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SUPERCYCLIC VECTORS AND THE ANGLE CRITERION

EVA A. GALLARDO-GUTIÉRREZ AND JONATHAN R. PARTINGTON

Abstract. It is shown that the Angle Criterion for testing supercyclic vectors

depends in an essential way on the geometrical properties of the underlying

space. In particular, we exhibit non-supercyclic vectors for the backward shift

acting on c0 that still satisfy such a criterion. Nevertheless, if B is a locally uni-

formly convex Banach space, the Angle Criterion yields an equivalent condition

for a vector to be supercyclic. Furthermore, it is proved that our hypotheses

on B cannot be weakened to the case of a strictly convex norm on B.

1. Introduction

Let B be a complex Banach space. A bounded linear operator T acting on B is

said to be cyclic if there is a vector x ∈ B such that the linear span generated by

the orbit {Tnx}n≥0 is dense in B. In such a case, the vector x is called cyclic. If

the orbit itself is dense, then T is called hypercyclic and x a hypercyclic vector for

T . While cyclicity is a classical concept, hypercyclic operators have engaged the

attention of many operator theorists since the end of the eighties. For a source of

references on the subject, updated till 1999, we refer to Grosse-Erdmann’s survey

[5].

When the scalar multiples of the elements in the orbit are considered, the concept

of supercyclic operator arises. We say that a bounded linear operator T acting on

B is supercyclic if there is x ∈ B, also called supercyclic, such that the projective

orbit

{λTnf : n ≥ 0 and λ ∈ C}

is dense in B. The concept of supercyclic operator was first introduced by Hilden

and Wallen [6] in the seventies. Nevertheless, the first example of a supercyclic

operator in the Banach space setting can be traced back to Rolewicz’s work [10].

He proved that the unilateral backward shift B acting on the sequence space c0 or
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`p, 1 ≤ p < ∞, and defined on the canonical basis {en}n≥0 by

Ben = en−1 (n ≥ 1)

Be0 = 0

is supercyclic. Actually, Rolewicz provided concrete examples of supercyclic vectors

for B on c0 by constructing hypercyclic vectors for complex scalar multiples λB

whenever |λ| > 1. For a comprehensive treatment of properties of supercyclic

operators, we refer the reader to Montes and Salas’ recent survey [9].

Testing whether a vector x ∈ B possesses any kind of cyclic behaviour for a

given operator T seems to be a difficult task. Of course, it is clear that Tnx 6= 0

for all n ≥ 0. If, in addition, there exists a non-zero functional φ ∈ B∗ such

that the set of complex numbers {φ(Tnx)}n≥0 is not dense in C, then x is not

hypercyclic for T . This fact was used in [4] to prove that certain operators are not

hypercyclic (see The Inner Product Criterion [4, Chapter 2]). The underlying idea

is simple and follows from the fact that the image of a dense set under a non-zero

linear functional must be dense. Actually, this idea had been previously used by

other authors. For instance, in some applications it can be enough to prove that

{φ(Tnx)}n≥0 is bounded, or is contained in a straight line or is the set of powers of

a fixed complex number. This latter argument was used in [2, Prop. 4.1] to prove

a result of Kitai [7, Cor. 2.4] that asserts that the adjoint of a hypercyclic operator

has always empty point spectrum.

On the other hand, in order to check that a given non-zero vector x is not super-

cyclic for T on a Hilbert space H, it would be enough to find a vector y such that

the whole orbit {Tnx}n≥0 lies outside a cone around y. It is clear that the scalar

multiples of the orbit of x cannot approximate y and, consequently, x cannot be

supercyclic. This geometric idea was first used in [8, Sec. 5] to construct a non-

supercyclic vector for certain weighted shifts on `2. Moreover, this geometric idea

works in any Hilbert space for any operator and provides a Hilbert space criterion

for supercyclic vectors, which was given in [3].

The Angle Criterion for Hilbert spaces. Let T be a bounded linear operator

on a separable Hilbert space H. Then the vector x ∈ H is supercyclic for T if and

only if

sup
n

|〈Tnx, y〉|

‖Tnx‖‖y‖
= 1

for all non-zero vectors y ∈ H.

If we restrict ourselves to the Banach space setting, it follows that a necessary

condition for a vector x ∈ B to be supercyclic for T is that

sup
n

|φ(Tnx)|

‖Tnx‖‖φ‖
= 1
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for all non-zero functionals φ ∈ B∗. However, as we shall see by means of a coun-

terexample in Section 2, this condition is not sufficient for testing supercyclic vectors

in general Banach spaces. Actually, it will depend, essentially, on the geometrical

properties of the Banach space.

To this purpose, we recall that a Banach space B is said to be strictly convex

if the conditions ‖x‖ = ‖y‖ = 1 and ‖x + y‖ = 2 for vectors x, y ∈ B imply that

x = y. The space B is locally uniformly convex if for each x ∈ B and sequence (yn)

in B, with ‖x‖ = 1 and ‖yn‖ = 1 for each n, the condition ‖x + yn‖ → 2 implies

that ‖yn − x‖ → 0. Clearly local uniform convexity implies strict convexity.

The relevance of these geometric properties to supercyclicity is that, as we shall

show in Section 3, the angle criterion is necessary and sufficient for supercyclicity

if the underlying space is locally uniformly convex, but it is insufficient assuming

the slightly weaker property of strict convexity.

These convexity conditions are described in many places, for example [1], where

it is noted that every separable Banach space can be given an equivalent locally

uniformly convex norm. Moreover, the Lp spaces with 1 < p < ∞ even have

uniformly convex norms, and these are certainly locally uniformly convex. Thus,

in principle, the angle criterion can be used to test supercyclicity by, if necessary,

first passing to an equivalent locally uniformly convex norm.

2. A counterexample in the Banach space setting

In this section, we show that the Angle Criterion is no longer sufficient for testing

supercyclic vectors in the Banach space setting.

First, we state the necessary condition for a vector x to be supercyclic in a Ba-

nach space B, which is the analogue to that one stated for Hilbert spaces.

The Angle Criterion for Banach spaces. Let T be a bounded linear operator

on a separable Banach space B. If the vector x ∈ B is supercyclic for T then

(1) sup
n

|φ(Tnx)|

‖Tnx‖‖φ‖
= 1

for all non-zero functionals φ ∈ B∗.

We include the proof for the sake of completeness.

Proof: Let ε > 0 be a positive number. There is a vector z ∈ X such that ‖z‖ = 1

and |φ(z)| ≥ (1 − ε)‖φ‖. Since x is a supercyclic vector, there is a sequence (nk)

and complex numbers (λk) such that ‖λkTnkx − z‖ → 0. But then

lim sup
k→∞

|φ(Tnkx)|

‖Tnkx‖‖φ‖
≥ (1 − ε),

implying (since ε was arbitrary) that condition (1) holds. �
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Recall that c0 denotes the Banach space of all sequences (x(n))n≥0 converg-

ing to zero endowed with the supremum norm ‖(x(n))n≥0‖∞ = maxn |x(n)|. As

mentioned in the introduction, Rolewicz [10] showed that if |λ| > 1 then λB is

hypercyclic on c0 and `p for 1 ≤ p < ∞. We have the following

Theorem 2.1. Let λ be a real number with λ > 1 and let T = λB, regarded as an

operator on c0. Then T possesses non-supercyclic vectors satisfying that

sup
n

|φ(Tnx)|

‖Tnx‖‖φ‖
= 1

for all non-zero functionals φ ∈ `1.

Proof: We shall construct a vector x for which αTnx is always far from the unit

basis vector e0 whenever any scalar α ∈ C is considered. To do this we fix a real

constant R > λ, and construct an element x of c0 which, apart from its other

properties, satisfies

(2)

∣

∣

∣

∣

x(n + 1)

x(n)

∣

∣

∣

∣

≥
1

R
for each n.

If condition (2) holds, then

‖αTnx − e0‖∞ ≥ max{|αλnx(n) − 1|, |αλnx(n + 1)|},

but if the first term is less than 1

2
, then the second term is at least 1

2R . Hence such

a vector x will not be supercyclic.

To proceed with the construction of x, let us fix (φk) a dense sequence in the unit

sphere of c∗0 = `1 consisting of vectors of finite support of length Lk. Let (vk) ⊂ c0

be a sequence of vectors also of finite support of length Lk such that |vk(j)| = 1 for

0 ≤ j < Lk and φk(vk) = ‖φk‖1 = ‖vk‖∞ = 1. Choosing Mk sufficiently large such

that RLk−Mk ≤ λ−Mk , we define the norm-one vectors uk as follows:

uk(j) =

{

vk(j) if 0 ≤ j < Lk,

RLk−j if Lk ≤ j < Mk,

Observe that the number of the non-zero coordinates of uk is actually Mk.

Let (Nk) be the sequence of positive integers given by N0 = 0 and Nk+1 =

Nk + Mk. If S denotes the forward shift on c0, which satisfies BS = Id, the vector

x ∈ c0 we look for is defined by

(3) x =

∞
∑

k=0

1

λNk

SNkuk.

Observe that, x satisfies the non-supercyclicity condition (2) since RLk−Mk ≤

λ−Mk . In addition, by construction, ‖TNkx‖∞ = 1 as well as |φk(TNkx)| = 1.

Therefore,

sup
n

|φk(Tnx)|

‖Tnx‖‖φk‖
= 1
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for each k. Clearly, the statement of the theorem follows since (φk) is dense in the

unit sphere of c∗0 and this latter fact suffices. �

3. Locally uniformly convex Banach spaces

The following result shows that if the underlying Banach space B is a locally

uniformly convex space, then the Angle Criterion in B is also a sufficient condition

for supercyclicity.

Theorem 3.1. Let B be a locally uniformly convex Banach space and T a bounded

linear operator on B. Then the vector x is supercyclic for T if and only if

sup
n

|φ(Tnx)|

‖Tnx‖‖φ‖
= 1

for all non-zero functionals φ ∈ B∗.

Proof: It is sufficient to show that the angle criterion implies supercyclicity. Let

y ∈ B a non-zero vector. We may suppose, without loss of generality, that ‖y‖ = 1.

By the Hahn–Banach theorem, it is possible to find φ ∈ B∗ with ‖φ‖ = φ(y) = 1.

On the other hand, the angle criterion implies that there is a sequence (nk) such

that φ(yk) → 1, where yk = εkTnkx/‖Tnkx‖ and (εk) are complex constants of

modulus 1. Note that ‖yk‖ = 1 for all k and so ‖y + yk‖ ≤ 2.

Since |φ(y + yk)| → 2 we conclude that ‖y + yk‖ → 2 and by the local uniform

convexity we deduce that ‖yk − y‖ → 0. Since this holds for all y ∈ B, the operator

T is supercyclic. �

Now let B denote c0 equipped with the equivalent strictly convex norm

‖x‖ =

(

‖x‖2
∞ +

∞
∑

n=0

|x(n)|2

(n + 1)2

)1/2

.

Thus,

(4) ‖x‖∞ ≤ ‖x‖ ≤

(

1 +
π2

6

)1/2

‖x‖∞ for all x ∈ B.

We shall use the space B to show that the Angle Criterion is not sufficient for

supercyclicity even in a strictly convex Banach space.

Theorem 3.2. Let λ be a real number with λ > 1 and let T = λB, regarded as an

operator on the strictly convex space B. Then T possesses non-supercyclic vectors

satisfying that

sup
n

|φ(Tnx)|

‖Tnx‖‖φ‖
= 1

for all non-zero functionals φ ∈ B∗.
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Proof: We modify the proof of Theorem 2.1 as follows. Having fixed R > λ we

can no longer guarantee condition (2), but instead we shall find a vector x ∈ B such

that for each n there is an n′ > n with

(5)

∣

∣

∣

∣

x(n′)

x(n)

∣

∣

∣

∣

≥
1

Rβ
,

where β denotes the constant
(

1 + π2

6

)1/2

occurring in (4). This guarantees that

‖αTnx − e0‖ ≥ 1

2Rβ for any scalar α ∈ C. Therefore, the proof runs similarly to

that of Theorem 2.1.

Again we take functionals (φk) dense in the unit sphere of B∗, and we may take

them to have finite support of length Lk. Let (vk) be also vectors of finite support

of length Lk such that φk(vk) = ‖φk‖ = ‖vk‖∞ = 1. We can longer take the vk to

have coordinates of modulus 1.

We define the vectors uk by

uk(j) =



















vk(j) if 0 ≤ j < Lk,

0 if Lk ≤ j < Pk,

β−1RPk−j if Pk ≤ j < Mk,

0 if j ≥ Mk.

That is, uk = vk + wk, where

wk(j) =











0 if 0 ≤ j < Pk,

β−1RPk−j if Pk ≤ j < Mk,

0 if j ≥ Mk.

Here Pk is chosen sufficiently large such that ‖uk‖ ≤ 1 + 1/k. Observe, we can do

this because, first,

‖vk‖∞ ≥ β−1

and so, ‖vk + wk‖∞ = ‖vk‖∞. Secondly, we can make the series

∞
∑

n=Pk

|wk(n)|2

(n + 1)2

arbitrarily small by choosing Pk large. Let Mk be chosen sufficiently large such

that RPk−Mk ≤ βλ−Mk . As in the proof of Theorem 2.1, we consider (Nk) the

sequence defined by N0 = 0 and Nk+1 = Nk + Mk, for each k ≥ 0. We require that

the vector x, defined by

x =
∞
∑

k=0

1

λNk

SNkuk,

is not supercyclic for T .

To check the non-supercyclicity of x, observe that since RPk−Mk ≤ βλ−Mk ,

condition (5) holds for n = Nk+1 − 1 and n′ the index of the numerically largest

coordinate of λ−Nk+1SNk+1uk+1, which is at least β−1λ−Nk+1 in absolute value (the
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observation that (5) holds for other values of n is immediate from the construction

of each uk). Therefore, x is not a supercyclic vector. However,

sup
n

|φk(Tnx)|

‖Tnx‖‖φk‖
= 1

since φk(TNkx) = 1 and ‖TNkx‖ → 1 as k → ∞. Now, the density of (φk) in the

unit sphere of B∗ yields the statement of the theorem. �
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