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Abstract

Several global parameters are proposed to characterize the radial and azimuthal polarization content of non-uniformly totally
polarized beams. Such figures of merit can be written and measured in terms of two Stokes parameters, and also from the data at
the output of either a radial or an azimuthal dichroic polarizer, integrated throughout the beam profile. The measurability of the pro-
posed parameters has also been experimentally checked.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In recent years, it has been shown that beams with radial
or azimuthal polarization can be of use in Optics, as
occurs, for example, in high-resolution microscopy, parti-
cle trapping, material processing and amplification in
strongly pumped solid-state rods (see, for example, Refs.
[1–19]). Moreover, radial and azimuthal polarizers have
been implemented and are now commercially available
(for instance, dichroic and liquid-crystal-based devices).
On the other hand, to describe by means of a single number
the transverse polarization structure of a beam, it has been
defined in the literature the so-called standard degree of
polarization of a general beam, P, [20,21] (defined in terms
of the Stokes parameters) whose determination procedure
involve measurements of the integrated beam irradiance
over the full detection area. For non-uniformly totally
polarized beams, however, this parameter is not appropri-
ate: note, for instance, that P equals zero for totally radi-
ally polarized beams. Consequently, in such cases it
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would be useful to introduce new overall parameters to
properly characterize the distribution of the polarization
over the cross-sectional area.

Up to now, several global measurable parameters have
been proposed for describing non-uniformly totally polar-
ized beams [22–25]. In the present work the attention is
focused on the radial and azimuthal polarization content
of a totally polarized beam over the regions of its wave-
front where the irradiance is not negligible.

The paper is arranged as follows. In the next section, the
formalism and the key overall definitions are introduced.
In Section 3, the proposed figures of merit are given in
terms of the Stokes parameters, and, in the same section,
we also show how the new characteristic parameters can
be analytical and experimentally obtained from the output
of radial and azimuthal dichroic polarizers. In Section 4,
the measurability of these parameters is checked and,
finally, the main conclusions are summarized in Section 5.

2. Formalism and key definitions

Let us consider a quasimonochromatic paraxial beam
propagating along the z-axis. The transverse electric field
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vector, E, associated to a non-uniformly polarized beam,
can be written in planar polar coordinates as

Eðr; hÞ ¼
Es

Ep

� �
¼ E0ðr; hÞ

f ðr; hÞ
gðr; hÞ

� �
; ð1Þ

where s and p denote the transverse field components
orthogonal to the z-axis, f and g are deterministic func-
tions, E0 represents an stochastic process (due to random
fluctuation of the field) and r and h are the polar coordi-
nates. Let uR and uh be orthogonal unitary vectors in the
radial and azimuthal directions, respectively:

uR ¼ ðcos h; sin hÞ; ð2:aÞ
uh ¼ ð� sin h; cos hÞ: ð2:bÞ

In terms of these vectors, the electric field E can be written
in the form

Eðr; hÞ ¼ ERðr; hÞ þ Ehðr; hÞ; ð3Þ
where

ERðr; hÞ ¼ ðE � uRÞuR; ð4:aÞ
Ehðr; hÞ ¼ ðE � uhÞuh; ð4:bÞ

the dot symbolizing the inner product. Each term in Eq. (3)
would represent the field at the output of an optical device
that only transmits radial or azimuthal components of the
input field. Accordingly, ER is a radially polarized field and
Eh is azimuthally polarized. At each point of the beam cross-
section, the irradiance percentage of the radial component of
the field can be evaluated by means of the following ratio:

qRðr; hÞ ¼
jERðr; hÞj2
D E

jEðr; hÞj2
D E ; ð5:aÞ

and analogously for the azimuthal component,

qhðr; hÞ ¼
jEhðr; hÞj2
D E

jEðr; hÞj2
D E ; ð5:bÞ

where the brackets indicate an ensemble averaging. Taking
this into account, the radial and azimuthal polarization
content of a non-uniformly totally-polarized field can be
characterized by averaging the expressions (5.a) and (5.b)
over the region of the beam profile where the irradiance
is significant, i.e.,

~qR ¼
R1

0

R 2p
0

qRðr; hÞhjEðr; hÞj
2ir dr dhR1

0

R 2p
0
hjEðr; hÞj2ir dr dh

¼
R1

0

R 2p
0

qRðr; hÞIðr; hÞr dr dhR1
0

R 2p
0

Iðr; hÞrdrdh
; ð6:aÞ

~qh ¼
R1

0

R 2p
0

qhðr; hÞhjEðr; hÞj
2
> r dr dhR1

0

R 2p
0 hjEðr; hÞj

2ir dr dh

¼
R1

0

R 2p
0

qhðr; hÞIðr; hÞr dr dhR1
0

R 2p
0 Iðr; hÞr dr dh

; ð6:bÞ
where I(r,h) denotes the irradiance at each point of the
beam cross-section. The dispersion of the values qR and
qh across the beam profile would then be given by

r2
R ¼

R1
0

R 2p
0 ðqRðr; hÞ � ~qRÞ2Iðr; hÞr dr dhR1

0

R 2p
0

Iðr; hÞr dr dh
; ð7:aÞ

r2
h ¼

R1
0

R 2p
0 ðqhðr; hÞ � ~qhÞ2Iðr; hÞr dr dhR1

0

R 2p
0

Iðr; hÞr dr dh
: ð7:bÞ

Of course, the value r2
R (or r2

hÞ equal to zero would mean
that the beam is uniformly polarized. Also note that r2

R

and r2
h represent the variance of qR and qh across the trans-

verse section of the field, with the local value of the irradi-
ance behaving as a density function. Consequently, these
parameters r2

R and r2
h globally characterize the uniformity

of the radial and azimuthal polarization content over the
wavefront.

In addition, it should be noted that both, ~qR and ~qh,
range from 0 to 1 (the value 1 corresponds to a pure radial
or azimuthal beam), and satisfy the relation

~qR þ ~qh ¼ 1; ð8Þ
which implies that the radial and the azimuthal polariza-
tion content of a beam should be understood as comple-
mentary properties. In practice, it would then suffice to
determine one of these parameters.

3. Relations with the Stokes parameters and with the output
of radial and azimuthal polarizers

The parameters defined in the above section can be
expressed in terms of the standard Stokes parameters. To
show this, note first that (see Eqs. (1) and (4))

ERðr; hÞ ¼ ðE � uRÞuR ¼ E0ðf cos hþ g sin hÞ ð9:aÞ
Ehðr; hÞ ¼ ðE � uhÞuh ¼ E0ð�f sin hþ g cos hÞ: ð9:bÞ

Thus we have

hjERj2i ¼ I0bcos2 hhjf j2i þ sin2 hhjgj2i
þ 2 sin h cos hRe hf �gif gc ð10:aÞ

hjEhj2i ¼ I0bsin2 hhjf j2i þ cos2 hhjgj2i
� 2 sin h cos hRe hf �gif gc ð10:bÞ

where I0 = hjE0j2i. Taking this into account, we get

hjERj2i ¼
1

2
s0 þ

cos 2h
2

s1 þ
sin 2h

2
s2; ð11:aÞ

hjEhj2i ¼
1

2
s0 �

cos 2h
2

s1 �
sin 2h

2
s2; ð11:bÞ

where s0, s1 and s2 are the conventional Stokes parameters
determined at each point (r,h) of the transverse beam pro-
file. From the definition of ~qR and ~qh we finally obtain

~qR ¼
1

2
þ 1

2P

Z 1

0

Z 2p

0

cos 2hð Þs1ðr; hÞ½

þ sinð2hÞs2ðr; hÞ�r dr dh; ð12:aÞ
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~qh ¼
1

2
� 1

2P

Z 1

0

Z 2p

0

cos 2hð Þs1 r; hð Þ½

þ sin 2hð Þs2 r; hð Þ�r dr dh; ð12:bÞ

where P ¼
R1

0

R 2p
0

s0ðr; hÞr dr dh denotes the total power of
the beam. Remember that, to measure the above Stokes
parameters at each point, we can handle, for example, a
CCD camera placed at the observation plane, together with
a polarizer at different orientations, and use the well-
known expressions:

s0ðr; hÞ ¼ I0ðr; hÞ þ I90ðr; hÞ; ð13:aÞ
s1ðr; hÞ ¼ I0ðr; hÞ � I90ðr; hÞ; ð13:bÞ
s2ðr; hÞ ¼ I45ðr; hÞ � I135ðr; hÞ: ð13:cÞ

In these equations, the subscripts indicate the angle that the
transmission axis of the polarizer makes with the x-axis.

As is quite apparent from Eqs. (12), ~qR and ~qh do not
depend on the local Stokes parameter s3, so that no infor-
mation about s3 is required to characterize the radial or azi-
muthal polarization content of a beam. This behavior
should physically be expected because s3 equals zero for
any radially (or azimuthally) polarized field (according
with the definitions (4.a) and (4.b)). Moreover, it is interest-
ing to note that this also applies for the particular case of a
radially polarized beam with vortex wavefront (see, for
example, Ref. [26] and references therein). In such case,
the global phase factor that defines the topological charge
does not alter the relative phase term between the trans-
verse components and, consequently, the parameter s3

remains equal to zero. One would naively expect this inde-
pendence on s3 because this Stokes parameter provides
information about the ‘‘circularity” of the polarization
state (in fact, s3 reaches its maximum value for a circularly
polarized beam), and the polarization of a pure radially (or
azimuthally) polarized field is strictly linear throughout the
beam cross-section.

Instead of measuring the local values of the Stokes
parameters, it would be of practical use to determine the
parameters ~qR and ~qh from the integrated data over the full
detection area. In such a case, we would not need to per-
form detailed (local) detections but a global single irradi-
ance measurement. This can be achieved in a simple way
by using special (commercially available) devices, namely,
either a radial or an azimuthal polarizer. In fact, it can
be shown at once that

~qR ¼
1

P

Z 1

0

Z 2p

0

jP REðr; hÞj2
D E

r dr dh; ð14Þ

where PRE(r,h) = (E � uR)uR would represent the (point-
dependent) output of the polarizer. Accordingly, the
integral appearing in the numerator of Eq. (14) would just
give the global irradiance (integrated throughout the wave-
front) collected at the output of the polarizer. It is impor-
tant to remark that, in order to implement the operation
expressed by Eq. (14), the polarizer should eliminate the
azimuthal component Eh of the input field (see Eq. (3)).
Consequently, a radial dichroic polarizer should be
employed (each tiny area of such a polarizer would behave
like a linear polarizer with the transmission axis in the
radial direction).

In an analogous way, ~qh can be written in the form

~qh ¼
1

P

Z 1

0

Z 2p

0

jP hEðr; hÞj2
D E

r dr dh; ð15Þ

where now PhE(r,h) = (E � uh)uh would denote the output
of an azimuthal dichroic polarizer. This kind of polarizer
is well known in the literature, used as polarization axis fin-
der. Of course, both parameters ~qR and ~qh are linked by Eq.
(8).

4. Measurability of the overall parameters

The measurability of parameters ~qR and ~qh has been
checked by testing two optical devices, namely, a conven-
tional linear polarizer and a liquid-crystal polarization
converter, both from commercial companies.

The Arcoptix polarization converter used in the experi-
ments is based on a nematic liquid-crystal cell, which can
be switched to obtain either radial or azimuthal polariza-
tion distribution from a linearly polarized input beam [5].

In all the measurements, ~qR and ~qh were found by deter-
mining the local Stokes parameters (cf. Eq. (12.a) and
(12.b)). The images were taken with a CCD camera model
Pulnix TM-765 and a laser beam analyzer from Spiricon.
The set-up is represented in Figs. 1a and b.

When we consider the linear polarizer, its extinction
ratio is (according with the manufacturer specifications)
T1/T2 = 250 and the light source used in the measurements
was a linearly polarized Gaussian beam emitted by a Spec-
tra Physics He–Ne laser device. The experimental result
was ~qR ¼ ~qh ¼ 0:499 (both parameters were calculated
independently), showing a good agreement with the
expected theoretical value ~qR ¼ ~qh ¼ 0:5.

In the other test, when the He–Ne laser beam impinges
over the polarization converted switched to get radial
polarization, we obtained for the output beam ~qR ¼ 0:986
and ~qh ¼ 0:014, with r2

R ¼ r2
h ¼ 0:009, showing an excellent

agreement with the values ~qR ¼ 1, ~qh ¼ 0, r2
R ¼ r2

h ¼ 0
associated to a pure radially polarized beam. Fig. 2 gives
the irradiance distributions at the output of the polariza-
tion converter, driven in the radial mode. In this figure,
close to the center of symmetry we have a small (about
400 lm) region (a central hole) with undefined liquid-crys-
tal orientation. This arises from the construction principle
of the cell (for details, see, for example, Ref. [5]). The influ-
ence of this center on the values of parameters ~qR and ~qh is,
however, negligible for the propagation distances handled
in the experiments.

Fig. 3 plots the irradiance distributions at the output of
the linear polarizer P2 for different orientations of its trans-
mittance axis (the angles 0�, 90�, 45� and 135� correspond
to the values required to measure the Stokes parameters).
In figures, the number and position of the lobes agree with
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Fig. 1. (a) Experimental set-up for measuring the proposed parameters.
P1 represents either the linear polarizer or the liquid-crystal polarization
converter tested in the experiments, and P2 denotes the linear polarizer
used to determine the Stokes parameters. (b) Cartesian reference axes used
in the experiments. In all the cases, the beam emerging from the laser
cavity is linearly polarized along the y-axis. To measure the Stokes
parameters, the transmission axis of the polarizer P2 (analizer) makes
angles a (0�, 90�,45�, 135�) with respect to the x-axis. The z-axis is the
propagation direction of the beam.

Fig. 2. Irradiance distribution (pseudocolour) after the polarization
converter in the radial mode (see the main text), without P2.

Fig. 3. Irradiance distributions after P2 for the orientations of its
transmission axis (0�, 90�, 45� and 135�) used to measure the local Stokes
parameters s0, s1 and s2 of the beam emerging from the polarization
converter operating in the radial mode.

Fig. 4. Irradiance distribution after the polarization converter in the
azimuthal mode (see the main text), without P2.

Fig. 5. Irradiance distributions after P2 for the orientations of its
transmission axis (0�, 90�, 45� and 135�) used to measure the local Stokes
parameters s0, s1 and s2 of the beam emerging from the polarization
converter operating in the azimuthal mode.
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the theoretical predictions for the beam emerging from the
radial polarization converter.

The experiments were also performed in the azimuthal
mode of the liquid-crystal device. We obtained
~qR ¼ 0:012 and ~qh ¼ 0:988, with r2

R ¼ r2
h ¼ 0:007. This

shows an excellent agreement with the values ~qR ¼ 0,
~qh ¼ 1, r2

R ¼ r2
h ¼ 0 that characterize a pure azimuthally

polarized beam. For completeness, Fig. 4 plots the irradi-
ance profile (quite similar to that of Fig. 2) at the output
of the polarization converter, and Fig. 5 gives the irradi-
ance distributions at the output of P2, driven in the azi-
muthal mode. All the above results confirm the
measurability of the proposed parameters.

In the experiments, special care was taken to avoid mis-
alignments between the optical components of the system
and the laser beam, which should cross through the centre



1980 R. Martı́nez-Herrero et al. / Optics Communications 281 (2008) 1976–1980
of the devices (the spatial inhomogeneities could produce
harmful effects when the components rotate).

In the above measurements, it was first confirmed that
the output beams were totally polarized throughout the
beam profile. To do this, we measured the so-called
weighted degree of polarization, ~P , and its variance, ~r2

p,
namely [22],

~P ¼
R

Iðr; hÞPðr; hÞrdrdhR
Iðr; hÞrdrdh

; ð16Þ

~r2
p ¼

R
Iðr; hÞ½Pðr; hÞ � ~P �2rdrdhR

Iðr; hÞrdrdh
; ð17Þ

where P(r,h) represents the well-known local degree of
polarization [21]. Note that, for this kind of measurements,
a quarter-wave plate is also required in the experimental
set-up. The transmittance of this plate was T = 0.98. It
should be recalled that the value ~P ¼ 1 indicates that we
handle a pure totally-polarized beam. After the linear pola-
rizer tested in the experiment, we got ~P ¼ 1:014 and
~r2

p ¼ 0:001. This means that the output field is totally
polarized everywhere. The same conclusion arises for the
beam emerging from the polarization converter
(~P ¼ 1:08, ~r2

p ¼ 0:08 in the radial case, and ~P ¼ 1:09,
~r2

p ¼ 0:09 in the azimuthal one).

5. Conclusions

The radial and azimuthal polarization content of a non-
uniformly totally polarized beam can be characterized by
means of two overall parameters, ~qR and ~qh, defined as cer-
tain averages over the region of the beam profile where the
irradiance is significant. From an analytical and experi-
mental point of view, these figures of merit have been
obtained in terms of the Stokes parameters s0, s1 and s2.
Furthermore, to measure ~qR and ~qh, it has been shown that
it is not necessary to determine local values. Instead, the
proposed parameters can be experimentally inferred from
the data, integrated over the beam cross-section, at the out-
put of radial and azimuthal dichroic polarizers.

The spatial uniformity, across the beam profile, of the
polarization-content distributions can be analytical and
experimentally evaluated in terms of the respective vari-
ances, r2

R and r2
h. Finally, the measurability of the above
parameters has been tested from the output of commer-
cially available devices.
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