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Light scalar susceptibilities and isospin breaking
R.Torres Andrés and A.Gómez Nicola

Departamento de Física Teórica II. Univ. Complutense. 28040 Madrid. Spain.

Abstract.
Making a thermal analysis in the context of NLO SU(3) Chiral Perturbation Theory we see that

isospin breaking (IB) corrections (both electromagnetic and QCD ones) to quark condensates are
of order O(e2) and O(ε), with ε the π0−η mixing angle. However the combination χuu− χud of
flavour breaking susceptibilities, which vanishes in the isospin limit and can be identified essentially
with the connected susceptibility, has an order O(1) contribution enhanced with T because of the
π0−η mixing. Finally we present a thermal sum rule that relates quark condensate ratios and the
light scalar susceptibility without IB, χ(T )−χ(0).

PACS: 12.39.Fe, 11.10.Wx, 11.30.Rd

1. INTRODUCTION

The low-energy sector of QCD has been successfully described over recent years within
the chiral lagrangian framework. Chiral Perturbation Theory (ChPT) is based on the
spontaneous breaking of chiral symmetry and provides a consistent and systematic
scheme to calculate low-energy observables [1, 2, 3]. This formalism has been also
extended to include finite temperature effects, in order to describe meson gases and their
evolution towards chiral symmetry restoration [4, 5]. The effective ChPT lagrangian is
constructed as an expansion of the form L =Lp2 +Lp4 + . . . where p denotes a meson
momentum or mass compared to the chiral scale Λχ ∼ 1 GeV.

ChPT can take into account both QCD (due to the light quark masses diference
mu − md 6= 0) and electromagnetic IB by means of new terms that implement the
chiral symmetry breaking pattern. The former generates a π0−η mixing in the SU(3)
lagrangian which introduces corrections of order (md −mu)/ms that, as we will see in
section 3, will be important when considering some combinations of the light scalar
susceptibilities at finite temperature. On the other hand, the presence of electromagnetic
interactions induces mass differences for the light mesons through the presence of
virtual photons. These corrections have been included in the ChPT effective lagrangian
[6, 7, 8, 9] by means of terms like Le2 , Le2 p2 and so on, with e the electric charge.
These terms are easily incorporated in the ChPT power counting scheme by considering
formally e2 = O(p2).

The aim of this work is to explore within the thermal ChPT formalism the IB cor-
rections to quark condensates (section 2) and their corresponding light scalar suscep-
tibilities (section 3) to NLO, both physical objects directly related to chiral symmetry
restoration. More details are given in [10].
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2. QUARK CONDENSATES AND THERMAL SUM RULE

Quark condensates are defined as the order parameters of the chiral transition. For their
O(p4) calculation we need the terms Lp2 (which generates the meson loops), Le2 (that
induces the charged mesons mass diference to LO); and, in order to renormalize the
results, the next order ones Lp4 , Lp2e2 and Le4 to tree level. The relevant terms and
details of the renormalization are given in [16].

For the sum of up and down quark condensates, and their difference, in SU(2) we get
to one loop :

〈ūu+ d̄d〉T = 〈ūu+ d̄d〉0 +2F2B0 [gπ0(T )+2gπ+(T )] (1)

〈ūu− d̄d〉T = 4B2
0(md−mu)h3−

8
3

F2B0e2k7 (2)

where gi(T ) =
g1(Mi,T )

2F2 , and g1(M,T ) = 1
2π2

∫
∞

0 d p p2

Ep
1

eβEp−1
, with E2

p = p2 + M2 and
β = 1/T .

From now on the superscript R in the low energy constants will mean that the results
have been already renormalized in the MS scheme, and the subscript 0 will refer to
the zero temperature results, which can be found in [16]. As a nontrivial check of our
calculation, one can see that the condensates in (1)-(2) are finite and scale-independent.

These results are compatible with the expressions for e = 0 and T = 0 in [2], for
T 6= 0, mu = md and e = 0 in [4], and for the condensate difference (2) with e 6= 0 and
T = 0, in [8].

In the SU(3) case, we have calculated, also to one loop, the light u,d and strange
s condensates, taking into account both sources of IB. The main distinctive feature in
this case, as commented above, is the appearance of π0−η mixing term through the
tree-level mixing angle ε defined by tan2ε =

√
3

2
md−mu
ms−m̂ . The condensates are

〈ūu+ d̄d〉(3)T = 〈ūu+ d̄d〉(3)0 +2F2B0

(
1
3

(
3− sin2

ε
)

gπ0(T )+2gπ±(T )+gK0(T )

+gK±(T )+
1
3

(
1+ sin2

ε
)

gη(T )
)

〈ūu− d̄d〉(3)T = 〈ūu− d̄d〉(3)0 +2F2B0

(
sin2ε√

3
[gπ0(T )−gη(T )]+gK±(T )−gK0(T )

)
(3)

〈s̄s〉T = 〈s̄s〉0 +F2B0

(
4
3
[
gπ0(T )sin2

ε +gη(T )cos2
ε
]
+2 [gK±(T )+gK0(T )]

)
. (4)

These results are finite and scale-independent with the renormalization of the LEC,
including the EM ones, given in [3, 7]. On the other hand, the condensates agree with
those of [3] for e = 0 and T = 0.

An interesting application of the above calculations is a thermal sum rule relating the
ratio 〈q̄iqi〉e 6=0

〈q̄iqi〉e=0 and the divergence-free light scalar susceptibility without IB, χ(T )−χ(0),
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which dominates the thermal behaviour of 〈q̄iqi〉e6=0

〈q̄iqi〉e=0 (T )−
〈q̄iqi〉e6=0

〈q̄iqi〉e=0 (0) in both two and three

flavour ChPT. One can see that, up to order e2 we have

〈q̄iqi〉e6=0

〈q̄iqi〉e=0 (T )−
〈q̄iqi〉e6=0

〈q̄iqi〉e=0 (0) =
M2

π±−M2
π0

F2 g2(Mπ0,T ) =
4Ce2

3F4
m̂2

M4
π0

[χ(T )−χ(0)] (5)

with g2(M,T ) =−∂g1(M,T )
∂M2 and χ being defined as χ = ∂ 〈q̄q〉/∂m, where m = mu = md

is the light quark mass in the isospin limit. As mentioned, we do not distinguish here
between different flavour-breaking susceptibilities χu,χd , as we will do in section 3.

The interest of the relation (5) relies on the fact that chiral susceptibility is expected to
grow when the system reaches the chiral restoration. Although our results are obtained
in a low-T ChPT approach and we cannot reproduce any peak in the susceptibility
(as would correspond in the case of a 2+1 flavour case smooth crossover [11, 12,
13]), the growing behaviour predicted for χ(T ), which numerically remains below the
lattice values, would indicate that the EM mass corrections to condensates may be
important near the transition, a fact that should be taken into account for lattice and
phenomenological analysis.

3. LIGHT SCALAR SUSCEPTIBILITIES AND THE ROLE OF
THE π0−η MIXING

From now on, we will restrict ourselves to the case of SU(3) ChPT with two active
flavours u and d. Different light quark masses allow to consider three independent light
scalar susceptibilities defined as

χi j =−
∂

∂mi
〈q̄ jq j〉=

∂ 2

∂mi∂m j
logZ(mu 6= md). (6)

To leading order in the mixing angle, the contribution of the π0−η mixing in the
quark condensate difference (2) is of order ε2 whereas for (3) it goes like ε . When
considering finite temperature, the thermal functions gi(T,Mi), i = π0,η are suppressed
by those coefficients and the quark condensates do not receive important corrections.
The important point is that differentiating with respect to a light quark mass is essentially
the same as differentiating with respect to ε ∼ md−mu

ms
, so the suppression of the thermal

functions is smaller in the case of the susceptibilities than in the quark condensate, even
at low and intermediate temperatures.

Because of the linearity in ε of (3), the combinations χuu−χud and χdd−χdu receive
an O(1) IB correction due to π0−η mixing, even though the IB effects in the quark
condensate are small. These objects are zero in the isospin limit, so all the difference
between χuu or χdd and χud has an IB origin and they are more sensitive to flavour
breaking than other combinations such as χuu− χdd , which also vanishes without IB,
since from the analysis of the ε dependence of the quark condensate difference we get
χuu ' χdd .
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T <MeV>

FIGURE 1. χuu(T )− χud(T ) normalized to the total susceptibility χtot(0) = χuu + χdd + 2χud at zero
temperature.

T <MeV>

FIGURE 2. χcon(T ) (blue dashed line) and χdis(T ) (magenta line) normalized to the total susceptibility
χtot(0) = χuu +χdd +2χud at zero temperature.

Following the definitions given in [14, 15] one can also relate these flavour breaking
susceptibilities with the connected and disconnected susceptibilities (figure 2)

χdis = χud, (7)

χcon =
1
2
(χuu +χdd−2χud). (8)

Taking into account, as we have already mentioned above, that χuu ' χdd , the con-
nected piece, which vanishes in the isospin limit (as noticed in [14]), is essentially the
same as χuu−χud , so it will be more sensitive to flavour breaking than the disconnected
one. This fact would be interesting for lattice because it shows that, in our model inde-
pendent scheme, the non-zero character of the connected susceptibility is dominated by
IB effects.
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Although the total susceptibility with IB is different from that calculated with the
quark condensate in the isospin limit and differentiating with respect to m = mu = md
(see figure 3), the restoration temperature seems not to be affected, as can be seen in
[10] parametrizing the quark condensate by means of suitable functions that mimic the
behaviour at low-T and reproduce the shape of a crossover at large temperatures.

T <MeV>

FIGURE 3. χtot(T ) (blue dashed line) and total susceptibility in the isospin limit, χ IL
tot(T ) (magenta

line), normalized to the total susceptibility χtot(0) = χuu +χdd +2χud at zero temperature.
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