinite lattice) limit, any given n
specifies a continuous energy field En(k) on the Brillouin Zone. For the remainder
of this thesis, unless otherwise specified, we will deal with the properties of the
lowest energy band and omit the band index number.

The Bloch basis has the property that it is strictly delocalized, that is, any
eigenstate fulfills |Ψk(r)|2 = |Ψk(r +R)|2 for any lattice vector R =

∑
niai. If

we want to work with localized wavefunctions, we consider their discrete Fourier
transform to obtain the Wannier basis:

wR(r) =
1√
Nsites

∑

k

eik·RΨk(r). (3.15)

These functions also form a basis 〈wR |wR′〉 = δR,R′ and are localized in the intu-
itive sense (i.e. |wR(r)|2 peaks at |r −R| ∼ 0 and goes to zero for |r −R| → ∞)
under reasonable assumptions ([96]).

When the atoms loaded in the lattice are cold enough to stay in the lowest
energy band, and the potential is deep enough, it is reasonable to think that the
single-particle wavefunctions will be adequately described by localized Wannier
functions. We will now formalize this idea by second-quantizing our single-particle
Hamiltonian 3.12 making use of the Wannier functions.

We introduce the single particle creation (annihilation) operators for a particle
described by a Wannier function in site i, ĉ†i ,(ĉi); these operators will obey Bose
or Fermi statistics depending on the nature of chosen atomic species. In this
language, our single-particle Hamiltonian is written as:

Ĥ =
∑

i

εiĉ
†
i ĉi +

∑

i,j

Ji.j ĉ
†
i ĉj. (3.16)

The set of parameters which describe the Hamiltonian (the on-site potential εi and
the hopping element Ji,j are computed by using the first-quantized single particle

2 Its meaning is clearer if we note that the Hamiltonian commutes with the set of dicrete
translation operators T (niai), and ~k is the eigenvalue of the generator of these translations. In
analogy with the momentum being the eigenvalue of the generator of continuous translations,
the wavevector ~k is called the quasimomentum. Unlike continuous translations, the fact that
the minimum lattice translation is set by the lattice spacing upper-bounds the different possible
value of quasimomenta. The set of independent quasimomenta quantum numbers is called a
Brillouin Zone.
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Hamiltonian written in Eq. 3.12 (herein labelled hsp):

εi =

∫
drw?Ri

(r)hspwRi
(r),

Ji,j =

∫
drw?Ri

(r)hspwRj
(r). (3.17)

These integrals cannot be computed analytically even with simple separable
potentials. However, some information can be readily extracted: if the potential
is translationally invariant with the lattice periodicity, all on-site energies εi will
be the same, and they can be regarded as a zero mark for the chemical potential
and dismissed. The hopping element is more complicated, but, if the lattice is
deep enough, the Wannier function falls off at the same exponential rate as the
Gaussian wavefunction of an isolated potential well3. Thus, the only non-negligible
contributions will be that of neighbouring lattice sites, for want of a more dominant
energy scale:

Ĥ ≈
∑

〈i.j〉
Ji,j ĉ

†
i ĉj. (3.18)

The case of a sinusoidal potential (Vlat = V0 sin2(x)) allows for a good numerical
fit of the tunneling parameter as a function of the lattice depth:

J̃ ≈ CṼ α
0 e
−β
√
Ṽ0 , (3.19)

where all energy units have been adimensionalized by means of the recoil energy,
ER = ~2/2matomc

2ω2
L. Several fits are available, but they roughly agree at C ≈ 1.4,

α ≈ 1 and β ≈ 2.1.
The models in which the second-quantized Hamiltonian is described by a sum

of local terms are called tight-binding models [11]. The use of tight-binding Hamil-
tonians is common in the literature of optical lattice simulations, and will appear
ubiquitously along this thesis4.

A final common ingredient in lattice models are particle interactions. While
real materials feature long-range Coulomb forces, ultracold neutral atoms only see
each other via ’head-on’ s-wave scattering; that is, the two body potential goes as
a delta function: V (r, r′) ∝ δ(r − r′). The strength of the interaction is typically
parametrized by a single quantity, the scattering length as:

V (r, r′) ≈ 4π~2as
matom

δ(r − r′). (3.20)

3 This result is only proven analytically for some separable symmetric potentials, a notable
exception to which is the honeycomb lattice. However, numerical simulations tend to confirm
that there is a reasonable ”deep enough” for these kind of potentials too.

4 Despite the name, the solutions of a tight-binding Hamiltonian need not be localized or
”tightly bounded” whatsoever. In fact, the solutions of Hamiltonian 3.18 consist on completely
delocalized wavefunctions (superfluid).
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The scattering length can be measured experimentally and characterizes attractive
(as < 0) and repulsive (as > 0) interactions.

The delta function description of the potential clearly restricts the interaction
to particles in the same lattice site; be it bosons or fermions with different internal
states. The two-body term in second quantization – here we consider bosonic
operators for a less cumbersome notation – is thus:

Ĥint =
1

2
U
∑

i

n̂i(n̂i − 1), (3.21)

where U = 4π~2as
∫
dr |wR(r)|4/matom. Here again the specfics of the interaction

between cold atoms makes them convenient for the simulation of tight-binding
Hamiltonians.

3.5 Light assisted tunneling

We have so far dealt with the behaviour of confined ultracold atoms in the presence
of a potential generated by a light intensity pattern. This problem is rich in
itself, and allows, among other things, for the simulation of many tight-binding
Hamiltonians. However, there is one important extra tool that has become a
standard in theoretical proposals and is taking off experimentally ([48, 4]): the
addition of artificial tunneling (kinetic) terms with the help of additional laser
beams, typically with the intention of simulating magnetic fields. This ingredient
will be commonplace along the following chapters.

The origin of this idea is a work by Jaksch and Zoller ([48]), which was precisely
put forward for simulating the Hall effect with neutral atoms, and is still the best
read to become acquainted with the technique. For completitude, we will devote
this section to a brief description of the quantum optics and the effective dynamics
involved.

The scheme needs the atomic species chosen for the experiments to have at
least two stable internal levels so that each of them admits being trapped in a
lattice potential. There are two main approaches for optically coupling these two
states: directly driving the transitions (which needs the on-site energy of the two
lattices to be far apart) or through a third excited state (which can give rise to
heating problems). In the following, we will explain the second method.

As it can be seen in Fig. 3.5, we will consider that we have two internal states
(labelled |a〉 and |b〉) of the same atomic species and we want two drive transitions
between them. We assume their energy separation ε is too small to be addressed
by an optical frequency, so we use a third excited state (|v〉) and two laser beams
(with frequencies ω1 and ω2) to couple them via an off-resonant two-photon pro-
cess, described by the following Hamiltonian (the energy scales are those shown in
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|ai |bi

|vi
�

✏

!1,⌦1

!2,⌦2

Fig. 3.2: Energy level structure for a light-assisted tunneling scheme. |a〉 and |b〉 are the
two internal states trapped by the two superimposed optical lattices. The two
beams have frequencies ω1, ω2 and Rabi couplings Ω1,Ω2 which need not carry
the same phase. The virtual level |v〉 is so far detuned we can consider its
population rate is negligible.

Fig. 3.5):

Ĥ = ~ε |b〉 〈b|+ ~(ω1 + ∆) |v〉 〈v|
− ~

(
Ω1(r)e−iω1t |a〉 〈v|+ Ω?

1(r)eiω1t |v〉 〈a|
)

− ~
(
Ω2(r)e−iω2t |b〉 〈v|+ Ω?

2(r)eiω2t |v〉 〈b|
)
. (3.22)

Using the “co-rotating basis” approach of Sec. 3.2, we can reduce this expression
to an equivalent time-independent Hamiltonian:

Ĥ = ~∆ |v〉 〈v|+ ~δ |b〉 〈b| (3.23)

− ~ (Ω1(r) |a〉 〈v|+ Ω?
1(r) |v〉 〈a|)− ~ (Ω2(r) |b〉 〈v|+ Ω?

2(r) |v〉 〈b|) ,

where δ = ε + ω2 − ω1. Now we assume |∆| � |δ|, |Ω1|, |Ω2| and perform an
adiabatic elimination of the virtual excited state to obtain an effective two-level
Hamiltonian5:

Ĥ/~ = −|Ω1|2
4∆
|a〉 〈a|+

(
δ − |Ω2|2

4∆

)
|b〉 〈b|+ Ω1Ω?

2

2∆
|a〉 〈b|+ Ω?

1Ω2

2∆
|b〉 〈a| . (3.24)

This Hamiltonian contains a slight energy offset for each internal state and, more
importantly, an effective coupling between them. Two very important features
of this Raman process are worth mentioning: first, the on-site chemical potential

5 This procedure is based on the idea that, if the virtual state starts unpopulated, its popula-
tion rate will be negligible compared to all other energy scales. This is standard practice, but a
rigorous approach can be found in [18]
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difference between the |a〉 and |b〉 species can in principle be controlled by adjusting
the laser beams frequencies (ω1, ω2); second, the effective coupling mat carry a
complex phase. Therefore, we can (and will along this thesis) use two different
lattices to create one superlattice in which the tunneling elements can be imaginary.

3.6 Measurements: real space and time-of-flight

The central idea of this thesis is that the optical lattice quantum simulator allows
measuring novel properties of a many-body state that were not accessible in the
models or systems where such Physics was originally discovered. In this section we
review the two main measurement procedures which we will assume are available
in our proposals: real-space (fluorescence) imaging and momentum-space (time-
of-flight) imaging.

3.6.1 Fluorescence imaging

Fig. 3.3: Single-site imaging of the shell structure in a Mott insulator; in this case, a dark
spot means there is an even number of atoms in that lattice site, while a bright
spot signals the presence of an odd number of atoms. Figure taken from Ref.[13]

While intuitively the most desirable, single-site density measurements need
a spatial resolution of half the wavelength of the beam which creates the optical
lattice. This subwavelength imaging needs the fluorescent light to be collected by a
very powerful microscope - the numerical aperture of the lens has to be near unity.
This experimental restrictions have only recently been fulfilled in bidimensional
setups, either by using a high-resolution objective very close to the optical lattice
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plane ([97]) or by using the lens itself to create the optical lattice on its focal plane
([14]), as it can be seen in Fig. 3.3.

Assuming that it is possible to resolve distances of the order of the latting spac-
ing, fluorescence imaging is a straight-forward tool that is used in other systems
(such as trapped ions).

3.6.2 Time-of-flight imaging

An older, much more standard, measurement technique in optical lattice exper-
iments is time-of-flight imaging. Conceptually, this amounts to a density mea-
surement in Fourier space (i.e. measuring |Ψ(k)|2). Experimentally, the lattice
is abruptly switched off and the atoms fall freely in an assumed ballistic regime
(that is, there are no collisions between the atom and the motion is uniform).
After a “long” time of flight (in the far-field approximation, for ttof � m/2~a2),
a real space image of the atomic cloud (e.g. an absorption image) is taken by
means of a CCD camera. In this approximation the spatial density profile of the
cloud is the same as the lattice quasimomentum distribution, 〈n̂tof (r)〉 ∝ 〈n̂lat(k)〉.
Classicaly speaking, one can say that, by freeing the atoms, the quasimomentum
quantum number of a particle becomes its real momentum, and thus determines
the particle’s position after a long time of ballistic expansion.
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4. CHERN NUMBER AND OBSERVABLE
WINDING NUMBERS IN 2D SYSTEMS
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4.1 Summary

Recent theoretical and experimental developments have sparked the interest for
a set of states of matter. This set, called topological states of matter, refer to a
wide range of systems which share the impossibility of characterizing the phase
by local measurements. The consequences are many, from conducting edges in
insulating samples to exotic low-energy excitations which do not feature standard
bosonic/fermionic statistics. This chapter will focus on the Chern number classi-
fication of pseudospin systems, and show its equivalence to a winding number in
the pseudospin language.

4.2 Chern numbers in 2D systems

The first indication that the abstract concept of a topological space was of physical
interest came in by the TKNN description of the integer Hall effect ([91]). This
paper showed that the quantized conductivity could be understood in terms of in-
variant integers arising from linear response theory, by computing the conductivity
through the Kubo formula. A more physical way of explaining this integer quan-
tization is that, for a filled isolated band with non-zero integer, the wavefunction
cannot be continuous over the Brillouin zone. There is a beautiful correspondence
between these necessary discontinuities and the number of conducting modes at
the edge - between the Chern number of the band and the quantized conductiv-
ity of the sample. Recently (see, for example, [41]) this concept of topology and
bulk-boundary correspondence has been at the heart of a huge development – and
controversy– in theoretical and experimental condensed matter physics.

In order to define better what do we mean by topology in this context, we
will first comment on a couple of mathematical facts about the systems we will
be considering in this thesis. First, any state of non-interacting particles in a
lattice can be fully described in term of wavefunctions over the periodic Brillouin
Zone. The Brillouin Zone, in a bidimensional system, has the structure of a 2-
periodic, orientable manifold; it is topologically identical to a torus. Secondly, any
translationally-invariant gapped model is defined by a Hamiltonian operator at
each point of the torus; in our finite-dimensional case the operator is represented
by an element in the space of n-by-n non-degenerate complex Hermitian matrices,
Mn(C). In this language, we will call a model topological if the map from the torus
to its Mn(C) submanifold is not null-homotopic ([10]). A necessary condition for
the model to be topological in this sense is that a particular characteristic of this
“matrix field” on the torus, the Chern number, is non-zero.

A more quantitative view on the subject might be of order: for any given energy
band there is a mapping from the torus to the projection operator onto the band,
P . A Chern 2-form ω can be defined on each point of the torus, and the Chern
number ν will be the integration along the torus of the form ν ≡

∫
T 2 ω.) This

form can be written in terms of the projector ([12]), so we arrive to a operating
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formulation:

ν =
1

2πi

∫

T 2

Tr[P (dP ∧ dP )]. (4.1)

The integrand corresponds to a Berry curvature, where the quasimomentum ~k acts
as a parameter space.

In our pseudospin case, we deal with just M2(C), which is isomorphic to a
2-sphere (the Bloch sphere). Here it is equivalent to work with the projector P
or the Hamiltonian, and the physical picture of the null-homotopic classification
is clearer: maps from the torus to the sphere are non-trivial, while maps from the
torus to a sphere without at least a point are trivial.

4.3 Winding numbers in pseudospin systems

An equivalent way to analyze whether a map from the torus toM2(C) (a transla-
tionally invariant Hamiltonian on the lattice) is trivial or not is through the concept
of winding number. While an intuitive concept on a circle, a winding number (also
called the degree of a mapping) can be defined for all continous mappings between
manifolds of the same dimension, as it happens with the torus and the sphere. A
more appropriate name in this case would be ”wrapping number”: if the torus is
mapped to an open subset of the sphere the invariant is zero, if it is mapped to
the whole sphere it is one1. However, we will stick with “winding number” in this
thesis.

We will now compute a formula for the winding number of a 2x2 Hamiltonian.
A representation of M2(C) can be given in term of the Pauli matrices, H(k) =∑

i Si(k)σi, for i = x, y, z and S(k) some set of coefficients. We can safely ignore
the identity term since we only consider gapped Hamiltonians, and we assume
|S| = 1 (if this is not the case, and since

∑
i |S| 6= 0 in gapped Hamiltonians,

we simply normalize S). From now one, we will denote that normalized field by
n(k) = S/|S|.

In this parametrization, the projector onto the ground state is (summation
convention is assumed):

P =
1

2

(
1− niσi

)
→ dP = −1

2
σidni. (4.2)

And the Chern number, in the form of Eq. (4.1), is expressed as:

ν =
−i
8π

∫
Tr
[
niσ

i
(
σjσl dnj ∧ dnl

)]
+

i

8π

∫
Tr
[(
σjσl dnj ∧ dnl

)]
. (4.3)

Using the properties of differential forms (and omitting the wedge symbol):

dn =
∂n

∂kx
dkx +

∂n

∂ky
dky, dk2

x = dk2
y = 0, dkxdky = −dkydkx, (4.4)

1 Since we have a mapping between oriented manifolds, the invariant can be negative; we
will consider “physically equivalent” those mappings with the same winding number in absolute
value.
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we arrive to the equivalent formulation:

ν =
−i
8π

∫
Tr
[
σiσjσl

]
ni

(
∂nj
∂kx

∂nl
∂ky
− ∂nj
∂ky

∂nl
∂kx

)
dkxdky. (4.5)

The second term in Eq. (4.3) has vanished since the wedge product vanishes for
equal indices, while the trace of the product of two Pauli matrices vanishes for dif-
ferent indices. The trace over the product of three Pauli matrices can be simplified
using the Levi-Civita tensor and the property Tr [σ] = 0:

σaσb = iσcε
abc + δab → Tr

[
σiσjσl

]
= iεjlcTr

[
σiσc

]
= 2iεjlcδic = 2iεijl. (4.6)

Therefore:

ν =
1

4π

∫
εijlni(k)

(
∂nj
∂kx

∂nl
∂ky
− ∂nj
∂ky

∂nl
∂kx

)
dkxdky

=
1

4π

∫
n(k) ·

(
∂n(k)

∂kx
× ∂n(k)

∂ky

)
dkxdky. (4.7)

Fig. 4.1: The winding number describes the number of times the map n(k) : T 2 → S2

wraps around the unit 2-sphere.

4.4 Observability of the winding number

Equation 4.7 is a key result in this thesis, it establishes the equivalence between
knowing the Chern number of the system to knowing a vector field (there denoted
by S) over the Brillouin Zone. However, these pseudospin models also have an
important characteristic: the field values can be computed by measurement of
Hermitian operators. In particular, we can express our 2x2 Hamiltonian in a basis
of Bogoljubov operators:

Ĥ =
∑

k

Ψ̂†kH(k)Ψ̂k, Ψ̂k = (â1 â2)T . (4.8)

We can now define the spin field operators in terms of the Pauli matrices:

Ŝ(k) =
1

2
Ψ̂†kσΨ̂k, (4.9)
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which are Hermitian, since Pauli matrices are Hermitian themselves.
We can now go back to our ground state in Eq.4.2 to obtain the main result

of this section, which links the spin field in the Brillouin Zone to the expectation
value of Hermitian operators in our state:

S =
〈
Ŝ
〉
. (4.10)

Though the notation might induce to thinking this relation is absolutely trivial,
it shows an important fact: the measurement of a set (in this case, just three per
k-point) of observables on our state is sufficient to determine the Chern number of
the state. In particular, if our state is the ground state of some Hamiltonian, the
observables completely determine the topological nature of our system. This fact
will be used repeatedly along the following chapters.

4.5 The Berry Phase

It is straightforward to connect the previous results to the more usual Berry phase,
which makes it clear that we are not just dealing with the properties of a model, but
also of a state (in this case, the ground state of the aforementioned Hamiltonian).
That connection is possible because in our particular case of a M2(C) model
manifold, the ground state actually fully determines the Hamiltonian (as always,
up to an identity term). We will show here that the Chern number can be written
as the Berry phase that the ground state accrues around the boundary of the
Brillouin zone.

In order to prove this, we take the projector representation (4.1) and substitute
in the definition Pk = |ψ(k)〉 〈ψ(k)|:

ν = − i

2π

∫

BZ

dkxdky 〈ψ(k)| [(∂kx |ψ(k)〉 〈ψ(k)|)(∂ky |ψ(k)〉 〈ψ(k)|)−

(∂ky |ψ(k)〉 〈ψ(k)|)(∂kx |ψ(k)〉 〈ψ(k)|)] |ψ(k)〉 .
The ground state is normalised so we have ∂µ 〈ψ(k)|ψ(k)〉 = 0, where µ =

kx, ky, such that
〈∂µψ(k)|ψ(k)〉 = −〈ψ(k)|∂µψ(k)〉 . (4.11)

Expanding (4.11) we obtain

ν = − i

2π

∫

BZ

dkxdky
(〈
∂kxψ(k)|∂kyψ(k)

〉
−
〈
∂kyψ(k)|∂kxψ(k)

〉)
. (4.12)

We now recognise that the integrand is the Berry curvature, Fkxky ,

Fkxky = ∂kxAky − ∂kyAkx =
〈
∂kxψ(k)|∂kyψ(k)

〉
−
〈
∂kyψ(k)|∂kxψ(k)

〉
, (4.13)

where A = 〈ψ(k)|∂|ψ(k)〉 is the Berry connection. Using Stokes’ theorem, the
Chern number can be written

ν = − i

2π

∫

BZ

dkxdky Fkxky = − i

2π

∮

∂BZ

dk ·A, (4.14)
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where ∂BZ is the boundary of the Brillouin zone. Hence, the Chern number can
be written in terms of the Berry phase accumulated by the ground state around
the boundary of the Brillouin zone.

4.6 Berry Phase to Winding Number

To complete the picture outlined in Fig. 4.2 we now derive the winding number
directly from the Berry phase. We start by writing the Chern number as the
integral of the Berry curvature

ν = − i

2π

∫

BZ

dkxdky
(〈
∂kxψ(k)|∂kyψ(k)

〉
−
〈
∂kyψ(k)|∂kxψ(k)

〉)
(4.15)

Assuming the Bloch Hamiltonian is 2-dimensional we can write the projector
as in Eq. 4.2. We substitute the projector into (4.15)

ν = − i

2π

∫

BZ

dkxdky
(
∂kx (〈ψ(k)|Pk) ∂ky (Pk |ψ(k)〉)− ∂ky (〈ψ(k)|Pk) ∂kx (Pk |ψ(k)〉)

)
.

(4.16)

We can now define the vector field S(k) =
〈
Ŝ(k)

〉
, and using the fact that

P 2 = P , {∂µn(k) · σ,n(k) · σ} = 0 and the properties of Pauli matrices we find
that

ν =
1

4π

∫

BZ

dkxdky
〈
ψ(k)|σ ·

(
∂kxn(k)× ∂kyn(k)

)
|ψ(k)

〉

=
1

4π

∫

BZ

d2p n(k) ·
(
∂kxn(k)× ∂kyn(k)

)
, (4.17)

which shows the equiavlence between the winding number and the Berry phase of
a state around the Brillouin Zone.

Fig. 4.2: A schematic picture of the different representations of the Chern number, ν. The
arrows indicate the direction of the proofs given in this chapter.
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5.1 Summary

We have seen in the introduction that there is an equivalence between Chern num-
ber, Berry phase and winding number in a particular family of models. We have
hinted, and will explore much more deeply along this thesis, that these alternative
formulations are of experimental relevance. However, there is also a scent of a the-
oretical research possibility: why is it that this particular set of models is selected,
and just how much is this equivalence worth when we face a more complicated
system?

This chapter provides the first stepping stone for the understanding of that
complicated question. Its main result is as follows: The winding numbers of two
coupled pseudospin degrees of freedom add up to the Chern number of the system
- as long as they are not maximally entangled. This result is powerful in itself
for two reasons: it provides some connection between entanglement and topology
(or measures of topology) and, if we believe the connection between topology and
pseudospin windings is truly helpful experimentally, it opens the way to measuring
more complex (composite) systems. Indeed, we include a famous example of this
usefulness at the end of the chapter, and more involved examples can be found in
Chapter 8.

However, we would like to shed a light on an alternate interpretation of the
main result of the chapter, which we phrase as follows: The winding number of
a pseudospin degree of freedom is a topological order parameter itself, whenever it
can be defined. While it is less precise mathematically -particularly the definability
and its consequences-, it might be the door to a more thourough understanding
of this field. A use of this intuition for trying to observe the topological phase
transitions of a more complicated system will be reported in Chapter 9.

The structure of the chapter is outlined in the following. First, in Sec. 5.2 shows
analytically that the Chern number can be decomposed as a sum of component
specific winding numbers, which are themselves physically observable. Then, in
Sec. 5.3 we show that the measurements required for constructing the component
winding numbers also enables one to probe the entanglement spectrum with respect
to component partitions. Finally, Sec. 5.4 will illustrate the method by applying
it on Kane and Mele’s model of a Z2 quantum spin Hall insulator, and show that
(spin) Chern numbers are accurately reproduced.

The implementation of the method presented hereafter is particularly suited
to experiments with cold atoms in optical lattices where time-of-flight images can
give direct access to the relevant observables; as it will be shown in subsequent
chapter of this thesis. Other experimental setups that measure spin textures in
real condensed matter systems (e.g. spin-resolved ARPES) may also benefit from
the kind of analysis provided in this chapter.
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5.2 Decomposition of the Chern number into subsystem
winding numbers

In this section we give an analytic argument for decomposing the Chern num-
ber into a sum of winding numbers associated with the different components. A
detailed derivation is first presented for particle number conserving topological
insulators. The argument is then shown to apply equally to particle parity con-
serving topological superconductors. It is assumed that the reader is familiar with
the methods outlined in the introduction of this thesis (see chapter 4).

A brief word about the structure of the proof

Due to the unavoidable cumbersome notation and the required level of detail, the
proof is not that easy to follow; here we provide some guidance for the more casual
reader.

The proof assumes that we are studying a two-component fermionic system.
It requires that the 4-dimensional wavefunction can be decomposed into a two-
pseudospins structure; the choice of bipartitions typically arises from some sym-
metry of the problem. We can the imagine that the state at each point of the
Brillouin Zone can be rotated to a canonical state (some sort of “trivial vacuum”)
through the application of a disentagling operation between bipartitions, followed
by a unitary for each pseudospin subspace. In contrast with the proof given in
the previous chapter, there is no guarantee that each pseudospin subspace is “half-
filled” (i.e. a pseudospin proper); in fact, it will be generally not the case. However,
we show that only “half-filled” pseudospin subspaces (here called the odd-odd sub-
space) contribute to the topological invariants, so we can neglect the rest. It is
then shown that the Berry phase of the state can be decomposed into the sum of
Berry phases of the partitions, with a coefficient that vanishes if the partitions are
maximally entangled (and thus no information can be extracted from the partial
invariants). The structure of the proof is similar for the two symmetry classes
analyzed in this chapter, but they have been differentiated in an effort to simplify
the notation in each case.

5.2.1 Decomposition for topological insulators

Let us consider a system with four distinct types of fermion, whose annihilation
operators we denote by a1, a2, b1 and b2, where the a priori bipartition between a
and b is physically motivated (such as different spin orientations, atomic internal
levels or different sectors of some discrete symmetry). Assuming translational
invariance with respect to these operators the Hamiltonian can always be given in
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momentum space as

H =

∫

p∈BZ
d2pΨ†ph(p)Ψp with Ψp =




a1,p

a2,p

b1,p

b2,p


 . (5.1)

A general state in the Hilbert space of the system can be written as

|Ψ〉 =
∏

p


 ∑

na1,p,n
a
2,p,n

b
1,p,n

b
2,p=0,1

αna1,p,na2,p,nb1,p,nb2,p

∣∣na1,p, na2,p, nb1,p, nb2,p
〉

 ≡

∏

p

|ψp〉 ,

(5.2)
where we have expressed it in the occupation basis

∣∣na1,p, na2,p, nb1,p, nb2,p
〉

= (a†1,p)n
a
1,p(a†2,p)n

a
2,p(b†1,p)n

b
1,p(b†2,p)n

b
2,p |0000〉 . (5.3)

Here na,bi,p = 0, 1 are the fermionic occupation numbers and |0000〉 corresponds to
the vacuum state of all fermionic modes. Eigenstates of Hamiltonian 5.1 will be of
this form for some set of coefficients αna1,p,na2,p,nb1,pnb2,p that satisfy

∑
na1,p,n

a
2,p,n

b
1,pn

b
2,p=0,1 |αna1,p,na2,p,nb1,pnb2,p|

2 =

1.
Let us now assume that the system conserves particle number, i.e. [H,N ] = 0,

where N =
∑

p,α=1,2(a†α,paα,p + b†α,pbα,p). At half filling the ground state |ψp〉
satisfies the condition

∑
α=1,2(naα,p + nbα,p) = 2. This means that a complete local

basis for each momentum component of the ground state is given by

{|1100〉 , |1010〉 , |1001〉 , |0110〉 , |0101〉 , |0011〉} . (5.4)

We can divide the state into two orthogonal subspaces

|ψp〉 = A
∣∣ψ(na1,p + na2,p = even;nb1,p + nb2,p = even)

〉
+B

∣∣ψ(na1,p + na2,p = odd;nb1,p + nb2,p = odd)
〉

≡ A |ψ(e; e)〉+B |ψ(o; o)〉 , (5.5)

where the populations na1,p + na2,p and nb1,p + nb2,p are either both even or both odd
for some A and B, with |A|2 + |B|2 = 1. This partitioning of the state in this
particular way facilitates our derivation.

We now perform a Schmidt decomposition on each part of the state, the even
and the odd. We can write

|ψ(e; e)〉 = cos θe |ae〉 |be〉+ sin θe |ãe〉
∣∣∣b̃e
〉
,

|ψ(o; o)〉 = cos θo |ao〉 |bo〉+ sin θo |ão〉
∣∣∣b̃o
〉
, (5.6)

where θe, θo ∈ [0, π/2) such that all the Schmidt coefficients are non-negative. It
is understood that the

∣∣ae/o
〉 ∣∣be/o

〉
states written in the population basis have the
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fermionic operators ordered as in 5.3. The vectors
∣∣ãe/o

〉 ∣∣∣b̃e/o
〉

obey the orthogo-

nality conditions
〈
ae/o|ãe/o

〉
= 0 and

〈
be/o|b̃e/o

〉
= 0. More explicitly we have

|ao〉 =
(
α01a

†
2,p + α10a

†
1,p

)
|00〉 , |ão〉 =

(
α∗10a

†
2,p − α∗01a

†
1,p

)
|00〉 ,

|bo〉 =
(
β01b

†
2,p + β10b

†
1,p

)
|00〉 ,

∣∣∣b̃o
〉

=
(
β∗10b

†
2,p − β∗01b

†
1,p

)
|00〉 (5.7)

and

|ae〉 = eiφa |00〉 , |ãe〉 = eiφ̃aa†1,pa
†
2,p |00〉 ,

|be〉 = eiφbb†1,pb
†
2,p |00〉 ,

∣∣∣b̃e
〉

= eiφ̃b |00〉 , (5.8)

where |α01|2 + |α10|2 = |β01|2 + |β10|2 = 1. The phases φa/b and φ̃a/b are in general
non-zero. However, after multiplying |ψp〉 by a global phase of e−i(φa+φb), we
can transfer them to the odd-odd subspace through a U(1) gauge transformation

a†1,p → e−i(φ̃a+φ̃b−φa−φb)a†1,p. Then the only momentum dependence in the Schmidt
decomposed even-even subspace is in the real and positive Schmidt coefficients,
cos θe and sin θe.

We now show that we can write the Chern number of the system as a sum of
the Berry phases accrued by each subsystem. To this end, we evaluate the Chern
number of the ground state of the system, 5.5, as the Berry phase (see chapter 4).
Without loss of generality we can take A and B to be real and non-negative. This
is achieved by absorbing possible complex phases into the states

∣∣ae/o
〉 ∣∣be/o

〉
and∣∣ãe/o

〉 ∣∣∣b̃e/o
〉

. Employing relation 5.5 we can write the Chern number as

ν = − i

2π

∮

∂BZ

A2 〈ψ(e; e)|∂|ψ(e; e)〉·dp− i

2π

∮

∂BZ

B2 〈ψ(o; o)|∂|ψ(o; o)〉·dp, (5.9)

where terms of the form A∂A do not contribute as, due to the reality condition on
A and B, A∂A + B∂B = ∂(A2 + B2)/2 = 0. Direct evaluation of the integrand
in the even-even case finds it to be zero due to cos θe∂ cos θe + sin θe∂ sin θe =
∂(cos2 θe + sin2 θe)/2 = 0. Thus the first term on the right hand side of 5.9 does
not contribute to the Berry phase. Noting that 〈io|∂|io〉 = −

〈̃
io|∂ |̃io

〉
in (5.7)

and using the positivity and normalisation of the Schmidt coefficients, a direct
evaluation gives

ν = − i

2π

∑

i=a,b

∮

∂BZ

S 〈io|∂|io〉 · dp, S = |B|2T, (5.10)

where T = cos2 θo − sin2 θo is a measure of entanglement between the subsystems.
Thus we have succeeded in decomposing the Chern number into a sum of exclu-

sive contributions from the a or b subsystems. Due to appearance of the function
S, these contributions are not Berry phases which one could equivalently evaluate
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as winding numbers of vectors na(p) and nb(p). However, by direct evaluation of
such winding numbers, which we present below, we find that the Chern number
will be additive in them. This S → 1 limit corresponds to there being minimal
entanglement between the subsystems, which we take as a criterion of reliability
for our method. Indeed, we find in Section 5.4 that degrees of freedom that are
weakly coupled by the Hamiltonian provide in general more reliable detection of
the Chern number. Before doing so, we turn to defining the physical observables
to construct the subsystem winding numbers.

5.2.2 Subsystem winding numbers as physical observables

In direct analogy with the single component case presented in the introduction,
we define the observables for the a and b subsystems as

Ŝxa = a†1,pa2,p + a†2,pa1,p, (5.11)

Ŝya = −ia†1,pa2,p + ia†2,pa1,p, (5.12)

Ŝza = a†1,pa1,p − a†2,pa2,p; (5.13)

whereas the Ŝb operators are obtained by replacing a with b in the previous rela-
tions.

Since these operators conserve the number of particles there are no cross-terms
between the even and odd subspaces of (5.5), and thus the expectation values of
these operators Ŝi,p =

(
Ŝxi , Ŝ

y
i , Ŝ

z
i

)
read

〈
ψp|Ŝi,p|ψp

〉
= |A|2

〈
ψ(e; e)|Ŝi,p|ψ(e; e)

〉
+ |B|2

〈
ψ(o; o)|Ŝi,p|ψ(o; o)

〉
. (5.14)

By direct evaluation we find that the contribution from the even subspace vanishes.
On the other hand, the odd subspace component gives
〈
ψ(o; o)|Ŝi,p|ψ(o; o)

〉
= cos2 θo

〈
io|Ŝi,p|io

〉
+ sin2 θo

〈
ĩo|Ŝi,p|̃io

〉
= T

〈
io|Ŝi,p|io

〉
,

(5.15)

where we have used the tracelessness of the Ŝi,p operators that implies
〈
ĩo|Ŝi,p|̃io

〉
=

−
〈
io|Ŝi,p|io

〉
. Altogether we then obtain

〈
ψp|Ŝa,p|ψp

〉
= S 〈ψa(p)|σ|ψa(p)〉 , (5.16)

〈
ψp|Ŝb,p|ψp

〉
= S 〈ψb(p)|σ|ψb(p)〉

where |ψa(p)〉 =
(
α01, α10

)T
and |ψb(p)〉 =

(
β01, β10

)T
. In other words, we

obtain two vectors na(p) and nb(p) whose normalized components are given by

ni(p) =
Si(p)

|Si(p)| = 〈ψi(p)|σ|ψi(p)〉 , |Si(p)| = |B|2|T |. (5.17)
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The fact that the norm of these vectors is equal to |S| implies that the degree of
entanglement between the subsystems can be probed by using the operators 5.11.

Exactly like the Berry phase and the winding number were equivalent represen-
tations of the Chern number for two component systems (see Chapter 4) , we can
define a subsystem Chern number νi for the state |io〉 and represent it equivalently
either as the subsystem Berry phase

νi =
i

2π

∮

∂BZ

〈io|∂|io〉 · dp, (5.18)

or as the subsystem winding numbers

νi =
1

4π

∫

BZ

d2p ni(p) ·
(
∂pxni(p)× ∂pyni(p)

)
. (5.19)

Formally this comes about by viewing |ψi(p)〉 as the ground state of a fictitious
Hamiltonian Hi = ni(p) · σ with eigenvalues E = ±1. As we have shown above,
the components of the vectors ni(p) can be obtained from the observables 5.11
and hence the subsystem Chern number is an observable.

Under the assumption of small subsystem entanglement, we assume that (5.10)
is equivalent to one with S → 1. In this limit the Chern number for the whole
system becomes additive in the subsystem winding numbers (5.19) that in turn
are physical observables. In Section 5.4 we show using two distinct examples that
this assumption is justified. Before doing so, we will first show that with small
modifications the same method applies directly also to topological superconductors
that conserve only the particle parity.

5.2.3 Decomposition for topological superconductors

The generalisation to topological superconductors is straightforward. We take
the Hamiltonian to be of the same form as (5.1) with the basis given now by
Ψ†p =

(
a†p, a−p, b

†
p, b−p

)
. The general state can be written as (5.2) with the Fock

space ordered as

∣∣nap, na−p, nbp, nb−p
〉

= (a†p)n
a
p(a†−p)n

a
−p(b†p)n

b
p(b†−p)n

b
−p |0000〉 . (5.20)

A superconducting system conserves only the total parity, i.e. [H,P ] = 0 with

P = exp
(
iπ
∑

p

(
a†pap + b†pbp

))
= PaPb, while component parities Pa and Pb

are not independently conserved. Without loss of generality we assume that the
ground state resides in the even total parity sector. This means parities in the
subsystems a and b are correlated such that Pa = Pb, which in turn means that
the ground state complies with the condition of zero overall momentum. In this
parity sector the ground state is thus given in the basis spanned by the states

{|0000〉 , |0011〉 , |1100〉 , |1111〉 , |0110〉 , |1001〉} . (5.21)
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As with the topological insulators, we split the Hilbert space into even and odd
occupation subspaces and write

|ψp〉 = A |ψ(e; e)〉+B |ψ(o; o)〉 . (5.22)

Performing a Schmidt decomposition between the subsystems a and b in this parity
sector, we obtain a general expression which has the same form as (5.6), but with
the Schmidt bases now being given by

|ae〉 =
(
α00 + α11a

†
pa
†
−p

)
|00〉 , |ãe〉 =

(
α∗11 − α∗00a

†
pa
†
−p

)
|00〉 ,

|be〉 =
(
β00 + β11b

†
pb
†
−p

)
|00〉 ,

∣∣∣b̃e
〉

=
(
β∗11 − β∗00b

†
pb
†
−p

)
|00〉 , (5.23)

and

|ao〉 = eiφaa†−p |00〉 , |ão〉 = eiφ̃aa†p |00〉 ,
|bo〉 = eiφbb†p |00〉 ,

∣∣∣b̃o
〉

= eiφ̃bb†−p |00〉 . (5.24)

As in the case of topological insulators where all coefficients except those in the
odd subspace could be made real through U(1) gauge transformations, we can
now take only the coefficients in the even subspace to be complex and all other
coefficients to be real. The decomposition of the Berry phase proceeds in similar
steps to the insulating case. The only difference is that it is now the odd subspace
contribution that vanishes in (5.9), with the Chern number being now given by

ν = − i

2π

∑

i=a,b

∮

∂BZ

S 〈ie|∂|ie〉 · dp, S = |A|2T. (5.25)

The relevant observables Ŝi,p =
(
Ŝxi , Ŝ

y
i , Ŝ

z
i

)
to evaluate the subsystem winding

numbers are now defined by

Ŝxa = a†pa
†
−p + a−pap, (5.26)

Ŝya = −ia†pa†−p + ia−pap, (5.27)

Ŝza = a†pap − a†−pa−p; (5.28)

whereas the Ŝb operators are obtained by replacing a with b in the previous rela-
tions.

Computing their expectation values we find that now only the even subspace
contributes. The precise expressions are given by〈

ψ(e; e)|Ŝa,p|ψ(e; e)
〉

= S 〈ψa(p)|σ|ψa(p)〉 , (5.29)
〈
ψ(e; e)|Ŝb,p|ψ(e; e)

〉
= S 〈ψa(p)|σ|ψa(p)〉 , (5.30)

where now |ψa(p)〉 =
(
α00, α11

)T
and |ψb(p)〉 =

(
β00, β11

)T
. Thus the expecta-

tion values can again be used to define two vectors na(p) and nb(p), that can be
used to evaluate the subsystem winding numbers 5.19. Under the same assumption
of non-maximal entanglement between the subsystems, the Chern number will be
shown to be additive in these winding numbers.
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5.3 Detection of subsystem entanglement spectrum

We found above that the observable |Si(p)| ∝ | cos2 θp−sin2 θp| provides a measure
of entanglement between the subsystems. For |Si(p)| → 0 the subsystems become
maximally entangled, while for cos θp → 1 or sin θp → 1 the ground state becomes
a product state. In fact, one can go further and use these same observables to
construct the entanglement spectrum corresponding to component partitioning of
the system that preserves translational symmetry [61].

As was first pointed out by Li and Haldane [63], ground states described by
reduced density matrices

ρa = trbρ ∝ e−H
a
E (5.31)

contain additional information if one considers the full spectrum of the entangle-
ment Hamiltonian Ha

E. In the case of free or paired fermion problems, these are
known to inherit the structure of the physical Hamiltonians in the sense that both
can be formally written in the same basis [74]. Thus, the entanglement Hamilto-
nians can be readily diagonalized with their eigenvalues εi constituting the (single
particle) entanglement spectrum. We now show that these can be obtained directly
from the observables |Si(p)| for free fermion problems.

It has been shown by Peschel (Ref. [74]) that the entanglement energies εi of
insulators can be obtained from ground state correlation functions Ca

ij = 〈a†iaj〉.
To be precise, the eigenvalues λi of this correlation matrix Ĉa are related to them
through

λi = (eεi + 1)−1. (5.32)

For every momentum component of the ground state Ĉa is a 2×2 matrix. It is easy
to see that e.g. Sza(p) = Ca

11 − Ca
22, and similarly for the x- and y-components.

By direct calculation one then obtains the eigenvalues λ± = (Na ± |Sa(p)|)/2,
where we have defined the occupation in the subsystem a as Na = 〈a†1a1 + a†2a2〉 .
Substituting this into (5.32) yields the entanglement spectrum at each momenta

ε±(p) = ln

(
Nb ∓ |Sa(p)|
Na ± |Sa(p)|

)
, (5.33)

where Nb = 2−Na as we consider systems at half-filling. Hence, our observables
give direct access also to the component entanglement spectrum studied in [61].
The entanglement gap closes if ε+ = ε− for some momentum mode p. This is
satisfied only when |Sa(p)| = 0, i.e. when the subsystems are maximally entangled
and our detection scheme becomes unreliable.

While a similar analytic derivation between the entanglement spectrum and
the observables is more involved for paired fermion systems due to (5.32) being
replaced by a more complicated relation [74], one can qualitatively understand
that a similar relation must also hold for such systems. The p-th component of ρa
is
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ρa(p) = |A|2
(
cos2 θe |ae〉 〈ae|+ sin2 θe |ãe〉 〈ãe|

)
(5.34)

+ |B|2
(
cos2 θo |ao〉 〈ao|+ sin2 θo |ão〉 〈ão|

)
, (5.35)

with ρa being a product of these components over p. The state with greatest
weight in ρa is the groundstate of the entanglement Hamiltonian, and since this
Hamiltonian is of superconducting form, the groundstate must reside in the even
parity sector. This means that the largest eigenvalue of ρa is

∏

p

|A|2max(cos2 θe, sin
2 θe). (5.36)

|Sa(p)| ∝ | cos2 θe−sin2 θe| vanishes when cos2 θe = sin2 θe, and when this happens,
the largest eigenvalue of ρa becomes degenerate. In other words, as in the case
for insulating systems, when the subsystems are maximally entangled, the entan-
glement gap closes. Indeed, we will numerically show below that the observable
|Sa(p)| and the entanglement gap are in exact agreement also for superconducting
systems.

5.4 Case study: The Quantum Spin Hall Insulator

We now turn to demonstrate the validity of the previous analytic arguments for de-
tecting Chern numbers through subsystem winding numbers by apply our scheme
to a relevant particular example: the quantum spin Hall insulator [52]. We show
that in both cases the phase diagrams are accurately reproduced, with any dis-
crepancies being attributable to high entanglement between the spin degrees of
freedom.

Let us define Kane and Mele’s model for a the quantum spin-Hall insulator on
a honeycomb lattice [52]. The Hamiltonian is given by

H = t
∑

〈ij〉
a†ibj + λv

∑

i

(
a†iai − b†ibi

)

+ iλSO
∑

〈〈ij〉〉
ξSO

(
a†iσzaj + b†iσzbj

)
+ iλR

∑

〈ij〉
a†i

(
σ × d̂i

)
z
bj . (5.37)

where the spinors a†i = (a†i,↑, a
†
i,↓) and b†i = (b†i,↑, b

†
i,↓) denote the two sublattice

degrees of freedom of the honeycomb lattice. The first two terms of magnitudes
t and λv describe spin-independent nearest-neighbour tunnelling and a sublattice
energy imbalance, respectively. The other two terms proportional to λR and λSO
are nearest and next-nearest neighbour spin-orbit couplings, respectively. In this
notation we have ξSO = sign(d̂1 × d̂2), with d̂1 and d̂2 being vectors that connect
the next-to-nearest neighbour sites.

By Fourier transforming the Hamiltonian (5.37) it takes the Bloch form (5.1)
in the basis Ψp = (a↑,p, a↓,p, b↑,p, b↓,p)T . By diagonalising this Hamiltonian Kane
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and Mele showed that it supports a trivial insulator and a quantum spin Hall
phase, which are distinguished by a Z2 valued topological invariant [52]. While
in a time-reversal symmetric system the Chern number is zero in all phases, the
Z2 invariant was shown to be related to the so called spin Chern numbers that
are quantised for each spin component [85]. More precisely, the Z2 invariant was
defined as the difference of the spin Chern numbers, νS = (ν̃↑ − ν̃↓)/2, that only
takes non-zero value in the quantum spin Hall phase. The phase diagram as a
function of the microscopic parameters is shown in Fig. 5.1.

Fig. 5.1: Top Left: Theoretical phase diagram in the parameter-space λR/λSO, λV /λSO
of Hamiltonian (5.37). The trivial phase corresponds to νS = 0, while the QSH
phase corresponds to νS = 1. Top Right: Numerical computation of the phase
diagram as the winding spin Chern number (ν̃↑− ν̃↓)/2. Bottom Left: The min-
imum of the spin component entanglement measure across the Brillouin zone,
minp|si(p)|. We find the spin components becoming maximally entangled only
around the transitions between the two trivial insulators, while between trivial and
spin Hall phases we find a discontinuity. Bottom Right: The gap of the entan-
glement spectrum corresponding to the spin up subsystem. This gap is defined
to be minpλ+−maxpλ− and is seen to close when si(p) = 0, in agreement with
the theoretical arguments presented in section 5.3.
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The spin Chern number has a natural counterpart in our constrution if we
identify the spin up and spin down components as the two subsystems with respect
to which the ground state is Schmidt decomposed. The corresponding operators
for evaluating the subsystem winding numbers are

Ŝx↑ = a†↑,pb↑,p + b†↑,pa↑,p,

Ŝy↑ = −ia†↑,pb↑,p + ib†↑,pa↑,p,

Ŝz↑ = a†↑,pa↑,p − b†↑,pb↑,p (5.38)

and similarly for the ↓-spin component. We construct the vectors n↑(p) and n↓(p)
from these observables and by inserting them into 5.19, calculate the corresponding
subsystem winding numbers ν↑ and ν↓. We find that these observables give then
precisely the spin Chern numbers ν̃↑ and ν̃↓, with Figure 5.1 showing that the
phase diagram is precisely reproduced. The figure also shows that the subsystem
entanglement measure |S| remains large within the QSH phase, which confirms
that the spin components are minimally entangled in this phase. We take this as
confirming the reliability of our method for non-maximally entangled states.

5.5 Conclusions

We have presented a method to detect Chern numbers of topological multi-component
insulators and superconductors. This method is based on an analytic decomposi-
tion of the Chern number as the sum of subsystem winding numbers, which in turn
can be expressed in terms of the expectation values of observable quantities. The
decomposition of the Chern number in terms of the component winding numbers
makes no a priori assumptions on the physical nature of the components; how-
ever, for an reliable experimental application of our method, one should employ
observables associated with components that are not close to being maximally
entangled.

We have also provided numerical evidence on how this method can be useful
to extract partial topological invariants even in the case where the overall state
has a zero Chern number, as it happens with Kane and Mele’s model for QSHE.
The observed low entanglement between spin components in the QSH insulator
can also be viewed as a complementary argument for the robustness of the spin
Chern number in the presence of the spin mixing Rashba term [85].

It has been shown analytically that the entanglement between the components
was directly related to the gap in the translation symmetry preserving component
entanglement spectrum [61], with gap closures corresponding to maximally entan-
gled modes. As the component entanglement is a physical observable in itself,
this result provides a rare example of entanglement properties that can be probed
through physical measurements.

An crucial open question is the generalisation of this analytic argument for the
Chern number decomposition to n component systems. While Schmidt decom-
positions are hard to generalise for systems with more than two components [2],
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convoluted bi-partite Schmidt decompositions might be a possible path. However,
we will see in chapter 9 another road: to take the winding number seriously even
in the absence of a complete understanding or characterization of the topological
nature of the state. As a final note, another interesting future direction to study
what other entanglement (spectrum) properties, in particular those related to other
types of system partitions [63, 87, 44], could be accessed through measurements.
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6.1 Summary

This chapter contains a proposal to make full use of optical lattice technology to
create, manipulate and measure the properties of particles which obey a (2+1)
Dirac Hamiltonian. It will review how the continuum limit of a bidimensional
honeycomb lattice model can give rise to Dirac pseudoparticles; and show that the
tuning of the microscopic parameters gives rise to the addition of various sorts of
particle properties, from the appearence of a map to being subject to a non-Abelian
potential.

We propose to implement these phenomena through the creation of a spin-
dependent optical lattice loaded with an alkaline atomic species with two degener-
ate hyperfine internal states, and we identify the tunable microscopic parameters
in this setup. In line with the rest of the thesis, a special emphasis is set on how
the properties of the system can be measured; we show that the band structure
can be probed by several techniques, such as few-particle dynamics ([90]) or spin
textures at half-filling. The measurement procedures introduced here will be reuti-
lized in subsequent chapters of this thesis to signal the presence of entanglement
and topological order.

The ideas here presented borrow from the discussions on how to implement
artificial fields or gap tuning by strains and external fields in condensed matter
systems (mainly graphene). We relate the parameters of the continuum description
of the Dirac field to the microscopic parameters, and show quantitatively how these
can be modified by means of laser intensity patterns. The Wannier functions for the
two interpenetrating triangular lattices are calculated, and this analysis opens the
door for a experimetal study of the effect of interactions between Dirac particles.

This chapter is organized as follows: First, there is a review of the band struc-
ture of a tight-binding honeycomb lattice and how its low-energy excitations at
half-filling can be described by a continuous Dirac field. Then a method for calcu-
lating the relation between real-space modulations of the lattice parameters and
the field description is developed. We then show how all possible terms of a 2+1
abelian Dirac Hamiltonian can be recreated in the lattice, and extend the anal-
ysis to include non-abelian (valley mixing) terms. Subsequently, we formulate
our optical lattice proposal, and specify how all the tight-binding terms described
above can be experimentally implemented. Finally, a set of possible measurement
schemes are explained, each with the capability of probing different characteristics
of the Dirac field.

6.2 Dirac fields as low-energy excitations in a honeycomb
lattice

We have seen in section 3.4 that deep lattices, such as high-intensity optical lattices,
admit a description of its dynamics in terms of second-quantization tight-binding
models. Here we will review a theoretical framework in which 2D fields arise as
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Fig. 6.1: Two triangular sub-lattices displaced one with respect to the other to generate
a honeycomb lattice. The vectors ~v1 and ~v2 are the hexagonal lattice generator
vectors, whose length is the triangular lattice period, d = |~v2,3|. In addition we
define ~v0 = 0 and ~v3 = ~v1 +~v2. The unit cells are shown with dashed rectangles,
and are labelled by m. ΓA and ΓB are the hopping parameters related with
jumps between positions inside sub-lattices A and B while Ji are the hopping
parameters related with hexagonal jumps between sublattices, each one related
with the corresponding ~vi, i = 0, 1, 2.

the continuum approximation to a quadratic tight-binding model on a honeycomb
lattice. We will focus on fixing the notation and on the abstract model. More
precisely, we are interested in the derivation of honeycomb lattice band structure,
whose excitations behave as relativistic Dirac particles.

6.2.1 Tight-binding model for two coupled sub-lattices

Consider a system of fermionic particles in a strong confining periodic potential.
We model these particles with fermionic creation and annihilation operators which
describe the presence or absence of a fermion in a particular lattice site. The
lattice is bipartite, which means that it can be divided into two disjoint sets of
sites A and B, where the nearest neighbours of any A-site are all elements of B,
and viceversa [cf. figure 6.1a)]. We consider nearest-neighbour hoppings between
different sublattices of a bipartite lattice, and also next-to-nearest-neighbour (or
intra-lattice) hoppings. For the hexagonal spatial geometry shown in figure 6.1,
our model Hamiltonian reads:

H =
∑

m

(
J0a

†
mbm + J1a

†
mbm−v1 + J2a

†
mbm+v2 + H.c.

)
(6.1)

+

v3∑

v=v1

(
ΓAa

†
mam+v + ΓBb

†
mbm+v + H.c.

)
,

where the Ji are the hopping parameters related with the nearest neighbour hop-
pings; ΓA and ΓB model the tunneling effect inside sublattices A and B respec-
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Fig. 6.2: Left: First Brillouin Zone (1BZ) for an hexagonal lattice. The K± points written
in black are the non-equivalent Dirac Points. Center : three-dimensional represen-
tation of the energy bands of the honeycomb lattice. The two surfaces represent
the positive and the negative energy solutions equation (6.4) meeting together
in the Dirac points where E = 0. Right: zoom around the Dirac points where
the energy bands take conical shape and the Hamiltonian of the system can be
approximated as a Dirac Hamiltonian, being E ∝ |~q|, equation (6.6).

tively; a†m and am (b†m and bm) are the creation and annihilation operators for an
atom in the position m of sublattice A (B), and the v’s refer to the ~v vectors
represented in figure 6.1b. The first line of equation (6.1) represents the hexago-
nal hoppings, and the second line represents the two kinds of triangular hoppings.
Note also that J0, J1, J2,ΓA and ΓB all have units of energy in this notation.

6.2.2 Energy bands and Dirac field

The honeycomb Hamiltonian is recovered from equation (6.1) by making J0 =
J1 = J2 ≡ J and ΓA = ΓB = 0:

Hhon = J
∑

m

{
a†mbm + a†mbm−v1 + a†mbm+v2 +H.c.

}
. (6.2)

To calculate the energy bands, we do a Fourier transform over the creation and
annihilation operators as

a†m =

∫

Ω

d2k

2π
ei
~k·~rma†~k, (6.3)

where ~k is the momentum, ~rm is the position of the site m, the integration limit Ω
makes reference to the first Brillouin Zone (1BZ) and a similar expression is used
for b. The diagonalization of the Hamiltonian in momentum space leads to the
eigenvalues of the energy that form the energy band structure; namely

E±(~k) = ±J

√√√√3 + 4 cos

(
1

2
kxd

)
cos

(√
3

2
kyd

)
+ 2 cos (kxd), (6.4)
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which are represented in figure 6.2. There are six points in the 1BZ for which E =
0, but only two of them are non-equivalent and we name them K± = (∓4π

3
, 0)/d,

where d is the triangular lattice spacing [84]. Assuming only small energy pertur-
bations around E = 0, the excitations will be confined to the so called Dirac cones.
To find the effective theory for these low-energy and long-wavelength excitations
one makes an expansion around the Dirac points of E(~k), introducing ~q = ~k− ~K±
and assuming that for the relevant states it remains “small” (i.e. |~q| × d � 1).
Under these conditions, it is possible to work with the Dirac cones as if they ex-
tended over all values of ~q, with integrals in d2k over the 1BZ being replaced by an
integral in d2q over the whole momentum space. By transforming the operators
back to position space via inverse Fourier transform

φ†a(~r) =

∫
1

2π
a†~K+~q

ei(
~K+~q)·~rd2q, (6.5)

one gets an effective theory for the continuum fields {φa(~r), φb(~r)}, satisfying the
Dirac-like Hamiltonian (cf. equation 6.15)

h+(~q) ∝ ~σ · ~q, h−(~q) = −h+(~q)?, (6.6)

where ~σ = (σx, σy) are the usual Pauli matrices and the subscript ± stands for the
choice of cone (K±).

6.2.3 Derivation of the Dirac Hamiltonian in position space

While the previous discussion reveals the main ingredients of the relativistic fields
which arise from the discrete Hamiltonian, two concerns appear. One is the added
difficulty of treating spatially dependent perturbations, since this analytic deriva-
tion involves two consecutive Fourier transforms. The other concern is the little
attention paid to the fact that there are two intrinsically different cones, which
in line with previous literature we call the two “flavours” (or “valleys”) of Dirac
particles in the lattice. As we will show later, flavour plays a role in the simulation
of non-Abelian fields.

In order to extend the derivation of the Dirac dispersion relation to setups
in which translational invariance is weakly broken, we rely on a continuum-field
approach that bypasses the use of momentum space [46]. Starting with our tight-
binding Hamiltonian (6.2), we approximate the Fock operators at each lattice
site as the value of a continuous field defined over all space, but which varies so
smoothly that it is approximately constant over each unit cell. Moreover, since
low-energy excitations are restricted to the vicinity of the K± quasimomenta, these
fields are the envelope of quasi-plane wavepackets around those points

âm →
√

d2r
(

Ψ̂a+(~rm)e−i
~K+·~rm + Ψ̂a−(~rm)e−i

~K−·~rm
)
, (6.7)

with an equivalent expression for b̂m. Here d2r is the unit cell area and the expo-
nential containing the Dirac points ~K± implements the desired wavepacket ansatz.



58 6. Simulation of a complete Dirac Hamiltonian in an optical honeycomb lattice

Substituting these operators in the tight-binding model produces the following
limit Hamiltonian

Ĥ ∝
∑

τ,ζ,i

∫
ei~r(

~Kτ− ~Kζ)
[
Ψ̂†aτ (~r)Ψ̂bζ(~r + ~vi)e

−i ~Kτ ·~vi + H.c.
]

d2r, (6.8)

where the Greek indices stand for the two possible flavour choices (± cones). Note
that the index i = 0, 1, 2 runs over the three vectors ~v0,−~v1, ~v2 depicted in figure 6.1
and which connect different unit cells. This is so, because we are free to define the
smoothly varying fields Ψa and Ψb on the middle point of the unit cell.

Since we have enforced the fields to be slowly varying, the presence of the
rapidly oscillating exponential ei~r(

~Kτ− ~Kζ) imposes the condition τ = ζ and we end
up with two flavour-decoupled integrals. A more quantitative argument would
compare the τ = ζ term with one that oscillates with ~K+ − ~K−. Since both are
proportional to J , we only need to compare their ratio. Integrating by parts the
oscillating term and using periodic or open boundary conditions we may write the
rapidly oscillating term correction as

∑

τ 6=ζ

∫
ei~r(

~Kτ− ~Kζ)

[
Ψ̂†aτ (~r)

(
~Kτ − ~Kζ

| ~Kτ − ~Kζ |2
· ∇
)

Ψ̂bζ(~r + ~vi) + H.c.

]
d2r, (6.9)

which becomes small if the fields oscillate slowly, that is d|∇Ψ| � |Ψ|.
At this point one may expand Ψ̂(~r+~v) ' [1+~v·∇]Ψ̂(~r) so that the Hamiltonian

reads:

Ĥ ∝
∑

τ,i

∫ {
Ψ̂†aτ (~r) [1 + ~vi∇] Ψ̂bτ (~r)e

−i ~Kτ ·~vi + H.c.
}

d2r. (6.10)

Our resulting Hamiltonian is therefore diagonal both in position and in flavour
space but couples the internal degrees of freedom a-b via an off-diagonal operator
with only one nontrivial term:

Cτ = 1 + e−i
~Kτ ·~v2 [1 + ~v2 ·∇] + ei

~Kτ ·~v1 [1− ~v1 ·∇] (6.11)

Since 1 + e−i
~Kτ ·~v2 + ei

~Kτ ·~v1 vanishes due to the definition of the Dirac cones, the
coupling term simplifies to

C± = e−i
~K±~v2~v2 ·∇− ei ~K±·~v1~v1∇ =

√
3d

2
[∂y −±i∂x]. (6.12)

Introducing a momentum operator ~q = −i∇, our coupling term becomes Cτ ∼
τqx + iqy and the Hamiltonian spatial density is therefore:

h+(~r) = c

(
0 C+

C?
+ 0

)
= c

(
0 qx + iqy

qx − iqy 0

)
= c ~q · ~σ

h−(~r) = −h∗+(~r) (6.13)

which is the expression of the massless Dirac Hamiltonian with Fermi velocity
c =
√

3Jd/2~. Note that changing flavour is equivalent to changing the sign of qx
in the Hamiltonian.
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6.3 Extending the Dirac Hamiltonian by modifying the lattice
parameters

We now generalize the free Dirac Hamiltonian to include a variety of external
fields:

HD = c ~α · ~p+ βmc2 + βVcov. (6.14)

Here m is the mass of the particles and Vcov is the most general covariant potential
containing scalar, vector, matrix, pseudoscalar, pseudovector and pseudotensor
fields. The Dirac matrices αi = γ0γi and β = γ0, are defined in terms of the
generators of the Clifford group, γµ. In 2+1 dimensions this is a set of 2 × 2
matrices satisfying the anticommutation relations {γµ, γν} = 2ηµν with ηµν =
diag(1,−1,−1), where µ, ν = 0, 1, 2. The choice ~α = ~σ = (σx, σy) and β = σz
corresponds directly to the Hamiltonian in equation (6.6). The Dirac Hamiltonian
then has the form

HD = c ~σ ·
(
~p− e ~A(~r)

)
+ eA0(~r) I +

(
mc2 + V (~r)

)
σz, (6.15)

where A0(~r) and ~A(~r) are the usual scalar and vector potential that give rise to
observable electric and magnetic fields, and V (~r) is a scalar potential that mimics
the effect of an imposed mass; e is an effective charge. Note that since the fields
~A and A0 do not have any dynamics, we may assume e = 1, for convenience. Let
us now show how to recover all terms in equation (6.15) by slightly perturbing the
tight-binding model.

6.3.1 Generating a mass term

The simplest term that we can add to Hamiltonian equation (6.2) is an energy
difference between atoms in sublattices A and B:

δH =
∑

m

(ε
2
a†mam −

ε

2
b†mbm

)
, (6.16)

which in the continuum limit becomes

δH =
∑

τ

∫ (ε
2

Ψ̂†aτ (~r)Ψ̂aτ (~r)−
ε

2
Ψ̂†bτ (~r)Ψ̂bτ (~r)

)
d2r (6.17)

or equivalently

δh(~r) ∼ σz
ε

2
. (6.18)

Comparing this with equation (6.15), we see that the position-independent term
proportional to σz can be identified with an effective mass.
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6.3.2 Abelian potentials

We can extend our model by starting from equation (6.2) and smoothly modifying
the hoppings as Ji = J + εi,m where |ε| � |J |:

δH =
∑

m,i

εi,ma
†
mbm+vi + H.c. (6.19)

In the continuum limit this renders

δH =
∑

τ,i

∫
ei
~K·~viεi(~r)Ψ̂

†
aτ (~r)Ψ̂bτ (~r + ~vi)d

2r. (6.20)

In the notation of the previous section, this is equivalent to a change in the “cou-
pling term” between pseudospins:

δCτ =

√
3

2

(
τ
ε0
J
− τ ε1 + ε2

2J
+ i

(ε2 − ε1)

J

)
(6.21)

therefore allowing us to formally derive an Abelian external potential

H = c ~σ ·
(
~q − ~A(~r)

)
(6.22)

where ~A = (τRe[δCτ ], Im[δCτ ]).

6.3.3 Scalar fields

Consider now perturbations which are diagonal in the internal space to the tight-
binding Hamiltonian, such as those given by intralattice hoppings in equation (6.1):

δH =
∑

m

3∑

i=1

ΓAa
†
mam+vi + ΓBb

†
mbm+vi + h.c. (6.23)

Following the continuum limit performed in section 6.3.1 the Hamiltonian in mo-
mentum space around the Kτ point can then be written as

H ′τ = c ~σ · ~q −
( ∑

i e
−i ~Kτ ·~viΓA(~r) 0

0
∑

i e
−i ~Kτ ·~viΓB(~r)

)
, (6.24)

or purposefully rewritten (reabsorbing the constant
∑

i e
−i ~Kτ~vi flavour-dependent

factor) as

H ′τ = c ~σ · ~q − (ΓA(~r) + ΓB(~r))

2
I− (ΓA(~r)− ΓB(~r))

2
σz (6.25)

which has both a term proportional to I representing an electric potential, φ±(~r) =∑
i e
−i ~K±~vi 1

2
[ΓA(~r) + ΓB(~r)], and a term proportional to σz which contributes to

the effective mass.
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6.3.4 Flavour-coupling perturbations

We have seen that spatial variations of the hopping elements emerge as an Abelian
external field. These variations have to be small, but it should be stated that, in
order to keep flavours decoupled, they also have to be spatially smooth. Otherwise,
and if there is a modulation with wavevector comparable to the order ( ~K+− ~K−),
the flavour-coupling terms τ 6= ζ in equation (6.8) do not vanish. The simplest
flavour-coupling perturbation is a plane wave whose wavelength is comparable to
the lattice constant and thus bridges the difference in momentum between cones.
For instance

δĤ =
∑

m,i

2χx,i,m cos
[
~r · ( ~K+ − ~K−)

]
a†mbm+vi (6.26)

with a constant coupling strength χx,i,m = χx. These rapid oscillations only allow
the survival of terms that couple different cones, cancelling all terms inside the
same cone. The most general perturbation of this sort is

δĥ(~r) = χx(~r)
(

Ψ̂†a+Ψ̂b− + Ψ̂†a−Ψ̂b+ + H.c.
)
, (6.27)

where χx is the spatial dependence of the slow envelope that surrounds our per-
turbation (6.26). Actually, this envelope can be “remodulated” in order to make
flavour coupling also weakly spatial-dependent. Moreover, we can also introduce in

equation (6.26) sine terms, ε(~r) = χy sin
[
~r · ( ~K+ − ~K−)

]
, which make the flavour-

coupling term complex.

6.3.5 The complete Dirac Hamiltonian

Since there exist no pseudo-potentials (γ5 = 1 in 2 + 1 dimensions), our idea of
perturbing the tight-binding model parameters allows us to reconstruct all possible
external potentials of the Dirac equation, plus an additional coupling between
different types of particles. With all these elements we have the following effective
single-particle Hamiltonian:

h(~r) =

(
c ~σ · [~q − ~A(~r)] +mσzc

2 + φ+(~r) χxσx + χyσy
χxσx + χyσy −c{~σ · [~q − ~A(~r)]}∗ +mc2σz + φ−(~r)

)
.

(6.28)

6.4 Trapping of atoms in an optical honeycomb lattice

This section will be a small extension of chapter 3, in that it reviews the optical
lattice technology that is used in this proposal. Here we explain how to construct
a honeycomb lattice with two state-dependent triangular optical lattices. We then
discuss how to implement the previous tight-binding Hamiltonians and propose an
experimental setup to obtain the Dirac field and the external potentials by using
solely Raman and detuned laser beams.
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Fig. 6.3: Proposal of experimental setup. DE is the diffraction element, L1 and L2 are the
required lenses to make the beams parallel and to focalize them on the lattice
plane, R1 and R2 are the lasers used for the Raman transitions, P1 and P2 are
phase plates used to change the relative phases, eiφ1,2 , of the σ+ and σ− beams.

6.4.1 From two triangular sub-lattices to a honeycomb lattice

Recent advances in the development of high-aperture objectives and their in-
tegration in optical traps open the door to the generation of almost arbitrary
two-dimensional potential landscapes for ultracold atoms. The basic idea is that
off-resonant light may be used to tightly confine atoms in the maxima or min-
ima of intensity, recreating sophisticated lattice models [47]. While those min-
ima and maxima are ususally generated through the interference of multiple laser
beams [38, 47], a novel paradigm consists on shaping and organizing those inten-
sity profiles by simply projecting sophisticated images on the two-dimensional focal
plane of a lens. Some experiments along this line have reproduced the usual square
lattice quantum simulations [14] and also demonstrated triangular lattices [55].

In this proposal we are particularly interested in the last of those setups, which
combines two triangular lattices [55] in the same plane. In this kind of experi-
ment the trapping laser beams are first diffracted by a holographic mask with a
triangular pattern, selecting the first diffraction orders, which are then collected
by a powerful lens to create the imprinted intensity pattern at its focal plane. The
relative phases of the three diffracted beams may be independently controlled in a
way that allows the displacement of the resulting triangular lattice (cf. figure 6.3).
When this procedure is applied to two laser beams that differ in frequency or po-
larization, it becomes possible to produce two triangular lattices, A and B, which
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coexist on the same plane and have a tunable relative separation. The result is
the original setup introduced in figure 6.1 in an abstract way, where now A and B
are physically implemented by an optical potential.

In order to jump from two independent triangular lattices to the setup intro-
duced in figure 6.1, we need means to introduce the couplings between different
lattice sites, that is hoppings from one lattice to another, or within the same lat-
tice. The most direct way to implement this in an optical system is to use the
two lattices A and B to trap atoms of the same species but in different internal
states, |a〉 and |b〉 respectively. We also need a way to rotate between |a〉 and |b〉,
which can be implemented via Raman transitions. In a situation with all these
ingredients two kinds of hoppings are allowed for the atoms: on the one hand an
atom in sub-lattice A (B) can tunnel between positions in its own sub-lattice, as
contemplated in our model by the hopping parameter ΓA (ΓB). This parameter
can be controlled by increasing or decreasing the intensity IA (IB) of the laser
beam generating each sublattice. On the other hand a Raman-induced change in
the internal state of an atom from |a〉 to |b〉 (from |b〉 to |a〉) will make the atom
shift from sublattice A to sublattice B (B to A). These nearest-neighbour jumps
can be different in each of the three possible directions, and are modelled by the
hopping parameters J0, J1 and J2 which are associated with the vectors ~v0, ~v1 and
~v2 shown in figure 6.1.

6.4.2 Realization of two state-dependent triangular
sub-lattices

How do we implement in practice the ideas from the previous subsection, and
in particular the coupling between lattices? The engineering and control of state-
dependent lattices is a mature technology [47, 64], which nevertheless requires some
careful control of the atomic states and decoherence. We will briefly describe how
this works for fermionic alkaline atoms and how this integrates with the projected
lattices scheme. However, it must also be noted that hard work is being done to
try to implement state-dependent lattices with alkaline-earth atoms, which are less
prone to heating [31].

As sketched in figure 6.4, it is possible to find a wavelength λ̄l falling between
the D1 and D2 lines of an alkaline atom for which polarised light only traps atoms
in one of the ground states manifolds. More precisely, the fine-structure energy
levels of alkaline atoms are denoted by |L, J,mJ〉, where L is the electron angular

momentum quantum number, ~J the combined orbital and spin momentum and mJ

is its projection along the quantization axis. When we illuminate with σ+ polarised
light at a frequency ω = 1

2
(ωD1 + ωD2), the ac-Stark shift that it induces on the∣∣0, 1

2
,−1

2

〉
cancels due to the positive and negative contribution of off-resonant D1

and D2 transitions. The result is that circularly polarized σ± light can only trap
atoms in the

∣∣0, 1
2
,±1

2

〉
states, respectively.

In practice, however, the situation is more subtle because atoms also have
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Fig. 6.4: Fine-structure energy levels of an alkaline atom. Not to scale. λD1 and λD2

are the wavelengths of the D1 and D2 lines respectively. λl is the wavelength
of the optical lattice lasers. Dashed lines mark the cancelled ac-Stark effects: a
σ+ (σ−) polarised photon incident on a

∣∣L = 0, J = 1
2 ,mJ = −1

2

〉 (∣∣0, 1
2 ,+

1
2

〉)

state would see both the
∣∣1, 1

2 ,
1
2

〉
and the

∣∣1, 3
2 ,

3
2

〉 (∣∣1, 1
2 ,−1

2

〉
and

∣∣1, 3
2 ,−3

2

〉)

states in such a way that the ground level energy displacements cancel with each
other. The net effect is then only due to σ− (σ+), marked with continuous lines.

some hyperfine structure, induced by the coupling between the electronic and
nuclear angular momenta. Let us focus on the fermionic species 6Li, in line
with previous proposals [55]. Out of the hyperfine ground-states |F,mF 〉HF =

c1

∣∣J = 1
2
,mJ = 1

2

〉
+ c2

∣∣J = 1
2
,−1

2

〉
where ~F = ~I + ~J being ~I the nuclear angular

momentum of 6Li (I = 1), we select |a〉 =
∣∣1

2
,−1

2

〉
HF

= −
√

2
3

∣∣1
2
, 1

2

〉
+ 1√

3

∣∣1
2
,−1

2

〉

and |b〉 =
∣∣3

2
,−3

2

〉
HF

= 1
∣∣1

2
,−1

2

〉
. If V+ and a V− are the intensity distributions

that result by illuminating with light in the σ+ and σ− polarisations, the states
|a〉 and |b〉 will feel the ac-Stark potentials VA = 2

3
V+ + 1

3
V− and VB = V−. As

shown in figure 6.5, the combined potentials can look like two displaced triangular
lattices by choosing the adequate relative phases between the diffracted beams.
Furthermore, the relative depths can be controlled by changing the ratio V+/V−,
but this may require a new tuning of the relative phases.

The last ingredient is a coupling between both lattices. This can be done using
a Raman laser that couples both internal states, |a〉 and |b〉. When an atom in
state |a〉 is affected by the laser, it will switch state, but since the energy must be
conserved, this implies tunneling to a neighboring site in the other lattice. This
qualitative description assumes that atoms in the A and B sublattices are confined
to the lowest energy band.

It is therefore important to ensure that the presence of the optical lattice does
not lead to unwanted transitions and heating of the system. Since the lattice laser
frequency has to lie between the D1 and D2 lines, the maximum detuning from
a resonance is half the difference between those transition energies. Because of
the narrow fine structure of 6Li, we estimate a loss rate of about 0.01J − 0.1J
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Fig. 6.5: Left: sub-lattice generated by VA = 2
3V+ + 1

3V−. Right: sub-lattice generated
by VB = V−. Top: trapping potentials as functions of x and y, in arbitrary units.
The red zones represent the potential minima where the atoms are trapped. It
is apparent that both sub-lattices are triangular and displaced one with respect
to the other. By superimposing both images one obtains the structure of an
hexagonal lattice. Bottom: transversal cut corresponding to the white dashed
line along the x direction. The difference in potential depth can be controlled
by changing the ratio V+/V−, but this will affect the relative positions of the
potential minima.

for lattice depths of 5ER − 30ER (ER is the recoil energy, see below) and J '
1kHz. This problem can be better addressed by using 40K, which for an analogous
lattice features a loss rate below 10−3J , or by using alkaline-earth species (such as
Yb) [31]. A very important question is whether this tight-binding approximation
is compatible with the Raman laser. This will be discussed in the following section.

6.4.3 Band structure calculations

Our experimental proposal relies on the possibility to combine two different lattices
and couple them via Raman assisted tunneling. The feasibility of this procedure
has been experimentally demonstrated in a superlattice experiment [4]. It has also
been discussed at length in the various works that suggest implementing gauge
fields via photon-assisted tunneling, beginning with the seminal paper by Jaksch
and Zoller [48]. Despite this, it is very illustrative to do a quantitative discussion
of the lattice parameters involved in this setup, with the aim of clarifying what
hopping, ΓA,B and coupling strengths, Ji, can be achieved, and what is the limit
of weak perturbations that we will rely on later in the chapter.
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Our basic tool in this discussion is the expansion of the field operator in terms of
Wannier wavefunctions(see Sec. 3). We will assume that the two triangular lattices
are defined using a similar potential, Vtriang(~x), which for the sake of concreteness
we choose to be

Vtriang(~x) = V0

[
3− 2 cos(2πx) cos(2πy/

√
3)− cos(4πy/

√
3)
]
. (6.29)

This potential gives rise to two single-particle Hamiltonians, with a relative dis-
placement given by ~v4(see figure 6.1):

HA = − ~2

2m
∇2 + Vtriang(~x/d), (6.30)

HB = − ~2

2m
∇2 + Vtriang[(~x− ~v4)/d], (6.31)

whose eigenstates are the Bloch waves ψ~k(~x). The Wannier functions are sums over
these Bloch states in a Brillouin zone, w(~x) = 1

|B|1/2
∫
ψ~k(~x)d2k and we assume that

they have the same shape for both lattices. Furthermore, we assume that there
is a strong confining harmonic potential in the z-direction such that the atoms
are restricted to its vibrational ground state with an approximate length scale
(~/mω)1/2 ∼ d.

In the low energy limit that is usual for these experiments, the fermionic field
may be approximated by a linear combination of these localized states

ψ̂a(~x)† '
∑

m

â†mw(~x− ~xm), ψ̂b(~x)† '
∑

m

b̂†mw(~x− ~xm − ~v4). (6.32)

In this limit, the motion of particles is described by a tight-binding Hamiltonian,
where the intralattice hopping amplitude is defined as the nearest-neighbor term
of the Hamiltonian using this expansion, or

ΓA =

∫
w(~x− ~v1,2,3)?HAw(~x)d2x, (6.33)

and similarly for ΓB. If we also include a Raman coupling among lattices, charac-
terized by a Rabi frequency Ω, we may still use the tight-binding approximation
provided that this frequency is much smaller than the gap between the lowest en-
ergy band and the first excited band of the triangular lattice, |Ω| � ∆E. If this
is the case, we will have that the interlattice coupling can be estimated as

J = Ω

∫
w(~x− ~v4)?w(~x)d2x. (6.34)

Note that for equation (6.32) to remain valid, Ω has to be small when compared
with ∆E, not with the actual hoppings. This means that the ratio between J and
ΓA,B is not fixed, and that one hopping does not have to be small with respect to
the other one.
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Fig. 6.6: a) Dependence of the tight-binding parameters on the intensity of the confining
lattice potential. We have numerically calculated the values of the on-site interac-
tion strength Ud3/g (solid, blue), the hexagonal tunneling amplitude J/Ω (black,
dashed), the interlattice interaction stregth UABd

3/g (red, dotted-dashed) and
the triangular tunneling amplitude ΓA,B/ER (green, dotted). b) Comparison
between the Bloch band energy gap (solid line; left axis) and the tunneling pa-
rameter J (dashed, right axis) for 40K and varying lattice depths. Ω = 1kHz
has been chosen so that Ω � ∆E while keeping J still significant. The band
gap is even bigger for 6Li, because of its larger ER.

We have computed numerically the Wannier functions for a triangular lattice
setup using a discretization of the Brillouin zone with 100 modes and expanding
the Bloch wave with up to 625 modes. Using this we have estimated the inte-
grals corresponding to the hoppings, and also to the on-site and nearest-neighbor
interactions, given by

U =
g

d

∫

C
|w(~x)|4d2x (6.35)

UAB =
g

d

∫

C
|w(~x)|2|w(~x− ~v4)|2d2x, (6.36)

where C denotes the surface of the unit cell. The results are shown in Fig. 6.6a,
where we used the recoil energy ER = 4π2~2/2md2 as unit of energy to ease the
comparison, typical values for the lattice spacing (400− 600 nm), and interaction
strength values for alkaline fermions which range from g/d3 ' 0.01ER (40K) to
g/d3 ' 0.1ER (6Li) [55]. Note how the ratio J/Ω is at least 100 times larger than
ΓA,B/ER for reasonable values of the potential depth. This means that even if we
have to impose Ω� ∆E, we still can reach a regime in which J ' ΓA,B, as shown
in Fig. 6.6b. Note also that while the interlattice term UAB decreases rapidly,
there is still a window of values where it might be comparable to the influence of
hopping, opening the door to experiments with gauge fields and interactions.
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6.5 Perturbing the hopping parameters

In the previous discussion we have presented a feasible setup to obtain a honey-
comb tight-binding Hamiltonian with neutral atoms in an optical lattice. In this
section we take the scheme one step further so that the hopping parameters can
be locally changed to incorporate mass terms and pseudofields to the Dirac Hamil-
tonian. We propose to optically control the Dirac field physics much in the way
mechanical strains have been suggested in graphene sheets [73, 94]. Two proposals
to implement variations are presented, the first of which is best in line with the
setup shown in the previous section, the other being a more formal approach to
general hopping calculations across potential wells.

6.5.1 Spatial dependence of Raman intensity

Interlattice hoppings are assisted by an external laser beam inducing Raman transi-
tions between the internal states of the atoms, thus creating a transition amplitude
which scales with the intensity of the beam. By changing the spatial dependence
of this amplitude one can overprint a first-neighbours hopping perturbation εi(~r).
This method is the easiest to implement in this setup, but is very limited and
unable to act on intralattice (next-to-nearest-neighbour) transitions. Therefore it
is the chosen method to add Abelian vector potentials and non-Abelian coupling
terms.

6.5.2 Lattice distortions

A more general analysis can be made by considering spatial distortions of the
lattice, that is, either through a relative displacement of one site with respect
to its neighbor or by adjusting the width of the individual potential wells. The
displacement may be achieved by controlling the relative phases of the conforming
beams through the phase modulators P1 and P2 in figure 6.3. The width of the
potential wells can be modified by a change in the height of the confining potential,
using a mask which modulates the intensity of the laser beams. We now develop a
simple model for calculating the influence of these two modifications in the hopping
parameters.

We assume that the ideal (unperturbed) hopping parameters between wells
behave as if lattice sites were spatially separated harmonic oscillators in an original
reference frame ~r′. The lattice distortion described locally by the transformation
~r′ = A~r renders the following single-well Hamiltonian:

Ĥ =
−~2

2m
∆ +

mω̃2

2
~rTATA~r (6.37)

where the frequency of the site trap is also changed ω → ω̃(~r), due to modulations
of the intensity of the confining beam (the kinetic energy terms are not transformed
since they are expressed in “real” space, while the potential term is meant to look
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like a perturbed harmonic oscillator). The localized Wannier function in the well
is

ψGS(x) =
1√
N

exp(− 1

2σ2
~rTB~r) (6.38)

where B =
√
ATA, σ2 = ~/mω̃ and N = πσ2/

√
|B|. Notice that B is positive-

definite by construction and σ is ~r-dependent. If we assume no vibrational levels
can be excited, the hopping parameter between first-neighbour wells separated by
a vector ~a is simply proportional to the overlap between wavefunctions

J ∼
∫
ψ∗GS(~r)ψGS(~r − ~a)d2r = exp(−~a

TB~a

4σ2
). (6.39)

This will be valid as long as variations are smooth and small, corresponding to
the wavefunctions being good approximations to the ground state of the potential
well and the restriction to the lowest vibrational level. Therefore the dislocation
must be small: A ' I + εC → G = ATA ' I + ε(C + CT ), defining C as our
generator. Let us call the unperturbed vector connecting both wells ~a0, so that
the actual vector becomes ~a = A−1~a0 = (I − εC)~a0. The bilinear matrix expands
as B =

√
G '

√
I + ε(C + CT ) ' I+ 1

2
ε(C+CT ). Substituting these values yields:

J ∼ exp(−~a
TB~a

4σ2
)⇒ J = J0 exp(−εδ),

δ = −mω̃(~r)

8~
~aT0 (C + CT ))~a0. (6.40)

This result can be readily interpreted. There are two contributions: one (C +CT )
which modifies the hopping due to the change in distance between wells, and
another (ω̃(~r)) which refers to the intensity profile of the confining laser beam.
We can therefore tune these parameters, e.g. displacing or rotating one sublattice
on top of the other, to allow for variations of the tight-binding hoppings. As
explained before, all these changes are used to simulate Abelian and non-Abelian
external gauge fields.

6.6 Experimental detection

The most direct consequence of the appearance of Abelian and non-Abelian exter-
nal fields is the distortion of the energy bands, ranging from the movement of the
Dirac cones in momentum space to the appearance of a gap in the spectrum. Two
methods are proposed here to observe these changes: the first one is the measure-
ment of the momenta after removing the confining potential so as to explore the
form of the energy bands; the second one focuses on measuring how these fields
affect the dynamics of a single particle (or small group of particles) moving in the
lattice.

It is worth mentioning that some of the techniques first commented here will
prove crucial to extract information about the topological nature of the cloud, as
we will see in the following chapters.
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a)

b)

Fig. 6.7: Expected momenta distribution for B (left) and A (right) atoms associated with
the E− and E+ energy bands respectively (see text). The two top images corre-
spond to the unperturbed honeycomb tight-binding Hamiltonian, and the bottom
ones correspond to the Abelian potential case described in section 6.3 due to a
perturbation in J0.

6.6.1 Time of flight images

It is possible to probe the atomic population within the first Brillouin zone (BZ) of
an optical lattice. The procedure consists of the following steps: (i) adiabatically
switching off the lattice potentials so that the atoms quasimomenta are converted
into real momenta, (ii) then letting the atoms expand freely during a certain time
of flight and (iii) finally taking an absorption image of the expanded cloud [56].

In our setup the situation is a bit more complicated. Let us denote by |+, ~k〉
and |−, ~k〉 the eigenstates associated with upper and lower energy bands, E+(~k)

and E−(~k), of the tight-binding Hamiltonian (6.2). In a ground state with a
Fermi energy slightly above zero, we would have many atoms in the lower band
sector occupying the whole of the first BZ and only few atoms in the upper band,
concentrated around Dirac points (See figure 6.7a). Despite the difference, by
means of absorption images one can not distinguish between |+〉 and |−〉 states as
both have components corresponding to the |a〉,|b〉 internal states of the atoms.

In order to picture the Dirac cones we need a method that discriminates be-
tween energy bands, say, transforming all the |+〉 states into |a〉’s and all the

|−〉 states into |b〉’s, while preserving the momentum, ~k. The adiabatic theorem
provides us the way for doing this. Our starting point is the honeycomb lattice
Hamiltonian in momentum space

H̃ = J
∑

~k

u†~k

[
f(~k)σ+ + f ?(~k)σ−

]
u~k, (6.41)
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m

Fig. 6.8: Adiabatic path for a transformation of the |+〉, |−〉 states into |a〉, |b〉 states.
The hamiltonian of the system is written as H ∼ ~s(J,m) ·~σ, so ~sinitial = ~s(J, 0)
lies in the x, y plane while ~sfinal = ~s(0,m) lies along the z axis. During the
first step m is adiabatically increased, and during the second J is adiabatically
decreased until zero.

Tab. 6.1: summary table of all the considered perturbations of the hopping parameters
with their physical effects.

Lattice modification Hamiltonian modification Effect

Ji = J + εi i=0,1,2
small hopping parameter
modification

H → c~σ · (~q − ~A)
~A = (τRe[δCτ ], Im[δCτ ])

Abelian
field

+
∑

m

(
ε
2a
†
mam − ε

2b
†
mbm

)
H → c~σ · ~q + ε

2σz Mass term

energy difference between
A and B

ΓA,ΓB
intrasublattice triangular
hoppings

H → c~σ · ~q+ 1
2(ΓA + ΓB)I + 1

2(ΓA−
ΓB)σz

Scalar field

ε(~r) = χx cos(~r( ~K+ −
~K−))

δĥ(~r) = χx(Ψ̂†a+Ψ̂b− + Ψ̂†a−Ψ̂b+ +
H.c.)

Flavour
coupling

written with the pseudospin structure u~k = (a~k, b~k), the couplings f(~k) = 1 +

ei
~k·~v1 + e−i

~k·~v2 , and the Pauli ladder operators σ±. Note how the Hamiltonian is
a composition of commuting terms for each value of the momentum, ~k. We will
adiabatically distort all terms, following the route in figure 6.8, which consists
on first adding a mass term, ∼ mσz, and then decreasing J down to zero. The
protocol maps the two eigenstates of the initial Hamiltonian, |+〉 and |−〉, to |a〉
and |b〉, accurately.

This technique would allow for the experimental observation of the effects of
an Abelian potential described in section 6.3, as represented in figure 6.7b, where
the Dirac cone displacement manifests as a deformation of the |a〉-momentum
distribution. In general all other effects, which are summarized in Table 6.1, could
be observed by similar methods.
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Fig. 6.9: a),b),c): Effect of the Abelian potential by the spin texture method. In color
scale, φ = tan−1(Sy/Sx). The yellow circles show the position of the Dirac

cones for ~A = ~0, (1/
√

48, 0)/d, (1/
√

12, 0)/d respectively. d) Effect of a non-
zero intralattice hopping (ΓA 6= 0). In all panels, the (Sx, Sy) vector field is
plotted to show the Dirac cones, where the value of Sz is maximal. This reveals
that the intralattice hopping generates a gap in the energy spectrum.

6.6.2 Spin textures in time-of-flight images

The bipartite nature of the honeycomb lattice allows us to separately probe the
atomic population densities for each hyperfine state. We can compare these values
at each point of the Brillouin zone to obtain a field Ŝz(~k) = a†kak−b†kbk. Moreover,
an adiabatic protocol such as the one described in the previous subsection or
in-flight Raman-assisted internal state rotations provide a way of measuring the
“rotated” fields Ŝx(~k) = a†kbk + b†kak and Ŝy(~k) = i(a†kbk − b†kak). This observable

vector field on the Brillouin zone (S(~k) =
〈
Ŝx, Ŝy, Ŝz

〉
) is a powerful tool to

analyze some distinct features of the ground state: the presence of a gap in the
energy band structure (Sz( ~K±) 6= 0), the characteristic state differences between
cones or even the topological nature of the ground state [6].
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In figure 6.9 we show a simulation of such a measurement in two distinct cases:
figures 6.9a, 6.9b, 6.9c feature the value of the phase φ = tan−1(Sy/Sx) for different

values of the Abelian potential ~A. The displacement of the cones provoked by ~A
along the Brillouin zone is apparent, as it is the fact that the cones are vortices
in the Sx, Sy vector field. Figure 6.9d illustrates how a gap or effective mass
created by a non-zero value of ΓA can be observed by measuring Sz. Once again,
the Brillouin zone and the Sx, Sy vector field are depicted to illustrate the vortex
effect of the Dirac cone.

6.6.3 Few particle dynamics

The method in the previous subsection gives us access, among other things, to
the best known experimental observable in condensed matter physics, which is the
density of states. It has been the easiest to measure and therefore has become the
default choice in optical lattice simulations of solid state physics. However, the
distinctive characteristics of the excitations in a half-filled hexagonal lattice may
be worth an extra effort: trying to observe the behaviour of a group of particles
with well-defined momentum obeying a complete Dirac equation will reveal some
of the distinctive features of the simulated fields.

As an example we suggest using the Klein tunneling effect [54] to probe and
measure the energy gaps between the two bands. Let us add a uniform electric
field pointing along one direction, say x, described by a linearly growing potential,
V x. As explained in Ref. [22], the effect of this potential is to accelerate particles,
continuously increasing their momenta in time,

kx(t) = kx(0)− V t/~c, (6.42)

until the particle reaches a boundary of the Brillouin zone. We have set an adi-
mensional time scale t = (time) × J/~. At this point two things may happen. If
the particle is far away from a Dirac singularity, or the minimum gap between en-
ergy bands (the effective mass m) is large compared to the acceleration, mc2 � V,
the particle will simply reappear through the opposite side of the Brillouin zone,
reversing its velocity and performing the so called Bloch oscillations. However, if
the particle hits against the proximities of the K± points and the gap is small,
mc2 � V, the particle will experience a Landau-Zener process and jump to the
opposite energy band, maintaining its group velocity.

As shown in figure 6.10, we have simulated numerically this process for different
masses of the Dirac field. As a signature of the jump between bands we simply
use the expectation value of ~k · ~σ, which is directly correlated to band excitation
probability but easier to measure. Note how for the gapless phase, m = 0, there
is a perfect jump (Figure 6.10a), and how the probability is well approximated by
the Landau-Zener formula (Figure 6.10b), which allows us to reverse-engineer the
experiment and fit the value of m.

How would this be implemented in an experiment? The idea would be to do
the same optical lattice setup with a small number of fermions cooled down to
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Fig. 6.10: a) Excitation probability for three different ramp speeds V (equation (6.42)):
No gap (m=0, solid line), medium gap (m=V , dashed line) and large gap
(m = 2.5V , dotted line) against time. While the gapless state gets immediately
promoted once it reaches the Dirac points, the gapped states have reduced
positive energy contributions. b) Change in 〈σx〉: 〈σx(t =∞)〉−〈σx(t = −∞)〉
depending on the value of the effective mass. We compare the change in 〈σx〉
by an exact simulation of the particle dynamics with the Landau-Zener formula
(purple). We denote by t = +(−)∞ the times where the particle is still (already)
away from the cone.

the lowest value of the momenta, ~k = 0, in a honeycomb lattice that implements
the desired Dirac Hamiltonian, with or without effective mass. One would then
activate an electric field along the direction ~w, for a certain time t. After this time
one would measure the state of the atoms, or more precisely the expectation value
〈~σ〉. By changing the duration of the field and its intensity, and monitoring the

changes in ~k · ~σ, one would be able to reconstruct not only the Klein effect but
also the whole spin texture of the bands, as discussed in the previous subsection.

6.7 Conclusions

This chapter has presented an experimental proposal to simulate Dirac fermions
interacting with an effective gauge field. The fermionic component of the model
is obtained by trapping atoms in two triangular optical lattices that are con-
nected to form a honeycomb lattice [84]. The low-energy excitations of such a
model have been described using an effective theory that consists of two flavors of
non-interacting Dirac fermions. The gauge fields, on the other hand, arise from
perturbations of the atom dynamics, such as lattice distortions, short- and long-
wavelength modulations of the hopping amplitudes and state-dependent external
potentials. Such perturbations are more feasible in the proposed setup, which
consists of two independent lattices.

This optical lattice-oriented proposal is in line both with recent developments in
the field of graphene [73, 94] and with the field of quantum simulation of synthetic
gauge fields [48, 86, 66, 65], but presents various advantages. On the implemen-
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tation side, the optical lattice setup allows for a single-site resolution and a local
customization of the potentials which is hard to think of in solid state implementa-
tions. Moreover, the use of two atomic species in a bipartite lattice introduces new
measurement possibilities, such as the direct observation of the fermionic fields [See
section 6.6.2], or the study of state-dependent Bloch oscillations [Section 6.6.3]. In
comparison with other ultracold atom proposals, while this one still relies on the
use of assisted tunneling, ours is a static and straightforward setup, where tunnel-
ing is implemented by a simple optical field without hopping unitaries, and which
nevertheless allows for realistic values of the couplings.

The contents of this chapter are also of purely theoretical interest. The work
with optical lattices allows us to make an accurate and rigorous connection between
the microscopic theory of trapped atoms and the simulated quantum field theory.
While similar work has been done for strained and curved graphene sheets [94], the
optical lattice setup allows us to compute from first principles how the microscopic
changes in the optical potential lead to “strain” and hopping distortions. In some
cases, as in section 6.5.1 a simple modulation of the Raman lasers translates into a
similar modulation of the hoppings, giving rise to the gauge fields. In other cases,
we may concentrate on geometric deformations of the trapping potential and rig-
orously work out how they affect the hopping matrices, in a theoretically pleasant
and flexible way. We foresee that the same tools here developed will also help solve
an open problem in the graphene world, which is the relation between microscopic
deformations of the honeycomb lattice and the appearance of an effective metric
and curvature. Instead of introducing an effective spin connection by hand, as it
is currently done for carbon layers [94], the same metric could be directly derived
from deformations of the optical potential. Experimentally, our setup demands
the temperature of the atoms to be lower that the typical width of the cone given
by the hopping parameters, i.e., T < J/k ' 50nK. This low temperatures should
be achievable by adiabatically coupling the sublattices, much the reverse of the
process highlighted in section 6.6.1.

Finally, it is also remarkable the fact that these models allow for the intro-
duction of on-site and nearest-neighbor atomic interactions at little cost and with
realistic values [Section 6.4.3]. At this point the model stops being a single-particle
theory and becomes numerically intractable, entering the regime in which quantum
simulation provides both new problems and interesting answers.
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7.1 Summary

In the previous chapters, we have established a relationship between a mathemati-
cal characterization of topological order (the Chern number) and a set of observable
operators in the family of pseudospin models. In the simplest case, that in which
the Hamiltonian can be decomposed as a commuting sum of 2x2 Hamiltonian
terms, these concepts are identical. Here we provide an optical lattice proposal to
obtain direct access to the complete set of observables, in order to robustly and
unambigously characterize the topological order of your state.

It is important to distinguish that the method here proposed provides a direct
signal of the topological order of the state itself. The difference vanishes in the
proposal made in this chapter, where we assume that our state completely fills an
topoligically non-trivial energy band. However, we have seen in Chapter 5 that
the measurement of the winding number constitutes a topological invariant in and
of itself, regardless the actual dynamics of your system -which, in practice, might
be far away from the theoretical model. Indeed, some new results at the time
of writing suggest that a non-trivial model has been experimentally implemented,
much in line with techniques explained in this chapter and the previous one ([90,
51]).

Nonetheless, we will illustrate our measurement method by making a proposal
which uses a specific tight-binding model, first suggested by Haldane ( [40]). In
particular we present a slightly modified version of Haldane’s model for a Chern
insulator. The modifications we introduce to the model are mainly aimed at in-
creasing the experimental feasibility of the proposal1. We calculate the analytical
phase diagram and superimpose numerical simulations with realistic atomic pa-
rameters, and show excellent agreement. Subsequent works indicate that the model
here introduced might be very convenient not only to characterize bulk invariants,
but also to probe the dynamics of the edge states which appear ([9]).

We will now outline the structure of this chapter. Finally, we will comment on
how time-of-flight measurements in optical lattices are specially suitable to access
these non-local bulk observables.

7.2 Presentation of the model

Let us consider a honeycomb lattice constructed out of two triangular sublattices,
A and B [Fig. 7.1a]. Each of the sublattices hosts fermionic alkali atoms in a
different internal state, |a〉 and |b〉. The model is parameterized by four couplings:
the hopping amplitudes inside the same species lattice, ta and tb, the energy dif-
ference between A and B sublattices, ε, and the coupling between sublattices, tjk,
which can be induced by a Raman laser and controlled at will [27]. If the lat-

1 The model here introduced presents a richer phenomenology, but the main topological prop-
erties -except for an indirect-gap semimetal phase- remain the same. A thorough treatment of
the particularities of the model can be found in [32]
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Fig. 7.1: Haldane-type model. (a) Two triangular optical lattices (A and B) are Raman
coupled by a laser that makes an atom switch sublattice (A ↔ B). This allows
for both next-nearest neighbor hoppings, ta,b, and a complex nearest neighbor
hopping, tjk, whose phase depends on the momentum imparted by the Raman
laser, ∆p. (b) Phase diagram of the zero-energy ground states, as a function of
the energy imbalance between lattices, ε/ta, and the momentum imparted by the
laser, ∆p = (0,∆py). We plot the exact phase boundary in the thermodynamic
limit (black solid line), together with a color graded simulation of the Chern
number for a finite lattice with 2×17×17 sites and 20×20 pixels. The diagrams
on the right hand side show how the Dirac points are displaced on the distribution
of Bloch vectors Sz(k) induced by the Hamiltonian (blue negative, red positive).

tice is deep enough and the tunneling amplitudes and interaction energies remain
small compared to the interband separation, we may use single band tight-binding
model 2

H =
∑

〈ai,bj〉
(tijb

†
iaj + t?ija

†
ibj) +

∑

j

ε(a†jaj − b†jbj)

+
∑

〈〈ai,aj〉〉
taa
†
iaj +

∑

〈〈bi,bj〉〉
tbb
†
ibj. (7.1)

In the presence only of the hopping tij the energy spectrum consists of two energy
bands that meet at two “Dirac points”. At half filling the low energy physics of
the system is dominated by the linear dispersion around these points, the “Dirac
cones” [84]. Due to the presence of ta, tb and ε, the effective Dirac fermions acquire
a mass that depends weakly on momentum (see previous chapter). The position
of the Dirac points on the mass landscape determines whether the model is topo-
logically ordered or not. In our cold atoms simulation this is controlled using the
Raman lasers to attach a phase to the hopping [48]

tjk ∼ t exp(iφjk), φjk = ∆p · (xj + xk)/2. (7.2)

2 The neighbor relations are expressed on the honeycomb lattice and the labels i and j run over
the unit cell indices. Details about how this Hamiltonian can be experimentally implemented
can be found in the previous chapter.
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This phase displaces the energy bands created by the Raman hopping, t, relative
to mass landscape generated by the other contributions, ta,b and ε, as shown in
Fig. 7.1b. When the Dirac points have opposite signs of the mass, the Chern
number (8.1) automatically becomes non-zero. Intuitively, while the total flux
over each hexagonal plaquette is zero, the bipartite nature of the lattice allows the
phases φjk to have a non-trivial effect: along the path 1 → 2 → 3 → 1, depicted
in Fig. 7.1a the local effective magnetic flux, φ12 + φ23, is also different from zero.

The momentum space Hamiltonian associated to (7.1) has the pseudospin
structure given in the introduction (see Chapter 4):

H(k) = χ(k)1− E(k) S(k) · σ, (7.3)

with two energy bands, ±E(k), the Pauli matrices σ = (σx, σy, σz) and a nor-
malized pseudospin S(k) labeling the state of the atoms in the {|a〉 , |b〉} space.
In our model S(k) ∝ (tRef(k−∆p), t Imf(k−∆p), ε+ (ta − tb)g(k)), with the
complex functions f(k) =

∑
n=0,1,2 e

−ik·vna and g(k) =
∑

n=3,4,5 cos(k · vna), a set

of displacements vi ∈ 1
2
× {(−2, 0), (1,

√
3), (1,−

√
3), (0, 2

√
3), (3,

√
3), (3,−

√
3)}

and the honeycomb lattice spacing a. The energy shift χ = (ta + tb)g does not
affect the topological phase.

The topological properties of the model can be obtained from the field S(k).
In particular, the lowest energy band has a total Chern number

ν =
1

4π

∫

B
S ·
(
∂kxS× ∂kyS

)
d2k. (7.4)

Fig. 7.1b summarizes the three different phases that can be accessed by means of
the effective magnetic flux, ∆p = (0,∆py), and the imbalance between lattices,
ε/ta. First of all we find a trivial region, ν = 0, which is topologically equivalent
to graphene with a mass term. When we interpret the associated spin texture as
a map onto the Bloch sphere, both cones have the same effective Dirac mass and
point to the same pole, Sz > 0. Since they cover the same polar cap in opposite
senses, we have ν = ±(1

2
− 1

2
) = 0. Moving across the solid black line in Fig. 7.1b,

the lattice undergoes a quantum phase transition into a topologically non-trivial
phase. Now the cones on inequivalent Dirac points are positioned at opposite poles
of the Bloch sphere, forming a skyrmion [Fig. 7.3a] that covers the whole sphere
and thus ν = ±(1

2
+ 1

2
) = ±1.

7.2.1 Differences with the original Haldane model

The idea of implementing a variation of Haldane’s model by using two interpen-
etrated triangular lattices presents two main advantages: it is one of the ways to
implement an imaginary hopping element (another useful option is to shake the
lattices, see Refs. [88]) and it allows for independent time-of-flight measurements
for each internal level. However, this has some consequences (of little topological
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Measuring topology in a laser-coupled honeycomb lattice 10
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6 5

4

32

(a) The flux configuration (b) Comparing with the Haldane model

B

A

Figure 2. (a) Laser-coupled honeycomb lattice, including the Peierls phases (3),
and the corresponding flux configuration. The local fluxes �1,2,3 are explicitly
given in terms of the momentum recoil p. Here, the basic reciprocal lattice vectors
are b1 = 2⇡/3(1,

p
3) and b2 = 2⇡/3(1,�

p
3). (b) The Haldane model and its

simpler flux configuration, entirely characterized by the phase �H.

in solid-state experiments. In the cold-atom framework, such measurements are not
convenient, as they would require atomic reservoirs coupled to the optical lattice.
However, alternative methods, based on Bragg spectroscopy [28, 29], have been
proposed to extract and image these topological edge states [30]. We will use the
appearance of chiral edge states later in this paper to strengthen the identification of
Chern insulators (Section 3.2). They are obtained from the spectrum of Hamiltonian
(5) in a finite geometry [27], as explained in the Appendix B.

2.3. Flux configurations and physical description of the model

In this Section, we examine the e↵ects of the Raman-induced phases in Eq. (3) from
a less formal point of view, by associating e↵ective “fluxes” to these Peierls phases.
First, one can evaluate the number of magnetic flux quanta penetrating each hexagonal
plaquette 7, which yields (cf. Fig. 2 (a))

2⇡�(7) =
X

7
�(nA, mB) = 0.

Therefore, in the absence of NNN hopping (i.e. tA,B = 0), the system has a trivial
flux configuration � = 0 and remains invariant under time reversal.

Importantly, when NNN hopping terms are introduced (i.e. tA,B 6= 0), triangular
sub-plaquettes are penetrated by non-zero magnetic fluxes, explicitly breaking time-
reversal symmetry and potentially leading to QH phases [3]. Considering the sub-
plaquettes formed by the A � B and A � A hoppings, illustrated in Fig. 2 (a), one

Fig. 7.2: Left: Pattern of phases arising from Hamiltonian 7.1 in real space, which depend
on the choice of the both components of the momentum carried by the Raman
beam (b1 and b2 are a basis for the reciprocal space vectors). Right: Flux
configuration in the Haldane model, characterized by a single parameter ΦH .
Note: This figure has been taken from Ref. [32]

impact) in the description of the model. For further discussion on the subtleties
of the model here introduced, please check Refs. [32] and [9].

The main difference between this model and Haldane’s original model ([40]) is
that Hamiltonian 7.1 has an imaginary nearest neighbour hopping and real next-
to-nearest neighbour hopping whereas Haldane presented a model in which the
opposite was true. Moreover, as illustrated in Fig.7.2, the choice of the momentum
added by the Raman beam has an extra degree of freedom. While the topological
phase diagram is mostly unchanged, an interesting topological semimetal phase
may arise due to this extra freedom: in this case, chiral edge states appear even
though there is no actual gap in the spectrum (the bands never touch, but the gap
is indirectly closed). Again, a more detailed discussion can be found in [32].

7.3 Optical lattice proposal

The setup in Fig. 7.1a may be experimentally realized along the lines of Ref. [5],
combining spin-dependent potentials [64, 47], with recent techniques for creating
dipole traps using microscope objectives [14]. In line with the techniques explained
in the previous chapter, we suggest projecting two triangular lattice patterns on
a two-dimensional sheet of light that traps the fermionic atoms. An electro-optic
phase modulator controls the relative displacement of the lattices [16] and the
appropriate weights of left and right circularly polarized light [64, 47]. The result
is two hyperfine ground states of the same fermionic species confined on the two
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Fig. 7.3: (a) Spin texture of the Haldane model, interpreted as a mapping from momentum
space, (kx, ky), onto the Bloch sphere, S = 〈σ〉 ∝ (cosφ sin θ, sinφ sin θ, cos θ).
The colors and arrows show the polar angle θ(k), and the azimutal component
of the spin, (Sx, Sy), for a topological phase ν = +1. (b) Interference pictures
for this phase which result in momentum density distributions for the a (up) and
b (down) particles. A square lattice of 20 × 20 pixels partitioned into triangles
(yellow) is used to compute the estimate νD = 0.9 [Eq. (7.5)]. The enclosed area
corresponds to (a).

triangular sublattices of the honeycomb pattern. Thanks to this configuration,
the distribution S(k) ∝ 〈σ〉 can be experimentally determined from the TOF
images that appear when the atoms are released from the optical trap. A typical
experiment would begin with a Mott state in which only the A sublattice is filled,
and adiabatically progress to larger values of ta, t and ε. Once the approximate
ground state is prepared, switching off the trap in adequate timescales [56] projects
the atom cloud into the momentum density distributions, na,b(k), giving direct
access to one of the pseudospin components Sz(k) = 1

2
[na(k) − nb(k)]/[na(k) +

nb(k)]. A fast Raman pulse during TOF allows us to rotate the atomic states and
map Sx and Sy to Sz, reconstructing the whole vector field. Actual experiments
“pixelize” the time of flight images, counting the number of atoms on each “square”
of the effective Brillouin zone and estimating the averages of Sx, Sy or Sz. Either
through repetitions or through self-averaging in an experiment with multiple copies
of the lattice, we will obtain a set of normalized vectors {nm}L×Lm=1, where n =
S/|S|, evenly sampled over momentum space. As shown in Fig. 7.3b, we suggest
identifying the pixels with the nodes of a triangular lattice, T = {njT ,nkT ,nlT },
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Fig. 7.4: (a) Density of states and (b) Chern number simulation at ε/ta = −0.5 for a
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for ε/ta = −0.5 and py = 3π/4a (blue, above) or 2π/a (black, below) vs.
confining potential strength, r, starting with 1/2 (solid) or 1/4 particles per site
(dashed) on a lattice with 50×50 sites. The values obtained using 50×50 pixels
are compared with those from a 20 × 20 matrix (gray). (d) Density plots for
the points marked in (c), showing the wedding cake structure where regions with
n = 1 do not contribute to the Chern number.

approximating the integral ν by its discretization3

νD :=
1

8π

∑

T

njT · nkT × nlT = ν +O(4π2/L2). (7.5)

The value νD has the properties of a topological quantity —stability and robust-
ness against local perturbations—, and is also stable with respect to the discretiza-
tion [30].

We have compared the thermodynamic limit distribution n(k) with realis-
tic finite-size lattices with imperfections. For this we have exactly diagonalized
Eq. (7.1) on a finite lattice with up to 20000 sites, including the additional har-
monic confinement term, 1

2
mω2x2

i , which is typical from cold atom experiments.
Our plots report simulations with t/~ = 1 kHz, ta/t = 0.5 and tb = 0, using
r = mω2a2/2t to parameterize the influence of the harmonic confinement. Real-
istic values for a lattice with a ∼ 400nm range from r = 10−3 (6Li in a trap with
ω/2π = 60 Hz) to r = 0.02 (40K in a trap with ω/2π = 100 Hz), but we probed up
to r = 0.25. The results are very insensitive to the number of atoms, as already for
17× 17 sites the interference pattern provides the right phase diagram [Fig. 7.1b].
The Chern number is also very robust with respect to the discretization: a 20×20
pixelization deviates from the theoretical value of ν only 10% [Fig. 7.4b], in line
with the error O(4π2/L2), expected from a discretization with a smooth integrand.
Moreover, νD still captures the discontinuity across the topological phase transi-
tion [Fig. 7.1b]. Contrary to the global density of states and the eigenenergies, the
approximate Chern number νD is also robust against inhomogeneities. Already for
a confining trap with r = 0.02 the Dirac cones are no longer evident [Fig. 7.4a], but

3 A more sophisticated approximation of the integral of the solid angle by a sum can be found
in Chapter 9.
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the Chern number is still close to ±1 with a good signal-to-noise ratio [Fig. 7.4c].
This is due to the wedding cake structure introduced by the harmonic trap [101]:
for sufficiently strong traps there is always one ring or disc hosting ntop atoms in
a topological phase [Fig. 7.4c-d]. Only these atoms contribute to the total Chern
number, much like only superfluid atoms add to the interference peaks in experi-
ments with bosons in optical lattices [29]. Note also how, as shown in Fig. 7.4d,
for low densities there are not enough atoms to form a topological phase and the
Chern number deviates from ±1. However, raising the trap brings the chemical
potential up to a level in which the first disc with particles in a topological phase
is created, and νD converges to ±1. Finally, we expect also a good behaviour in
finite-temperature simulations because the effect of temperature only changes the
length of vector 〈§〉 (i.e. the signal), but not its orientation.

7.4 Conclusions

Summing up, we have presented a robust and very general method to detect topo-
logical order in momentum space using ultracold atoms in various internal states
and TOF images. As a very relevant application we have introduced an exper-
imental proposal to implement and sligtly enrichen Haldane’s model [40]. The
topological phases and our detection method are both robust under (i) use of small
finite lattices (ii) coarse grain measurements of the spin texture, (iii) inhomoge-
neous potentials superimposed on top of the lattice, and (iv) errors in the exact
values of the chemical potential, number of atoms or finite temperature. This
proposal is thus advantageous with respect to other indirect detection schemes
—edge transport, eigenstate preparation [36] or local estimates of the density of
states [101]—, which may be more sensitive to temperature and imperfections.
Compared also to the numerical protocol in Ref. [79], our method only requires a
single set of measurements instead of reconstructing spatially dependent correla-
tors in position space, which are not easily accessible in optical lattices. Finally,
the implementation of these ideas would represent a first direct visualization of
the topological order of a state.
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8.1 Summary

This chapter generalizes the possibility of measuring a topological invariant to a
different class of symmetry - a topological superconductor. In this case, the Chern
number of the system can also be written in terms of an observable winding num-
ber (see Chapter 4), but the different symmetry class analyzed here -as opposed
to the previous chapter (chiral to particle-hole, see Chapter 7)- means that the
bulk observables should be changed accordingly. The new observables allow us to
robustly characterize this kind of topological order in our state.

The most direct consequence of the presence of a non-trivial state in this sym-
metry class is the emergence of the elusive Majorana zero modes: zero energy
quasiparticles that are their own anti-particles [cita]. There has been sustained
research for this particles- not least because of their possible applications in topo-
logical quantum computation ([69])- but only recently an experiment has (some-
what controvesially) claimed to have found them ([68]) 1. The robust detection
of a non-zero invariant in a topological suprconductor would be an unambigous
signature of their presence.

Also in line with the previous chapter, we propose a model specifically tailored
to implement this kind of topological order in an optical lattice experiment. The
model is adiabatically equivalent to Kitaev’s honeycomb lattice model ([53]), and
we are therefore able to show that it gives rise to ν = ±1 phases, where vortices
bind Majorana fermions, and to ν = ±2 phases that emerge as the unique collective
state of such vortices. However, the version presented here is meant to increase
drastically its experimental feasibility, and an analysis of the realistic experimental
parameters is also provided. (necessity of a new test model / cite other proposals)

The most challenging aspect of the experimental proposal lies in the implemen-
tation of a BCS-like pairing term between fermions, since p-wave pairing between
neutral atoms is too weak in any reasonable tight-binding setup. Our proposed
model only requires experimental accessible s-wave pairing, while an additional
superlattice engineers the staggered tunnelling pattern that mimics the necessary
spin-orbit coupling. However, this added degree of freedom breaks the pseudospin
nature of our model, making it a challenge to connect the actual observables with
the true Chern number of the state (in fact - and restricting ourselves to the the-
ory that has been laid in the previous chapters - the computation of the Chern
number through an observable map on the Brillouin zone is not challenging, but
impossible). Fortunately, this change sets up the perfect scenario for applying the
theory developed in Chapter 5, where we compute two separate invariants and use
them to compute both the Chern number and the entanglement between sublattice
partitions.

The rest of the chapter is structured as follows: First, we briefly review the
theoretical tools for measuring topological order in composite systems, as outlined

1 The controversy is a consequence of the indirect detection methods which are widely used
in solid state systems. The signature provided in this chapter is, in this sense, definitive.
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in chapters 4 and 5 We include a brief subsection which provides a much simpler,
ambiguous phase measurement based on the symmetries of the problem. We then
build a model which presents a rich topological phase diagram, which we solve and
prove to be equivalent to Kitaev’s model. We numerically show that the winding
number measurements are robust against a variety of perturbations. Finally, we
make an experimental proposal in an optical lattice, and provide quantitative
details about its feasibility.

8.2 Chern number as an observable in topological
superconductors

In this section we review how the Chern number of a translationally invariant
topological superconductor can be computed as a physically observable winding
number, and how In addition to the detection of the full Chern number, we will
also show that its parity can be obtained from experimentally accessible density
measurements. While not providing full characterization, this provides a simple
method to distinguish between phases which can and can not support Majorana
modes.

8.2.1 The Chern as a winding number in a spinless system

Formally, the Chern number, ν, can be defined as the winding number of the
projector onto the ground state [91]. When the Bogoliubov-de Gennes Hamiltonian
is a 2× 2 matrix, i.e. the system is fully translationally invariant, it can always be
written as H(p) ∝ S(p) · ~σ for some vector field S(p). Here ~σ denotes a vector of
Pauli matrices. The Chern number, ν, is then equivalent to the winding number

ν̃[S] =
1

4π

∫

BZ

n(p) ·
(
∂n(p)

∂px
× ∂n(p)

∂py

)
d2p ∈ Z, (8.1)

which counts how many times the normalised vector n = S/|S| winds around the
Bloch sphere in the particle-hole space as one spans the whole Brillouin zone [91].
We can evaluate this quantity if we know the components of the vector field S(p).
These components are observables that can be obtained as the ground state ex-
pectation values

S(p) = 〈ψ| Ŝp |ψ〉 , Ŝ =
1

2
Ψ̂†p~σΨ̂p, (8.2)

with the physical observables Ŝp being given in the basis Ψ̂†p = (â†p, â−p) of the
BdG Hamiltonian H(p):

Ŝxp = â†pâ
†
−p + â−pâp,

Ŝyp = −iâ†pâ†−p + iâ−pâp, (8.3)

Ŝzp = â†pâp − â−pâ†−p.
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This set of observables are a basis for the single pseudospin Hamiltonian and
constitute a natural extension of the operators which construct the winding number
in the case of topological insulators [6].

While Sz is experimentally readily obtained from density measurements Ŝzp , the

experimental measurement of the operators Ŝxp and Ŝyp is challenging, since they
violate a superselection rule: the number of particles. However, one can in general
go around this by mapping them to experimentally accessible operator Ŝzp with
suitable rotations on the state. This can typically be achieved by using operators
present in the Hamiltonian (such as Ŝx,yp themselves). We will later illustrate with
a particular example how this could be performed in an optical lattice experiment.

8.2.2 Winding numbers for the multi-component case

To generalise the construction of the Chern number as a physically observable
winding number to a system with m-site unit cell (or more generally, m degrees of
freedom giving 2m dimensional Hilbert space per unit cell), we define an indepen-
dent vector field S(i)(p) = 〈ψ| Ŝ(i),p |ψ〉 for each of the sublattices, i = 1, . . . ,m. We
can then apply the full theoretical body of Chapter5, which shows that the Chern
number can be expressed as a sum of the subsystem winding numbers computed
through the aforementioned independent vector fields:

ν̃ =
m∑

i=1

ν̃(i). (8.4)

We note that for this decomposition to make sense, we assumed that the vectors
S(i) can be robustly determined, i.e. that they have a finite norm. This requirement
thus provides a physical constraint for the detection of the Chern number: The
Chern number is reproduced as the sum of the sublattice winding numbers only
when the sublattices are not maximally entagled (as explained in chapter 5). As
the entanglement given by the norm |S(i)| is also a physical observable, it can be
used in the experiments as a measure of reliability of the characterization provided
by the winding number 8.4. We will numerically verify in the we present next that
the decomposition indeed fails only in the maximal entanglement limit.

8.2.3 Chern number parity from density measurements

While the Chern number can be obtained by using the full set of observables,
for practical purposes a coarser classification of the phases can be sufficient. For
instance, to distinguish between phases that support localized Majorana modes
(odd ν) from those that do not (even ν), it is sufficient to know only the parity of
the Chern number. Or to classify all the topological phases up to their chiralities,
the knowledge of |ν| is sufficient. Remarkably, both can be obtained from Σz

(i)

measurements that are directly experimentally accessible.
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Let us consider first the properties of the spinless case. Due to the presence
of both translational and particle-hole symmetries the surface S(p) has always the
topology of a torus and it is always symmetric around the z-axis. This means
that by just counting the extremal and saddle points of the Sz(p), we can infer
whether the surface S(p) encloses the origin or not. The key observation is that
ν̃ 6= 0 is possible only if it does. The parity of the winding number |ν|(mod 2) can
thus be obtained using the following simple protocol: (i) Find the null-gradient-
points (local maxima and minima and saddle points) of the Sz distribution in the
Brillouin zone, and (ii) assign |ν̃| = 0(1) if the number of such points with Sz > 0
is even (odd). Phases with |ν| = 0(1) will correspond to phases with even (odd)
Chern numbers.

In a system with m components one has m winding numbers ν̃(i)[S(i)] whose
parities can be independently obtained using the same protocal as above. This
allows for a richer characterization of the phases beyond just the Chern number
parity. In fact, when we apply in the next section the parity measurements to
a particular example, we find that the absolute value of the Chern number can
be consistently obtained as the sum of the sublattice winding parities, i.e. that
|ν| =

∑
i |ν̃(i)|. We postulate that this is a general property, which allows for the

full characterization of different types of topological phases in multi-component
systems based on the experimentally accessible density measurements only.

8.3 A case study model: Staggered spinless fermions with
s-wave pairing

In this section we demonstrate our detection scheme for the Chern number in the
context of a particular model. First we introduce a model of staggered spinless
fermions whose phase diagram contains topological phases characterized by Chern
numbers ν = 0,±1 and ±2. We show its adiabatic connection to Kitaev’s hon-
eycomb model and the way this connection allows the model to exhibit collective
signatures of Majorana modes. We then demonstrate that the phase diagram
of the model can be robustly captured using the detection methods described in
Section II.

Our model is defined for spinless fermions on a square lattice and combines
staggered complex hopping with a uniform superconducting s-wave interaction.
The Hamiltonian is

H =
∑

j

[
µja
†
jaj + it(−1)jxa†jaj+x̂ + ta†jaj+ŷ

+∆
(
a†ja
†
j+x̂ + a†ja

†
j+ŷ

)]
+ H.c., (8.5)

where a†j creates a fermion at site j = (jx, jy), the tunnelling amplitude t and the

pairing potential ∆ are both real and the chemical potential µj = µ + (−1)jxδ
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Fig. 8.1: Left: Staggered topological superconductor with s-wave pairing on a square
lattice 8.5. The numbers denote the relative phases of the tunnelling ampli-
tudes, while the black (white) sites experience a chemical potential µb = µ + δ
(µw = µ− δ). Circles and squares denote the underlying distinct, but fixed inter-
nal atomic states that facilitate the optical lattice implementation. The dashed
box denotes the two site “magnetic” unit cell. Right: When Kitaev’s honey-
comb model with π-flux vortex per plaquette is written in the basis of complex
fermions, the vertical links become the sites of a square lattice, with the fermions
subject to a staggered chemical potential. As detailed below, a linear interpola-
tion xH+(x−1)HHC for x ∈ [0, 1] shows that our model 8.5 can be adiabatically
connected to the honeycomb model with Hamiltonian HHC.

is staggered by the detuning δ. Translational symmetry is broken along the x-
direction with the “magnetic” unit cell consisting of two adjacent sites with de-
tuned chemical potentials, as shown in Fig. 8.1. Inspired by the Kogut-Susskind
fermions [89, 65] we interpret this lattice degree of freedom as a “pseudospin”
τ ∈ {b, w} of the fermions a†τ,j. The Hamiltonian 8.5 can thus be viewed as an effec-
tive pseudospin-orbit coupled system: Tunnelling along the x(y)-direction changes
(conserves) the pseudospin state, which effectively realises an anisotropic Rashba
type spin-orbit coupling, while the chemical potential detuning plays the role of
a Zeeman term. Thus, by adding s-wave pairing, one expects to find Majorana
mode supporting topological phases [7].

To verify this, we will solve Eq.8.5 by Fourier transforming it with respect to
the magnetic unit cell. From the analytic solution presented below, we obtain
the phase diagram shown in Fig. 8.5. We find that by varying only the chemical
potentials we can move between a variety of extended topological phases with
Chern numbers ν = 0,±1 and ±2.

8.3.1 Analytic solution

The Hamiltonian 8.5 can be Fourier transformed with respect to the two site unit
cell illustrated in Fig. 8.1. Writing it in the particle-hole basis ψ†p = (a†b,p, a

†
w,p, ab,−p, aw,−p),

we obtain the quadratic Bogoliubov-de Gennes HamiltonianH =
∫
BZ

ψ†pH(p)ψpd
2p,
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where

H(p) =




f+ ig∗+ ih g∗−
−ig+ f− −g− ih
−ih −g∗− −f+ ig∗+
g− −ih −ig+ −f−


 , (8.6)

with
fpm = (µ± δ) + 2t cos(py),
g+ = t(1 + e2ipx),
g− = ∆(1− e2ipx),
h = 2∆ sin(py).

The Hamiltonian can be diagonalised with a Bogoliubov transformation, which
gives the four particle-hole symmetric energy bands

E±n (p) = ±
√
A(p) + (−1)n

√
A2(p)− 4B(p), (8.7)

where
A(p) = f 2

+ + f 2
− + 4 (|g+|2 + h2 + |g−|2) ,

B(p) = |g+|4 + h4 + |g−|4 + f 2
+f

2
−+

h2(f 2
+ + f 2

−)− 2f+f−(|g+|2 − |g−|2)−
2h2(|g+|2 + |g−|2)− 2Re(g−g∗+)2.

The particle-hole symmetry is represented by C = σx ⊗ 1 that swaps the
creation and annihilation operators of opposite momenta. It acts on 8.6 as

CH(p)C−1 = −H∗(−p), (8.8)

which implies that zero energy eigenstates at the momenta p = (0, 0), (0, π) will be
self-conjugate. Fig. 8.2 shows that in the ν = 1 and ν = 2 phases the edge states
indeed cross zero energy at these momenta, implying that they are (dispersing)
Majorana modes. In the presence of a vortex (a puncture in the plane with π-flux
through it), they will thus become localised at the vortex cores [24]. Odd number
of edge states (odd ν) implies that an isolated Majorana mode will always remain
localised at zero energy at the vortex core, while an even number of them (even
ν) leads to complete hybridisation with all the Majorana modes pairing up to
localised Dirac fermions. In the ν = 0 phases no edge states cross zero energy
(although high energy edge states can still exist as shown in Fig. 8.2), and vortices
will not bind localised low-energy states of either Majorana or Dirac type.

8.3.2 Adiabatic connection to Kitaev’s honeycomb model

We now proceed to show that our model is adiabatically connected to Kitaev’s hon-
eycomb model [53]. This connection, which is schematically illustrated in Fig. 8.1,
enables us immediately to understand some of the features of the phase diagram
of our model.
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states per edge crossing zero energy. The plots are for t = ∆ = 1.

In particular, Kitaev’s model is known to support localised Majorana modes
with short-range interactions [57]. We show this explicitly for the ν = 2 phase,
which we connect to the ν = 2 phase arising in the full-vortex sector as the unique
collective state of the Majorana modes bound at the vortex cores [59, 58].

In nutshell, the honeycomb model is a local spin lattice model that contains
nearest-neighbour two-spin interactions (of magnitudes Jx, Jy and Jz depending
on link orientations) and next-nearest-neighbour three-spin interactions (of mag-
nitude K) that break time-reversal symmetry. When mapped to a tight-binding
model of free Majorana fermions on the honeycomb lattice, the spin interactions
map into nearest and next nearest neighbour tunnelling, respectively. The model
becomes exactly solvable when restricted to a particular symmetry sector that
corresponds to some background pattern of π-flux vortices. [53]

We are interested in the full-vortex sector (π-flux on each hexagonal plaquette),
which supports topological phases with Chern numbers ν = 0,±1 and ±2 [59].
When the honeycomb model is restricted to it, the tight binding Hamiltonian can
be written as:

Hf.v. = i
∑

j

[
(−1)jxJzajbj + Jxajbj+x̂ + Jyajbj+ŷ

]
(8.9)

+iK
∑

j

(−1)jx
[
ajaj−x̂ + ajaj+ŷ + bjbj+x̂ + bjbj−ŷ

]
,

where a†j = aj and b†j = bj are Majorana operators on the two triangular sublattices
of the honeycomb lattice. To simplify the demonstration of the adiabatic connec-
tion, we have included only four out of the six possible next nearest neighbour
hoppings, as illustrated in Fig. 8.3. The omitted terms are ajaj+x̂+ŷ and bjbj+x̂+ŷ,
that have been shown to be adiabatically tuneable to zero while staying in the
same phase [99].

The full-vortex sector is encoded in the (−1)jx factors that stagger the signs
of the Majorana hopping amplitudes Jz and K. Pairing the Majorana operators
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Fig. 8.3: Left: The honeycomb model 8.9 with a π-flux on every plaquette. When mapped
into a tight-binding model of Majorana fermions, the nearest neighbour hopping is
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the other two oriented links) and the included next-nearest-neighbour hopping
along the dashed ones (of uniform magnitude K). The vortex lattice is encoded
in the staggered signs of the Jz hopping[59]. When the Majorana fermions are
paired into complex fermions, the vertical links become the sites of a square
lattice, with Jz translating into sign staggered chemical potential. Right: When
the tunnelling couplings txj and tyj in 8.12 are explicitly written out, one finds six

independent couplings, which we denote as tx1 , t
x
2 , t

x
3 , t

x
4 , t

y
1 and ty2. Redefining

the operators on the circle (square) sites by cj → eiχcj(cj → e−iχcj) preserves
the real pairing potential for arbitrary χ, while unitarily transforming the hopping
amplitudes. For χ = φ/2− π/4 they are brought to the form 8.13.

into complex fermions cj by

aj = eiθjcj + e−iθjc†j , bj =
1

i
(eiθjcj − e−iθjc†j), (8.10)

the phase θj to be defined below, the vertical links with couplings Jz connecting
the aj and bj sites of the honeycomb lattice become the sites of a square lattice,
as illustrated in Fig. 8.3. The Hamiltonian takes the form

Hf.v. =
∑

j

[
µjc
†
jcj + txj c

†
jcj+x̂ + tyj c

†
jcj+ŷ

∆xcjcj+x̂ + ∆ycjcj+ŷ

]
+ H.c., (8.11)

where we have defined

µj = 2Jz(−1)jx

txj = rei(−1)jx (2−(−1)jy )φ,

tyj = 2Je−i(−1)jx+jyφ,

∆x = 2J,
∆y = r,

(8.12)
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Fig. 8.4: Adiabatic connection between the ν = 2 phases in the full-vortex sector of the
honeycomb model and in 8.5. We set Jz = J = 1 and K = −0.1, which through
the identifications 8.12 give the chemical potential δ = 2, µ = 0, while for the
coupling amplitudes we get ∆x = |tyj | = 2 and ∆y = |txj | =

√
4.16 ≈ 2.04. Left:

In the first segment of the adiabatic path we tune t = ∆y = |txj | → ∆x = |tyj | to
equalise all the amplitudes. The plot shows the energy gap of Hf.v.[t(x)], where
t(x) = (1 − x)

√
4.16 + 2x, increasing monotonously during the process. Right:

At the second step we tune the tunnelling phase φ = arctan(5) → π/4. The
plot shows the energy gap of Hf.v.[φ(x)], where φ(x) = (1− x)arctan(5) + xπ4 ,
again first increasing and then settling to a constant value. Both transitions are
performed with a linear ramp parameterised by x ∈ [0, 1].

with J = Jx = Jy, r =
√

(2J)2 + (4K)2 and φ = arctan(J/(2K)). In terms of
these variables the local phase θj in 8.10, that is chosen such that the pairing

potentials ∆x and ∆y are real, is given by θj = −(−1)jx 1−(−1)jy

2
φ.

The variables txj , tyj , r and φ are all functions of the honeycomb couplings J ,
Jz and K. From now on we will treat them as independent variables and show
that Hamiltonian 8.11 can be adiabatically connected to Hamiltonian 8.5. We
do this by explicitly constructing a path in the parameter space along which the
energy gap remains finite. Due to the periodically alternating signs in the chemical
potential µj, we begin with identifying the detuning δ with 2Jz, where the overall
chemical potential is set to µ = 0. The first segment of the adiabatic path consists
of tuning r → 2J ≡ t, which makes both the tunnelling and pairing amplitudes
equal (|txj | = |tyj | = ∆x = ∆y = t). Fig. 8.4 shows the gap essentially remaining
constant during this process.

At the second segment we tune the phases of txj and tyj to match those of 8.5.
Writing out the tunnelling terms explicitly, we find the periodic pattern to consist
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Chern number ν for each phase is also shown. The phase diagram is symmetric
with respect to µ→ −µ, while for δ → −δ all the Chern numbers become time
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The total winding number ν̃, as defined in Eq. 8.4, (encoded in colour). It shows
perfect agreement with the Chern number except in regions where sublattices are
close to being maximally entangled (see Fig. 8.6). Both plots are for ∆/t = 2.

of six independent ones, which are unitarily equivalent to

tx1 = teiπ/2 → it,
tx2 = te−iπ/2 → −it,
tx3 = te4iφ−iπ/2 → it,
tx4 = te−4iφ+iπ/2 → −it,
ty1 = te−2iφ+iπ/2 → t,
ty2 = te2iφ−iπ/2 → t,

(8.13)

as illustrated in Fig. 8.3. The arrow denotes the second segment of the adiabatic
path where we tune φ → π/4 to make the tunnelling phases match those of 8.5.
Fig. 8.4 shows the gap remaining again robust, which implies that our staggered
model of spinless fermions is adiabatically connected to Kitaev’s honeycomb model
in the full-vortex sector. Indeed, for equal couplings J = Jz = 1 and K < 0 the
honeycomb model is known to be in a ν = 2 phase [59, 58]. These honeycomb
couplings correspond to t = ∆x = ∆y = δ = 2 and µ = 0 for which, as shown in
Fig. 8.5, we also find a ν = 2 phase.

The phase diagram of the full-vortex sector of the honeycomb model has been
studied in [59]. The adiabatic connection between the models enables us to under-
stand some of the features of the phase diagram of our model. First, we showed
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Fig. 8.6: The sublattice entanglement, as characterized by the minimum value
minp |Sb/w(p)|, as functions of µ and δ. Comparison to Fig. 8.5 shows that the
winding number ν̃ reproduces the Chern number everywhere except where the
sublattices are close to being maximally entangled (minp |Sb/w(p)| . 0.1). In
these regimes numerical errors due the momentum space coarse graining become
significant as |Sb/w(p)| becomes very small.

above that the full-vortex sector with equal couplings |Jx| = |Jy| = |Jz| can be
mapped onto the µ = 0, δ > 0 line of Fig. 8.5. Thus we can immediately under-
stand the ν = 2 phase to correspond to the ν = 2 phase in the honeycomb model
that is known to arise as the unique collective state of the Majorana modes bound
to the vortex cores. When the staggering δ = 2Jz of the hopping in 8.9 is gradually
suppressed by introducing a finite µ by hand, it has been shown that for µ & δ/2
the non-Abelian ν = 1 phase is recovered, even if some sign staggering remains.
This is in agreement with Fig. 8.5, which shows along the µ ≈ δ/2 line a similar
transition between the Abelian ν = 2 and the non-Abelian ν = −1 phases (the
change in the sign of the Chern number does not occur in the honeycomb model,
but due to adiabatic deformation we expect only qualitatively similar behaviour
in our model). The µ > δ/2 region of our model is thus adiabatically connected
to the non-Abelian phase in the vortex-free sector (which in turn is adiabatically
connected to the weak-pairing phase of a p-wave superconductor [99]). Finally, in
the dimerised limits |Jz| � |J | one should always find a ν = 0 phase, that cor-
responds to the strong pairing phase in p-wave superconductors. Indeed, Fig. 8.5
shows a ν = 0 phase emerging in both δ � µ and µ� δ limits.

8.3.3 Measuring the phase diagram through observables

Fig. 8.5 shows the comparison between the Chern numbers calculated from the
ground state and the winding number (Eq.8.4) calculated from the observables
(Eq.8.3) particularized for the black and white sublattices. In general, we find
excellent agreement between the two invariants. The only discrepancies occur
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in regions where the spectral gap is small. As anticipated in Section II.B, we
can attribute this to the sublattices becoming close to maximally entanglement.
Fig. 8.6 shows that in regimes where the norm |Sb/w| becomes small, thus causing
numerical errors due to momentum space coarse graining. So only |ν| may be
captured (which however is still sufficient to characterize the type of topological
order). Everywhere else the full Chern number is accurately reproduced. Thus the
sublattice entanglement, as measured by the norm |Sb/w|, indeed provides a good
experimental measure for the fidelity of the winding number.

8.3.4 Distinguishing topological phases by only parity
measurements

In Section II.C we argued that the parity of the winding numbers should be de-
tectable from the density measurements only. These correspond to Ŝz(i) measure-
ments that, when applied to our staggered model, will give the compact surfaces
Sb(p) and Sw(p) (see Fig. 8.8 for an illustration). By applying the protocol of
counting the saddle points, assigning the parities |ν̃b| and |ν̃w| accordingly and
adding them up, Fig. 8.7 shows that we can accurately reproduce the absolute
value of the Chern number everywhere in the phase diagram. To be precise, we
find that the following always holds: (i) N = |ν̃b| + |ν̃w| = 0 coincides always
with the trivial ν = 0 phase, (ii) N = 1 corresponds always to the non-Abelian
topological phase with |ν| = 1, and (iii) we find N = 2 only when the system is in
the |ν| = 2 phase. Thus the experimentally accessible density measurements are
sufficient to distinguish between all the topological phases of our model.
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winds once around the origin, thus giving a partial |ν̃b| = 1 contribution, while
S(w) does not enclose the origin so it gives zero contribution. Thus we verify that
|ν| = |ν̃b|+ |ν̃w|

8.3.5 Robustness to perturbations

So far we shown that our detection scheme based on decomposition to sublattice
observables accurately captures the phase diagram of our model except for special
regions where the sublattices are too entangled. While this imposes accuracy
limitations when applying the scheme, one may also ask how reliable the scheme
is to the presence of perturbations in the Hamiltonian 8.5. In the next section we
will propose an optical lattice implementation of our model. Here, we consider
two general types of imperfections that one expects to be present in cold atom
experiments: a harmonic trapping potential that breaks translational invariance,
and finite temperature.

We numerically simulate the trap in a finite L×L lattice with open boundary
conditions by introducing in our Hamiltonian (Eq.8.5) the chemical potential term
µj = µ + (−1)jxδ + Md2ω2[(jx − L/2)2 + (jy − L/2)2], where M is the mass of
the atomic species and d is the lattice spacing. Assuming that a local density
approximation holds [47], a spatially dependent chemical potential induces in gen-
eral the coexistence of different phases: some of insulating character, some not;
some with topological order, some with no order at all. The Chern number is no
longer defined in the absence of translational invariance. However, the winding
number (8.1) can still be used to identify the existence of topological order, be-
cause regions in a trivial phase do not contribute to the expectation values S(i) [6].
Indeed, Fig. 8.9 shows that all topological phases are robust for a wide range of
trapping frequencies ω. We conclude that at least for small perturbing poten-
tials the winding number 8.4 will still offer a reliable characterization of the phase
diagram.

To model the effect of finite temperature T we restrict to fermionic excitations
in the lower band with no thermal vortex excitations. The thermal state is then
a product state in the momentum space. Computing the expectation values 8.2
both numerically and analytically, we find that temperature only leads to a change
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Fig. 8.9: Left: Winding numbers ν̃ as functions of the trapping frequency ω in a finite
15 × 15 site system. Right: The winding number and the visibility, i.e. norm
of the vector field Sth

(i)(p, T ) = f(kBT )S(i)(p, 0) at finite temperature T , in a
uniform system without a trap.

in the norm of the observables, Sth
(i)(p, T ) = f(kBT )S(i)(p). While theoretically

such effect can just be normalized away, experimentally this corresponds to a
reduced visibility (0 < f(kBT ) < 1) in the time-of-flight measurements. Since
the supression of the norm, exactly like high entanglement between subattices,
makes it harder to obtain S(i)(p) accurately, finite temperature implies that higher
resolution measurements are required. Assuming that this is within the state-of-
the-art experimental precision, we numerically verify in Fig. 8.9 that the winding
number 8.1 still faithfully reproduced. Thus we conclude that finite temperature
can be compensated for by increased precision and therefore it does not pose a
fundamental challenge for our detection scheme.

8.4 Optical lattice implementation and the experimental
detection of the winding numbers

In this last section we first outline a scheme to implement our staggered model with
cold atoms in an optical lattice. We then show how to recover, from time of flight
images in this particular setup, the winding numbers with which the phase diagram
from Fig. 8.5b can be experimentally reconstructed. A quantitative analysis of the
parameters for a particular implementation is then presented.

8.4.1 Optical lattice implementation

As Hamiltonian 8.5 describes spinless fermions, it can be implemented with atoms
in a single internal state only. However, it can also be implemented with two
atomic states, which can be advantageous for two reasons. First, by trapping the
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distinct atomic states in a checkerboard state-dependent optical lattice, denoted
by the circles and squares in Fig. 8.1, we can use Raman-assisted tunnelling [48]
to implement both the complex tunnelling amplitudes and control the chemical
potentials. Second, using two atomic states we can implement the pairing terms
between neighbouring sites using s-wave Feshbach resonances [19, 49]. If we were
using only a single atomic state, the Pauli exclusion principle would force us to
employ p-wave Feshbach resonances, which are harder to observe [78, 39].

We propose to generate the lattice of model 8.5 by focusing the diffracted
image from a holographic mask onto the focal plane of an extremely large aperture
lens [14]. The sublattices host different hyperfine states of the same atomic species
which are sensitive to different polarisations of the trapping laser beams. Both
sublattices can be displaced one on top of another by means of an electro-optic
modulator [55].

We also superimpose a superlattice potential V = VOFF sin2(πx/
√

2d), where
d is the lattice constant for each sublattice. VOFF can be controlled by changing
the intensity of the laser beam, which creates this potential. This superlattice
structure effectively adds a tuneable energy offset VOFF to every other column
in the lattice. This offset serves a two-fold purpose: it allows for independent
Raman tunnelling in each direction and acts as a knob for changing the value of
the chemical potential difference µw − µb, as it is shown in Fig. 8.10.

Our implementation employs a Raman-assisted tunnelling scheme on an optical
lattice with a pattern of phases [48, 31, 66], as shown in Fig. 8.3. In this figure
we use a convention that the tunnelling direction is set to go from one species
(circle) to the other (square). Reversing the direction complex conjugates the
tunnelling amplitude. The tunnelling element between sites j and j′ in a Raman
transition assisted by two lasers of wavevectors k1 and k2 of amplitude ΩR can be
parameterised as t = eiq·r+t0(d,q), where t0 is a real number which only depends
on the nearest-neighbour distance d, the Raman frequency ΩR and the difference
between the Raman beam wavevectors q = k1 − k2. Also r+ = (j + j′)/2 is the
midpoint between the two neighbouring sites. The phase of the hopping parameter
is thus determined by wavevector q. We can see in Fig. 8.1 that two different phase
wavelengths for the horizontal and vertical transition amplitudes are needed. So
implementation of this hopping pattern requires a Raman pair for each direction.
Fig. 8.10 shows the energy level structure which accomplishes this pattern.

In order to study the experimental feasibility of the proposal, we will now
present a possible implementation using 40K atoms in a state-dependent optical
lattice. As a summary of the details given below, we expect a small heating
rate [6] of about 1 Hz which is the dominant time-scale for decoherence. Using a
potential depth of about 22 recoil energies, ordinary hopping can be suppressed
in each sublattice, while still having a significant overlap between neighbouring
wave functions —the quantity that determines the strength of both t and ∆.
Typical estimates for the Raman-assisted tunnelling [31, 66] and the induced s-
wave pairing [49], give us an estimate of about 1 kHz for t, and 0.5 kHz for ∆.
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Fig. 8.10: Energy level structure, showing how two sets of Raman beams allow for inde-
pendent transitions due to the presence of the offset VOFF . This offset can
be tuned to allow for different values of the difference in chemical potentials
µw − µb. The indices (jx, jy) stand for horizontal and vertical position on the
lattice, respectively.

These numbers could be improved through the use of alkaline-earth atoms [31].

Quantitative analysis of the optical lattice parameters

We now provide a quantitative analysis to justify the feasibility of implementing
the presented model in an optical lattice. Together with our own numerical simu-
lations, the analysis provided in Refs. [31, 49, 43] is also used. We particularise our
results to two interpenetrated square lattices, each of them with lattice constant
d ' 400nm and hosting a hyperfine state of 40K.

The energy scale of the model parameters is constrained to an interval which
depends on the lattice depth. This interval is bounded from below by the heating
rates and the suppressed natural hopping within sublattices; it is bounded from
above by the separation between lattice bands. We will show that all model
parameters fit within this energy scale window, demonstrating the feasibility of
the proposed implementation.

We first focus on the lower end of this interval. The natural hopping parameter
decreases roughly exponentially with the lattice depth. Our numerical simulations
(Fig. 8.11) show that the hopping reaches a value of tNat . 10−3ER for a lattice
with depth V0 ' 22ER, where V0 is the lattice depth and ER is the recoil energy of
the lattice (around ER/h = 8kHz for the choice above). Therefore, we can expect
a natural hopping of the order of 5Hz. Our results are in agreement with previous
analytical estimates [102].

The second constraint lower bound of our interval of acceptable parameters is
provided by the photon scattering rate, which increases with the depth the lattice.
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Dependence of the natural hopping tNat (black, solid) and the overlap between
neighbouring wave functions |S(d)| (black, dashed) on V0/ER. Right axis:
Dependence of the bandgap ∆Egap (blue, dotted) on the lattice depth, V0/ER.

These heating rates are a significant problem for state-dependent setups, because
in these designs the maximum detuning of light is limited by the energy splitting
between hyperfine states. More precisely, the heating rate can be estimated as
γh ' (Γ/δDeph)V0, where Γ is the spontaneous emission rate of the atom, and
δDeph the detuning. The ratio Γ/δDeph critically depends on the atomic species,
ranging from about 0.1/h for 6Li to about 10−5/h for 40K. We focus on this last
atomic element, obtaining a heating rate of about 1−2 Hz for the above mentioned
V0 ∼ 22ER, but we remark the possibility of using alkaline-earth atoms to bring
this value down to about 0.01 Hz [31].

Finally, all energy scales must be significantly smaller than the bandgap, ∆Egap.
Our simulations evaluate this bandgap to be over 60kHz for our V0 ' 22ER lat-
tice (Fig. 8.11). Again this result agrees with comparable calculations in similar
setups [31]. In summary, our parameters (µb − µw, t,∆) should all move in the
0.1− 1kHz range in order to successfully implement our proposed model.

The chemical potential difference δ can independently tuned by the auxiliary
offset lattice intensity VOFF . This offset can be easily set to the desired energy
range, since it just requires a superlattice modulation which is much smaller than
the intensity of the main lattice (VOFF < ER).

The Raman tunnelling t is proportional to the Raman beam intensity, |t| =
~ΩS(d), and the overlap between Wannier wave functions, w(x, y), in neighboring
wells of the superlattice, S(d) =

s
w?(x, y)w(x− d/2, y− d/2)dxdy. We estimate

numerically this overlap to be S ' 10−2 for V0 = 22ER (Fig. 8.11). Therefore, a
feasible value Ω ∼ ER/~ would keep |t| in the desired 1 kHz order of magnitude.
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Finally, the pairing ∆ depends on the strength of the coupling to the molecular
reservoir and the bosonic bath density [43] as |∆| = g

√
ρS(d). The overlap of the

fermionic wave functions again plays an important role and we assume the density
profile of the bosonic bath to be uniform. Estimates from previous proposals [49]
based on condensed fermionic pair experiments [103] show that |∆| ' 0.5kHz is
challenging but possible between nearest neighbours of the superlattice.

8.4.2 Experimental construction of the winding numbers from
time-of-flight images

To obtain the full winding number ν̃ one need to construct the independent integer-
valued winding number ν̃(i) for each pseudospin component. In the case of our
model, the psedospin components coincide with the “black” (i = b) and “white”
(i = w) sublattices that are distinguished by their different chemical potential.
In an optical lattice implementation, this energy offset between the atoms can be
employed to release them from one of the two sublattices at a time and thus the
observables ~Σ(i),p for each sublattice can be independently evaluated. We outline
below a general protocol to obtain all components of the vectors S(i)(p) from which
the sublattice winding numbers ν̃(i) can be constructed.

The experimental measurement of the operators 8.3 in an optical lattice setting
employs the fact that time-of-flight images give direct access to the momentum
space densities 〈n(i),p〉 = 〈a†(i),pa(i),p〉, as outlined in chapter 7. These are sufficient
to fully determine Sz(i), which, as discussed in Section III.B, enables to unambigu-

ously distinguish between all the distinct types topological phases (different |ν|).
Thus the time-of-flight images, a standard technique in optical lattice experiments,
are sufficient to identify the phases of our model.

In order to construct the full winding number one needs to obtain also the
orthogonal components Sx(i) and Sy(i). They can in general be obtained by suitably
switching off the pairing and tunnelling terms of 8.5 before releasing the atoms
from the trap. This will rotate the observables Σx,y

(i),p to Σz
(i),p, which can then be

measured from time-of-flight images as above. For instance, when hopping in both
directions and pairing in x-direction is suppressed, e.g. by raising the lattice in
this direction, the Hamiltonian 8.5 acquires the form

Hrot = ∆ sin(py)i
(
a†(i),pa

†
(i),p − H.c.

)
∝ Σy

(i),p. (8.14)

This operator implements a rotation around the Sy axis, mapping the value of the
Sx operator onto the Sz axis, which after time t gives

Sz(p, t) = cos(θp)S
z(p, 0) + sin(θp)S

x(p, 0), (8.15)

with θ = ∆ sin(py)t/~. Time of flight image can again be used to measure this
quantity from which the value of Sx can be extracted once the unrotated com-
ponent Sz(p, 0) has been determined. Finally, the value of Sy can be obtained
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experimentally using a similar two-step process as above. Evolving the system
with only hopping along the y direction maps Sy to Sx, which when followed by a
pairing evolution can again be mapped to the directly observable Sz.

The dependence of the evolution 8.15 on the momentum py implies that the
Hamiltonian rotations around py = 0, pmπ/2, pmπ will be infinitely slow. This
experimental challenge can be overcome in two ways. One way is to numerically
post-process the measurements by extrapolating smoothly the values of S from the
measurements of Sz, Sx and Sy. We have numerically verified that given |S| does
not become zero anywhere, and that the angles in the xy plane behave smoothly
across the Brillouin zone, this can be efficiently performed. An alternative is to
use additional complementary noise correlation measurements 〈n(i),pn(i),−p〉. Using
Wick’s theorem such an observable can be written in the form

〈n(i),pn(i),−p〉 = 〈n(i),p〉〈n(i),−p〉+ |〈a†(i),pa
†
(i),−p〉|2 (8.16)

+ 〈a†(i),pa(i),−p〉〈a(i),pa
†
(i),−p〉.

As 〈n(i),p〉 follows from the usual time of flight images and 〈a(i),pa
†
(i),−p〉 can be

obtained from them after Bragg scattering with momentum 2p (for our model
they always vanish), in essence noise correlations give us access to the orthogonal
projection of the pseudo-spin components, (S⊥)2 = (Sx)2 + (Sy)2. Thus once Sx

has been obtained, the noise correlations can be employed as an alternative way
to obtain Sy.

8.5 Conclusions

This chapter has presented a general method to detect the Chern number of super-
conducting models from time-of-flight images. This method is readily applicable
to any topological superconducting state regardless of the microscopic realization
[81, 100, 49]. The only requirement is the ability to measure independently the
relevant operators for each pseudospin component, such as spin orientation, inter-
nal atomic states or sublattices due to staggering. While not restricted only to,
the proposed method is particularly suited for optical lattice experiments where
time-of-flight images, a standard technique, readily give access to the relevant op-
erators. We also showed that time-of-flight images of the cloud, even in the absence
of a manipulation protocol, can give sufficient information (the absolute value of
the Chern number) to distinguish between the different types of topological order.
With the preparation of topologically ordered states with cold atoms in optical
lattices as the ultimate goal, this provides a simple and reliable diagnostic tool to
probe the nature of the prepared states.

To demonstrate our detection scheme, it has been applied to a model of stag-
gered spinless fermions with s-wave pairing, a new route to topological phases with
cold atoms. Topological phases with Chern numbers ν = 0, ν = ±1 and ν = ±2
can be robustly identified. The few disagreeing parameter regimes were found
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to correlate with high sublattice entanglement, which is a physical observable in
itself; this is a perfect illustration of the results presented in chapter 5. Further-
more, we showed that the detection scheme remains robust under two omnipresent
perturbations in cold atom experiments: translational invariance breaking trap-
ping potential and finite temperature. The latter could be compensated for by
increasing detection precision, which contrasts with the behaviour of topologi-
cal entanglement entropy, an alternative probe for topological order in cold atom
systems [1]: in the thermodynamic limit it vanishes at any finite temperature ren-
dering its applicability challenging [23, 45]. In addition, and unlike our method,
topological entropy can not distinguish topological phases with same total quan-
tum dimensions.

Finally, it is explicitly demonstrated that the proposed model of staggered
spinless fermions with s-wave pairing is adiabatically connected to Kitaev’s hon-
eycomb model [53]. The proposed optical lattice implementation would thus offer
an alternative route for realizing this celebrated model. In this realization we
could relate the staggering in the chemical potential, an experimentally accessible
parameter, to the presence or absence of a background vortex lattice. We showed
that the presence of such a lattice underlies the Chern number ν = ±2 phases. As
this phase can only arise as the collective state of Majorana modes, detecting the
change in the Chern number when the vortex lattice is switched on provides the
desired global probe for the existence of Majorana modes.
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9.1 Summary

This chapter is the last stepping stone in the path we have been following: the
detection of the topological bulk properties of non-trivial insulators (or supercon-
ductors). While there is no well-understood, safe shore in sight, the contents of
this chapter provide the most the most suggestive results yet as to the connection
between topology, winding numbers and entanglement in an atomic cloud.

The main result of this chapter is that the pseudospin winding number is a
topological invariant which can be used to predict phase transitions, even though
the system as a whole may not be characterizable. Moreover, the information
(predictive power) of this quantity is related to the entanglement between the
pseudospin degree of freedom and the rest of the system. There is a crucial dif-
ference between the results shown here and those in chapter 8: in the latter, we
could make use of the analytical results of chapter 5 to fully understand the role
of each pseudospin winding number; the winding numbers were there parts of a
jigsaw whose full image we know. Here, by contrast, the winding number is a
lone piece of information without any support, it is only (a bit) puzzling that it
can be numerically shown to give out information about the topological phase
transitions. If anything, this chapter is a motivation to further research the role
of partial invariants in complicated systems - possibly interacting, non-tractable
setups.

As always along this thesis, we present a model which is used to show the
power of our proposed method. In this case, it is a model of non-interacting, spin-
ful fermions in a square lattice. The fermions are subjected to a magnetic field
and a spin-orbit coupling term, which add up to form a non-abelian potential.
Two special cases of the model are carefully analyzed, corresponding to magnetic
fields which break or break not time-reversal symmetry. Our analysis of the role
the winding number plays in this characterization is provided in the latter case,
which is richer. In particular, there are topological semimetal-to-insulator transi-
tions which can be diagnosed through the winding number; this T -broken regime
presents Chern number ν = 2 phases.

As a small bonus, and as promised in chapter 7, this chapter also presents a
better approximation to the winding number integral in terms of the discretized
vector field observables (see Eq.9.24). This approximation is shown to converge
very rapidly to the integer winding number with even a small number of observ-
ables.

This chapter is organized as follows: we first present and motivate the model,
together with a clear analytical description of its symmetries and its relation with
previous topological models. There is also a discussion of what optical lattice se-
tups might be best at implementing the model. We then go on to illustrate the
topological characteristics of the model under magnetic fields which either conserve
or break time-reversal symmetry. It is shown that only the latter can support topo-
logical insulator phases. Finally, we quickly review the winding number detection
method and provide full details about the differences which appear when we apply
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it in this model (which cannot be cast in a pseudospin form). The aforementioned
integral approximation is mentioned, and a numerical analysis for this model is
provided.

9.2 Description of the model

We consider a tight-binding model of two-component fermionic atoms loaded in
a square lattice. We assume that the atoms are subjected to both a synthetic
magnetic field, with a flux Φ per plaquette, and a translationally invariant non-
Abelian SU(2) gauge field, which plays the role of spin-orbit coupling. These two
elements influence the nearest neighbor tunneling amplitudes in different ways
along the x and y directions, with their effect being described through the following
U(2) gauge potential [35, 71]:

~A =
2πΦ

a2 Φ0

(0, x)σ0 +
q

a
(σx, σy) , (9.1)

where Φ0 is the elementary flux of the synthetic magnetic field, corresponding to
an Abelian phase 2π acquired by an atom surrounding a plaquette, a is the lattice
constant, q ∈ [0, π] characterizes the intensity of the non-Abelian component,
σx, σy are the usual Pauli matrices and σ0 is the 2×2 identity matrix. We consider
only positive values of q, since the case with q < 0 is equivalent up to a basis
transformation, ~A(−q) = σz ~A(q)σz. The first term in Eq. (9.1) defines the Abelian
contribution of the gauge potential in the Landau gauge, where only the tunnelings
along y assume a position-dependent phase, not depending on the spin degree of
freedom. The second term describes instead the spin-dependent non-Abelian term,
which is translationally invariant and it is gauge equivalent to both a Rashba and
a Dresselhaus spin-orbit term.

The tight-binding Hamiltonian of the system reads:

H = t
∑

~r,s,s′

[
Ux,ss′ c

†
~r+x̂,s′ c~r,s + Uy,ss′(x) c†~r+ŷ,s′c~r,s

]
+ h.c. , (9.2)

where ~r = (x, y) denote the lattice sites, s labels the two components and the
tunneling matrices Ux and Uy are defined as:

Ux = exp

(
i

∫ x+a,y

x,y

Ax dx

)
= exp (iq σx) , (9.3)

Uy = exp

(
i

∫ x,y+a

x,y

Ay dy

)
= exp

(
i2π

x

a

Φ

Φ0

+ iq σy

)
. (9.4)

Following our gauge choice (9.1), only Uy depends on position through the Abelian
phase 2π x

a
Φ
Φ0

(see Fig. 9.1).
We observe that the Hamiltonian (9.2) is invariant under the exchanges t→ −t,

q → π− q through the basis transformation σz. This implies that the sign of t can
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Fig. 9.1: Square lattice model with non-Abelian gauge potential. The tunneling operators
Ux and Uy, defined in Eqs. (9.3,9.4), are represented for Φ = Φ0/3. Ux = eiqσx

is independent on the position, whereas Uy is characterized by a phase dependent
on x which determines the Abelian flux Φ per plaquette.

be chosen without loss of generality (of course, if t→ −t, then the following results
are valid provided that ν → 2 − ν, where ν is the number of fermions per site).
The validity of the Peierls substitution leading to the tight-binding Hamiltonian
(9.2) has been discussed for spin-orbit coupled atoms in optical lattices [77], where
it was shown that for large enough values of the strength of the periodic potentials
it agrees with results obtained from numerically computed Wannier functions.

To understand the nature of the gauge potential (9.1) it is useful to calculate
the Wilson loop around a plaquette [35]: the Abelian part of the potential gives
rise to the phase 2πΦ/Φ0, whereas the non-Abelian term, due to the commutation
relation between Ux and Uy, generates a non-trivial unitary operator for each
q 6= 0, π. However, such a plaquette operator does not depend on its position,
emphasizing the translational symmetry of the system along ŷ. In particular, if
the magnetic flux is commensurate with the elementary flux, Φ/Φ0 = m/n, then
the wave function can be written as

ψ(x, y) = eikxx eikyy u(x) , (9.5)

where u(x) is periodic with period n (hereafter we set a = 1). The resulting first
Brillouin zone is given by kx ∈ [0, 2π/n) and ky ∈ [0, 2π), as in the case when only
the magnetic field is present. The parameter q does not influence the definition of
the Brillouin zone and of the allowed quasi-momenta since the non-Abelian part
of the gauge potential is translationally invariant.

We conclude this Section with a brief analysis of possible implementations of
the potential (9.1). There are two different ingredients to be combined: an Abelian
net flux per plaquette (parametrized by Φ) and a spin-dependent hopping element
(parametrized by q~σ). A detailed discussion of the simulation of non-Abelian
SU(2) potentials with alkaline atoms can be found in Ref. [66]. There, the spin
degree of freedom is coded in two hyperfine levels of 40K. Zeeman splitting allows
for independent addressing of the transitions between different spin states, thus
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creating the desired spin-dependent hopping amplitude. An additional superlattice
could then be used to engineer a rectified magnetic flux, independent of the spin
state of the system [31].

A comprehensive implementation proposal for both the Abelian and non-Abelian
potential can be found in [32]. This setup features a state-dependent lattice loaded
with the ground state and a metastable excited state of 171Yb. The narrow tran-
sition between the two trapped states guarantees a negligible heating rate, and
naturally paves the way for implementing a rectified flux scheme. Polarization of
the Raman lasers is used to engineer tunneling elements between different spin
states, whereas a superlattice is again imposed to distinguish resonances in the
two spatial directions.

As a final note, we would like to mention that the measurement protocol out-
lined in Section 9.4 suits the presented implementation proposals; in particular,
the time of-flight measurement of the pseudospin degree of freedom is simplified
by the presence of the magnetic field, which discriminates between different spin
states.

9.3 Topological phases and topological phase transitions

9.3.1 Conserving time-reversal symmetry: magnetic flux Φ0/2

The first case we analyze is the one with n = 2, where an atom acquires an Abelian
phase π encircling a plaquette. This value of the flux is the only one maintaining
time-reversal symmetry. The potential (9.1) reads:

~A = π(0, x)σ0 + q (σx, σy) . (9.6)

In this case the unit cell of the system is composed of two subsets of sites cor-
responding to even and odd x coordinates. Therefore we can define an effective
pseudospin 1/2 degree of freedom and a new set of Pauli matrices τi referring to it,
with τz = ±1 indicating even and odd x-coordinates respectively. The Hamiltonian
(9.2) with potential (9.6) reads in quasi-momentum space:

H(~k)

2t
= cos q cos ky τzσ0 − sin q sin ky τzσy+

+ cos q cos kx τxσ0 − sin q sin kx τxσx . (9.7)

It is a 4 × 4 matrix involving direct products of Pauli matrices (i.e., τzσy stands
for τz ⊗ σy and so on). The Hamiltonian (9.2) is expressed in terms of (9.7) as

H =
∑

~k,s,s′,τ,τ ′

c†s′,τ ′(
~k)Hs′τ ′,sτ (~k) cs,τ (~k) , (9.8)

where the sum is on the first Brillouin zone, csτ (~k) is the Fourier transform of
csτ (~r) and τ = ±1 is the pseudospin index.
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In order to understand the topological characteristics of the model, it is useful
to examine the topological symmetry class in the Altland and Zirnbauer classifica-
tion [8, 80]. We consider the set of discrete anti-unitary symmetries and we identify
at half-filling (µ = 0) the following time-reversal symmetry T and particle/hole-like
symmetry C [82]:

σyH
T (~k)σy = H(−~k) T− symmetry (9.9)

τyσyH
T (~k) τyσy = −H(−~k) C− symmetry; (9.10)

the corresponding chiral unitary symmetry is generated by generated by τy. Given
these discrete symmetries, the topological symmetry class in the Altland and Zirn-
bauer classification [8] is DIII for generic values of q 6= p π/2, with integer p. DIII
is a topologically non-trivial class in two dimensions which can support helical
Majorana edge modes [76]. For the particular values q = 0, π the gauge poten-
tial corresponds to the presence of the magnetic field only and the Hamiltonian
acquires the additional SU(2) spin symmetry; for q = π/2, 3π/2, instead, the two
non-zero terms of the Hamiltonian, proportional to τzσy and τxσx, commute and
generate a U(1)×U(1) symmetry, while σz anti-commutes with the Hamiltonian.
Finally, when the chemical potential µ 6= 0 the T-symmetry (9.9) is conserved, but
the C-symmetry (9.10) is broken, leading to a class AII system.

The effective realization of the topological insulating phase with Majorana
edge modes depends critically on the band structure and on the appearance of
energy gaps, as a function of the Hamiltonian parameter q. For generic values
of q the system has four energy eigenstates: we label them in increasing order
({1, 2, 3, 4}). The corresponding bands in the Brillouin zone intersect for some
particular quasi-momenta. Bands 1 and 2 coincide for every q at (kx, ky) = (0, 0),
with energy E−(0, 0) = −2

√
2 t cos q. The same happens for bands 3 and 4, with

energy E+(0, 0) = 2
√

2 t cos q. Bands 2 and 3 instead have a common point, still
for every q, at (kx, ky) = (π/2, π/2), with vanishing energy (see Fig. 9.2). We
conclude that the Hamiltonian does not have an energy gap for any value of q, and
the system is always in a metallic or semimetallic phase, depending on whether
the chemical potential falls in a bulk band or is set exactly at the intersections
between them.

The same result is obtained by introducing an anisotropy in the non-Abelian
potential by considering

~A = π(0, x)σ0 + (qxσx, qyσy) . (9.11)

This generalization does not affect the symmetry class; the system remains in class
DIII (or AII). Again the bands always touch at some points of the Brillouin zone;
therefore the system is always in a metal or semimetal phase and there is no phase
transition driven by the variation of the non-Abelian gauge parameters qx and qy.

In order to obtain nontrivial topological phases, characterized by symmetry-
protected edge modes, and topological phase transitions between them, it is neces-
sary to open a gap between some bands. One possibility is to break time-reversal
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Fig. 9.2: The spectrum of the Hamiltonian (9.7) is shown for q = π/4. The Dirac cones
connecting the energy bands 3 and 4 are clearly visible in the upper part of the
plot at E = 2, whereas the gap between the bands 2 and 3 closes at (kx, ky) =
(±π/2,±π/2) and E = 0. The spectrum is symmetric about E = 0 and no
energy gap appears for any value of q. The energy is expressed in units of t.

symmetry. In the following we will achieve this by considering a system with
magnetic flux Φ0/3 per plaquette.

9.3.2 Breaking of time-reversal symmetry: magnetic flux Φ0/3

By introducing in the system a fractional magnetic flux per plaquette Φ = mΦ0/n
with n 6= 2, one obtains a series of bands which are separated by energy gaps,
corresponding to the deformation of the Hofstadter butterfly spectrum due to the
presence of the non-Abelian potential. Such deformations have already been an-
alyzed for several potential configurations [70, 34, 35]. We exploit the presence
of these gaps to generate and identify the different topological phases that ap-
pear with the potential (9.1), whose transitions can be driven by the non-Abelian
parameter q.

We focus in particular on the case with Abelian flux Φ0/3 (n = 3), which is the
simplest one breaking time-reversal symmetry and presenting topological phase
transitions. The corresponding gauge potential reads:

~A =
2π

3
(0, x)σ0 + q (σx, σy) . (9.12)

The unit cell is composed of three sites and it is useful to introduce a new
pseudospin-1 degree of freedom, the related operator being labeled by Tz, to iden-
tify the x coordinate modulo 3. The hopping operator in the ŷ direction is diagonal
in Tz, whereas the hopping along x̂ is not. By introducing the two hopping matrices

Tx =




0 0 1
1 0 0
0 1 0


 , Tz =



ei

2π
3 0 0

0 ei
4π
3 0

0 0 1


 , (9.13)
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the tunneling operators in (9.3) and (9.4) read:

Ux = Tx e
iqσx , Uy = Tz e

iqσy (9.14)

(direct product of matrices is always intended). Ux and Uy are 6 × 6 matrices
acting on the space defined by the tensor product of the lattice pseudospin-1 and
the inner spin-1/2 degrees of freedom.

Since n = 3, the first Brillouin zone is defined by the quasi-momenta kx ∈
[0, 2π/3) and ky ∈ [0, 2π). In the quasi-momentum space the Hamiltonian reads:

H = −µ I6 + Tx e
iqσxeikx + T †x e

−iqσxe−ikx+

+ Tz e
iqσyeiky + T †z e

−iqσye−iky , (9.15)

where t is set to 1, µ denotes the chemical potential which changes the filling, and
I6 is a 6× 6 unit matrix. The Hamiltonian can be easily rewritten as:

H = −µ I6 +
[
cos q

(
Tx e

ikx + Tz e
iky
)

+

+i sin q
(
Tx σxe

ikx + Tz σye
iky
)]

+ h.c. . (9.16)

For generic values of q the six eigenstates of the Hamiltonian (9.16), with energies

Eλ(~k), describe five different spectral bands separated by energy gaps. There are
five because the two central ones are always connected through Dirac cones.

Even though the bands are separated by gaps for every value of the quasi-
momenta, due to their strongly bent shapes, indirect overlaps (the minimum of
the higher band is lower than the maximum of the lower band) appear between
the two lowest-energy bands and between the two highest-energy bands for q in
a neighborhood of 0 or π. In these cases the non-Abelian potential is not strong
enough to open an insulating phase separating these pairs of bands and when the
chemical potential is such that two different bands are partially filled, the system
is in a semimetal phase [32], despite the absence of Dirac cones.

For q far enough from 0 and π instead, the semimetal phases disappear and are
substituted by insulating phases. Therefore the chemical potential µ determines
the usual alternation of metallic and insulating phases appearing in correspondence
to all the gaps of the system.

Other phase transitions, of a topological nature, appear for q = π/3 and 2π/3
where the gaps between the two top bands and the two bottom bands directly close
in Dirac cones. To understand the signature of this phase transition we analyze
the topological features of the system. Since T †x 6= T ∗x , one cannot find anti-unitary
operators corresponding to discrete T- and C- symmetries. The Hamiltonian (9.16)
is then in the same topological class of the quantum Hall effect, class A, in the
Altland and Zirnbauer classification.

The Hamiltonian H describes a system which is topologically non-trivial and
characterized by the presence of edge modes. They are localized on the boundary of
the two-dimensional system and therefore can be observed only in bounded geome-
tries, like the cylinder. Their energies interpolate between subsequent bands and
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their number is related to the topological invariants of the spectral bands. More-
over, due to the non-Abelian term, they do not present a fixed spin orientation; the
non-Abelian potential in (9.1) is indeed equivalent to a Rashba spin-orbit coupling,
which yields to a dependence of the spin polarization on the quasi-momentum.

Let us consider now values for q and the chemical potential such that the system
is in a bulk insulating phase with an integer number of atoms per unit cell. Then
the number of observed edge states per boundary is given by the sum of the Chern
numbers of the bands with an energy smaller than the Fermi energy. Given the
6-component eigenfunctions ψλ(~k) of H (with λ labeling the bands), their Chern
number Cλ is defined by [41, 91]:

Cλ =
i

2π

∫

BZ

d2k
(
〈∂kxψλ|∂kyψλ〉 − 〈∂kyψλ|∂kxψλ〉

)
. (9.17)

The sign of Cλ refers to the direction of the propagation of the edge modes asso-
ciated with ψλ(~k).

In order to examine how the numbers and the features of the edge modes change
by varying q (which is supposed to be in a range out of the semimetallic phase),
let us label the Hamiltonian eigenfunctions from the lowest to the highest energy
by an index λ = −2,−1, 0+, 0−, 1, 2. For generic values of q only bands 0+ and 0−

are directly connected through Dirac cones whereas the other bands are separated
by energy gaps, although often with the indirect energy overlaps discussed above
that determine the presence of topological semimetal phases [32].

The energy gap between the bands −2 and −1 closes at q = π/3 for kx = π/3
and ky = π/3 + 2πp/3, with integer p (see Fig. 9.3). Analogously the gap between
the two highest bands closes at the same value of q for kx = 0 and ky = 2πp/3.

The same gaps close also at q = 2π/3, at interchanged quasi-momenta ~k.

3

Fig. 9.3: The energies of the two lowest states of the Hamiltonian (9.16) are plotted for
q = π/5 (blue dashed line), q = π/3 (red line) and q = 2π/5 (green dotted
line), for ky = π/3 and as a function of kx. For q = π/5 and q = 2π/5 the
lowest bands are separeted by a gap and, for filling ν = 1/3, the system is in
two different topological insulating phases. At q = π/3 the gap closes causing a
topological phase transition. The energy is in units of the tunneling amplitude t
and the chemical potential is fixed at µ = 0.



116 9. Detection of non-abelian phase transitions through winding numbers

From the analysis of the spectrum it is clear that this closing of the gap cor-
responds to a further Dirac cone appearing in the bulk of the system. However
this does not correspond simply to a crossing of Landau levels, as we would expect
in a similar system in the continuous limit [20, 21]; instead, it is a topological
phase transition which changes the Chern numbers of the involved bands, thus
affecting the number of edge states in a geometry with boundaries. No change in
the Chern number arises instead along the phase transition between a semimetal
and an insulating phase.

To calculate the number of edge states, let us consider the spectrum of an infi-
nite stripe with two edges. We discuss first the case in which only the lowest energy
band is fully occupied, whereas all the others are empty (filling 1/3, corresponding
to one atom per unit cell). The number of propagating modes at each edge of the
system coincides with the Chern number C−2, which is +1 for 0 < q < π/3 (or
2π/3 < q < π) and −2 for π/3 < q < 2π/3. Increasing the chemical potential and
considering also the contribution of the second band C−1, we see from numerical
calculations that the number of edge modes interpolating between the second and
the lowest central band is 2 for 0 < q < π/3 (or 2π/3 < q < π) and −4 for
π/3 < q < 2π/3; this implies that C−1 also changes from 1 to −2 and vice versa
across the two phase transitions. Thus, going from q < π/3 to q > π/3, the edge
states double and change their direction, as an effect of the non-Abelian potential.
At q = 2π/3 the transition has the opposite effect and brings the system back
into the first insulating phase. An analogous behavior appears in the edge modes
interpolating between the two highest energy bands, in the case of filling 5/3.

These features have been numerically studied for the tight-binding Hamilto-
nian of the model using the Kwant software package to evaluate the number of
edge modes for an infinite stripe geometry of width 40 whose spectrum has been
calculated as a function of kx. The Chern numbers were instead independently
calculated using a discretized version of Eq. (9.17) and dividing the Brillouin zone
into 120× 120 plaquettes.

The variation of the Chern numbers at the topological phase transition is simi-
lar to the one driven by the spin-orbit coupling generated by σz in the honeycomb
lattice model, as described in [33]. However, in the case analyzed here spin is
not a conserved quantity, meaning that different spin species do not have sepa-
rate Chern numbers. The phase transitions are driven instead by an off-diagonal
Rashba coupling.

Finally, the potential (9.12) can be generalized to the anisotropic case:

~A =
2π

3
(0, x)σ0 + (qxσx, qyσy) . (9.18)

The phase diagram of the anisotropic model at filling 1/3 is shown in Fig. 9.4.
The qx = qy pattern described before is shown by a gray dotted line, and the
corresponding transition points between the two topological insulating phases are
shown by two red dots.
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For qx 6= qy we still observe the presence of three different phases: a topological
semimetal phase, characterized by a partial filling of the two lowest bands, and
two distinct topological insulating phases, where the first band is completely filled
and the second is empty. The insulating phases are characterized by a nonzero
Chern number C−2 = 1,−2 respectively. Again the topological semimetal phase
is distinguished by the topological insulating phases due to the presence of an
indirect overlap of the bands; once this overlap disappears, we have a transition
between these two regimes and the bulk conductance vanishes. The topological
phase transition between the two insulating phases is instead related to a change in
the Chern numbers, with parameters qx and qy determining the position of Dirac
cones appearing in the spectrum at the transition.

Fig. 9.4: Phase diagram at filling 1/3 as a function of qx and qy for the gauge potential
(9.18). The insulating regions characterized by Chern numbers C−2 = −2, 1
are shown in green and orange respectively. Uncolored regions correspond to
indirect overlap between bands (topological semimetal phase), whereas the black
lines show the position of the Dirac cones corresponding to a discontinuity in
the Chern number C−2. The red dots represent topological phase transitions at
q = π/3, 2π/3 along the diagonal qx = qy = q.

9.4 Detection of the topological phase transition

Topological phase transitions in complicated systems, such as the one presented in
the previous subsection, are hard to detect unambiguously. Several techniques have
been proposed to experimentally characterize the topological invariants. Some of
them are based on the observation of the edge modes [95], which in our model
change both in number and in direction of propagation at the transition points,
providing direct evidence for the topological transition. Other viable techniques
rely on the possibility of detecting the dynamic response of the bulk under an
external force or on other bulk properties [60, 75, 26].

Our approach again consists on taking time-of flight-images which discriminate
the inner spin-degree of freedom of the atoms; and which allow a direct measure-
ment of the Chern number of the lowest energy band, once the Fermi level is placed
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in the first energy gap [6, 32].
In the models analyzed in previous chapters (see Cha. 7 and, for a more

complicated but similar rationale, Cha. 8), the Hamiltonian can be written as a
2×2 matrix where the spin and sublattice degrees of freedom completely coincide:
it can be shown (see chapter 4) that in the insulating phases the spin (Pontryagin)
winding number in the first Brillouin zone coincides with the Chern number of the
lowest band and thus with the number of edge states.

In the model considered here instead, Φ = Φ0/3 and the Hamiltonian (9.16) is
a 6× 6 matrix with eigenfunctions that can be generically expressed as:

∣∣∣ψλ(~k)
〉

=
∑

s= ↑,↓
x=0,1,2

cλ,sx(~k) |s〉spin |x〉lat , (9.19)

where the spin and lattice pseudospin (labeled above as lat) degrees of freedom
do not coincide. The wave function ψλ is described in the basis obtained by the
tensor product of the spin and lattice pseudospin spaces and, due to the effect
of the non-Abelian potential, ψλ is not simply a direct product state of the form∣∣∣ϕλ(~k)

〉
spin
⊗
∣∣∣χλ(~k)

〉
lat

, but it encodes some entanglement between the two degrees

of freedom.
Despite the fact that the Hamiltonian does not define in a direct way a map-

ping from the Brillouin zone to the Bloch sphere, it is still possible to follow an
approach similar to the one in chapter 5 and define a spin winding number over
the first Brillouin zone. This is because the spin is a periodic observable in the
first Brillouin zone, and therefore a spin winding number can be properly defined
and experimentally measured through time of flight imaging [6]. This spin winding
number does not coincide with the Chern number defined in (9.17), because the
latter requires in its definition a knowledge of the full wave function, not only of
the spin part. Nevertheless we will show that the spin pattern of the wavefunctions
in the different bands provides, in our model, enough information to detect the
topological phase transition.

Focusing on the lowest energy band, we define the spin polarization ~S(~k) in
the Brillouin zone in terms of a reduced density matrix by tracing out the lattice
orbital degree of freedom:

ρ(~k) =
∑

x=0,1,2

lat〈x|ψλ(~k)〉〈ψλ(~k)|x〉lat, (9.20)

where ρ is the 2×2 matrix representing a mixed state for the spin degree of freedom
and depending on the quasi-momentum in the Brillouin zone. If only this lowest
energy band is filled and the system is not in a semimetal (gapless) phase, the time
of flight images, distinguished by their inner spin state and eventually combined
with a rotation of the atomic states, allow for the measurement of the observables
given by

Si(~k) = Trspin

[
ρ(~k)σi

]
. (9.21)
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Fig. 9.5: Comparison between the spin polarization at q = π/5 (top row), which represents
the topological insulating phase withW = 0, and q = 2π/5 (bottom row), which
describes the second insulating phase with W = −1. The component Sz of the
polarization (third column) behaves very differently in the two cases. For q = π/5
(as generally for q < π/3), Sz is negative in the whole Brillouin zone (top right
panel), whereas for q = 2π/5 (as in general for π/3 < q < π/2) the polarization
exhibits a skyrmion structure. When q = 2π/5, the skyrmion interpolates from
Sz ' 0.067 at ~k = (0, 0) to Sz ' −0.067 at ~k = (π/3, π/3) (bottom right
panel). The Sx and Sy components display opposite signs in the two cases.

The vector ~S is not normalized due to the fact that ρ describes a mixed state. The
behavior of the polarization ~S provides a clear indication of the topological phase
transition: for 0 < q < π/3 or 2π/3 < q < π the component Sz is negative in the
whole Brillouin zone, whereas in the intermediate phase at π/3 < q < 2π/3 (for
q 6= π/2) Sz assumes both negative and positive values (see Fig. 9.5). At q = π/2,
the polarization always lies in the x̂ − ŷ plane due to the additional symmetry
generated by σz.

The polarization ~S is independent of the gauge choice for the Abelian potential
and is periodic with period ∆k = 2π/3 in both the x̂ and ŷ directions; thus one

has to consider a reduced magnetic Brillouin zone with ~k ∈ [0, 2π/3)× [0, 2π/3).

Excluding the point at q = π/2 (where Sz = 0 and our argument fails), the
spin polarization along ẑ in the phase at π/3 < q < 2π/3 has a single skyrmion in
the reduced Brillouin zone (a configuration in which the spin polarization entirely
covers the Bloch sphere once moving in the reduced Brillouin zone). For π/3 <

q < π/2 this skyrmion is centered at ~k = {π/3, π/3}, whereas for π/2 < q < 2π/3

it is centered at ~k = {0, 0}, meaning that the skyrmions appear at the position of
the Dirac points at q = π/3 and q = 2π/3, respectively.
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The winding number of the spin polarization in the reduced Brillouin zone
(rBZ) provides a good topological invariant that plays the role of an order param-
eter for these transitions and reflects the presence of a skyrmion in momentum
space. In particular this winding number W is defined as the integral of the spin
curvature

c(~k) =
1

4π

~S

|~S|3
·
(
∂kx ~S × ∂ky ~S

)
(9.22)

and it reads:

W =
1

4π

∫

rBZ

d2k
~S

|~S|3
·
(
∂kx ~S × ∂ky ~S

)
, (9.23)

where |~S| normalizes the polarization.
The winding number W is 0 for 0 < q < π/3 and for 2π/3 < q < π, whereas

W = −1 in the other phase (with the exception of the point at q = π/2). If we
want to consider the full Brillouin zone we must multiply this winding number by
3, and, at the phase transitions, we recover the same discontinuity observed for
the Chern number C−2. We find that C−2 = 3W + 1.

The discrepancy between the two indices cannot be directly related to a con-
tribution to the winding number from the lattice degree of freedom: if we trace
out the spin degree of freedom instead of the lattice one and try to calculate,
with an analogous procedure, the polarization obtained by the new 3× 3 reduced
density matrix, its winding number is constantly zero and does not affect the dif-
ference C−2 − 3W . This unequivalence can be understood even in the absence of
non-Abelian flux: a net magnetic field implies that the relevant correlators are
non-local in momentum space [98].

At the experimental level one may be able to estimateW through a discretiza-
tion of formula (9.23), based on the division of the time of flight images in small
domains, corresponding to a discretization of the Brillouin zone [6, 32]. It is
important to realize that, while experimental time of flight imaging can be well
approximated by a continuous set of data, a discretized approach is relevant for
analyzing the signal which can be obtained from finite size lattices. The follow-
ing discussion can therefore be understood as modeling either limitations of the
measurement procedure or finite size effects in realistic setups.

In order to illustrate the protocol to computeW , let us divide the reduced Bril-
louin zone into L× L plaquettes that we label by discrete quasimomenta (px, py),

in units of δ = 2π
3L

. For each plaquette it is possible to estimate the vector ~S(px, py)
from the experimental data (eventually repeating the experiments many times to

acquire a sufficient statistics). The spin curvature c(~k) in (9.22) can be approxi-
mated by:

2π c(px, py) = arctan

 ~N(px, py) ·
(
~N(px + δ, py)× ~N(px, py + δ)

)
1 + ~N(px, py) · ~N(px + δ, py) + ~N(px, py + δ) · ~N(px + δ, py) + ~N(px, py) · ~N(px, py + δ)

+

+ arctan

 ~N(px + δ, py + δ) ·
(
~N(px, py + δ)× ~N(px + δ, py)

)
1 + ~N(px + δ, py + δ) · ~N(px + δ, py) + ~N(px, py + δ) · ~N(px + δ, py) + ~N(px + δ, py + δ) · ~N(px, py + δ)

 , (9.24)
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where ~N is the normalized polarization vector ~N =
~S

|~S| .

The two terms in (9.24) correspond to (half) the solid angles defined respec-
tively by the (ordered) triplets of vectors

{
~N(px, py), ~N(px + δ, py), ~N(px, py + δ)

}

and {
~N(px + δ, py + δ), ~N(px, py + δ), ~N(px + δ, py)

}
.

By adopting this approximation, W results from the sum of all the c(px, py)’s in
the rBZ:

W ∼
∑

(px,py)∈ rBZ

c(px, py) . (9.25)
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Fig. 9.6: Effects of discretization on the relative error in the computation of the winding
number. a): Estimated spin winding number W for various values of the dis-
cretization L: L = 100 (solid red line), L = 10 (dashed blue line) and L = 8
(dashed-dotted black line). The finer grid (L = 100) reproduces almost exactly
the theoretical value, whereas coarser grids feature deviations at the transition
points (mainly at q = π/3 because of the relative positions of the grid and the
skyrmion) plus a significative error at the maximally entangled q = π/2 point.
b): Winding number computed at q = π/2 + ε for different discretizations. c):
The minimum of the norm of the polarization vector |~S| as a function of q.
This minimum is reached in the skyrmionic region, showing that the detection
of the non-trivial winding number requires more statistical power. In particular,
at q = π/2 the norm vanishes at the skyrmion core, rendering the measurement
protocol useless at that particular point.

Since the obtained value for W is generally not an integer, as it must be,
the relative error is easily deducible and it is smaller than 1 · 10−3 for a 5 × 5
discretization at q = π/5 and q = π/4, corresponding to the trivial phase where
W = 0; the error is also small (< 1 · 10−3) at points in the non-trivial phase away
from the transition, such as q = 2π/5. However, there are a couple of error-prone
regions where a finer discretization of the reduced Brillouin zone helps to correctly
determine the topological nature of the state. In particular the accuracy decreases
both around the phase transitions, where the skyrmion might be overlooked by a
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coarse discretization (see Fig. 9.6a), and close to q = π/2 (see Fig. 9.6b), where the
partial density matrix approach fails because the orbital and pseudospin degrees of
freedom become maximally entangled and the Sz component of the spin vanishes.
The main contribution to the total winding number is indeed obtained from the
central region of each skyrmion, where the gradient of ~N is larger. Therefore one
has to ensure sufficient sampling close to the skyrmion core, in order to avoid
unwanted large discretization errors.

We also note that, in the presence of a skyrmion, the norm of the polarization
is much smaller than unity (see Fig. 9.6c) due to a strong mixing with the lattice
degree of freedom: for example at q = 2π/5 the component Sz in the north and

south poles appearing at ~k = (0, 0) and ~k = (π/3, π/3) is approximately ±0.067
(see Fig. 9.5). Thus the difference in the number of atoms between the two species
at the center of the skyrmion is of the order of 10%. This example is relevant
since q = 2π/5 is close to the optimal point in which Sz is maximized in the center
and there we find the maximal extension of the core of the skyrmion (defined as
the neighborhood of the north pole where Sz > 0). In general the dimension of
the core is quite reduced and, in order to avoid excessive discretization errors,
we adopted the approximation in Eq. (9.24), which is finer than the one used in
chapter 7 and better fulfills the accuracy requirements of our model.

As a final remark we point out that the detection of the phase transition by the
spin winding number works if only the lowest band is occupied. In the semimetal
phase also the second band contributes to the measured spin winding number,
thus spoiling the final result (in [32] the behavior of the spin winding number is
investigated also in the semimetal regime where two different bands are involved).

9.5 Conclusions

We analyzed a model of two-component fermions on a square optical lattice with
tunneling amplitudes determined by a non-Abelian gauge potential with both a
magnetic field and a translationally invariant SU(2) non-Abelian term. By choos-
ing a magnetic flux different from Φ0/2 we considered a setup with broken time-
reversal symmetry and showed that the non-Abelian term drives the system across
topological phase transitions. In particular we investigated the case of Φ = Φ0/3,
where the system presents six energy bands, and discussed its phase diagram at
filling 1/3, which is characterized by a topological semimetal and by two different
topological insulating phases, with edge states differing in number and in propa-
gation direction across the topological phase transition.

The topological insulating phases can be distinguished by looking at the spin
polarization in momentum space, estimating the spin winding number from time of
flight absorption images. The winding number method provides a clear diagnostics
for the characterization of the topological phase transition even though the spin is
not a conserved quantity of the system.

The single-particle properties of this system may constitute the basis for the
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study of topological phase transitions also in the presence of interactions. In
particular, in the limit q → π/2 the lowest band in this model has an extremely flat
profile which constitutes a fundamental requirement to engineer Chern insulators,
able to mimic fractional quantum Hall physics [72]. Even though in this limit
measuring the spin winding number might become more difficult, the fact that
it remains a topological invariant would be extremely useful in characterizing the
system. Furthermore, introducing a repulsive interaction may lead to the regime
of topological Mott insulators [25] where the presence of the spin degree of freedom
may enrich the phase diagram of such interacting models, also due to the possibility
of introducing spin-dependent interactions.
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10.1 Summary

This chapter is a change in the melody, if not the theme, of the rest of the thesis.
The main goal is common: to construct a robust measurement protocol in order
to measure an elusive non-local property of our state. Here, too, we are interested
in the practical details of an optical lattice implementation, and perform theoret-
ical and numerical studies to estimate the effect of typical noise sources on the
application of our measurement scheme.

This chapter deals with how to detect genuine multipartite entanglement in
a cloud of atoms. The entanglement class which can be thus detected is very
particular: we are interested in creating and characterizing graph states, which
are the essential resource for measurement-based quantum computation (MBQC -
see Ref. [42]). We also propose to measure this entanglement class in an unusual
manner: most entanglement measurement experiments try either to start from the
control of individual quantum systems (photons, ions, atoms,...) and scaling the
system up, or studying collective degrees of freedom of a large number of atoms.
Here, however, we follow an intermediate approach, by which it is possible to gain
local information about a very large entangled state.

In particular, we study the entangled states that can be created in bipartite
two-dimensional optical lattices loaded with ultracold atoms. Most importantly
for practical purposes, it is shown that by using only two sets of measurements
it is possible to compute a set of entanglement witness operators distributed over
arbitrarily large regions of the lattice; and then these witnesses can be used to
produce two-dimensional plots of the entanglement content of these states. We
also discuss the influence of noise on the states, and characterize these effects by
performing numerical simulations in our particular choice of geometry.

This chapter is structured as follows: first, we give a brief introduction to the
class of states we want to build and measure, after which we particularize the
setup by choosing a particular geometry. We present observables that characterize
the state and act as entanglement witnesses in section 10.3, in which we also
face the main difficulties associated to this method. We find that even under
decoherence states useful for quantum computation can be found, and analyse
simple observables that bound the fidelity of the state. Then, Sec. 10.4 reviews
the experimental techniques available to create graph states in optical lattices.
The additional difficulties which the measurement protocol faces in an optical
lattice setup are analyzed theoretically in section 10.5. Finally, in Sec. 10.6, we
perform numerical simulations of a cluster state subject to different noise sources,
demonstrating that the entanglement witness is capable of detecting those errors.

10.2 Graph states

Graph states are a particular kind of genuine multipartite entangled state ([17])
which can be most intuitively understood by its construction: we assume that we
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start with completely unentangled qubits and then choose some 2-qubit maximally
entangling gate which we apply to pairs of qubits. The qubits can be considered
“vertices” of a graph where the “links” are given by the application of the entagling
gate. Graph states have been proposed to perform universal quantum computation
just based on measurements (MBQC) and have intriguing properties. While some
of the most useful characteristic of graph states will be outlined in section 10.3, a
recommended complete review on this topic can be found in Ref.[42]). Along this
chapter, we will use the terms qubit, vertices and atoms rather interchangeably.

An important peculiarity of the graph states we will deal with in this chapter
is that they are bipartite, i.e. one can choose two sets of atoms A and B which
cover all vertices but do not have any links within them. This fact will be of key
importance in applying the results of section 10.3.3. In particular, we will perform
numerical simulations to illustrate the protocol in a honeycomb lattice of atoms,
as shown in Fig. 10.1.

a) b)

c) α

γ

β

Fig. 10.1: (a) We work with two subsets of qubits (here coloured in yellow and blue)
trapped in two independent triangular sublattices, which together form a honey-
comb lattice. (b) A graph state can be generated moving one of the sublattices
along three different directions. (c) In this work we analyze the properties of
localizable multipartite entanglement in small sets of 2 (α), 4 (β), 6 (γ), or
more spins. Each of these regions, Ω, is connected with its boundary, ∂Ω, by
two-qubit unitaries.

To fix ideas we will assume that the entangling operation between atoms in
different sublattices is a CZ gate, UCZ = exp

(
−iπ

4
σzAσ

z
B

)
. After three parallel sets

of operations, beginning with a product state, (|0〉 + |1〉)⊗N , we will arrive at a
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graph state

|G7〉 ∼
∏

i∈A

∏

j∈N (i)

U
(i,j)
CZ (|0〉+ |1〉)⊗NA+NB , (10.1)

where A and B denote the sublattices and N (i) ⊂ B is the set of nearest neighbors
to the potential well i ∈ A Note that if instead of using the control-phase one
implements a control-NOT, UCNOT = (1 + σzA) 1B − (1− σzA)σxB, where the B-
type atoms absorbs the parity of its neighbors, we obtain what we call a “parity”
multipartite entangled state

|P7〉 ∼
∏

i∈A

∏

j∈N (i)

U
(i,j)
CNOT (|0〉+ |1〉)⊗NA+NB . (10.2)

10.3 Entanglement witnesses

10.3.1 Global fidelity of graph states

All the states that we can create using the previous operations belong to the
family of stabilizer states. In both cases we have a complete set of NA +NB local
observables, the stabilizing operators, gi, that may take values {−1,+1}, and for
which the states G7 and P7 are eigenstates with eigenvalue +1 on all sites 1. For
instance, in the case of the graph state we have

gi |G7〉 = +1 |G7〉 , ∀i ∈ A ∪B. (10.3)

with the stabilizing operators gi = σxi
∏

j∈N (i) σ
z
j . In general, given a set of lattice

sites, Ω, we can construct a projector onto a stabilizer state containing those sites

PΩ =
∏

i∈Ω

1

2
(1 + gi). (10.4)

In theory we can use this projector to compute the fidelity of our experimentally
realized state, ρ, which is probably mixed, with respect to the objective G7 or
P7,

FA∪B = tr(PA∪Bρ), (10.5)

where the region under study now encloses the A and B sublattices. However
in practice this is already impossible for a few qubits, since the evaluation of
FΩ requires us to measure 2NA+NB different observables coming from all possible
products of the gi operators. The difficulty of this task seems to be tantamount
to performing a full tomography of the mixed state ρ.

1 The gi operators are the generators of the so-called stabilizer group [37].
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10.3.2 Localizable fidelity

Instead of following this very complicated route, we will focus on two simpler
questions, which are intimately related: (i) a notion of local fidelity to the stabilizer
state and (ii) the existence and detection of genuine multipartite entanglement [3]
in the lattice. In both cases we can extract a number, let it be a fidelity or the
expectation value of an entanglement witness, F (i) or W (i), which is distributed
over the 2D lattice of sites. With those numbers we can study the distribution of
entanglement and how much our state has been affected by noise or decoherence.

Our notion of “localizable fidelity” builds on the fact that given a simply con-
nected set of sites, Ω, and a perfect graph state, |G7〉 , we can extract another
perfect graph state in that region. One way to achieve this is measuring the
boundary qubits, ∂Ω, [See Fig. 10.1c] and, depending on the outcome of those
measurements, performing phase gates on the qubits that were immediately con-
nected to them. An alternative but completely equivalent way is to disentangle
the boundary with the same two-qubit unitaries we used to build the state

ρΩ = tr


∏

i∈∂Ω

∏

j∈N (i)

U
(i,j)
CZ ρA∪B


 . (10.6)

The most important idea is that this procedure still can be applied if the initial
state of the atomic ensemble is mixed, ρA∪B, due to decoherence. In this case the
fidelity of the final state is related to the same observable that we found before,
that is

FΩ = 〈GΩ| ρΩ |GΩ〉 = tr (PΩρA∪B) , (10.7)

the fidelity of the final state only depends on how close ρA∪B is to the eigenstates of
the stabilizing operators that cover the region and the boundary, Ω∪∂Ω. The final
observation is that the fidelity FΩ gives us not only local information about how
close our state is to the graph state, but it is also a witness for genuine multipartite
entanglement in that region, WΩ = 1

2
1− PΩ [93].

10.3.3 Optimized witnesses

However, even if 〈W 〉 < 0 detects entanglement, the evaluation of this quantity
seems to require a number of measurements that increases exponentially with the
number of qubits. We thus need another ingredient, which is obtained by writing
the fidelity as a product of two operators constructed from stabilizing operators
corresponding to different sublattices, PΩ = PΩ∩APΩ∩B, and introducing a new
operator [92]

P̃Ω = PΩ∩A + PΩ∩B − 1 ≤ PΩ, (10.8)

This equation can be readily verified in the basis that diagonalizes both PΩ∩A and
PΩ∩B, where the eigenvalues of the projectors can only be 0 or +1.
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Fig. 10.2: Two-dimensional distribution of the entanglement witnesses for (a) two, (b)
four and (c) six particle arrangements, α, β and γ from Fig. 10.1c, respectively.
The value of the witness is color coded on the (a) links, (b) atoms or (c) center
of the plaquette. A a negative value of the witness (red) denotes existence of bi-
or multi-partite entanglement. All pictures present the same defects, consisting
on two empty sites (triangles), atoms subject to strong dephasing (circle), and
an increase of phase gate errors towards the edges of the trap.

This observable provides a lower bound for the fidelity

FΩ ≥ 〈P̃Ω〉, (10.9)

and can be used to construct an entanglement witness

W̃Ω =
1

2
1− P̃Ω. (10.10)

The advantage is that now the quantities 〈PΩ∩A〉 and 〈PΩ∩B〉 can be extracted
from just two settings of measurements. In particular, for the graph state one
such expectation values

〈PΩ∩A〉 =

〈 ∏

i∈Ω∩A

1

2


1 + σxi

∏

j∈N(i)

σzj



〉
, (10.11)

is obtained measuring σx in all A atoms (i ∈ Ω ∩ A) and σz in the B (j ∈ N(i)),
while the other expectation value is obtained with the opposite measurement basis.
Note also that postprocessing the same set of measurement results we can compute
the values 〈P̃Ω〉 for any region Ω, which allows us to produce two-dimensional
displays of the distribution of localizable fidelity or the multipartite entanglement
witness.

10.4 Experimental generation of stabilizer states

The original method for creating graph states with neutral atoms was based on
filling state-dependent lattices with one atomic species and using controlled col-
lisions [64, 47]. In contrast, we propose to develop our ideas building on the
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experimental setup from Ref. [16, 55], which traps two different species of atoms
in two coexisting optical lattices, one of which can be moved. This setup com-
bines a diffraction mask with a powerful microscope objective, which projects two
similar triangular lattice patterns on its focal plane. Using two light beams with
different frequencies, the experiment may trap lithum and cesium atoms in two
independent lattices that can be moved at will along the plane that confines the
atoms. As shown in Fig. 10.1a, we can contemplate the Cs and Li arrangements
as the triangular sublattices of a larger honeycomb lattice where each Cs atom is
surrounded by three Li atoms, and vice versa; and each atom acts as one qubit.
Since our lattice is bipartite by construction entanglement can be created using a
small number of steps, equal to the coordination number of the full lattice. Con-
tinuing with this example, one has to move one sublattice three times so that each
Cs atom approaches each of its neighboring Lithium atoms [Fig. 10.1b], suffering a
controlled collision [64] or an engineered interaction [16]. A fundamental difference
with the previous setups is that the sublattice now moves as a whole, regardless of
the internal states of the atoms. If the lattices are very deep and the atom-atom
interaction is strong enough, this can be done with great precision.

Naturally, using a particular experimental setup adds characteristic forms of
noise to the measurement of the stabilizer operators, which may result in failure
to pass the witness test. In order to quantify how typical noise sources in optical
lattice setups affect the theoretical results, we will perform a theoretical study
of the effect of the noise and numerical simulations based on our chosen lattice
geometry in the following sections.

10.5 Positive maps and Noise sources

Any physical operation on a quantum state must be a trace preserving positive
map, which maps density matrices into density matrices. Furthermore, such oper-
ators admit a unique decomposition using a set of operators

ε(ρ) =
∑

k

AkρA
†
k,

with the property ε(1) = 1.
This description admits a generalization to expectation values. In other words,

we also have a positive map description in the Heisenberg picture, where opera-
tors/observables and not states are changed. Using the definition 〈Θ〉 = tr{Θρ},
the change in the expectation value can be expressed as

〈Θ〉ε(ρ) = tr{Θ
∑

k

AkρA
†
k} = 〈ε̃(Θ)〉

where ε̃(Θ) =
∑

k A
†
kΘAk.

We now want to estimate the effect of different positive maps on our entan-
glement witnesses. We will first focus on local error sources. It is important to
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observe that the expected values we want to calculate are of the general form

P = f(σαi∈A, σ
β
i∈B), α, β ∈ {x, z},

that is, they are functions of the same observables on each sublattice. This means
that under local error sources the following relation applies:

P ′ = f
(
ε̃(σαi∈A), ε̃(σβi∈B)

)
.

Therefore it suffices to compute how the operators change under the different local
error sources. In each case, the decoherence channel will change the effective value
of the stabilizer expectation value.

10.5.1 Dephasing

In this noise source we have an average over random phases

ε̃(σx) =

∫
e−iφσ

z

σxeiφσ
z

p(φ)dφ.

If the distribution p(φ) is symmetric, then

ε̃(σx) =

∫
[cos(2φ) + i sin(2φ)σz]σxp(φ)dφ = (1− εi)σx,

with some error factor εi. Since the σz operators are not affected, it is legitimate
to say that the map induces a global change in the expected value gi → (1− εi)gi.

10.5.2 Particle loss

This positive map has the form

ε(ρ) = (1− p)ρ+ p|0〉〈0|,
which we can also write in Kraus form using the operators

A0 = (1− p)1, A1 = p|0〉〈0|, A2 = p|0〉〈1|.
This means that the operators transform as

ε̃(Θ) = (1− p)Θ + p〈0|Θ|0〉1.
Thus the stabilizer operators are modified

gi → (1− p)Nσxi
∏

j∈N(i)

σzj + g⊥i ,

where N is the number of qubits in the stabilizer operator (4 in our case for the
honeycomb lattice) and the g⊥i contain terms that are going to vanish because they
can be written in the form giσ

x
i

∏
j∈N ′(i) σ

z
j or gi

∏
j∈N ′(i) σ

z
j with N ′(i) ⊆ N(i), so

that their expectation values are zero.
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10.5.3 Errors in the gates

We can proceed similarly though some subtleties are to be taken into account.
First of all we realize that instead of transforming the state we can transform the
stabilizer operators which appear in the expectation value

gj → e−i
∑
k∈N(j) εjkσ

z
j σ
z
kgje

+i
∑
k∈N(j) εjkσ

z
j σ
z
k .

It can be seen that this is equivalent to performing the same transformation only
on the σxj operator

σxj →
∏

k

[
cos(2εjk) + i sin(2εjk)σ

z
jσ

z
k

]
σxj ,

Note that since we only have σx operators in one sublattice and σz on the other,
the phases that we have here are uncorrelated among different σx operators. Fur-
thermore, any term that contains a σz operator vanishes once we take expec-
tation values, which means that we can replace σxj → (1 − εj)σ

x
j , where εj =∏

k

∫
εjkpjk(εjk)dεjk. This shows that the outcome is a global reduction of the

stabilizer expectation value.

10.6 Simulations

This section features a numerical simulation of a realisation of our method in an
experiment taking possible practical sources of error into account. We have studied
the degradation of the expectation value of the witness W̃Ω given in Eq. (10.10).
In general it is not possible to compute easily the change of 〈PΩ〉, but we will take
advantage of the facts that the witness is the sum of two functions of stabilizing
operators corresponding to different sublattices and that for our sources of noise
these expectation values have simple expressions, such as 〈PΩ∩A,B〉 =

∏
i∈Ω∩A,B(1+

〈gi〉)/2, in which only the expectation values of isolated stabilizers appear, 〈gi〉.
We have considered various types of noise, as detailed in the previous section, and
use the quantum channel formalism to compute the changes in 〈gi〉.

(i) Dephasing, which is due to fluctuations in the energy levels of the atoms due
to external fields, εj(ρ) =

∫
dθj exp(−iσzθj)ρ exp(iσzθj)p(θj). This map is re-

peated on all sites, with site dependent uniformly distributed random phases
in [−εj, εj], degrading the stabilizing operator 〈gi〉 → 〈gi〉

∏
i∈Ω sin(2εi)/2εi.

(ii) Imperfections in the gates that entangle pairs of sites, U
(j,k)
CZ → U

(j,k)
CZ exp(iθjkσ

z
jσ

z
k),

where θjk are again random variables, uniformly distributed in [−εjk, εjk].
This error introduces a factor in the expectation value of the stabilizing op-
erators, 〈gi〉 → 〈gi〉

∏
j∈N(i)

1
2
(1+sin(2εij)/2εij), plus other terms that do not

contribute to the witness (10.10).

(iii) Atom loss, which introduces a new state in the lattice, the hole |h〉. In prac-
tice, it can be described by εAL(ρ) = (1− p)ρ+ p |0〉 〈0| .
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(iv) Spontaneous emission εSE(ρ) = (1− p)ρ+ p |0〉 〈0| .

(v) The completely depolarizing channel εDP(ρ) = (1− p)ρ+ p
2
1.

The last three sources of error have the same effect, 〈gi〉 → (1− p)〈gi〉.
With these types of noise and decoherence we studied the evolution of our

witness operators and the overall description of a potential experiment using them.
The results are shown in Figs. 10.2a-c, where we plot the values of W̃α, W̃β and
W̃γ, interpolated using smooth functions that are centered and cover the affected
regions, α, β and γ, of two, four and six qubits. The result is a two-dimensional
map of the entanglement content, where the value of the witness is color-coded
either (a) on the link between two atoms, α, (b) on the central atom and the
star surrounding it, β, or (c) on the center of the six-atom plaquette, γ. In these
particular plots we have combined all sources of decoherence, making some of
them more relevant in different regions of the lattice. We have introduced a region
of atoms subject to strong dephasing induced by a focused laser, covering the
area marked by a circle. We have also emptied two sites, surrounded by a triangle.
These empty holes are numerically equivalent to having spontaneous emission with
100% probability. Finally, we have assumed that the phase gate is 100% accurate
in the center of the lattice and acquires a 10% error at the boundary of the lattice.

We already appreciate interesting features in these simple simulations. The
first one is that bipartite entanglement is less affected by noise than multiqubit
arrangements. While we can reconstruct a Bell state close to the boundary with
an 80% error, the four- and six-qubit states only have an appreciable value of the
witness when the CZ gate is above 90% fidelity. The second feature is that the
effect of local errors remains local. The sites, bonds and plaquettes that share
one or more qubits with the regions affected by atom loss or strong decoherence
(circle and triangle in the plot) have positive values of the witness and do not have
significant entanglement. However, one site or plaquette away from the region of
influence of those defects, the witnesses recover their large negative value.

10.7 Conclusions

This chapter has presented a simple scheme for detecting bipartite and multipar-
tite entanglement in two-dimensional lattices with ultracold atoms. The present
study admits a straightforward generalization not only to other bipartite lattice
setups, such as square lattices, but also to other interaction schemes (UCNOT), or
to displacing each Cs atom not three, but one or two times. Further work on how
this protocol might be useful in characterizing states for fault-tolerant QC and
simple surface codes can be found in Ref.[50].

We must remark that our scheme only uses the fact that the lattice is bipartite
and that it is possible to simultaneously measure the state of all lattice sites in each
sublattice independently. In particular, while we have focused on a two-species
setup [16, 55], exactly the same protocols and measurement schemes can be used
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using the state-dependent optical lattices in previous experiments [64], combined
with the new optics that allows imaging individual lattice sites [14]. The only
difference is that since we do not have different atoms on different sublattices,
the measurement protocol has to be preceded by a global and local rotation of one
sublattice to change its measurement basis. This is not too complicated and can be
done using two counterpropagating laser beams in an optical lattice configuration,
such that their maxima of intensity concide with just one sublattice.

This proposal represents the first experimentally realizable scheme for mapping
out the entanglement distribution and fidelity of a very large many-body correlated
state. It also opens the path for the experimental detection of very large cluster
states, a task which so far was not achievable using ultracold atoms in optical
lattices, but which becomes possible for ongoing experiments using two species
of atoms and holographically generated trapping potentials [16]. In particular, it
is important to remark that the family of graph states in honeycomb lattices is
a universal resource for measurement-based quantum computation and that this
scheme can be used to isolate regions of high fidelity in such resources.
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11.1 Summary of results

This thesis has addressed the possibility of characterizing and detecting directly
non-local properties of bidimensional atomic clouds. As already mentioned, the
main motivations for this proposals arise from the field of quantum information
and quantum simulations. The main results of this thesis are listed below, in an
order and structure that closely, but not exactly, resembles the order of chapters
in this thesis:

• A complete tunable Dirac Hamiltonian can be feasibly engineered
in a 2D optical lattice.

We have reviewed the way a family of tight-binding models with massive
particles can give rise to low-energy theories of Dirac masless fermions. The
relationship between all possible (non-interacting) terms and the tunable
microscopic parameters is explained. The specific characteristics of the setup
are detailed and quantified, in order to make a full simulation proposal.
Finally, a few methods of measurement are put forward, which depend on
the characteristics of the particular experiment, and which pave the ground
for more complicated simulations in similar setups.

• The topological order of a Chern insulator can be measured by a
time-of-flight experiment

We have shown that a two-band Chern insulator can be implemented and
detected in an optical lattice experiment. A winding number can be com-
puted from time-of-flight images of the cloud, which is equivalent to the
Chern number. We have checked numerically that the detection procedure
is completely robust under the inhomogeneities and temperatures typical of
optical lattice experiments, as it might be expected from an integer-valued
topological invariant.

• The Chern number of a composite system of pseudospins can be
exactly measured from partial winding numbers.

We have proved the Chern number of a 4x4 translationally invariant Hamil-
tonian can be decomposed as the sum of the Berry phases -winding numbers-
of two pseudospin partitions. For the proof to hold, it is required that these
partitions are nowhere maximally entangled - which sets a strong restriction
of the choice of bipartitions. In general, this restriction will imply that the
bipartition is motivated by some symmetry of the problem. Moreover, and
building on the previous result, this means that the Chern number of such
a composite system can also be measured in a time-of-flight experiment: we
show that a remarkable example of the power of this method can be found
in a proposal to measure Majorana zero modes in a fully described optical
lattice experiment.
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• The winding number can be measured to detect phase transitions
in systems with more degrees of freedom.

We have built a tight-binding model which features Abelian and non-Abelian
potentials on massive fermions. Measurements on the spin degree of freedom
alone are sufficient to construct a winding number which changes along a
non-Abelian phase transition, as it is shown numerically. In line with the
intuition provided by the last chapter, the information that can be extracted
from this partial measurements critically depends on the breaking of relevant
symmetries of the problem.

• Genuine multipartite entanglement can be locally measured in
graph states.

We have shown that the local fidelity of a graph state can be measured in a
simple model of qubits in a bipartite lattice. More importantly, this fidelity
is a genuine multipartite entanglement witness that can be computed for
arbitrary regions, with just two sets of measurements. We have provided
numerical evidence that the protocol works for various typical sources of noise
in optical lattice experiments. Although the measurements are in themselves
destructive, the method is useful both as a means to certify the presence of
entanglement and as a calibration tool for any setup which aims at building
large graph states.

11.2 Outlook

This section will put together all the possible research directions that have been
suggested in the body of the thesis, plus comment on some more speculative ideas
that might become relevant research directions in the field, or else be totally useless.

One of the main questions that this thesis puts forward, and which is also at
the core of the field of quantum simulations, is how to compute and character-
ize the effect of interactions between particles. For most kind of problems, and
particularly problems of fermions in a two-or-higher dimensional lattice, classical
numerical methods are too costly or directly fail. However, characterization of
such problems may be of great value: exotic phases of matter with anyonic excita-
tions, topologically-protected Majorana zero modes or even the secrets of high-Tc
superconductivity might be found in that complicated realm.

This thesis has presented a new tool for this challenge: an observable winding
number that can be computed through routine time-of-flight imaging in optical
lattice experiments. This topological invariant is not only equivalent to the Chern
number in its simplest case, but chapters 5 and 8 have shown that it can also
be equivalent to the Chern number in composite cases, with the free bonus of
providing information about the entanglement content between bipartitions. If
any experiment is able to change the choice of bipartitions with freedom, this
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provides direct access to the scaling properties of the non-interacting entanglement
spectrum.

Moreover, the winding number can also be used as an independent, meaningful
invariant when we have no access to the complete set of degrees of freedom of the
state. This has been shown in chapter 9 for a simple case, but its full power shall
be developed when such a measurement method is applied to a many body state.

Another natural question is whether there is some set of natural observables
that capture the Chern number for systems bigger than pseudospins - some sort of
winding number for higher dimensions. In a sense, the spin case is simple because
three expectation values are equivalent to doing full tomography of the state, but
the experience with the composite 4x4 case renders hope that more complicated
systems do not need some tomography-equivalent set of observables for extracting
topological invariants; one can only expect that new (and interesting!) restrictions
may apply to this case, as the role of entanglement in this decomposition suggests.

Finally, there are some general directions that this thesis is ponting towards,
and which may be interesting to mention. To name but a few, is there any mea-
surement protocol for a many-body entanglement spectrum? Are partial invariants
relevant to characterize a state, and if so, is there a meaning having all the neces-
sary topological information in expendable degrees of freedom? Since it is possible
to model topological insulators and superconductors as bidimensional spin sys-
tems, what is the many-body sense of this spin lattice having entanglement, or -
inspired by the results of chapter 10 - localizable entanglement? These and other
similar questions can be combined into the main objective of the thesis, as outlined
in the introduction: could we extract more sense of the characterization artifacts
that we use, only if we had a clear sense of how they are to be measured? We
strongly believe the answer to that question is positive, and justifies the work of
the present thesis.
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[3] A. Aćın, D. Bruß, M. Lewenstein, and A. Sanpera. Classification of Mixed
Three-Qubit States. Phys. Rev. Lett., 87(4):040401, July 2001.

[4] M. Aidelsburger, M. Atala, S. Nascimbène, S. Trotzky, Y.-A. Chen, and
I. Bloch. Experimental Realization of Strong Effective Magnetic Fields in
an Optical Lattice. Phys. Rev. Lett., 107(25):255301, December 2011.

[5] E. Alba, X. Fernandez-Gonzalvo, J. Mur-Petit, J.J. Garcia-Ripoll, and J.K.
Pachos. Simulating Dirac fermions with Abelian and non-Abelian gauge
fields in optical lattices. Ann. Phys. (N. Y)., 328:64–82, January 2013.

[6] E. Alba, X. Fernandez-Gonzalvo, J. Mur-Petit, J. K. Pachos, and J. J.
Garcia-Ripoll. Seeing Topological Order in Time-of-Flight Measurements.
Phys. Rev. Lett., 107(23):235301, November 2011.

[7] Jason Alicea. Majorana fermions in a tunable semiconductor device. Phys.
Rev. B, 81(12):125318, March 2010.

[8] Alexander Altland and Martin R. Zirnbauer. Nonstandard symmetry classes
in mesoscopic normal-superconducting hybrid structures. Phys. Rev. B,
55(2):1142–1161, January 1997.

[9] E. Anisimovas, F. Gerbier, T. Andrijauskas, and N. Goldman. Design of
laser-coupled honeycomb optical lattices supporting Chern insulators. Phys.
Rev. A, 89(1):013632, January 2014.

[10] M.A. Armstrong. Basic Topology.

[11] Neil W. Ashcroft and N. David Mermin. Solid state physics. 1976.



142 Bibliography

[12] J. Avron, R. Seiler, and B. Simon. Homotopy and Quantization in Condensed
Matter Physics. Phys. Rev. Lett., 51(1):51–53, July 1983.

[13] W S Bakr, A Peng, M E Tai, R Ma, J Simon, J I Gillen, S Fölling, L Pollet,
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Esslinger. Fermionic Atoms in a Three Dimensional Optical Lattice: Ob-
serving Fermi Surfaces, Dynamics, and Interactions. Phys. Rev. Lett.,
94(8):080403, March 2005.

[57] Ville Lahtinen. Interacting non-Abelian anyons as Majorana fermions in the
honeycomb lattice model. New J. Phys., 13(7):075009, July 2011.

[58] Ville Lahtinen, Andreas W. W. Ludwig, Jiannis K. Pachos, and Simon
Trebst. Topological liquid nucleation induced by vortex-vortex interactions
in Kitaev’s honeycomb model. Phys. Rev. B, 86(7):075115, August 2012.

[59] Ville Lahtinen and Jiannis K. Pachos. Topological phase transitions driven
by gauge fields in an exactly solvable model. Phys. Rev. B, 81(24):245132,
June 2010.
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