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Abstract

The dynamics of inelastic hard spheres is described in terms of the binary

collision expansion, yielding the corresponding pseudo-Liouville equation and

BBGKY hierarchy for the reduced distribution functions. Based on cluster

expansion techniques we derive the Boltzmann and ring kinetic equations for

inelastic hard spheres. In the simple ring approximation, we calculate the

structure factor of vorticity fluctuations in a freely evolving, dilute granular

gas. The kinetic theory result agrees with the result, derived previously from

fluctuating hydrodynamics. In the limit of incompressible flow, this structure

factor alone determines the spatial velocity correlations, which are of dynamic

origin and include long range r−d-behavior. The analytic results are compared

with MD simulations.

I. INTRODUCTION

In recent years the interest in static and rheological properties of assemblies of mesoscopic

or macroscopic bodies or granules has been rapidly increasing. Both as a solid and as

a fluid, granular systems show unusual behavior [1]. Flows of granular material can be

subdivided into quasi static (contact) flows and rapid (collision driven) granular flows. In

this characterization of Ref. [1], the former is referred to as the granular liquid regime and
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the latter as the granular gas regime. Only in rapid granular flows, the dynamics can be

described by sequences of binary collisions and, as a consequence, the methods of kinetic

theory are most suitable [2–11]. Such flows do obey the standard conservation laws of

mass and momentum, and can therefore be considered as fluids. However, energy is not

conserved. The dynamics is essentially dissipative, which gives rise to several interesting

new phenomena, such as clustering and inelastic collapse [1].

In rapid granular flows, collisions of granules are accompanied by conversion of kinetic

energy into rotational energy and into energy of other internal degrees of freedom, and lead

to effective ‘cooling’ phenomena in unforced flows. Such flows have been extensively modeled

through smooth and rough hard spheres with inelastic collisions [2–11].

Up to now the theoretical description of rapid granular flows has been based on

Boltzmann-Enskog kinetic equations for hard sphere-type interactions. Inherent to such

descriptions is the molecular chaos assumption of uncorrelated binary collisions. To study

the extent to which collective effects may be of importance at a fundamental level of de-

scription, one needs to correct for the breakdown of the molecular chaos assumption and to

account for the effects of dynamic correlations.

In the last 35 years many-body theories have been developed to account for these dynamic

correlations in systems of microscopic particles obeying the standard conservation laws.

The fundamental concept to describe these dynamic correlations are ‘ring collisions’, i.e.

sequences of correlated binary collisions, which lead to the so called ring kinetic theory.

This ring kinetic theory for systems of perfectly smooth elastic hard spheres has been at

the basis of all major developments in nonequilibrium statistical mechanics over the last

three decennia: it explains the logarithmic density dependence of the transport coefficients,

and the breakdown of the virial expansion for transport coefficients [12–14]; it explains the

algebraic long time tails of the velocity autocorrelation function and similar current-current

correlation functions [15–17], the non-analytic dispersion relations for sound propagation

and for relaxation of hydrodynamic excitations [18], as well as the breakdown of the Navier-

Stokes equations in two-dimensional fluids at very long times and the non-existence of linear
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transport coefficients in 2-D [19]; moreover, it explains the existence of long range spatial

correlations in nonequilibrium stationary states [20,21], driven by reservoirs which impose

shear rates or temperature gradients, or in driven diffusive systems. Such systems violate

the conditions of detailed balance and the stationary states are non-Gibbsian states [22].

The goal of this paper is to explain the long range correlations (in fact, intermediate range,

as the algebraic tails are exponentially cut off at the largest scales), observed in molecular

dynamics simulations of unforced flows of two-dimensional granular gases [11,23,24]. This

will be done by extending the mean field-type Boltzmann-Enskog equation for rapid granular

flows by including ring collisions. To do so we choose the model of perfectly smooth, but

inelastic hard disks or spheres (d = 2, 3) of diameter σ. The model incorporates the most

fundamental feature of the dissipative dynamics of granular flow, namely the conversion of

kinetic energy into internal energy. Moreover, it is a many-body system with well-defined

and relatively simple dynamics, which has already widely been used in molecular dynamics

simulations [7–11,23,24].

The interactions between smooth inelastic hard spheres (IHS) only affect the translational

degrees of freedom and are modeled by instantaneous collisions as in the case of elastic hard

spheres. During a collision momentum will be transferred along the line joining the centers

of mass of the two colliding particles, indicated by the vector σ pointing from the center of

particle 2 to that of particle 1, as illustrated in Fig. 1.

Upon collision, inelastic hard spheres of equal mass m change their velocities according

to the collision rules

v∗
1 = v1 − 1

2
(1 + α)(v12 · σ̂)σ̂

v∗
2 = v2 + 1

2
(1 + α)(v12 · σ̂)σ̂, (1)

where σ̂ = σ/σ denotes a unit vector, v12 = v1 − v2, and α is the coefficient of normal

restitution. Whereas the total momentum of the two particles is conserved in a collision,

the total energy loss is 1
4
mǫ(v12 · σ̂)2, where the coefficient of inelasticity is ǫ = 1 − α2.

The restituting (precollision) velocities (v∗∗
1 ,v

∗∗
2 ) giving rise to (v1,v2), are found by
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inverting collision rule (1) and given by (see Fig. 1)

v∗∗
1 = v1 − 1

2
(1 + α−1)(v12 · σ̂)σ̂

v∗∗
2 = v2 + 1

2
(1 + α−1)(v12 · σ̂)σ̂. (2)

Note that this inversion is not possible if α = 0, which is a trivial limit.

The kinetic theory for inelastic hard spheres will be developed in close analogy with that

for elastic ones. The rather singular streaming operators St(Γ), which generate the Γ-space

trajectories of the N -hard sphere system, are reformulated (see section II) in terms of T -

operators (binary collision operators), following the original derivation in Ref. [25]. This

allows us to introduce a pseudo-Liouville equation for the N -particle Γ-space distribution

function, and obtain the Bogoliubov, Born, Green, Kirkwood and Yvon (BBGKY) hierar-

chy for the reduced distribution functions. The Liouville equation or the BBGKY hierarchy

forms the standard starting point for deriving kinetic equations, such as the Boltzmann equa-

tion and the ring kinetic equation. This program is carried out in section III. Subsequently,

we use the ring kinetic equation for inelastic hard spheres to calculate the nonequilibrium

pair distribution function in a freely evolving, dilute granular gas.

A particular solution of the Boltzmann equation for this system is the so called homo-

geneous cooling state (HCS), where the velocity field vanishes everywhere, and the density

n and temperature T (t) are spatially homogeneous, while the temperature decays in time.

Some basic features of this HCS-solution are summarized in section IV. They are necessary

for an understanding of the remaining part of this paper, including its instability against

spatial fluctuations in flow velocity and density. In section V we will calculate the build-

up of vorticity correlations using the ring kinetic equation. The resulting expressions for

the spatial correlations 〈uα(r + r′, t)uβ(r
′, t)〉 in the flow field, including long range r−d-

behavior, are identical to the results from fluctuating hydrodynamics for incompressible

velocity fluctuations [23] in the low density limit. The incompressibility assumption gives a

valid description of the velocity correlations up to a length scale that diverges as 1/ǫ, beyond

which the r−d-tail is cut off exponentially. Section V concludes with a comparison of the
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theoretical predictions with the results of molecular dynamics simulations of unforced flows

in a two-dimensional gas of inelastic hard disks (see [7,8,24]).

II. THE BINARY COLLISION EXPANSION

Having defined the dynamics of the system, we now turn to the statistical mechanics.

The ensemble average of a dynamical quantity A(Γ) obeys the equality

∫
dΓρ(Γ, 0)A(Γ(t)) =

∫
dΓA(Γ)ρ(Γ, t), (3)

where Γ = {x1, x2, . . . xN} with xi = {ri,vi} is a point in the N -particle phase space. On

the left hand side the time dependence is assigned to the dynamical variable A(Γ(t)) ≡

St(Γ)A(Γ) with St(Γ) the time evolution operator, and on the right hand side to the N -

particle distribution function ρ(Γ, t), which can be done by considering the terms in (3) as

an inner product. The time evolution of the N -particle distribution function is then given

by

ρ(Γ, t) = S†
t ρ(Γ, 0), (4)

where S†
t (Γ) is the adjoint of St(Γ). For Hamiltonian dynamics S†

t (Γ) = S−t(Γ).

For particles with hard core interactions the dynamics is undefined for physically in-

accessible configurations, where the particles are overlapping. Such configurations have

a vanishing weight in Eq. (3). Since St(Γ) only appears in the combination ρ(Γ, 0)St(Γ)

which vanishes for overlapping initial configurations, it suffices to consider WN(Γ)St(Γ),

with WN (Γ) =
∏

i<j W (rij) where W (r) is the overlap function:

W (r) =






0 if r < σ (overlapping)

1 if r > σ (non-overlapping).
(5)

However, the methods of many-body theory require formal perturbation expansions and

subsequent resummations. To do so, the time evolution operator St(Γ) needs to be defined

for all configurations, including the unphysical overlapping configurations. A convenient
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representation, defined in all points in phase space, has been developed for elastic hard

spheres in Ref. [25], and is based on the binary collision expansion of St(Γ) in terms of

binary collision operators T (ij).

The binary collision operator may be defined in terms of two-body dynamics through

the time displacement operator St(12), given in Ref. [25] by

St(12) = S0
t (12) +

∫ t

0
dτS0

τ (12)T (12)S0
t−τ(12). (6)

Here the free streaming operator S0
t (12) = exp[tL0(12)], with L0(12) = L0

1 + L0
2 and L0

i =

vi · ∂/∂ri. Its action on an arbitrary dynamical function is

S0
t (12)A(r1,p1, r2,p2) = A(r1 + v1t,p1, r2 + v2t,p2). (7)

Following the argument of Ref. [25] for the case of elastic hard spheres step by step, the

binary collision operator T (12) for inelastic hard spheres is constructed as

T (12) = σd−1
∫

v12·σ̂<0
dσ̂|v12 · σ̂|δ(r12 − σ)(b∗σ − 1), (8)

where b∗σ is an operator that replaces all (precollision) velocities vi (i = 1, 2) appearing to

its right by postcollision velocities v∗
i , defined for the inelastic case through collision rule

(1), and d is the dimensionality of the system.

The binary collision operator is defined for overlapping and non-overlapping configura-

tions of two hard spheres. It extends the definition of St(12) to all points in phase space.

In the ensemble average considered in Eq. (3), the overlap function WN(Γ) contains a fac-

tor W (r12) which vanishes whenever r12 < σ. Moreover, the pseudo-dynamics introduced

through Eq. (6) is noninvertible (see [25]). Consequently, the generator St(12) for two-

particle dynamics is only defined for positive times. For later reference we quote the prop-

erty T (12)A(12) = 0, where A(12) is a constant or a function of the argument (v1 + v2),

because of conservation of particle number and linear momentum in binary collisions. As

kinetic energy is not conserved in inelastic collisions, this property does not apply if A(12)

is a function of the argument (v2
1 + v2

2).
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Combinations of T -operators and free streaming operators S0
t , preceded by appropriate

combinations of overlap functions, can be used to construct the time displacement operators

St for dynamical variables. However to discuss the Liouville equation and describe the

time evolution of the reduced distribution functions we need to consider the adjoint time

displacement operators.

We start with the two-particle streaming operator St(12). In order to obtain the adjoint

S†
t (12), we consider the integral equality

∫
dx1dx2B(12)W (12)St(12)A(12) =

∫
dx1dx2A(12)S†

t (12)W (12)B(12), (9)

where dx1dx2 = dr1dv1dr2dv2 and A(12) and B(12) are arbitrary functions of the phases

x1 and x2. Since W (12) is appearing to the left of St(12), this integral is well-defined.

Substituting St(12) from Eq. (6) and using Liouville’s theorem S0†
−t(12) = S0

t (12) for free

particle motion, the left hand side of Eq. (9) can be written as

∫
dx1dx2

{
A(12)S0

−t(12)W (12)B(12) +
∫ t

0
dτ [S0

−τ (12)W (12)B(12)]T (12)S0
t−τ(12)A(12)

}
. (10)

Now notice that the binary collision operator T (12) contains two terms: a real collision

term with b∗σ and a virtual collision term. The real collision term appearing in (10) can

be transformed using v∗
12 · σ̂ = −αv12 · σ̂, yielding a Jacobian dv1dv2 = dv∗

1dv
∗
2/α, and

then relabeling v∗
i → vi and vi → v∗∗

i . In the virtual collision term we relabel σ̂ → −σ̂

and use the free particle Liouville theorem to finally write (10) in terms of the adjoint

time displacement operator, defined through the right hand side of Eq. (9). The resulting

expression for the adjoint time displacement operator becomes

S†
t (12) = S0

−t(12) +
∫ t

0
dτS0

−τ (12)T (12)S0
−(t−τ)(12), (11)

where the binary collision operator T is defined as

T (12) = σd−1
∫

v12·σ̂>0
dσ̂(v12 · σ̂)

(
1

α2
δ(r12 − σ)b∗∗σ − δ(r12 + σ)

)
. (12)
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Here b∗∗σ acts on the velocities vi (i = 1, 2) to its right and replaces them by restituting ones,

v∗∗
i , as defined in collision rule (2).

A property of T -operators, equivalent to T (12)A(12) = 0, is

∫
dx1dx2A(12)T (12)B(12) = 0, (13)

if A(12) is a constant or a function of the argument (v1 +v2), whereas B(12) is an arbitrary

function.

The time displacement operators St(12) can be put in a more convenient form by using

the property, T (12)S0
t (12)T (12) = 0, valid for any t > 0. It also holds with T replaced by T .

This relation expresses the fact that two hard spheres cannot collide more than once with

only free propagation in between. Using this property, the time displacement operators can

be written as

W (12)St(12) = W (12) exp[tL0(12) + tT (12)]

S†
t (12)W (12) = exp[−tL0(1, 2) + tT (12)]W (12). (14)

We now return to the full N -particle system. As shown in Ref. [25], the dynamics of the

N -particle system can be represented in the compact form of pseudo-streaming operators

with the help of the above property T (12)S0
t (12)T (12) = 0, yielding

WN (Γ)St(Γ) = WN(Γ) exp[tL0(Γ) + t
∑

i<j

T (ij)]

S†
t (Γ)WN(Γ) = exp[−tL0(Γ) + t

∑

i<j

T (ij)]WN (Γ), (15)

with L0(Γ) =
∑

i L
0
i the free particle streaming operator. These time evolution operators

are defined everywhere in phase space, and the overlap function gives a vanishing weight to

unphysical configurations, provided that WN (Γ) always appears to the left of T -operators,

or to the right of T -operators.

A minor generalization is to include a conservative external force field in the dynamics.

In that case the single-particle free streaming operator should be defined as

L0
i = vi ·

∂

∂ri

+ ai ·
∂

∂vi

, (16)

8



where ai is the external force per unit mass, acting on the i-th particle.

Similar results for the binary collision operators T and T for inelastic hard spheres have

been derived independently by Brey et al. [5].

III. BBGKY HIERARCHY

The time evolution of the N -particle distribution function ρ(Γ, t) = ρ(x1, x2, . . . xN , t),

with xi = {ri,vi} is given by the Frobenius-Perron equation. For conservative Hamiltonian

systems this equation is the Liouville equation which is an expression of the incompressibility

of the flow. In the case of dissipative systems which by definition are time irreversible, the

phase space volumes are contracted along the flow. According to Eqs. (4) and (15) the

time evolution of the distribution function for inelastic hard spheres is given by the pseudo-

Liouville equation

[∂t + L0(Γ)]ρ(Γ, t) =
∑

i<j

T (ij)ρ(Γ, t). (17)

An equivalent representation of the time evolution of the system can be given in terms of

reduced s-particle distribution functions (s = 1, 2, . . .), defined as

f12...s(t) ≡ f (s)(x1, x2, . . . xs, t) =
N !

(N − s)!

∫
dxs . . .dxNρ(x1, x2, . . . xN , t), (18)

where ρ(t) is normalized to unity. Integration of Eq. (17) using (13) yields the BBGKY

hierarchy for the reduced distribution functions. We only quote the first two hierarchy

equations:

(∂t + L0
1)f1 =

∫
dx2T (12)f12

[∂t + L0
1 + L0

2 − T (12)]f12 =
∫

dx3[T (13) + T (23)]f123. (19)

This set of equations is an open hierarchy, which expresses the time evolution of the s-particle

distribution function in terms of the (s+ 1)-th function.

In the literature on kinetic theory of inelastic hard spheres the first equation of the

BBGKY hierarchy has frequently been derived intuitively and used as a starting point to
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obtain the Boltzmann-Enskog equation for the single-particle distribution function [2,3,5,6].

Using the explicit expression (12) for T (12) it can be written in full detail as

(∂t + L0
1)f(r1,v1, t) = σd−1

∫
dv2

∫

v12·σ̂>0
dσ̂(v12 · σ̂) ×

{
1

α2
f (2)(r1,v

∗∗
1 , r1 − σ,v∗∗

2 , t) − f (2)(r1,v1, r1 + σ,v2, t)
}
. (20)

The corresponding equation for the rate of change of an average is obtained by multi-

plying the first hierarchy equation in (19) with
∫

dv1ψ(v1), and using the adjoint of T (12)

to find

∂

∂t

∫
dv1ψ(v1)f(r1,v1, t) +

∂

∂r1
·
∫

dv1v1ψ(v1)f(r1,v1, t)

=
∫

dv1

∫
dx2f12T (12)ψ(v1)

= σd−1
∫

dv1

∫
dv2

∫

v12·σ̂>0
dσ̂(v12 · σ̂) ×

f (2)(r1,v1, r1 + σ,v2, t)[ψ(v∗
1) − ψ(v1)], (21)

where we have set the external force equal to zero. This equation is the starting point for

deriving macroscopic conservation laws, hydrodynamic equations and the rate of change of

the temperature.

We return again to the kinetic equations. In order to derive a closed equation for the

single-particle distribution function f or for the pair function f12 some kind of closure relation

is required, to express f12 in terms of f , such as Boltzmann’s molecular chaos assumption,

Bogoliubov’s functional assumption [26] or cluster expansion methods [14,27]. Here we shall

illustrate how the methods derived in the kinetic theory for elastic hard spheres can be

transferred directly to the case of inelastic hard spheres. This will be done by deriving the

Boltzmann equation and the ring kinetic equation for the model under consideration.

The Boltzmann equation is obtained from the first hierarchy equation by keeping only

terms to dominant order in the density. This implies the fundamental assumption of molec-

ular chaos for dilute gases, expressing the absence of dynamic correlations between the

velocities of two colliding particles just before collision, i.e. at |r12| = σ + 0,
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f12 = f(r1,v1, t)f(r2,v2, t). (22)

Furthermore, in the low density limit the spatial separation between the colliding particles

can be neglected, and the binary collision operator T (12), entering in the BBGKY hierarchy,

reduces to

T (12) = δ(r12)T 0(12) = δ(r12) σ
d−1

∫

v12·σ̂>0
dσ̂(v12 · σ̂)

(
1

α2
b∗∗σ − 1

)
. (23)

Then the nonlinear Boltzmann equation for inelastic hard spheres becomes

(∂t + L0
1)f(r1,v1, t) = σd−1

∫
dv2

∫

v12·σ̂>0
dσ̂(v12 · σ̂) ×

{
1

α2
f(r1,v

∗∗
1 , t)f(r1,v

∗∗
2 , t) − f(r1,v1, t)f(r1,v2, t)

}
≡ I(f, f). (24)

There are two significant differences with the Boltzmann equation for the elastic case: (i)

the occurrence of 1/α2 in the gain term on the right hand side of (24); one factor 1/α

comes from the Jacobian dv∗∗
1 dv∗∗

2 = (1/α)dv1dv2 and the other one from the reflection law

v∗∗
12 · σ̂ = −(1/α)v12 · σ̂ (see Fig. 1). (ii) In the inelastic case, the restituting precollision

velocities, which yield (v1,v2) as postcollision velocities, are different from the postcollision

velocities (v∗
1,v

∗
2), which result from the direct precollision velocities. In the elastic case

(α = 1) the relation v∗
i = v∗∗

i holds.

The Boltzmann-Enskog equation for inelastic hard spheres (see Refs. [2,3,5,6]) is obtained

by replacing f12 in the first hierarchy equation of (19) by χ(r1, r2|n)f1f2, where χ(r1, r2|n)

is the pair correlation function of elastic hard spheres in a spatially nonuniform equilibrium

state (see Ref. [28]). This version of the molecular chaos assumption still neglects the

velocity correlations, built up by sequences of correlated binary collisions, but does account

for static short range correlations, caused by excluded volume effects. The consequence for

the transport coefficients have been worked out in Refs. [2,3,6].

As the density increases the contributions of correlated collision sequences to the col-

lision term on the right hand side of (20) become more and more important. The

most simple sequence of correlated collisions are the so called ring collisions; for exam-

ple (12)(13)(14). . .(23′)(24′). . .(12), ending with a recollision of the pair (12), which was
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involved in the first collision. In the intermediate time particle 1 collides, say, s times with

s different particles (3,4,. . .), and particle 2 collides s′ times with another set of s′ different

particles (3′,4′,. . .). When particles 1 and 2 are about to recollide, they are dynamically

correlated through their collision history, and the molecular chaos assumption (22) is no

longer valid, i.e. g12 ≡ f12 − f1f2 6= 0.

A simple way to take these correlations into account at moderate densities has been given

in Refs. [27,29]. The method is based on a cluster expansion of the s-particle distribution

functions, defined recursively as

f12 = f1f2 + g12

f123 = f1f2f3 + f1g23 + f2g13 + f3g12 + g123, (25)

etc. Here g12 accounts for pair correlations, g123 for triplet correlations, etc. The molecular

chaos assumption implies g12 = 0, which is equivalent to (22). The basic assumption to

obtain the ring kinetic equation is that the pair correlations are dominant and higher order

ones can be neglected, i.e. g123 = g1234 = · · · = 0 in cluster expansion (25).

Substitution of (25) into (19) and elimination of ∂fi/∂t (i = 1, 2) from the second hier-

archy equation using the first one, yields the ring kinetic theory of inelastic hard spheres:

(∂t + L0
1)f1 =

∫
dx2T (12)(f1f2 + g12) (26)

[∂t + L0
1 + L0

2 − T (12) − (1 + P12)
∫

dx3T (13)(1 + P13)f3]g12 = T (12) [f1f2 + g12] . (27)

Here Pij is a permutation operator that interchanges the particle labels i and j. The second

equation is the so called repeated ring equation for the pair correlation function. If the

operator T (12) on the left hand side of the second equation is deleted, one obtains the

simple ring approximation. Formally solving this equation for g12 yields an expression in

terms of the single-particle distribution functions fi (i = 1, 2, 3), and subsequent substitution

into the first hierarchy equation above yields the generalized Boltzmann equation in ring

approximation. For a more detailed discussion of the collision sequences taken into account

by Eq. (27) we refer to the original literature [27,29,30].
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The kinetic equations (26) and (27) constitute the new extensions of this article: the ring

kinetic equations for inelastic hard spheres. All standard results for elastic hard spheres are

recovered by setting the restitution coefficient α = 1. In this paper we will determine from

(27) the behavior of the nonequilibrium pair distribution function g(x1, x2, t) on hydrody-

namic time scales, for a special solution f(x, t) of the Boltzmann equation. The spatial

correlations 〈uα(r + r′, t)uβ(r′, t)〉 of the flow field u(r, t), calculation of which is our direct

goal in this paper, can be directly obtained from g(x1, x2, t) by integration. In the next

section will summarize some known results about the homogeneous cooling state which are

necessary for an understanding of what follows later on.

IV. HOMOGENEOUS COOLING STATE

A gas of elastic hard spheres will relax to local equilibrium on a (kinetic) time scale of a

few mean free times, t0 ∼ l0/v0, where l0 is the mean free path and v0 the thermal velocity,

1
2
mv2

0 ≡ T . Here the Boltzmann constant kB is set equal to unity. Finally, the system will

reach a spatially homogeneous equilibrium state on a (hydrodynamic) time scale ∼ L/v0,

where L is the linear dimension of the system.

However, in the case of inelastic hard spheres kinetic energy is lost in collisions, and if

the system is not driven, the kinetic energy associated with the thermal motion decreases,

and interesting instabilities occur, such as clustering [7] and inelastic collapse [8].

Here we are interested in a special solution of the Boltzmann equation (24) for inelastic

hard spheres, the so called homogeneous cooling state (HCS). In this state the distribu-

tion function f(r,v, t) = f(v, t), as well as the hydrodynamic fields are spatially homoge-

neous. These functions are defined as density n(r, t) =
∫

dvf(r,v, t), flow velocity u(r, t) =

(1/n(r, t))
∫

dvvf(r,v, t), and granular temperature T (r, t) = (m/dn(r, t))
∫

dvV 2f(r,v, t),

where V(r, t) = v − u(r, t) is the peculiar velocity. Furthermore, the flow velocity can

be taken to vanish, u(r, t) = 0, and n(r, t) = n is constant in space and time. However,

T (r, t) = T (t) depends on time. Based on the fundamental concepts of the Chapman-Enskog
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theory, we expect that the single-particle distribution function f after an initial transient of

the order of a few mean free times, will only depend on time through its first few moments,

which is here only the temperature T (t). For dimensional reasons f(v, t) then takes the

scaling form

f(v, t) =
n

vd
0(t)

f̃

(
v

v0(t)

)
, (28)

with the thermal velocity v0(t) depending on time. One can derive an integral equation

for the unknown scaling form f̃(c), with c = v/v0(t), by inserting (28) into the Boltzmann

equation (24). The result is

− 1

v2
0

dv0

dt

(
d+ c1 ·

d

dc1

)
f̃(c1) = nσd−1Ĩ(f̃ , f̃), (29)

with

Ĩ(f̃ , f̃) ≡
∫

dc2

∫

c12·σ̂>0
dσ̂(c12 · σ̂)

(
1

α2
b∗∗σ − 1

)
f̃(c1)f̃(c2). (30)

To determine the rate of change of the temperature, we use Eq. (21) with ψ(v) = v2 and

f12 = f(v1, t)f(v2, t), and calculate v∗1
2 − v2

1. With the help of Eqs. (1) and (28), we obtain

dT

dt
= − Ωd√

2π
mnσd−1v3

0γ = −2ωγT, (31)

where ω is the time dependent collision frequency given in Boltzmann theory by ω =

Ωdnσ
d−1
√
T/πm with Ωd = 2πd/2/Γ(d/2) the surface area of a d-dimensional unit sphere,

and γ is a time independent cooling rate, defined by

γ ≡ −
√

2π

dΩd

∫
dc1c

2
1Ĩ(f̃ , f̃)

=

(√
2π

dΩd

)
1 − α2

4

∫
dc1

∫
dc2

∫

c12·σ̂>0
dσ̂(c12 · σ̂)3f̃(c1)f̃(c2), (32)

which depends on the unknown scaling form f̃(c).

At this stage, it is convenient to change to a new time variable τ , defined through

dτ = ω(T (t))dt. Integration yields

τ =
1

γ
ln(1 + γt/t0). (33)

14



The time τ actually presents the average number of collisions suffered per particle. In the

elastic limit (ǫ→ 0), it becomes the real time, τ = t/t0, measured in units of the mean free

time t0 = 1/ω(T0) at the initial temperature T0.

Eq. (31) is readily integrated to obtain for the temperature

T (t) =
T0

(1 + γt/t0)2
= T0 exp(−2γτ). (34)

The above equation represents the well known algebraic decay law for the granular temper-

ature in the homogeneous cooling state1 (see Refs. [7,8] and references therein).

Combining (29) and (31) yields an integral equation for the scaling form f̃(c), i.e.

Ωd√
2π
γ

(
d+ c1 ·

d

dc1

)
f̃(c1) = Ĩ(f̃ , f̃), (35)

where γ is given through (32) in terms of f̃ itself. By a moment expansion of this equation,

it has been shown [31] that the fourth cumulant of f̃ is small for any value of the inelasticity

ǫ both in d = 2 and 3. This has been confirmed by a direct simulation Monte Carlo calcu-

lation of the fourth and sixth cumulant in the homogeneous cooling state of inelastic hard

spheres (d = 3) [32]. To a good approximation, therefore, the solution of (35) approaches

a Maxwellian, i.e. f̃(c) ≈ φ(c) ≡ π−d/2 exp(−c2). Similarly, the dimensionless cooling rate

(32) is well approximated by replacing f̃(c) by φ(c) in (32):

γ0 = −
√

2π

dΩd

∫
dc1c

2
1Ĩ(φ, φ) =

1 − α2

2d
. (36)

V. RING KINETIC THEORY

In this section we will derive the structure factor of transverse velocity or vorticity

fluctuations, S⊥(k, t), for a freely evolving, dilute gas of inelastic hard spheres. In general

1 Note that, because of the spatial homogeneity of f , this result is still valid in Enskog theory, for

general densities, once the collision frequency has been increased by the factor χ(n), which is the

local equilibrium pair correlation function at contact.
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velocity correlations can be described by an isotropic tensor Sαβ(k, t), related to the scalar

isotropic functions S⊥(k, t) and S‖(k, t) via the decomposition [33]

Sαβ(k, t) = k̂αk̂βS‖(k, t) + (δαβ − k̂αk̂β)S⊥(k, t), (37)

where hats denote unit vectors. The structure factors S⊥(k, t) and S‖(k, t) of transverse and

longitudinal velocity fluctuations are also related to the energy spectrum function E(k) in

the theory of homogeneous turbulence [33].

The inverse Fourier transform of Sαβ(k, t) are the spatial correlations Gαβ(r, t). In terms

of the microscopic velocity field u(r, t), it may be defined as

Gαβ(r, t) =
1

V

∫
dr′〈uα(r + r′, t)uβ(r′, t)〉. (38)

A similar decomposition [33] holds for the spatial velocity correlations:

Gαβ(r, t) = r̂αr̂βG‖(r, t) + (δαβ − r̂αr̂β)G⊥(r, t). (39)

Whereas the tensors Gαβ(r, t) and Sαβ(k, t) include self-correlations of particles, the corre-

lation functions g12 and s12 (as defined below) occurring in the second hierarchy equation

do not. Therefore, it is convenient to substract the self-correlation part and introduce the

tensors S+
αβ(k, t) ≡ Sαβ(k, t) − T (t)δαβ/nm and G+

αβ(r, t) ≡ Gαβ(r, t) − T (t)δαβδ(r)/nm,

which is regular at the origin and related to g12 by

G+
αβ(r, t) =

1

V

∫
dr′

1

n2

∫
dv1

∫
dv2v1αv2βg(r + r′,v1, r

′,v2, t). (40)

Incompressibility of velocity fluctuations then implies S+
‖ (k, t) = 0, in which case G+

⊥(r, t) is

related to G+
‖ (r, t) by (see [33])

G+
⊥(r, t) = G+

‖ (r, t) +
r

d− 1

∂

∂r
G+

‖ (r, t). (41)

As discussed in section III, in the low density limit, T (12) = δ(r12)T 0(12), the first

hierarchy equation reduces to the Boltzmann equation, and the second hierarchy equation

to its simple ring approximation,
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(
∂

∂t
+ v1 ·

∂

∂r1

+ Ω1 + v2 ·
∂

∂r2

+ Ω2

)
g12 = δ(r12)T 0(12)f1f2, (42)

where Ω is minus the linearized Boltzmann collision operator, i.e. (i = 1, 2)

Ωiψ(vi) ≡ −
∫

dx3T 0(i3)(1 + Pi3)f3ψ(vi)

= −σd−1
∫

dv3

∫

vi3·σ̂>0
dσ̂(vi3 · σ̂)

(
1

α2
b∗∗σ − 1

)
×

{f(vi, t)ψ(vi) + f(v3, t)ψ(v3)} . (43)

The term on the right hand side of Eq. (42), which vanishes in the case of detailed balance,

provides a source of correlations for inelastic hard spheres in the homogeneous cooling state.

For a homogeneous distribution f(v, t), g(r1,v1, r2,v2, t) depends on r12 = r1 − r2 only, and

the ring equation for the Fourier transform s(k,v1,v2, t) ≡
∫

dr12e
−ik·r12g(r1,v1, r2,v2, t) is

given by

(∂t + ik · v12 + Ω1 + Ω2)s12 = T 0(12)f(v1, t)f(v2, t). (44)

Inspired by the scaling ansatz (28) for the homogeneous cooling solution of the Boltzmann

equation, we write the density and temperature dependence of s12 explicitly as

s(k,v1,v2, t) =
n2

v2d
0 (t)

s̃(k, c1, c2, τ). (45)

Again it is convenient to transform to the kinetic time τ , so that Eq. (44) reduces to

[∂τ + Λ̃12(k)]s̃(k, c1, c2, τ) = l0σ
d−1T̃0(12)f̃(c1)f̃(c2), (46)

with the mean free path l0 = v0/ω. Here we have introduced the notation (j = 1, 2)

Λ̃j(k) = il0k · cj + γ

(
d+ cj ·

∂

∂cj

)
+ l0nσ

d−1Ω̃j

Λ̃12(k) = Λ̃1(k) + Λ̃2(−k), (47)

defined in terms of the dimensionless quantities

Ω̃ ≡ 1

v0(t)σd−1n
Ω1

T̃0(12) =
1

v0(t)σd−1
T 0(12). (48)
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The formal solution for the case that all pair correlations vanish at the initial time t = 0,

is given by

s̃(k, c1, c2, τ) =
1 − exp[−τ Λ̃12(k)]

Λ̃12(k)
l0σ

d−1T̃0(12)f̃(c1)f̃(c2)

=
∑

λ,µ

−exp τ [zλ(k) + zµ(k)] − 1

zλ(k) + zµ(k)
|ψR

λ (c1,k)ψR
µ (c2,k)〉 ×

〈ψL
λ (c1,k)ψL

µ (c2,k)|l0σd−1T̃0(12)f̃(c1)f̃(c2)〉. (49)

In the second line we have made a decomposition in eigenfunctions of the operator Λ̃ and

used the bracket notation, with inner products representing integrals over c. The left and

right eigenfunctions satisfy the eigenvalue relations,

Λ̃j(k)|ψR(cj,k)〉 = −zλ(k)|ψR(cj,k)〉

〈ψL(cj,k)|Λ̃j(k) = −zλ(k)〈ψL(cj,k)|. (50)

The structure factor of transverse velocity fluctuations, S+
⊥(k, t), is then given by

S+
⊥(k, t) =

1

n2

∫
dv1

∫
dv2v1⊥αv2⊥αs(k,v1,v2, t)

= v2
0(t)〈c1⊥αc2⊥α|s̃(k, c1, c2, τ)〉. (51)

We state here without further derivation that the transverse velocity or shear modes are the

only modes contributing to S+
⊥(k, t) (see also [11,23]). It can be shown that the eigenfunctions

corresponding to the shear mode are ψ⊥α = c · k̂⊥α = c⊥α, where the subscript α denotes

one of the d − 1 degenerate shear modes. The dispersion relation for the relaxation rate

z⊥(k) of the shear mode with wavenumber k is z⊥(k) = γ0(1 − k2ξ2). The correlation

length ξ =
√
η/ρωγ0 with η ∼

√
T (t) the time dependent shear viscosity, ρ = mn the

mass density, ω ∼
√
T (t) the collision frequency and γ0 = ǫ/2d. For small inelasticity

ξ diverges as 1/
√
ǫ. So in calculating S+

⊥(k, t), we only have to calculate the quantity

〈c1⊥αc2⊥α|l0σd−1T̃0(12)f̃(c1)f̃(c2)〉 = −Ωdl0σ
d−1γ/

√
2π = −γ/n ≈ −γ0/n, as can easily be

shown using Eq. (21). We then obtain for S+
⊥(k, t) the expression

S+
⊥(k, t) =

(
T (t)

nm

)
exp[2γ0τ(1 − k2ξ2)] − 1

1 − k2ξ2
. (52)
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This low density result agrees with a previous result derived from fluctuating hydrodynamics

[23], which, moreover, extends the validity of the above expression to higher densities.

The subsequent analysis of G⊥(r, t) and G‖(r, t), under the simplifying assumption that

the fluctuating flow fields are incompressible, i.e. S+
‖ (k, t) = 0, has been given in [23]. The

full analysis for the compressible case can also be given, and yields only small modifications

to the incompressible case, except at the largest scales, where the algebraic tails are cut off

exponentially [31].

It is found that the spatial correlation functions G⊥(r, t) and G‖(r, t) show structure

on spatial scales large compared to the mean free path l0. In particular one obtains for

asymptotically large r the algebraic tails, G‖(r, t) ∼ −(d − 1)G⊥(r, t) ∼ A/rd with explicit

expressions for A [31]. Furthermore, G‖(r, t) is positive everywhere, while G⊥(r, t) has a

negative minimum, reflecting the presence of vortices in the system. The structure function

S+
⊥(k, t) for the flow field in the inelastic hard sphere system is the analog of the energy spec-

trum function E(k) in the theory of 2-D or 3-D homogeneous turbulence in incompressible

fluids. The qualitative forms of G⊥(r, t) and G‖(r, t) are roughly similar to the shapes of

these functions in the theory of homogeneous turbulence, as illustrated in Fig. 3.2 of chapter

3 in Ref. [33]. For a more detailed description of these functions, we refer to [31].

We now return to the structure factors, and compare Eq. (52) with results from a two-

dimensional molecular dynamics simulation of N = 50000 inelastic hard disks at a low area

fraction φ = 1
4
πnσ2 = 0.05, and a coefficient of normal restitution α = 0.85. Fig. 2a shows

the prediction of Eq. (52) in the low density limit at τ = 30 collisions per particle, together

with simulation results for S⊥(k, t) and S‖(k, t), as obtained by performing a Fourier trans-

form on the momentum fields, coarse-grained into 256 × 256 boxes, followed by a circular

average. At the corresponding time t, Eq. (33), gives the slightly smaller value τ = 28.7

for the number of collisions per particles. Already at this density, Enskog theory gives a

quantitatively significant increase of the collision frequency by a factor χ ≃ 1.08, leading to a

predicted number of collisions per particle τ = 29.7, for the case under consideration. For a

more detailed comparison of both S⊥(k, t) and S‖(k, t) at general densities, we refer to [31].
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Since the structure factor of transverse velocity fluctuations, S+
⊥(k, t), shows structure at

wavenumbers k . 1/ξ, ≃ 0.06σ−1 in the ring kinetic theory, the spatial velocity correlation

functions G⊥(r, t) and G‖(r, t) (shown in Fig. 2b) also show structure up to and beyond dis-

tances of the order 2πξ ≃ 106σ, which is large compared to the Boltzmann mean free path

l0 ≃ 6.3σ, but still small compared to the system size L = 886σ. Furthermore, the simulation

results show that the incompressibility assumption indeed holds in a range of wavenumbers

1/ξ‖ . k < 1/l0, where the existence of a large distance cut-off length 2πξ‖ ≫ 2πξ has been

discussed in Ref. [31]. The spatial velocity correlations measured in the simulations agree

well with the calculated G⊥(r, t) and G‖(r, t) in the range 2πl0 < r . 2πξ‖, and exhibit an

observable long range r−d-tail for distances 2πξ . r . 2πξ‖. At wavenumbers of the order

of the minimal accessible wavenumber kmin = 2π/L ≃ 0.007σ−1, effects from the periodic

boundaries become important. To conclude, we observe that the more fundamental ring

kinetic theory yields results identical to the more mesoscopic theory of fluctuating hydro-

dynamics in their common region of validity, thus supporting the phenomenological theory

presented in Ref. [23,31].
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FIG. 1. Direct and restituting inelastic collisions with refection law v
∗
12 · σ̂ = −αv12 · σ̂ with

0 < α < 1.
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FIG. 2. (a) S⊥(k, t) (filled circles) and S‖(k, t) (open circles) as measured from molecular

dynamics simulations of N = 50000 particles at an area fraction φ = 0.05, coefficient of normal

restitution α = 0.85 and number of collisions per particle τ = 30, with T0/m = 1, compared

with the prediction Eq. (52) from ring kinetic theory for S⊥(k, t) (solid line). (b) Corresponding

measured G‖(r, t) and G⊥(r, t) (dashed lines), compared with the prediction (solid lines) from ring

kinetic theory in the incompressible limit.
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