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Abstract We study various degrees of completeness for a Tychonoff space X. One
of them plays a central role, namely X is called a Conway space if X is sequentially
closed in its Stone–Čech compactification β X (a prominent example of Conway
spaces is provided by Dieudonné complete spaces). The Conway spaces constitute a
bireflective subcategory Conw of the category Tych of Tychonoff spaces. Replacing
sequential closure by the general notion of a closure operator C, we introduce
analogously the subcategory ConwC of C-Conway spaces, that turns out to be again a
bireflective subcategory of Tych. We show that every bireflective subcategory of Tych
can be presented in this way by building a Galois connection between bireflective
subcategories of Tych and closure operators of Top finer than the Kuratowski
closure. Other levels of completeness are considered for the (underlying topological
spaces of) topological groups. A topological group G is sequentially complete if it
is sequentially closed in its Raı̆kov completion G̃. The sequential completeness for
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topological groups is stronger than Conway’s property, although they coincide in
some classes of topological groups, for example: free (Abelian) topological groups,
pseudocompact groups, etc.
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1 Introduction

In the sequel we denote by Top the category of topological spaces and continuous
maps and by Tych the full subcategory of Tychonoff spaces. For A ⊆ X let seq(A)

or seqX(A) be the set of all those x ∈ X for which there exists a convergent sequence
extracted from A with limit x. The set A ⊆ X will be called sequentially closed in
X if seq(A) = A and it will be called sequentially dense in X if seq(A) = X (so a
subset A ⊆ X is sequentially closed in X iff no sequence in A converges to a point
of X \ A).

1.1 Two Properties of the Stone–Čech Compactification

Let us start with two well-known properties of the Stone–Čech compactification β X
of a Tychonoff space X.

Fact 1.1 χ(y, β X) > ℵ0 for every y ∈ β X \ X.

Here we denote by χ(y, β X) the characater of β X at the point y ∈ β X.
For normal spaces one can prove the stronger property – no sequence in X

converges to a point of β X \ X:

Fact 1.2 If X is normal, then X is sequentially closed in β X.

These facts (whose proofs are given in Section 2) may leave the wrong impression
that every Tychonoff space X is sequentially closed in β X. Indeed, this assertion
appeared in [6, Section V.6, Exercise 8]; in the second edition of the same book,
Tychonoff is replaced by normal, so Exercise 8 in Section V.6 of [7] formulates
Fact 1.2 together with the next question:

Question 1.3 If X is not normal, is the statement of Fact 1.2 still true?

In [26, 13, p. 244] Reid even ’proved’ that every Tychonoff space X is sequentially
closed in β X. In Section 2.1 we offer a detailed analysis of that proof (see Remark
2.12 below).
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The next example showing that Fact 1.2 may fail for a non-normal Tychonoff space
(and hence Question 1.3 has a negative answer) was suggested in Burckel’s review
MR 40 #4685 to Flor’s paper [16].

Example 1.4 Let K := (ω1 + 1) × (ω + 1), p = (ω1, ω) and let T = K \ {p} be the
Tychonoff plank. Then

(a) K is compact, T is a locally compact pseudocompact space and K = βT ([17,
8.20] or [34, 14.6]).

(b) T is not sequentially closed in βT = K. (Indeed, xn = (ω1, n) → p �∈ T.)

The interest of the property isolated by Conway and the frequent misunderstand-
ings of it largely justify the explicit introduction of the following notion:

Definition 1.5 A Tychonoff space is a Conway space (or has the Conway property)
whenever X is sequentially closed in its Stone–Čech compactification β X.

According to Fact 1.2, all normal spaces are Conway. As we have noted, the
Tychonoff plank presents an example of a non-Conway space.

An internal characterization of Conway spaces was obtained in [10], based on the
notion of a C∗-Cauchy sequence: namely, a sequence (xn)n∈N in a Tychonoff space
X such that the sequence ( f (xn))n∈N is convergent for every continuous function
f : X → [0, 1] (these are precisely the sequences (xn)n∈N in X converging in β X).
Although we are not going to use this characterization here, we give it for the sake
of completeness.

Theorem 1.6 [10] For a Tychonoff space X the following are equivalent:

(1) X is a Conway space;
(2) X admits a compatible sequentially complete uniformity;
(3) every C∗-Cauchy sequence {xn : n ∈ N} ⊂ X converges in X;
(4) X is sequentially closed in its Dieudonné completion μX.

Let us recall that a space X ∈ Tych is Dieudonné-complete if X admits a complete
compatible uniformity. Equivalently, if X is complete in the fine uniformity. The
Dieudonné completion of a Tychonoff space X, denoted by μX, is the completion
with respect to the fine uniformity on X.

The above theorem gives clear evidence that Conway’s property should be
interpreted as a completeness property. However, it cannot be compared to Čech-
completeness since Čech-complete (and even locally compact) spaces need not be
Conway (e.g., the Tychonoff plank). On the other hand, Conway spaces obviously
need not be Čech-complete.

The class Conw of all Conway spaces determines a full subcategory of Tych which
we shall still denote by Conw. Even if Conw is not closed under taking arbitrary
subspaces (as every Tychonoff space is a subspace of a compact, hence Conway
space), Conw is still quite well behaved:

Theorem 1.7 Conw is stable under taking arbitrary products and sequentially closed
subspaces.
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This theorem can be proved by using the equivalence (1) ⇐⇒ (2) of Theorem 1.6;
however we shall obtain it also as a direct corollary of a much more general result
(see Corollary 3.8 and Corollary 5.6). Observe that the nice behaviour of the Conway
property with respect to products is in contrast with the failure of productivity
for normality, countable compactness or countable paracompactness, each of them
implying the Conway property (cf. Claim 2.11).

1.2 Sequentially P-closed Spaces

Another motivation for this paper comes from the theory of P-closed spaces. For a
class P of topological spaces X ∈ P is called P-closed if X is closed in every space
Y ∈ P containing X as a subspace [3]. P-closed spaces have been studied since the
ground-breaking Memoir on compact spaces of Alexandroff and Urysohn, where H-
closed spaces appeared for P = H the class of Hausdorff spaces. It is clear that the
compact spaces are precisely the Tych-closed ones.

A modified approach to P-closed spaces was adopted by Gotchev [18] (see also
[8, 11]). Call a P-space sequentiallyP-closed whenever X is sequentially closed in any
other P-space where it can be embedded. The next example explains the advantages
of this notion in certain cases when there are not sufficiently many P-closed spaces.

Example 1.8

(a) Let US denote the full subcategory of Top having as objects all spaces where
convergent sequences have unique limits. Then a US-space X is US-closed
iff it is finite [8, Theorem 2,7], whereas X is sequentially US-closed iff X is
sequentially compact [8, Theorem 1,3].

(b) For the full subcategory SUS of Top having as objects all spaces where
convergent one-to-one sequences have unique adherent point1 the SUS-closed
spaces are the finite unions of convergent sequences [8, Theorem 2.8], whereas
the sequentially SUS-closed spaces are the countably compact SUS-spaces
[8, Theorem 1.4].

It turned out that the counterpart of (b) remains true also in the nicer category
Tych.

Theorem 1.9 ([18, Theorem 2.7]) X ∈ Tych is sequentially Tych-closed iff X is
countably compact.

This theorem and item (b) of Example 1.8 show that in this context the countably
compact spaces are the sequential counterpart of the compact spaces. Hence, count-
ably compact spaces can be considered as a special instance of Conway spaces arising
in the framework of sequentially Tych-closed spaces.

In contrast to [10] we concentrate in this paper on categorical aspects of Conway
spaces, giving in the first sections the topological motivations that led us to Conw as
well as a detailed exposition of Reid’s proof enhancing mainly its positive features.

1i.e., a point x such that every neighbourhood of x contains infinitely many members of the sequence.
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In Section 2 we discuss properties of C∗-embedded discrete subsets and their
impact on Conway spaces. In Sections 3, 4, 5 we give a more general approach
to the category Conw of Conway spaces, based on closure operators in the sense
of [12]. In Section 3 we give the necessary background on closure operators in
order to obtain an easy proof of the stability properties of Conw. In Section 4
(Definition 4.1) we define the category ConwC of C-Conway spaces depending on a
closure operator C that determines (in analogy with the sequential case) the level of
completeness of X (i.e., closedness of X in β X) in terms of C. We prove that ConwC

is a bireflective subcategory of Tych, moreover, every bireflective subcategory of
Tych can be obtained in this way. We consider here also the stronger notion
of absolutely C-closed spaces (see Definition 4.2) following the classical pattern
of P-closed spaces, that is replacing P with Tych and “closed” by “C-closed” (so
for the sequential closure operator C = Seq the absolutely Seq-closed spaces are
precisely the countably compact spaces, according to Theorem 1.9). We consider
various cases when these two notions coincide (Example 4.3, Proposition 4.5 and
Theorem 4.11) and we show that the coincidence problem can be resolved by the
introduction of an appropriate modification ˜C of C, so that the C-Conway spaces
coincide with the absolutely ˜C-closed spaces (Corollary 4.16). In Section 5 we offer
further generalizations of the Conway property that allow for a better understanding
of ConwC (e.g., among others, we easily deduce in Corollary 5.6 that sequentially
closed subspaces of Conway spaces are still Conway).

In Section 6.1 we give our third motivation for the introduction of the Conway
spaces: the Conway property is the precise level of completeness of a topological
space X that characterizes the sequential completeness of the free topological group
F(X) of X. Finally, Section 6.2 contains some results on topological groups whose
underlying spaces are Conway.

2 The Category Conw of Conway Spaces

Here we develop ideas of Reid [26] to obtain criteria for extendibility of appropriate
continuous functions. As a by-product we obtain all necessary tools to prove Facts
1.1 and 1.2.

A C∗-embedded (discrete) subset A of a Tychonoff space X need not be closed
(take for example any infinite discrete space A and X = β A). Now we prove that
discrete C∗-embedded sets still have some closedness property:

Claim 2.1 If D is a discrete C∗-embedded subspace of a Tychonoff space Y, then D is
sequentially closed in Y.

Proof Assume that D is not sequentially closed in Y. Then there exists a one-to-one
sequence (yn) in Y such that yn → y in Y, where y �∈ D. For the set A = {yn : n ∈
N} consider the function f : A → [0, 1], with f (y2n) = 0 and f (y2n−1) = 1. Extend
arbitrarily f to a function ̂f : D → [0, 1]. Since D is discrete, ̂f is continuous.
Obviously, it cannot be extended to a continuous function D ∪ {y} → [0, 1]. So
it cannot be extended to Y either. Therefore D is not C∗-embedded, and this
contradicts the assumption. �
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As an immediate corollary of Claim 2.1 one concludes that every discrete space is
Conway.

For a better understanding of Reid’s argument let us give the following definition,
suggested by his rather natural construction (see Remark 2.12).

Definition 2.2 Let X be a Tychonoff space. An R-quadruple on X is defined as a
quadruple T = (O, (xn), (rn), (tn)), where

1. O = (Un)n∈N is a sequence of non-empty open subsets of X with disjoint closures,
2. (xn)n∈N is a sequence in X such that xn ∈ Un for every n ∈ N,
3. (rn)n∈N a sequence of real numbers,
4. tn : X → [0, 1], n = 1, 2, . . . is a continuous function such that tn(X \ Un) = {0}

and tn(xn) = 1 for every n ∈ N.

Theorem 2.3 Let T = (O, (xn), (rn), (tn)) be an R-quadruple on a Tychonoff space
X. Then T gives rise to an open set U = ⋃

n∈N
Un and a well-defined function t =

∑

n∈N
rntn : X → R that obviously satisfies t(xn) = rn and t(x) = 0 for all x ∈ X \ U.

Moreover, the following hold true:

(a) If O is locally finite or rn → 0, then t is continuous.
(b) If t is continuous, then for every ε > 0 the family

Oε = {{x ∈ Un : |t(x)| > ε}, n = 1, 2, . . . }
is locally discrete.

(c) If X is pseudocompact, then the continuity of t implies that rn → 0.

Proof

(a) Assume O is locally finite. Then U = ⋃

n Un and O1 = {Un}n is still a locally
finite family of closed sets. Let F = X \ U . The family {F} ∪ O1 provides a
closed locally finite cover of X. The function t is obviously continuous when
restricted to each member of this family. Hence t is continuous.
Now assume that rn → 0. As

∣

∣

∑∞
k=n+1 rktk(x)

∣

∣ ≤ supk>n |rk|, n = 1, 2, . . . for
every x ∈ X, we have

sup
x∈X

∣

∣

∣

∣

∣

∞
∑

k=n+1

rktk(x)

∣

∣

∣

∣

∣

≤ sup
k>n

|rk| → 0, n → ∞.

Consequently,

sup
x∈X

∣

∣

∣

∣

∣

n
∑

k=1

rktk(x) − t(x)

∣

∣

∣

∣

∣

= sup
x∈X

∣

∣

∣

∣

∣

∞
∑

k=n+1

rktk(x)

∣

∣

∣

∣

∣

≤ sup
k>n

|rk| → 0, n → ∞.

Therefore the function t, as the uniform limit of the sequence (
∑n

k=1 rktk)n∈N of
continuous functions, is continuous as well.

(b) Now assume that t is continuous and pick an ε > 0. Since the family Oε refines
O, it is obviously locally discrete at the points of U (because O has the same
property). Now take any x ∈ X \ U . As t(x) = 0, the continuity at x yields
f (V) ⊆ (−ε, ε) for some neighbourhood V of x. Obviously V cannot meet any
member of Oε.
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(c) Suppose X is pseudocompact. Then for every ε > 0 the family Oε \ {∅} must be
finite (as a locally finite family of open non-empty sets of the pseudocompact
space X). Thus |rn| ≤ ε for all but finitely many n. Hence we can immediately
conclude that rn → 0. �

In order to better emphasize the strength of the condition of continuity of t we
isolate the following immediate corollary of Theorem 2.3.

Corollary 2.4 For an R-quadruple T = (O, (xn), (rn), (tn)) on a pseudocompact
Tychonoff space X the following two properties are equivalent:

(1) rn → 0;
(2) t is continuous.

Proof (1) implies (2) by Theorem 2.3 (a). Since X is pseudocompact, (2) implies (1)

by Theorem 2.3 (c). �

Now we use Theorem 2.3 to produce countable closed, discrete C∗-embedded
subsets.

Corollary 2.5 Let (Wn)n∈N be a locally finite sequence of non-empty open subsets of
a Tychonoff space X and let xn ∈ Wn, n = 1, 2, . . . . Then the range A ⊂ X of the
sequence (xn)n∈N is a closed, discrete C-embedded (and hence, C∗-embedded) subset
of X.

Proof Obviously, A is closed and discrete. We can suppose that the set A is infinite
and coincides with the range of a one-to-one subsequence (xkn)n∈N of (xn)n∈N. Since
the topological space X is regular and A is discrete, there exists a sequence O =
(Un)n∈N of open sets with pairwise disjoint closures such that xkn ∈ Un ⊂ Wkn , n =
1, 2, . . . . Let now f : A → R be any function and rn = f (xkn), n = 1, 2, . . . . For
every n ∈ N define a continuous function tn : X → [0, 1], such that tn(xkn) = 1 and
tn(X \ Un) = {0}. Let t = ∑

n∈N
rntn be the function associated with the R-quadruple

T = (O, (xn), (rn), (tn)). Then t is well defined and t(xkn) = f (xkn) for every n ∈ N.
Hence, t extends f. Moreover, since O is locally finite, by Theorem 2.3 (a) t is
continuous. Thus A is C-embedded (it is clear that if f is a bounded function, then t
is bounded as well). �

Fact 1.1 immediately follows from the following stronger property:

Claim 2.6 If Y is a Tychonoff space, y ∈ Y and χ(y, Y) = ℵ0, then X := Y \ {y} is
not C∗-embedded in Y.

Proof Let (Vn)n∈N be a decreasing open local base at y such that Wn = Vn \ Vn+1 �=
∅, n = 1, 2, . . . . Note that the sequence (Wn)n∈N of open sets is locally finite in X as
⋂

n Wn = ∅. Let (xn)n∈N be a sequence in X such that xn ∈ Wn, n = 1, 2, . . . . Then
by Corollary 2.5 A = {xn : n ∈ N} ⊂ X is a closed discrete C∗-embedded subset of
X. Consider the function f : A → [0, 1], with f (x2n) = 0 and f (x2n−1) = 1. Clearly,
f is continuous and since A is C∗-embedded in X, the function f has a continuous
extension ̂f : X → [0, 1]. On the other hand xn → y but the sequence ( f (xn)) has
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two cluster points, therefore the function ̂f does not admit a continuous extension to
Y. Hence X is not C∗-embedded in Y. �

Corollary 2.7 Let X be a countably paracompact Tychonoff space. Then every count-
able closed discrete subset A of X is C-embedded in X.

Proof Write A = {x1, x2, . . . } and U0 = X \ A. Since A is a closed discrete subspace
of X, we can find again a sequence (Un)n∈N of pairwise disjoint open subsets of
X with

Un � xn, n = 1, 2, . . . . (1)

Then {U0, U1, U2, . . . } is an open cover of X. Since X is countably paracompact,
there exists a locally finite open cover {W0, W1, W2, . . . } of X with

Wi ⊂ Ui, i = 0, 1, 2, . . . (2)

(see [15, Theorem 5.2.1, p. 316]). Since (Un)n∈N is a pairwise disjoint sequence, from
Eqs. 1 and 2 we have xn ∈ Wn, n = 1, 2, . . . . Now we can conclude with Corollary 2.5
that A is C-embedded in X. �

The above corollary suggests to introduce the following condition for a space X:

Definition 2.8 A space X is said to have the property (CCD) if the countable closed
discrete subsets of X are C∗-embedded in X.

Example 2.9 Here are examples of spaces having the property (CCD):

(a) Countably paracompact spaces satisfy (CCD) by Corollary 2.7.
(b) Normal spaces satisfy (CCD) as every closed subspace of a normal space is C∗-

embedded.
(c) Finally, countably compact spaces satisfy (CCD) in a vacuous way.

Remark 2.10 In general, an arbitrary Tychonoff space X need not satisfy (CCD).
As Gillman–Jerison [17] suggest many authors have fallen into the trap of assuming
the opposite (see [17, 8.21, p. 125]). Claim 2.11 shows, in particular, that each
non-Conway space contains a countable, closed and discrete subset which is not
C∗-embedded. On the other hand, (CCD) does not characterize the countably
paracompact spaces, since there exists a normal Hausdorff space, which is not
countably paracompact (M. E. Rudin [27]).

The next statement reveals the importance of (CCD) and covers Fact 1.2.
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Claim 2.11 A Tychonoff space X satisfying (CCD) is a Conway space. In particular,
normal spaces, as well as countably paracompact or countably compact spaces are
Conway spaces.

Proof According to Example 2.9 it is sufficient to show that a space with (CCD) must
be a Conway space.

Let (xn) be a sequence of distinct points from X such that xn → y ∈ β X \ X, then
A = {xn : n ∈ N} ⊂ X is discrete and closed in X. Consider the function f : A →
[0, 1], with f (x2n) = 0 and f (x2n−1) = 1. Since A is discrete, f is continuous. By the
assumption (CCD), the countable closed discrete set A is C∗-embedded in X, and
consequently in β X. Let ̂f : β X → [0, 1] be a continuous extension of f. As xn →
y ∈ β X, then ̂f (xn) → ̂f (y) and so, f (xn) → ̂f (y), which is a contradiction as ( f (xn))

is not a convergent sequence. �

Remark 2.12 Note that the condition (CCD) was substantially used in the above
proof. Without any additional assumption about X, Reid argued as follows: let A =
{xn : n ∈ N} ⊂ X be as in the proof of Claim 2.11. Then since A is closed and discrete
in X, there are open sets Un � xn with pairwise disjoint closures and functions
tn : X → [0, 1], such that tn(xn) = 1 and tn(X \ Un) = {0}. Write t = ∑∞

n=1(−1)ntn
(i.e., in terms of Definition 2.2,

(

(Un), (xn), ((−1)n), (tn)
)

is an R-quadruple and t the
corresponding function). Claiming that t is continuous he got a contradiction. As
proved in Corollary 2.4, t is not continuous if X is pseudocompact and non-Conway
(e.g., when X = T is the Tychonoff plank).

Remark 2.13 Let us briefly comment on Claim 2.11.

(a) The fact that normal spaces are Conway spaces is apparently well-known; its
validity was pointed out already in the above-mentioned review by Burckel (see
also [34, Theorem 8.3.2, p.148], [25, Proposition IX.4.12]).

(b) That countably paracompact spaces are Conway spaces is seemingly proved in
[24] (the authors had no access to this paper).

(c) The implications in (a) and (b) cannot be inverted (according to Theorem
1.7 the Conway property is productive while neither normality nor countable
paracompactness are productive).

(d) In contrast to (c) we have no examples of a Conway space that does not satisfy
condition (CCD).

3 Background on Closure Operators

3.1 Birefletive Subcategories of Tych

From now on we shall concentrate mainly on the subcategory Tych of Top.

Definition 3.1 A full subcategory A of Tych is called bireflective, if for every X ∈
Tych there exists a continuous injection ιX : X → ρX with dense image in ρX ∈ A,
and such that for every continuous map f : X → A ∈ A there exists a (necessarily
unique) map f1 : ρX → A with f = f1 ◦ ιX .
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Standard examples of bireflective subcategories of Tych are the category Comp
of compact spaces (with bireflection jX : X → β X) and the category Dieu of
Dieudonné complete spaces. Let us note that Comp is the smallest bireflective
subcategory of Tych (as ιX : X → ρX must be a homeomorphism for every compact
space X and bireflective subcategories are closed under taking homeomorphic
images). Moreover, for every bireflective subcategory of Tych the reflection map
ιX : X → ρX is an embedding with X ⊆ ρX ⊆ β X and for all X ⊆ Y ⊆ ρX one
has ρY = ρX.

The fact that every bireflective subcategory of Tych is closed under taking closed
subspaces and arbitrary products is well known in the framework of category theory
under a much more general setting [1]. Conversely, every full subcategory of Tych
stable under taking closed subspaces and arbitrary products and containing the
closed interval [0, 1] (or, equivalently, Comp) is bireflective.

The bireflective subcategory Dieu of Tych is generated by all metric spaces. The
reflection μX of X is the completion with respect to the fine uniformity of X.
Therefore, X ⊆ μX ⊆ β X. In particular, μX = β X if and only if X is pseudocom-
pact. One can mention here also the category RComp of realcompact spaces sitting
between Comp and Dieu. It is generated by the reals R (so the realcompact spaces
are precisely the closed subspaces of the powers of R) and its reflector X �→ νX is
known also as Hewitt compactification and satisfies μX ⊆ νX ⊆ β X.

3.2 Closure Operators

First we recall the following definition [12, 13].
A closure operator C in the category Top of topological spaces is given by a family

of maps cX : 2X −→ 2X , X ∈ Top, such that for every X in Top

– cX is expansive : M ⊆ cX(M) for all M ∈ 2X ,
– cX is monotone : cX(M) ⊆ cX(N) for all M ⊆ N ⊆ X,

and for every continuous map f : X → Y in Top

– f (cX(M)) ⊆ cY( f (M)) for all M ⊆ X.

A subset M ⊆ X is C-closed (C-dense) if cX(M) = M (resp., cX(M) = X).
A closure operator C of Top is:

– idempotent if cX(M) is C-closed for all M ⊆ X, X ∈ Top;
– weakly hereditary if M is C-dense in cX(M) for all M ⊆ X, X ∈ Top;
– hereditary if cY(M) = cX(M) ∩ Y for all M ⊆ X, X ∈ Top and M ⊆ Y ⊆ X;
– additive if cX(M ∪ N) = cX(M) ∪ cX(N) for all M, N ⊆ X, X ∈ Top;
– ( finitely) productive, if cX(

∏

i Mi) = ∏

i cXi(Mi), whenever X = ∏

i∈I Xi and
Mi ⊆ Xi for each i ∈ I (when I finite).

We say that a closure operator C is finer than a closure operator C′ (denoted by
C ≤ C′) if cX(M) ⊆ c′

X(M) holds for every space X and every subspace M of X. The
closure operators form a large lattice in the sense that the meet

∧

i∈I Ci and the join
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∨

i∈I Ci of any family (possibly a proper class) {Ci : i ∈ I} of closure operators exists,
defined by

(

∧

i∈I

ci

)

X (M) =
⋂

i∈I

(ci)X(M) and

(

∨

i∈I

ci

)

X (M) =
⋃

i∈I

(ci)X(M).

For closure operators C and C′ define the composition C′C and the co-composition
C′ ∗ C by

(c′c)X(M) = c′
X(cX(M)) and (c′ ∗ c)X(M) = c′

cX (M)(M). (∗)

For every closure operator C there exists a finest idempotent closure operator C∞
with C ≤ C∞, called the idempotent hull of C. To compute the idempotent hull
C∞ one defines first the transfinite iterations of C as follows: C1 = C, Cα+1 = CCα

for all ordinals α and Cα = ∨

β<α Cβ for limit ordinals α. Then C∞ = ∨

α Cα . (One
can compute c∞

X (M) also “from above” by taking the intersection of all C-closed
subspaces of X containing M.) More details can be found in [12] (in the general
setting of abstract categories) and in [13] (in Top).

Example 3.2 The usual Kuratowski closure K = (kX) defined by kX(M) = M is, of
course, the inspiring example. Here are some more examples:

(a) the discrete closure operator D defined by dX(M) = M;
(b) the sequential closure Seq, defined by Seq = (seqX)

(c) the ω-closure 
 = (ωX) defined by ωX(M) = ⋃{A : A ⊆ M, |A| ≤ ω}.
(d) the λ-closure � = (λX), where λ is an infinite cardinal, defined by

λX(M) =
⋃

{A : A ⊆ M, |A| ≤ λ}.

(e) the k-closure K = (kX) defined by kX(M) = ⋃{M ∩ K : K ⊆ X, compact};
(f) the Gδ-closure Gδ = ((gδ)X) defined by

(gδ)X(M) = {x ∈ X : (∀Gδ-set O ⊆ X) O � x ⇒ O ∩ M �= ∅};
(g) [14] the f b-closure defined, for M ⊆ X, by

f b X(M) =
⋃

{B : B ⊆ M, functionally bounded}.

All seven closure operators are weakly hereditary2, additive and productive, and
all of them except Seq and K are also idempotent. This gives rise to two more
closure operators, namely the idempotent hulls Seq∞ and K∞. Let us recall that
Seq∞ is obtained by transfinite ω1 iterations of Seq, whereas no such common upper
bound for all spaces exists for the number of iterations of K in order to get K∞ [23].
Furthermore, all these closure operators are finer than the Kuratowski closure K,
i.e., the C-closure of any subset M is always contained in the usual closure of M.
Therefore, in all seven cases, C-dense implies also dense in the usual sense (whereas
C-closed subsets need not be closed).

2all of them except K and f b are actually hereditary.
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One can describe many well-known properties of the topological space in terms
of these closure operators as follows.

(a) X is discrete precisely when kX = dX .
(b) X is Fréchet-Urysohn precisely when kX = seqX , while X has no non-trivial

convergent sequences precisely when seqX = dX . Moreover, the space X is
sequential precisely when kX = seq∞

X .
(c) X has countable tightness precisely when kX = ωX , while ωX = dX when the

topology of X is finer than the co-countable topology of X (having as proper
closed subsets all countable subsets of X).

(d) X has tightness ≤ λ precisely when kX = λX , while λX = dX when the topology
of X is finer than the co-λ topology of X (having as proper closed subsets all
subsets of size ≤ λ of X).

(e) X is a k-space precisely when kX = k∞
X , while X has no infinite compact sets

precisely when kX = dX .
(f) If X is a P-space then kX = (gδ)X , while X has countable pseudo-character

precisely when (gδ)X = dX .

The proof of the next lemma can be found in [12].

Lemma 3.3 If C is a finitely productive closure operator of Top, and H is a subgroup
of a topological group G, then also cG(H) is a subgroup of G.

The next lemma follows directly from the definitions.

Lemma 3.4 Let C be a closure operator of Top.

(a) If f : X → Y is a continuous surjective map and M ⊆ X is C-dense, then f (M)

is C-dense in Y.
(b) If C is (finitely) productive, {Xi : i ∈ I} is a (finite) family of spaces and Mi ⊆ Xi

is C-dense for every i ∈ I, then
∏

i Mi is C-dense in
∏

i Xi.

One can define closure operators of Tych in a similar way. Clearly, every closure
operator of Top gives, by restriction, a closure operator of Tych (and every closure
operator of Tych gives rise to a closure operator of Top, but we are not going to use
it here, see [12]). All closure operators of Tych that will appear in the sequel will
be finer than K and satisfy cX(M) = ckX (M)(M) for every pair M ⊆ X ∈ Tych (we
shall briefly denote this by C ≤h K). This will allow us to define the closure operator
only for pairs with M dense in X. Obviously, C ≤h K holds for all hereditary closure
operators finer than K, as well as for K and f b . An example of a closure operator C
with C ≤ K and C �≤h K is given in 4.9.

For the study of Conw we need also the following new properties of closure
operators:

Definition 3.5 Let C be a closure operator of Tych. We say that

(a) C is β-hereditary if for every X ∈ Tych and every dense subset M of X one has
cX(M) = cβ X(M) ∩ X.

(b) stable, if for every X ∈ Comp and every dense subset M of X one has cX(M) =
f (cβM(M)), with f = βi : βM → X, where i is the inclusion M ↪→ X.
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In fact, (a) is a weaker notion of hereditariness, while (b) says (in the standard
terminology of closure operators) that f is C-preserving.

Example 3.6

(a) D, K,K and f b are stable.
(b) For every infinite cardinal λ the closure operator � is stable.
(c) Seq is not stable (take the subspace N of the one-point Alexandorff compactifi-

cation of N). We shall see later that no power Seqα of Seq is stable (see Remark
4.7).

(d) The closure operators K and f b are not β-hereditary.

Arbitrary meets of β-hereditary closure operators are β-hereditary, hence every
closure operator C of Tych admits a β-hereditary hull β(C), namely a finest β-
hereditary closure operator of Tych with C ≤ β(C). One can define explicitly β(C)

by setting β(c)X(M) = cβ X(M) ∩ X for any dense subset M of X ∈ Tych. Clearly,
β(c)X = cX for every X ∈ Comp; moreover C is β-hereditary if and only if C = β(C).
It is easy to see that β(C) is idempotent whenever C is idempotent, moreover β(C)

is stable if and only if C is stable.

3.3 The Conway Reflection

The Conway reflection Con X of a space X is defined by Con X = seq∞
β X(X); i.e.,

Con X is the smallest sequentially closed subspace of β X containing X. The term is
justified by the next theorem.

Theorem 3.7 Conw is a bireflective subcategory of Tych containing Dieu. The reflec-
tor Tych → Conw is given by X �→ Con X.

Proof Clearly, X is dense in Con X. To verify the universal property take an
arbitrary continuous map f : X → Y, where Y is a Conway space. Then Y is
sequentially closed in βY. By the universal properties of β X there exists a continuous
map l = β f : β X → βY such that l ◦ jX (i.e., the restriction of l to X) coincides with
the composition jY ◦ f . Since seq∞ is a closure operator, l(Con X) = l(seq∞

β X(X)) ⊆
seq∞

βY(Y) = Y. The restriction of l to Con X is the desired arrow f1 : Con X → Y.
The uniqueness of f1 follows immediately from the density of X in Con X. �

Corollary 3.8 Conw is closed under taking closed subspaces and arbitrary products.

Proof This follows immediately from Theorem 3.7 and the well known fact that
every bireflective subcategory of Tych is closed under taking closed subspaces and
arbitrary products. �

As far as stability under taking closed subspaces is concerned, we shall prove
below a much stronger result (see Theorem 5.5).

From Corollary 3.8 we obtain an easy example of a non-normal Conway space
that is not countably compact, namely Zω1 ∈ Dieu.
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4 The Galois Correspondence of Conway’s Property

4.1 The Conway Property w.r.t. a Closure Operator

One can define a counterpart ConwC of Conw for every closure operator C finer than
K as follows.

Definition 4.1 Call a Tychonoff space X C-Conway if X is C-closed in β X and
denote by ConwC the category of C-Conway spaces.

Clearly, for C = seq or C = seq∞ we get the usual Conway spaces. Using a slight
modification of the proof of Theorem 3.7 one can prove that the category ConwC of
C-Conway spaces is a bireflective subcategory of Tych (we shall give below the proof
of a more general property, see Theorem 5.2). Consequently, ConwC is stable under
taking closed subspaces and arbitrary products. Actually, one can prove a stronger
property than just stability under taking closed subspaces: the category ConwC is
stable under taking C-closed subspaces (note that closed implies C-closed as C is
finer than K). We shall prove a more general property below (see Theorem 5.5).

The notion of a C-Conway space should be compared with the following stronger
one:

Definition 4.2 Call a Tychonoff space X absolutely C-closed if X is C-closed in every
Tychonoff space Y where it can be embedded.

Obviously, compact spaces are absolutely C-closed, while absolutely C-closed
spaces are always C-Conway spaces, i.e.,

compact =⇒ C-Conway
(†)=⇒ absolutely C-closed. (3)

According to Remark 2.13, the implication (†) cannot be inverted for the sequential
closure operator seq, as absolutely Seq-closed spaces are the countably compact ones
(by Theorem 1.9). Motivated by this example we provide a large class of closure
operators for which the implication (†) in Eq. 3 can be inverted and ask in Question
7.5 to determine all these closure operators.

Contrary to CConw the smaller subcategory of absolutely C-closed is not well
behaved. It need not even be stable under finite products (take C = Seq, here
finite products of countably compact spaces need not be countably compact). This
justifies our initial interest in the larger subcategory ConwC. We shall prove in
the sequel that every full subcategory of Tych containing Comp and stable under
products and taking closed subspaces has necessarily the form ConwC. Moreover,
ConwC = ConwC′ for another closure operator C′ such that every C′-Conway space
is also absolutely C′-closed (see Theorem 4.11). In other words, the closure operator
C′ resolves the problem of the inversion of the implication (†) in Eq. 3 leaving the
category ConwC = ConwC′ unchanged.

If Seq ≤ C for a closure operator C, then every C-Conway space is Conway.
More generally, C1 ≤ C2 yields ConwC1 ⊇ ConwC2 (see Proposition 5.3). However,
the equality ConwC1 = ConwC2 may occur with distinct C1, C2 (for example, always
ConwC∞ = ConwC).
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In the next example we see that under certain circumstances C-Conway spaces are
actually compact.

Example 4.3 Let us compare now the Conway property with compactness:

(a) One can immediately see that for C = f b and k, for a space X ∈ Tych the
following are equivalent:

(a1) is C-Conway;
(a2) X is absolutely C-closed;
(a3) X is compact.

(b) Analogously, a countable space is 
-Conway iff it is compact.

In the next proposition we give a more general form of item (b). Actually, it
gives a nice internal description of the 
-Conway spaces. Moreover, it shows that

-Conway spaces are absolutely 
-closed. Recall that a space X is ω-bounded when
every countable subset of X is contained in a compact subset of X. Obviously,
every ω-bounded space is countably compact. In the next two proposition we make
substantial use of the closure operators 
 and � defined in Example 3.2.

Proposition 4.4 For a Tychonoff space X the following are equivalent:

(a) X is 
-Conway;
(b) X is ω-bounded;
(c) X is an absolutely 
-closed space.

We shall give the proof in the following more general form. For every infinite
cardinal λ call a space X is λ-bounded when every subset of X of size ≤ λ is contained
in a compact subset of X.

Proposition 4.5 For a Tychonoff space X the following are equivalent:

(a) X is �-Conway;
(b) X is λ-bounded;
(c) X is an absolutely �-closed space.

Proof

(a) → (b). If X is �-Conway, then X must be �-closed in β X. So for every
countable subset A of X the closure B (computed in β X) of A must
be contained in X. Since B is compact, this proves that X is λ-bounded.

(b) → (c). Every λ-bounded space is �-closed in any Hausdorff space, hence is
absolutely �-closed.

( c) → (a) is trivial.

The above proposition gives a proper class of distinct categories of C-Conway
spaces, namely the categories Bλ of λ-bounded spaces. Note that for λ < μ one has
Bλ ⊃ Bμ and the intersection of all Bλ’s is precisely Comp.

The next proposition shows that in Proposition 4.5 the equivalence of (a) and (c)
for the closure operator � can be generalized to all stable closure operators.
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Proposition 4.6 Let C be a closure operator of Tych.

(a) If C is stable, then every X ∈ ConwC is absolutely C-closed.
(b) If every X ∈ ConwC is absolutely C-closed and continuous images of absolutely

C-closed spaces are C-Conway, then C∞ is stable.

Consequently, if C is idempotent and continuous images of absolutely C-closed spaces
are C-Conway, then every X ∈ ConwC is absolutely C-closed if and only if C is stable.

Proof

(a) Let X ∈ ConwC. Assume X is a subspace of Y ∈ Tych. It suffices to prove that
X is C-closed in βY. By the stability of C one has cβY(X) = f (cβ X(X)), where
f = βi and i : X ↪→ Y is the inclusion. By X ∈ ConwC we have X = cβ X(X),
so cβY(X) = f (X) = X. So X is C-closed in βY.

(b) Let M ⊆ X ∈ Comp. Then c∞
βM(M) is C-closed in βM, hence c∞

βM(M) ∈ ConwC.
Let f = βi : βM → X, where i : M ↪→ X is the inclusion. Then f (c∞

βM(M))

is C-Conway by our hypothesis. By the other hypothesis of ours f (c∞
βM(M))

is absolutely C-closed, so must be C-closed in X. Since M ⊆ f (c∞
βM(M)) ⊆

c∞
X (M), we conclude that f (c∞

βM(M)) = c∞
X (M). This proves that C∞ is stable.

�

Remark 4.7

– It follows from (a) of the above proposition that no power C = Seqα is stable
(as the C-Conway spaces in this case are the Conway spaces, that need not be
countably compact, i.e., absolutely C-closed).

– We shall see later that for a stable closure operator C continuous images of
absolutely C-closed spaces need not be C-Conway spaces (see Theorem 4.16).

We still do not know whether the closure operators C such that ConwC coincides
with the class of all absolutely C-closed are necessarily stable. This leaves open the
question to characterize the closure operators C such that ConwC coincides with the
class of all absolutely C-closed space (see Problem 7.5).

Example 4.8 Since Seq is finer than C = 
,k, f b every C-Conway space is also a
Conway space, but the converse need not be true. Indeed, discrete spaces are Conway
spaces, but they are not C-Conway for C = 
,k, f b (take the discrete space N, it is
C-dense in βN, hence cannot be C-Conway).

Similarly, a countably compact space need not be C-Conway. For an example take
any p ∈ βN \ N. Then X = βN \ {p} is C-dense in βN, so X is not C-Conway (see
also Example 4.3). Let us see now that it is countably compact. Let X = ⋃

n Un,
where Un are open subsets of X (they are open in βN as well, as X is open in
βN). Let An = Un ∩ N. By density of N in βN, one has An ⊇ Un. In case An is not
cofinite in N, the complement Fn of Un in βN will be a neighbourhood of p. Since
p cannot be a a Gδ set (otherwise the compactness of βN would imply that βN has
countable character at p contrary to Fact 1.1) and since

⋂

n Fn = {p}, this means that
only finitely many An can eventually be non-cofinite. So for some n0 ∈ N all An with
n > n0 are cofinite. Thus the respective Un are clopen sets of βN so this open cover
has a finite subcover.
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Example 4.9 Now we consider an idempotent closure operator α that is not compa-
rable with Seq. For a space X and a subset M of X let

αX(M) =
⋃

{Cx ∩ M : x ∈ M},

where Cx denotes the connected component of x in X. Clearly, α ≤ K, while α ≤h K
fails to be true (take a non-closed M ⊆ X ∈ Tych, such that X is connected and
M is totally disconnected). If X is strongly zero-dimensional, then also β X is zero-
dimensional, so αβ X = dβ X . Therefore X is α-closed in β X and so X is α-Conway.
If X is connected, then certainly X is α-Conway if and only if X is compact, as
αβ X = kβ X .

4.2 The Galois Connection Related to Conway’s Property

The above results suggest the following question: Is there a closure operator C
such that Dieu = ConwC (i.e., the Dieudonné complete spaces are precisely the C-
Conway spaces) ? In the next example we provide such a closure operator C.

Example 4.10 Define the closure operator C as follows: for M ⊂ X the set cX(M)

consists of all y ∈ X such that there is a net (m j) in M which converges to y and which
is d-Cauchy for every continuous pseudometric d of M (i.e., (m j) is Cauchy in the fine
uniformity of M). Since continuous images of such nets have the same property, one
can easily check that this defines indeed a closure operator. The equality ConwC =
Dieu follows directly from the definitions.

More generally, one may be interested in characterizing the bireflective sub-
categories of Tych that can be presented as categories of C-Conway spaces for
appropriate C. The following theorem offers a surprisingly simple answer to this
problems by showing that every bireflective subcategory A of Tych has the form
A = ConwCA for appropriate closure operator CA. Moreover, for the same C, A
coincides also with the class of all absolutely C-closed spaces. These closure operators
will have also two important additional properties.

Theorem 4.11 For every bireflective subcategory A of Tych there exists a stable β-
hereditary closure operator CA ≤h K such that A = ConwCA . More precisely, for M ⊆
X ∈ Tych one has

(1) M is CA-closed in X if M ∈ A,
(2) M is cA-dense in X if X = ρM ∈ A.

Moreover, for every X ∈ Tych the following are equivalent:

(a) X ∈ A,
(b) X is absolutely cA-closed;
(c) X ∈ ConwCA .

Proof Let X ∈ Tych, let M be a dense subspace of X and let i : M ↪→ X be the
inclusion maps. Then consider the reflection maps ιX : X → ρX and ιM : M → ρM
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and the natural map f = ρi : ρM → ρX. Let cX(M) be the pullback cX(M) =
ι−1

X ( f (ρM)):

M
i

��

ιM

��

����
��

��
��

� X

ιX

��

cX(M)

��

�����������

ρM

���������� f

�� ρX

f (ρM)

����������

Since ιX and f (ρM) → ρX are embeddings, we can write also cX(M) = f (ρM) ∩
X. In the case of a dense subspace M the definition of cX(M) coincides with the one
given in [9, Definition 3.5] with respect to the discrete closure operator of A (see
also the initial closure operator in [12, 5.13(*)] or the pullback closure introduced by
Holgate [20, 21]). Nevertheless, for the sake of completeness we shall carry out most
of necessary steps in the verification that this gives rise to a closure operator. In the
general case, let cX(M) = cM(M), where M is the closure of M in X.

Therefore, X ∈ ConwCA (i.e., X is C-closed in ρX) if and only if X = ρX ∈ A.
Let us show now that the collection CA = (cX) defined in this way is a closure

operator. To establish monotonicity take M ⊆ N ⊆ X and note that it suffices to
consider the case when M is dense in N (otherwise replace N by the closure of M in
N). Next one reduces to the case when M (and so also N) is dense in X. Now an easy
diagram chase shows that cX(M) ⊆ cX(N).

Next we need to prove the third property of closure operators. In other words,
if f : X → Y is a map and M is a subset of X, then f (cX(M)) ⊆ cY( f (M)). Since
f (M) ⊆ f (M), we can assume without loss of generality that M is dense in X and
f (M) is dense in Y. As in this case the definition coincides with the one given in [12,
5.13(*)], we refer the reader to the detailed proof given in [12, Lemma 5.13].

Let us check first (1) and (2). If if M = ρM ∈ A, then obviously cρM(M) = M,
so M is C-closed. On the other hand, if one has X = ρM, then ρX = X, so that
cρM(M) = ρM holds, i.e., M is CA-dense in X.

Let us note now that (1) yields the implication (a) → (b), while (b) → (c) is trivially
true for every closure operator. The implication (c) → (a) follows from (2) applied
to the inclusion X ↪→ ρX (as X being CA-dense and CA-closed in ρX implies X =
ρX).

It remains to note, that the equivalence of (a) and (c) is nothing else but the final
aim of this proof, namely the equality A = ConwCA .

Finally, let us show that C = CA is stable and β-hereditary. To this end it suffices to
note that for a dense subset M of an X ∈ Tych one has ρM = cβM(M) and cβ X(M) =
f (ρM), so C is stable. Moreover, cX(M) = cβ X(M) ∩ X so C is also β-hereditary. �
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The following immediate consequence of Theorem 4.11 is of independent interest
since there seems to be no description via closure operators of the bireflective
subcategories of Tych.

Corollary 4.12 The correspondences

C �→ ConwC, A �→ CA (4)

are order-reversing. When restricted to closure operators of the form CA they give rise
to a Galois equivalence between the closure operators of Tych of the form CA and
bireflective subcategories of Tych.

Proof The monotonicity shall be established in a more general situation in the next
section (see Proposition 5.3). The second assertion follows obviously from Theorem
4.11. �

Our next aim is to describe the Galois-closure G(C) = CConwC of a closure
operator C in terms of C. To this end we define a modification ˜C of the closure
operator C following the pattern used in the proof of Theorem 4.11 for the definition
of CA: for a dense M ⊆ X ∈ Tych let c̃X = X ∩ βi(cβM(M)), where i : M ↪→ X is the
inclusion map.

Proposition 4.13 Let C ≤ K be a closure operator of Tych.

(a) ˜C is a stable β-hereditary closure operator of Tych finer than β(C) with C ≤h K.
(b) C is stable if and only if ˜C = β(C), consequently C is stable and β-hereditary if

and only if ˜C = C.

(c) G(C) = G(C∞) = ˜C∞.

Proof

(a) To prove that ˜C is a stable β-hereditary closure operator it suffices to mimic the
proof of Theorem 4.11. The inequality of the second assertion is obvious.

(b) Follows immediately from the definitions.
(c) It suffices to note that ρM = c∞

βM(M) for A = ConwC, so (a) applies along with
the definition of CA. �

Corollary 4.14 G(C) ≤ β(C∞) for every closure operator C ≤ K of Tych. In
particular:

(a) G(C) = ˜C if C is an idempotent closure operator C ≤ K of Tych, so G(C) ≤ C
if C is also β-hereditary.

(b) G(C) = β(C) (so G(C) is idempotent) for every idempotent stable closure oper-
ator C ≤h K of Tych.

(c) G(C) = C for every idempotent stable β-hereditary closure operator C ≤ K of
Tych.
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Proof G(C) ≤ β(C∞) follows from Proposition 4.13.

(a) The first statement obviously follows from Proposition 4.13. If C is also β-
hereditary, then C = β(C) is coarser than G(C) by Proposition 4.13.

(b) follows directly from (b) of Proposition 4.13.
(c) follows from (a) and (b). �

We do not know if the closure operators of Tych of the form CA are always
idempotent, this is why we say that a bireflective subcategory A of Tych is idempotent
if the closure operator CA is idempotent.

Corollary 4.15 The restriction of the correspondence (4) to the idempotent β-
hereditary closure operators C ≤h K of Tych defines a Galois correspondence between
idempotent β-hereditary closure operators C ≤h K of Tych and idempotent bireflec-
tive subcategoriesof Tych. It becomes a Galois equivalence when further restricted to
stable idempotent β-hereditary closure operators C ≤h K.

Proof To prove the first assertion we have to show that CA ≤ C for a bireflective
subcategory A of Tych and a closure operator C if and only if A ⊇ ConwC. The “only
if” part follows from monotonicity of Conw−. If A ⊇ ConwC, then the monotonicity
of C− implies

CA ≤ G(C). (5)

Moreover, by Corollary 4.14 (a) G(C) ≤ C as C is idempotent and β-hereditary.
Along with (5) this yields CA ≤ C.

The second assertion follows immediately from the first one and Corollary
4.14 (c). �

According to Theorem 4.11 the class ConwC coincides with the class of all abso-
lutely C′-closed spaces for some closure operator C′ (namely, C′ = G(C) = ˜C∞).
In the next corollary we show that one can take as C precisely ˜C.

Corollary 4.16 Let C ≤ K be a closure operator of Tych. Then

ConwC = ConwC∞ = Conw
˜C = Conw

˜C∞ = Conw
˜C∞ . (6)

For every X ∈ Tych the following are equivalent:

(a) X ∈ ConwC;
(b) X is absolutely ˜C-closed.
(c) X is absolutely ˜C∞-closed.

Proof Since cβ X(X) = c̃β X(X) for every X ∈ Tych and the same holds true for C∞,
we immediately get Eq. 6.

As (a) is equivalent to X ∈ Conw
˜C = Conw

˜C∞ , the equivalence of (a), (b)
and (c) follows from Proposition 2.9 and the stability of ˜C and ˜C∞. �

In particular, the above corollary yields that Conway spaces coincide with the
absolutely ˜Seq-closed spaces. We do not have a handy description of G(C) in the
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general case since the definition of ˜C makes recourse to the Stone–Čech compactifi-
cation. In the next example we compute explicitly ˜Seq.

Example 4.17 For a space X ∈ Tych and subset M of X

s̃eqX(M) = {x ∈ seqX(M) : such that x = lim xn

and (xn) is a C∗-Cauchy sequence of M}.
Indeed, assume y = lim xn, where (xn) is a C∗-Cauchy sequence of M. Then (xn) must
be converging in βM. Let x be its limit in βM. Then f (x) = lim f (xn) = lim xn = y
where f = βi : βM → β X and i : M ↪→ X is the inclusion. The uniquencess of limits
gives y = f (x) ∈ f (s̃eqβM(M)). So y ∈ s̃eqX(M).

Conversely, if y ∈ s̃eqX(M), then y = f (x) for some x ∈ seqβM(M). If x = lim xn

for some sequence (xn) in M, then obviously (xn) is a C∗-Cauchy sequence of M.
Moreover, lim xn = lim f (xn) = y in X too.

By Proposition 4.14 Conw = ConwSeq = ConwSeq∞ = Conw
˜Seq = Conw

˜Seq
∞ and

the closure operator G(Seq) = G(Seq∞) = S̃eq∞ corresponding to the category
Conw must satisfy G(Seq) ≤ β(Seq∞). The inequality is proper since the closure
operator β(Seq∞) cannot be stable (as Seq∞ is not stable). On one hand, seem-
ingly ˜Seq

∞
is not β-hereditary, so ˜Seq

∞
< β(˜Seq

∞
). The ground for this belief is

the fact that no power of a non-idempotent closure operator can be hereditary ([13,
Theorem 3.1]). On the other hand, in contrast to ˜Seq, C = ˜Seq

∞
may fail to be stable.

Since C is idempotent, β(C) is idempotent too; moreover it is stable iff and only if C
is stable. Since β(C) is obviously β-hereditary, it turns out that C is stable if and only
if β(C) = G(C) = G(Seq) (cf. Problem 7.7).

We have no complete intrinsic description of the closure operators of the form
CA (see Question 7.6). In the next example we give an explicit description of CA in
certain cases and show that some specific closure operators cannot be of this form.

Example 4.18

(a) Obviously, CComp = K and CTych = D.
(b) Let λ be an infinite cardinal. Then for the category Bλ of all λ-bounded spaces

in Tych the closure operator CBλ
coincides with � = (λX). Indeed, Proposition

4.14 (c) can be applied to the stable hereditary idempotent closure operator �.
(c) Let us see that C = seq∞ ≤ K is an idempotent closure operator such that

C = CA for no A. Indeed, if such an A exists, then C = CA must be stable by
Theorem 4.11, while C = seq∞ ≤ K is not stable (see Example 3.6).

(d) The stable closure operators C = K and f b satisfy ConwC = Comp and by (a)
CComp = K �= C. Thus C cannot be of the form C = CA for any bireflective
subcategory of Tych.

Remark 4.19 It is natural to ask whether there exists a closure operator C such that
for every X ∈ Tych and every Y ⊆ X, the subspace Y is C-dense in X precisely when
Y is dense and C∗-embedded in X. Let us see now that such a closure operator does
not exist. Indeed, if C is such a closure operator then for every X the C∗-embedding
X ↪→ β X would entail X is C-dense in β X. Now for every compactification X ↪→
K there exists a continuous map f : β X → K extending the identity of X, so f is
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necessarily surjective. Therefore the C-density of X in β X implies that X is C-dense
in K as well by Lemma 3.4 (a). Hence for any compactification X ↪→ K distinct from
β X, the set X is C-dense in K, but not C∗-embedded, a contradiction.

5 Further Generalizations of Conway’s Property

Here we define two generalizations of Conway’s property, of which the second
generalizes also ConwC.

Let us now approach the Conway property in a completely different way, namely:
for any bireflective subcategory A of Tych with bireflection ρ : Tych → A let

ConwA = {X ∈ Tych : X is sequentially closed in ρX}
Note that Conw = ConwComp = ConwRComp = ConwDieu.

Theorem 5.1 ConwA is a bireflective subcategory of Tych containing A.

Proof Define the bireflection ρ : Tych → ConwA by ρX = seq∞
ρX X. In other words,

ρX is the smallest sequentially closed subset of ρX containing X. This works. �

Each one of the constructions ConwC and ConwA depends on a single “para-
meter” (C and A, respectively). Now we unify both constructions into a single one
depending simultaneously on both “parameters” C and A.

For every closure operator C of Top finer than the Kuratowski closure and a
bireflective subcategory A of Tych with reflector ρ : Tych → A, we can consider the
following full subcategory of Tych:

ConwA,C = {X ∈ Tych : X is C-closed in ρX}.
Clearly, ConwC = ConwComp,C and ConwA = ConwA,Seq. We shall call ConwA,C

the C-Conway hull of A and we shall prove as before that this gives rise to a
bireflective subcategory of Tych.

Theorem 5.2 ConwA,C is a bireflective subcategory of Tych containing A.

Proof Define the bireflection ρ : Tych → ConwA by ρX = c∞
ρX X. To check it works

one has to mimic the proof of Theorem 3.7 replacing Comp by A, β X by ρX and
Seq by C. �

Proposition 5.3 If A1 and A2 are bireflective subcategories of Tych and C1, C2 are
closure operators of Top. Then A1 ⊆ A2 and C2 ≤ C1 imply

ConwA1,C1 ⊆ ConwA2,C2 . (7)

Proof Clearly it is enough to split Eq. 7 in two by proving separately that ConwA1,C ⊆
ConwA2,C for every closure operator C of Top, and ConwA,C1 ⊆ ConwA,C2 for every
bireflective subcategory A of Tych. The latter assertions is obvious since C1-closed
always implies C2-closed due to C2 ≤ C1.

To prove the first assertion assume that X ∈ ConwA1,C. In order to check X ∈
ConwA2,C consider the reflection map (ι2)X : X → ρ2 X ∈ A2. The universal property
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of the map (ι2)X : X → ρ2 X applied to the map (ι1)X : X → ρ1 X gives a map
s : ρ2 X → ρ1 X such that

s ◦ (ι2)X = (ι1)X . (8)

Recall that X is C-closed in ρ1 X by our hypothesis X ∈ ConwA1,C. It follows that the
preimage Z = s−1(X) of X under s : ρ2 X → ρ1 X is C-closed in ρ2 X as a preimage
of a C-closed set. From Eq. 8 we deduce that X ⊆ Z . If z ∈ Z , by the density of
X in Z there exists a converging net xα → z from X. Since s �X= idX , we get xα =
s(xα) → s(z) ∈ X by Eq. 8. Now the uniqueness of the limit implies z = s(z) ∈ X. �

Every closure operator C defines a correspondence Conw−,C that sends every
bireflective subcategory A of Tych to its C-Conway hull ConwA,C. Since Conw−,C can
be applied to the latter category as well etc., one may ask whether the iterations of
this correspondence can create an ever increasing chain of bireflective subcategories
of Tych. The next theorem shows that this chain stabilizes already at the fist step
when C is weakly hereditary.

Theorem 5.4 For every bireflective subcategory A of Tych and for every weakly
hereditary closure operator C of Top one has

ConwConwA,C,C = ConwA,C.

Proof For the sake of brevity let B = ConwA,C. Assume X ∈ ConwB,C. This means
that X is C-closed (hence also C∞-closed) in the B-reflection ρB X. Since ρB X was
defined precisely as the C∞-closure of X in the A-reflection, it is clear that X is C∞-
dense in ρB X, as C∞ is weakly hereditary whenever C is weakly hereditary [12]. Now
X must be simultaneously C∞-closed and C∞-dense in ρB X, therefore X = ρB X, so
X ∈ B. �

Under the stronger assumption of hereditariness we can establish stability of
ConwA,C under taking C-closed subspaces.

Theorem 5.5 For every bireflective subcategory A of Tych and for every hereditary
closure operator C of Top the category ConwA,C is stable under taking C-closed
subspaces.

Proof Assume X belongs to ConwA,C and let Y be a C-closed subspace of X. It
suffices to see that Y is C-closed in its reflection ρY ∈ A. Let f : ρY → ρX be
the reflection of the inclusion Y ↪→ X. Then f (cρY(Y)) ⊆ cρX( f (Y)) = cρX(Y) by
the definition of closure operator. Since Y = f (Y) ⊆ X = cρX(X) and the latter is
C-closed, we conclude that cρX(Y) ⊆ X. Since C is hereditary, one has cX(Y) =
X ∩ cρX(Y) = cρX(Y). Since Y is C-closed in X this implies cρX( f (Y)) = Y, so Y
is C-closed in ρX. Therefore, the third property of closure operators applied to the
continuous map f implies

Y = f (Y) ⊆ f (cρY(Y)) ⊆ cρX(Y) = cρX(Y) = Y.

This proves that cρY(Y) = Y, hence Y ∈ CA,C. �
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Applying the above theorem to the hereditary closure operator C = Seq and
A = Comp we get:

Corollary 5.6 Every sequentially closed subspace of a Conway space is a Conway
space.

Analogously, taking C = � and A = Comp, one can deduce that a �-closed
subspace of a λ-bounded space is λ-bounded, etc.

We end up this section by showing that one can get rid of the forms ConwA,C and
ConwA by replacing them with the single form ConwC′ for an appropriate closure
operator C′ that can be computed in terms of C and A. The price to pay is the more
complicated form of the new closure operator C′. In particular, it may loose some
of the nice properties of C that allow for establishing various useful properties of
ConwA,C. This should be taken into account in order to realize better the applicability
of the next proposition (for the definition of the co-composition ∗ see (*) Section 3.2).

Proposition 5.7 For every bireflective subcategory A of Tych and for every closure
operator C

ConwA,C = ConwC∗CA and ConwA = ConwSeq∗CA .

Proof X ∈ ConwA,C if and only if X is C-closed in ρX = (cA)β X(X). This means
precisely that X is C ∗ CA-closed in β X, i.e., X ∈ ConwC∗CA . The second equality
follows from the first one by letting C = Seq and recalling that ConwA,Seq = ConwA

by the definition of the latter subcategory. �

6 Conway Property and Topological Groups

Here we shall give a strong connection of this property to completeness properties
of the free topological groups (Section 6.1), as well as a number of further results on
topological groups whose underlying space is a Conway space (Section 6.2).

6.1 Completeness of the Free Topological Groups

Let TopGr denote the category of Hausdorff topological groups and continuous
homomorphisms and let TopAGr be its full subcategory of topological Abelian
groups. For a space X ∈ Tych the free topological group F(X) and the free Abelian
topological group A(X) define two functors F : Tych → TopGr and A : Tych →
TopAGr. The following theorem of Graev suggests that the functor F preserves
completeness:

Theorem 6.1 (Graev [19]) F(X) is complete, if X is compact.

Indeed, compact spaces are the Tych-closed objects, while in the category TopGr,
the TopGr-closed groups (i.e., those that are closed in any other Hausdorff group in
which they can be embedded as a topological subgroup) are precisely the complete
groups. So F : Tych → TopGr sends Tych-closed objects to TopGr-closed ones.
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The above theorem suggests to explore better the preservation and the re-
flection of closedness (completeness) along the functor F : Tych → TopGr. Since
Dieudonné-complete spaces in Tych can be considered as the complete objects, one
can ask:

Problem 6.2 Prove that F(X) (resp. A(X)) is complete if and only if the space X is
Dieudonné-complete.

This was a long-standing problem in the field of free topological groups.
Tkachenko [30] proved that the free Abelian topological group A(X) is complete if
and only if the space X is Dieudonné-complete, Uspenskiı̌ [32, 33] established com-
pleteness of F(X) for every metrizable space X. A first proof of the general result
was given by O. Sipacheva in [28], a final version of the proof appeared only in [29].

One can consider a lower level of completeness for a topological group as follows.

Definition 6.3 A topological group G is sequentially complete, if G is sequentially
closed in its Raı̆kov completion.

Now a sequential version of the above problem follows: do the functors F, A :
Tych → TopGr preserve and reflect sequential completeness [14]? In the category
TopGr of topological groups, the sequentially TopGr-closed groups are precisely
the sequentially complete groups. According to Theorem 1.9, the countably compact
(i.e., absolutely Seq-closed) spaces seem to be the topological counterpart of the
sequentially complete groups. It turned out that again, the right context is not that of
countably compact spaces, but the larger class of Conway spaces.

The next result (essentially proved in [14]) gives a characterization of the
spaces for which the considered free groups are Conway spaces or/and sequentially
complete.

Theorem 6.4 For a topological space X the following are equivalent:

(1) X is a Conway space;
(2) F(X) is sequentially complete;
(3) F(X) is a Conway space;
(4) A(X) is sequentially complete.
(5) A(X) is a Conway space.

Proof By Theorem 1.7, if F(X) (resp. A(X)) is a Conway space, then X is Conway
too, being a closed subspace of F(X) (resp. of A(X)). The remaining implications
are either trivial or proved in [14, Theorem 4.13, Theorem 5.1]. �

It is possible to add in this theorem also the corresponding statements about the
free precompact abelian group PA(X) [14, Theorem 5.1].

In [14] this fact is derived from a more precise result that leads to considering
the following general problem: Let X be a subspace of Y and suppose that P(X, Y)

is a topological property which describes how X is placed in Y. It is natural to ask
whether P(X, Y) always implies P(F(X, Y), F(Y)), where F(X, Y) is the subgroup
of F(Y) generated by X. A positive answer to this question for sequential closedness
was given in [14, Theorem 4.1]. More generally, the topological property P(X, Y)
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was in all cases of the form: X is C-closed in Y, where C was one of the closure
operators Seq,
,K, f b . Hence, in terms of Remark 4.1, one can obtain, in analogy
with the above theorem also the following general equivalence: X ∈ ConwC if and
only if F(X) ∈ ConwC. The next definition allows us to formulate rigorously the
theorem below:

Definition 6.5 Call a topological group G C-complete if G is C-closed in its
completion.

Now we can formulate the following theorem essentially proved in [14]:

Theorem 6.6 [14] For C = Seq, 
,k, f b , and for any X ∈ Tych the following are
equivalent:

(a) F(X) is C-complete;
(b) A(X) is C-complete;
(c) X ∈ CDi,C.

6.2 Conway Groups

In this subsection we consider topological groups whose underlying topological space
is Conway. In other words, now we are testing the forgetful functor U : TopGr →
Tych for preservation of sequential completeness. The results will be announced
without proof, proofs will appear in [10], where similar bridge between Conway
spaces and topological vector spaces will be considered.

For topological groups a stable source for the Conway property is given by the
following theorem that can be easily derived from Theorem 1.6.

Theorem 6.7 [10] Every sequentially complete topological group is a Conway space.

Note that this theorem cannot be inverted because any non-complete metrizable
group (like Q) is Conway, but not sequentially complete. According to Theorem 6.4
these two properties coincide for free topological groups (see Theorem 6.10 below
for another instance to this effect).

Since locally countably compact topological groups and topological groups with-
out non-trivial converging sequences are sequentially complete, the theorem gives:

Corollary 6.8 A topological group G is a Conway space if:

(a) G is locally countably compact, or
(b) G has no non-trivial converging sequences.

The fact that topological groups are involved in the above corollary is important.
Indeed, the Tychonoff plank T shows that locally compact topological spaces need
not be Conway. On the other hand, there exists a pseudocompact non-Conway space
without non-trivial converging sequences ([10]).

A topological group G is precompact if its completion ˜G is a compact group. The
precompact groups form an epireflective subcategory PGrp of TopGrp, the reflection
of G ∈ TopGrp is denoted by G+.
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Theorem 6.9 For every LCA group G, the group G+ is sequentially complete, hence
a Conway space.

In particular, every uncountable abelian group G admits a non-normal and
non-countably compact (even non-pseudocompact) group topology that makes it a
Conway space. Indeed, consider G as a discrete group and take G+. It is not normal
[31], nor pseudocompact [5].

The proof of the following theorem from [10] uses the fact that the completion ˜G
of a pseudocompact group G coincides with βG (Comfort and Ross [4]).

Theorem 6.10 A pseudocompact group G is a Conway space iff G is sequentially
complete.

7 Open Questions

Question 7.1 Is there a topological group G such that its Conway reflection ConG :=
seq∞

βG(G) is not a topological group?

Under the assumption of [CH] Berner [2] gave an example of a non-compact
space X for which β X is a Fréchet-Urysohn topological space. Since such an X
is sequentially dense in β X, it is not a Conway space. Nevertheless, the following
questions remains open

Question 7.2

(a) Is there a Fréchet–Urysohn topological space in ZFC that is not a Conway
space?

(b) Is there a consistent example of a topological group whose underlying topolog-
ical space is Fréchet–Urysohn and non-Conway?

Its counterpart for sequential spaces is open too:

Question 7.3

(a) Is there a sequential topological space in ZFC that is not a Conway space?
(b) Is there a sequential topological group that is not a Conway space?

Question 7.4 Does Conw coincide with the bireflective hull (in Tych) of the class
of countably compacts spaces (i.e., is every Conway space a sequentially closed
subspace of a product of countably compact spaces)?

Problem 7.5 Characterize the closure operators C finer than K such that ConwC

coincides with the class of all absolutely C-closed space.

A partial solution of Problem 7.5 was given in Proposition 2.9.
Corollary 4.15 gave an intrinsic description of the closure operators of Tych the

form CA for an idempotent A as all stable β-hereditary idempotent closure operators
of Tych finer than K.
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Question 7.6 Are all bireflective subcategories of Tych idempotent, i.e., are all
closure operators of Tych of the form CA idempotent?

In case of a positive answer to this question, the above intrinsic description extends
to all the closure operators of Tych the form CA. It will be nice to find the precise
relation of these closure operators to the pullback closure of Holgate [20–22].

Our last problem concerns the closure operator CConw associated to the category
of Conway spaces as in Theorem 4.11:

Problem 7.7 Prove or disprove the equality CConw = β(˜Seq
∞

).

As mentioned in Section 4.2, this equality is equivalent to the stability of the
closure operator ˜Seq

∞
.
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