
The beam quality parameter of spirally polarized beams

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

2008 J. Opt. A: Pure Appl. Opt. 10 125004

(http://iopscience.iop.org/1464-4258/10/12/125004)

Download details:

IP Address: 147.96.14.16

The article was downloaded on 11/06/2013 at 16:53

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1464-4258/10/12
http://iopscience.iop.org/1464-4258
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


IOP PUBLISHING JOURNAL OF OPTICS A: PURE AND APPLIED OPTICS

J. Opt. A: Pure Appl. Opt. 10 (2008) 125004 (6pp) doi:10.1088/1464-4258/10/12/125004

The beam quality parameter of spirally
polarized beams
V Ramı́rez-Sánchez and G Piquero
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Abstract
Starting from the expression for the quality parameter of a superposition of two general fields,
the case of beams that can be written in terms of the polarization basis introduced by Gori is
investigated. Different types of this class of beam are studied and compared. In particular,
spirally polarized beams are considered. As an example, polarized Bessel–Gauss beams are
analyzed in detail.
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1. Introduction

Optical beams with special polarization characteristics across
the transverse section are a subject of increasing interest.
Different kinds of non-uniformly polarized beams and
methods for characterizing them have been proposed in the
literature [1–7]. They allow us to improve several applications.
In particular, radially and azimuthally polarized beams are used
in optical trapping, material processing, particle acceleration,
high resolution microscopy, etc [8–13]. These non-uniformly
polarized beams can be considered as particular cases of the
so-called spirally polarized beams (SPBs). A new basis for
describing a class of paraxial non-uniformly polarized fields,
including SPBs, has been introduced in the literature by
Gori [14]. This kind of beam presents interesting distributions
of the polarization across the beam profile that remain invariant
upon free propagation. Following this proposal, different
works studying the properties and characteristics of SPBs have
been published [15, 16]. Moreover, this polarization basis is
useful for describing polarized beams with a single vortex of
topological charge m. Beams carrying vortices are currently
receiving much interest for their numerous applications, for
example as optical tweezers.

On the other hand, in some applications in which beams
with non-conventional distributions of polarization are used,
a good beam quality is required. In some papers the beam
quality factor of radially and azimuthally polarized beams
before and after different optical systems is given [17–21], but
only in a few papers are the theoretical analytical expressions
derived [22]. To our knowledge the quality parameter of
spirally polarized beams has not been calculated in the
vectorial treatment yet. In our study we will consider the beam

quality defined within the paraxial approach. Recent papers
propose to extent the definition of the beam quality factor to
non-paraxial vectorial beams [23, 24] but it is a subject that
deserves further discussion.

The aim of this work is to study the paraxial beam quality
parameter of beams that can be written in terms of the Gori
basis, in particular spirally polarized fields. The paper is
arranged as follows. In the next section we introduce the
appropriate definitions and show the formalism to be used. We
begin with the quality for the superposition of two general
beams. The quality parameter for beams with rotationally
symmetric irradiance and states of polarization given by the
Gori polarization basis and their combinations is calculated in
section 3. Different cases are investigated: (i) beams described
by only one basis polarization state, (ii) beams synthesized
by a combination of two orthogonal vectors of this basis,
and (iii) beams synthesized by a combination of two non-
orthogonal vectors of the same basis. As will be shown, these
fields can be written as a superposition of vortex beams. The
cases of integer and fractional vortex charges will be also
studied. As an example, beams with Bessel–Gauss amplitude
are analyzed in section 4. Finally, the main conclusions are
derived in section 5.

2. Formalism and definitions

Let us begin with a monochromatic field, E(r), propagating
along the z-axis (assuming z as the mean direction of the beam
in the paraxial regime). We will consider that the beam waist-
width, ω0, is large enough compared to the wavelength, λ,
i.e. w0/λ � 1. In such a case the longitudinal component
of the field is much smaller than the transversal components
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and can be neglected [15]. For totally polarized beams at plane
z = 0, the Jones vector in terms of the s- and p-components of
the field is

E(r) = (
Es(r), E p(r)

)
. (1)

The second-order irradiance moments of a partially
polarized and partially coherent beam are defined as [25–28]

〈αβ〉 = 1

P

∫ ∫ ∫
α β E†(r + s/2, z) E(r − s/2, z)

× exp(iksη) ds dr dη, (2)

where the symbol † denotes the adjoint, the overbar represents
an ensemble average, k = 2π/λ with λ the wavelength, and
P is the total power of the beam. In the above equation r =
(r1 +r2)/2 and s = (r1 −r2), r1 and r2 being two points of the
transverse section of the beam. On the other hand, η = (u, v),
where u and v represent angles of propagation (without taking
the evanescent waves into account) and α, β = x, y, u, v.

In terms of these measurable moments the general
expression of the paraxial beam quality parameter for polarized
beams (in the waist plane) is given by (see for example [29])

Q = 〈r 2〉〈η2〉. (3)

As usual, 〈r 2〉 and 〈η2〉 are connected with the minimum
beam width and the far-field divergence, respectively. Note
that Q is related to the standard beam propagation factor M2

by means of the expression (M2)2 = k2 Q. Parameter Q
is invariant upon propagation through rotationally symmetric
ABCD systems and gives us the focusing capability of a beam
in near and far fields. The minimum value, Q = 1/k2, is
obtained for Gaussian beams. For the sake of brevity, in what
follows it will be assumed that 〈r〉 = 〈η〉 = 0 (this is simply
equivalent to a shift of the coordinate system).

For totally coherent beams the previous irradiance
moments in polar coordinates are calculated in a simple form
as follows:

〈r 2〉 = 1

P

∫ ∫
r 2 |E(r, θ)|2 r dr dθ, (4)

and

〈η2〉 = 1

k2 P

∫ ∫ (∣
∣∣
∣
∂E(r, θ)

∂r

∣
∣∣
∣

2

+ 1

r 2

∣
∣∣
∣
∂E(r, θ)

∂θ

∣
∣∣
∣

2
)

r dr dθ,

(5)
with

P =
∫ ∫

|E(r, θ)|2 r dr dθ. (6)

Let us now consider a field that can be written as a
superposition of two beams,

E(r, θ) = E1(r, θ) + E2(r, θ). (7)

By applying equations (3)–(5) to equation (7), the
parameter Q is given in terms of the beam quality of each

beam, E1 and E2, in the form

Q = P2
1

P2
Q1 + P2

2

P2
Q2 + P1 P2

P2
Qmix

+ P12

P
〈r 2〉12

(
P1

P
〈η2〉1 + P2

P
〈η2〉2

)

+ P12

P
〈η2〉12

(
P1

P
〈r 2〉1 + P2

P
〈r 2〉2

)

+ P2
12

P2
〈r 2〉12 〈η2〉12, (8)

where
Qi = 〈r 2〉i 〈η2〉i , (9)

Qmix = 〈r 2〉1〈η2〉2 + 〈r 2〉2〈η2〉1, (10)

〈r 2〉i j =
∫ ∫

r 2 (E∗
i · E j) r dr dθ

∫ ∫
(E∗

i · E j) r dr dθ
, (11)

〈η2〉i j = 1

k2

∫ ∫ (
∂E∗

i
∂r · ∂E j

∂r

)
+ 1

r2

(
∂E∗

i
∂θ

· ∂E j

∂θ

)
r dr dθ

∫ ∫
(E∗

i · E j) r dr dθ
, (12)

Pi =
∫ ∫

(E∗
i · Ei) r dr dθ =

∫ ∫
|Ei(r, θ)|2 r dr dθ, (13)

P12 = 2
∫ ∫

(E∗
1 · E2) r dr dθ, (14)

with i, j = 1, 2, 〈αβ〉ii = 〈αβ〉i , Qi and Pi being the beam
quality parameter and the power of each field, Ei (r, θ), and
P = P1 + P2 + P12 the total power of the beam. Note that the
sign of the term P12 will depend on the scalar product (E∗

1 ·E2).

3. Quality parameter of non-uniformly polarized
beams generated with the Gori polarization basis

In this section we will focus on beams of the form

E(r) = E1(r, θ) + E2(r, θ) = f (r) v̂i (θ) + g(r) v̂ j(θ), (15)

where i, j = 1, 2, 3, 4 and v̂i , v̂ j are two different unitary
vectors which depend only on the coordinate θ . These vectors
constitute the basis introduced by Gori [14] for describing a
class of non-uniformly totally and linearly polarized beams.
They are explicitly given by the following expressions:

v̂1(θ) =
(

cos mθ

sin mθ

)
, v̂2(θ) =

(
cos mθ

−sin mθ

)
,

v̂3(θ) =
(

sin mθ

−cos mθ

)
, v̂4(θ) =

(
sin mθ

cos mθ

)
,

(16)

where m is the charge of a single vortex. For m = 1,
v̂1 and v̂3 represent a radially or an azimuthally polarized
beam, respectively. Vectors v̂2 and v̂4 represent other
different non-uniformly and axially symmetric distributions
of linear polarization. In particular, SPBs can be written as
a combination of radially and azimuthally polarized beams
(polarization maps at a transverse plane can be seen in [16]).
For higher values of m and different combinations of the
vectors of this basis, more complicated distributions of the
polarization across the beam profile are achieved. An
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interesting property of fields written as in equation (15) is that
they keep their state of polarization during free propagation
(assuming the paraxial approach).

Hereafter we refer to the set of vectors given by
equation (16) as the polarization basis.

We can analyze three different possibilities:

(i) When g(r) = 0, the field is written as

E(r) = f (r) v̂i (θ), (17)

and the beam quality degrades proportionally to m2. The
analytical expression for Q is

Q = Q0 + m2

k2
〈r 2〉

∫ | f (r)|2
r2 r dr

∫ | f (r)|2 r dr
, (18)

where Q0 is the beam quality for m = 0 (uniformly totally
polarized beam) that reads

Q0 = 〈r 2〉〈η2〉, (19)

with

〈r 2〉 =
∫

r 2 | f (r)|2 r dr
∫ | f (r)|2 r dr

, (20)

〈η2〉 = 1

k2

∫ | ∂ f (r)

∂r |2 r dr
∫ | f (r)|2 r dr

. (21)

Equation (18) represents the quality parameter for a beam
with state of polarization given by any vector of the
polarization basis (equation (16)). In particular, for m =
1, equation (18) represents the quality for radially or
azimuthally polarized beams.

It is interesting to note that the same quality is
obtained for a uniformly polarized beam with a single
vortex of charge m written in the form

E(r) = f (r) ei m θ v̂, (22)

v̂ being a normalized constant vector. The factor eimθ is the
helical phase that characterizes a single vortex of charge
m located at x = y = 0. In this case Q0 represents the
quality parameter of the beam without vortices (without
the phase eimθ ) and the result is the same as in the scalar
case [30]. As is mentioned in [30], the phase of the vortex
produces an astigmatism in the field and it degrades the
beam quality as m increases.

(ii) If v̂i (θ) · v̂ j (θ) = 0, the two polarization basis vectors are
orthogonal and they must have the same charge m. Then,
the beam quality parameter is given by equation (8) with
P12 = 0. Moreover, if f (r) = g(r) the quality factor
reduces to equation (18). SPBs are examples of this type.

Note that, for radially, azimuthally, and spirally
polarized beams, the same value of Q is obtained.

(iii) Now, the basis vectors are chosen in such a way that
v̂i · v̂ j �= 0 is satisfied as, for example,

v̂1(θ) =
(

cos mθ

sin mθ

)
, v̂2(θ) =

(
cos nθ

−sin nθ

)
. (23)

Using Euler’s formula we can write equation (15) in the
form

E(r) = 1
2 A(r)

(
1
−i

)
+ 1

2 A∗(r)

(
1
i

)
, (24)

with
A(r) = f (r) ei m θ + g(r) e−i n θ . (25)

Note that this non-uniformly polarized field can be
expressed as a superposition of right and left circularly
polarized beams with the same irradiance proportional to
|A(r)|2. The second-order moments are

〈r 2〉 = Pf

P
〈r 2〉 f + Pg

P
〈r 2〉g + Pf g

P
〈r 2〉 f g, (26)

and

〈η2〉 = Pf

P
〈η2〉 f + Pg

P
〈η2〉g + Pf g

P
〈η2〉 f g, (27)

where the subscripts f and g correspond to the functions
f (r) and g(r), respectively, and

〈r 2〉 f =
∫

r 2 | f (r)|2 r dr
∫ | f (r)|2 r dr

, (28)

〈r 2〉g =
∫

r 2 |g(r)|2 r dr
∫ |g(r)|2 r dr

, (29)

〈r 2〉 f g =
∫

r 2 f (r) g(r)r dr
∫

f (r) g(r) r dr
, (30)

〈η2〉 f = 1

k2

∫ | ∂ f (r)

∂r |2 r dr + m2
∫ | f (r)|2

r2 r dr
∫ | f (r)|2 r dr

, (31)

〈η2〉g = 1

k2

∫ | ∂g(r)

∂r |2 r dr + n2
∫ |g(r)|2

r2 r dr
∫ |g(r)|2 r dr

, (32)

〈η2〉 f g = 1

k2

∫
∂ f (r)

∂r
∂g(r)

∂r r dr − m n
∫

1
r2 f (r) g(r) r dr

∫
f (r)g(r) r dr

,

(33)

Pf = (2π)

∫
| f (r)|2 r dr, (34)

Pg = (2π)

∫
|g(r)|2 r dr, (35)

Pf g = 2
∫

f (r) g(r) r dr
∫

cos[(m + n) θ ] dθ

= 2
sin[2π(m + n)]

(m + n)

∫
f (r) g(r) r dr. (36)

The beam quality is calculated by substituting the above
moments in equation (8).

For integer values of m + n, the factor Pf g = 0 due
to the integral

∫
cos[(m + n) θ ] dθ , which is only different

from zero in the case of fractional orders of the charges.
For the particular situation f (r) = g(r), the field is

the superposition of two beams with identical amplitudes
but with different vortex charges, resulting in the equalities
Pf = Pg , 〈r 2〉 f = 〈r 2〉g = 〈r 2〉 f g = 〈r 2〉. This means
that the beam widths and powers of each field are identical.
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On the other hand, the global divergence, 〈η2〉, and Pf g ,
are

〈η2〉 = 〈η2〉 f + t

k2

∫ | f (r)|2
r2 r dr

∫ | f (r)|2 r dr
, (37)

and

Pf g = 2Pf sinc[2(m + n) π], (38)

with

t = (m − n)2 + 2mn {1 − sinc[2(m + n) π]}
2{1 + sinc[2(m + n) π]} . (39)

Using equations (37)–(39), the beam quality results in
being

Q = Q0 + t

k2
〈r 2〉

∫ | f (r)|2
r2 r dr

∫ | f (r)|2 r dr
. (40)

Parameter t satisfies t � 0. The minimum value, t = 0,
is reached for m = n = 0, and the maximum, t =
(m2 + n2)/2, for m + n = 1, 2, 3, . . ..

Note that for beams with equal but opposite charges
n = −m, the beam quality results in being as expressed in
equation (18).

4. Example: polarized Bessel–Gauss beams

In order to illustrate the differences between the beam quality
parameter in cases (i), (ii), and (iii) of section 3, we
will consider a particular example. First of all, it should
be noticed that the radial functions f (r) and g(r) must
be chosen in such a way that the amplitudes vanish at
the eye of the vortex in order to be single valued. For
this reason we will study beams with Bessel–Gauss (BG)
amplitude. These kinds of beams have the advantage that
the spatial structure does not change under focusing or free
propagation. Scalar zero-order Bessel–Gauss beams were
proposed by Gori et al [31], and different authors have
studied and experimentally synthesized Bessel–Gauss beams
in the vectorial treatment [32–36]. Moreover, superposition
of BG beams has been considered in the scalar treatment and
there are several papers studying their propagation and spatial
characteristics (see for example [37–39]).

In this section we consider a polarized beam of the form
given in equation (15), with amplitudes

f (r) = Jm(ar) exp

(
− r 2

w2

)
, (41)

and

g(r) = Jn(ar) exp

(
− r 2

w2

)
, (42)

where Jm(ar) is the Bessel function of order m, which
coincides with the order of the vectors of the polarization basis,
a is a parameter that determines the transverse scale of the
Bessel function, and w is the width of the Gaussian factor.

0

200

400

600

800

1000

0 5 10 15 20 25 30

k2
Q

m

Figure 1. Normalized beam quality parameter k2 Q versus the order
m. The parameters of the Bessel–Gauss function are a = 9.92 mm−1

and w = 1 mm.

We can analyze the three possibilities studied in the
previous section, but now applied to BG beams:

(i) When g(r) = 0, the beam quality parameter is the same
as that of a vortex beam written as (see equation (22))

E(r, θ) = Jm(ar) exp

(
− r 2

w2

)
exp(imθ)v̂, (43)

which represents a uniformly polarized beam. In this case
Q, calculated from equation (18), coincides with the beam
quality parameter for scalar Bessel–Gauss beams [39].
In figure 1 the normalized beam quality parameter k2 Q
has been plotted versus the order m. The beam quality
degrades as m increases. This behavior results from the
fact that both the beam width and the beam divergence
increase as m grows (see [39]).

For radially or azimuthally polarized Bessel–Gauss
beams the normalized quality parameter can be obtained
from figure 1 for m = 1, resulting in k2 Q = 25.7.

(ii) For v̂i · v̂ j = 0, m should be equal to n, which implies
that f (r) is equal to g(r), and therefore the behavior of
the beam quality is the same as that in figure 1.

(iii) When the two vectors v̂i and v̂ j are not orthogonal, we can
find two different cases:

(a) For integer values of (n + m), the normalized beam
quality parameter has been plotted versus the order
n for three different values of m in figure 2. In this
case, as n increases the Q parameter tends to the value
given by equation (18) for fixed charge m = 1, 3,
or 5. There is a value of n for which the maximum
degradation (lowest quality) of Q is reached. When
we change n, both the beam width and divergence
have the same behavior as the beam quality. The
maximum can be explained using figure 3, in which
we have plotted the irradiance distribution at the plane
z = 0, normalized to the value of the peak, across a
diameter for three different beams with m = 5 and

4
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Figure 2. Normalized beam quality parameter k2 Q versus the integer
n for (a) m = 1, (b) m = 3, and (c) m = 5. The parameters a and w
have the same values as in figure 1.
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Figure 3. Irradiance beam profiles, normalized to the peak, across a
diameter for m = 5 and n = 1 (dashed line), n = 10 (solid line), and
n = 15 (dotted line). The parameters a and w have the same values
as in figure 1.

n = 1, 10, and 15. If we compare the irradiance
profiles for these beams we can see that the secondary
maxima are higher and situated farther away from the
center of the beam for n = 10. Those tails affect
the second-order intensity beam moments, producing
a degradation on the beam quality. In fact, as can be
seen from figure 2, the lowest quality is reached for
m = 5 and n = 10.

An example of this type is the beam that
constitutes the solution derived by Greene and Hall
for describing beams generated by concentric-circle-
grating surface emitting (CCGSE) semiconductor
lasers [2, 3, 34]. Such a field can be written as

E(r) = Jl+1(ar) exp

(
− r 2

w2

)
v̂1[(l + 1)θ ]

+ Jl−1(ar) exp

(
− r 2

w2

)
v̂2[(l − 1)θ ]. (44)

20

30

40

50

60

70

1 5 9 13 17 21 25

k2
Q

n
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(b)

(c)

Figure 4. Normalized beam quality parameter k2 Q versus the order
n (including the case of (n + m) fractional) for (a) m = 1,
(b) m = 3, and (c) m = 5. The parameters a and w have the same
values as in figure 1 and 2.

For these beams the quality parameter must be
computed with m = l + 1 and n = l − 1. The values
k2 Q = 29.6, 41.3, and 60.8 can be obtained directly
from figure 2 for the integers l = 2, 4 and 6.

(b) When (n + m) is a fractional number we need to use
equations (26)–(36) in equation (8) in order to obtain
the quality parameter. Note that optical vortices with
fractional charges have already been introduced in
the literature [40–43]. In this case the factor sinc
inside the parameter t modulates the previous curves
appearing ripples in the beam quality parameter (see
figure 4).

5. Conclusions

We have investigated the paraxial quality parameter for beams
whose state of polarization across the transverse plane can
be written in terms of the Gori polarization basis. Particular
examples are radially, azimuthally, and spirally polarized
fields. Depending on the linear combinations of the basis
states, the beam quality parameter changes in a different way.
Furthermore, the same analytical expression for the quality
parameter applies for the superposition of uniformly and totally
polarized optical vortex beams. The effect of fractional vortex
charges in the beam quality has also been considered. As
a special case to illustrate these behaviors, polarized Bessel–
Gauss beams have been analyzed.
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