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Abstract
On the basis of the second-order intensity moments formalism, the
relationship between the spatial structure and the overall polarization
characteristics of partially polarized Gaussian Schell-model beams of a
certain kind has been investigated. More specifically, attention has been
focused on a type of source that cannot be distinguished from ordinary
Gaussian Schell-model fields when polarization measurements are
disregarded. For this class of beams several general properties have been
obtained that enable us to link the beam coherence polarization matrix and
the beam quality parameter with certain polarization degrees recently
introduced in the literature.
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1. Introduction

The characterization of the spatial behaviour of laser beams
has been a topic of interest in the past ten years [1–12].
Attention had mainly been focused on scalar treatments
assuming totally and uniformly polarized beams. Realistic
beams should, however, be considered as partially coherent
and partially polarized fields and, in general, they can exhibit
non-uniform distributions of the polarization state across their
transverse profiles. Accordingly, for a complete description of
a general beam it would be necessary to handle both spatial
and polarization characteristics. So far the focusing and
divergence capabilities of a light beam have been represented
by the so-called beam quality parameter, extensively used in
scalar treatment [7–12] and whose simple generalization to
the vectorial case has been reported elsewhere [13]. The
characterization of the polarization structure is, however,
a more involved problem, and several proposals based on
complementary overall polarization degrees have recently been
published [14–17].

But a problem arises concerning the relationship between
the spatial beam features and the polarization behaviour upon
propagation. There is no general answer to this question. Note
that in this sense a number of beams can be given with the
same value of the quality parameter but having very different
polarization distributions.

We have, however, analysed this problem for a certain
class of partially polarized Gaussian Schell-model (PGSM)
beams recently described in the literature [18, 19]. More
specifically, in the present work simple analytical expressions
are obtained that relate the spatial beam characteristics and the
degrees of polarization of such fields.

This paper is arranged as follows. In the next section
we introduce the main definitions and the key parameters
to be used. The relationships between the overall spatial
characteristics and the polarization parameters are derived in
section 3. Finally, the main conclusions are listed in section 4.

2. Definitions and key beam parameters

As is well known, within the paraxial approximation
any partially coherent and partially polarized quasi-
monochromatic beam propagating along the z-axis can be
described at some transverse plane by the so-called beam
coherence polarization (BCP) matrix [20, 21]:

Ĵ (r1, r2, z) =
(

Jss(r1, r2, z) Jsp(r1, r2, z)
Jps(r1, r2, z) Jpp(r1, r2, z)

)
, (1)

where

Jαβ(r1, r2, z) = 〈E∗
α(r1, z; t)Eβ(r2, z; t)〉

(α, β = s, p). (2)
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Here, the asterisk symbolizes the complex conjugate, r1 and r2

are position vectors lying in the plane z = constant, the angle
brackets denote the time average and Eα (α = s, p) represents
a Cartesian component of the time-dependent electric field.

The BCP matrix provides a joint description of the
polarization and spatial coherence properties of the beam. In
particular, its diagonal elements, Jss and Jpp, can be regarded
as the mutual intensities of the beam after crossing ideal linear
polarizers whose transmission axes are the s-axis and p-axis,
respectively.

The overall spatial characterization of the beam will then
be given by the second-order intensity moments of the elements
of the BCP matrix, defined by the expression

〈αβ〉i j = 1

Ii j

k2

4π2

∫ ∫ ∫
αβ Ji j(r1, r2, z)

× exp[ik(r1 − r2) · η] dr1 dr2 dη, (3)

with

Ii j = k2

4π2

∫
Ji j(r, r, z) dr;

i, j = s, p; α, β = x, y, u, v, (4)

where kη = (ku, kv) = (kx , ky) gives the wavevector
components along the Cartesian x- and y-axes. Consequently,
u and v represent angles of propagation (without taking the
evanescent waves into account).

In equation (3) 〈αβ〉i i, i = s, p represent the second-order
moments associated with the respective field components,
Iii ≡ Ii , i = s, p, is the intensity of the i -component, and
I = Is+Ip denotes the total intensity. For the sake of simplicity,
in what follows it will be assumed that the first-order beam
moments, 〈x〉, 〈y〉, 〈u〉 and 〈v〉, equal zero. This is not a true
restriction, since it is equivalent to a shift of the Cartesian
coordinate system.

Taking this into account, the beam quality parameter at
the waist plane reads

Q = 〈r 2〉〈η2〉, (5)

where the second-order moments 〈r2〉 = 〈x2 + y2〉 and 〈η2〉 =
〈u2 + v2〉 now include both field components, that is,

〈r 2〉 = Is

I
〈r 2〉s +

Ip

I
〈r 2〉p, (6)

〈η2〉 = Is

I
〈η2〉s +

Ip

I
〈η2〉p, (7)

with 〈r 2〉i ≡ 〈r 2〉i i , i = s, p. The presence of the factors Ii/I ,
i = s, p, in the right-hand side of equations (6) and (7) arises
from the different normalization constants, I and Ii , of the
moments associated with the global beam and with each field
component, respectively.

In order to characterize the polarization of the beam,
several overall measurable parameters have been proposed in
the literature:

• Standard degree of polarization Pst:

Pst =
{([∫

Jss(r, r, z) dr −
∫

Jpp(r, r, z) dr
]2

+ 4

∣∣∣∣
∫

Jsp(r, r, z) dr

∣∣∣∣
2)

×
([∫

Jss(r, r, z) dr +
∫

Jpp(r, r, z) dr
]2)−1}1/2

.

(8)

This parameter remains constant upon free propagation
and is widely used. But, unfortunately, the procedure used
to calculate Pst involves integration of the beam intensity
over the full detection area and this only makes sense if
the light field is assumed to exhibit a uniformly distributed
polarization state over its cross-sectional region.

• Local and weighted degrees of polarization, P(r, z) and
Pw(z):

P(r, z)

=
√

[Jss(r, r, z) − Jpp(r, r, z)]2 + 4|Jsp(r, r, z)|2
[Jss(r, r, z) + Jpp(r, r, z)]2

(9)

and

Pw(z) =
∫ ∫

I (r, z)P(r, z) dr∫ ∫
I (r, z) dr

, (10)

where I (r, z) is the intensity at plane z.

The parameter Pw essentially represents the local degree
of polarization averaged and normalized over those
transverse regions where the intensity is significant.

• Generalized degree of polarization PG:

PG(z) = {[(Is〈r 2〉sk
2 + Is〈η2〉s − Ip〈r 2〉pk2 − Ip〈η2〉p)

2

+ 4(Isp〈r 2〉spk2 + Isp〈η2〉sp)
2][(Is〈r 2〉sk

2 + Is〈η2〉s

+ Ip〈r 2〉pk2 + Ip〈η〉2
p)

2]−1}1/2. (11)

This parameter can be understood as a second-order
measure of the polarization features of the beam [15].
More specifically, for non-uniformly totally polarized
beams, PG represents a measure of the uniformity of the
polarization state over the regions of the beam cross-
section where the intensity is not negligible. Values of
PG close to unity mean that the beam essentially behaves
as uniformly polarized, at least over the transverse region
where the intensity is significant. The value of PG ≈ 0
would imply, however, the lack of an overall definite
polarization state over such a peak intensity area.

3. The relation between spatial parameters and
degrees of polarization of PGSM beams

Gaussian Schell-model (GSM) sources have been extensively
investigated in the scalar case (see, for example, [22]). They
provide a good model for representing partially coherent
sources as well as some types of multimode laser. In the scalar
treatment, GSM fields are assumed to be uniformly totally
polarized. The generalization of such fields to the vectorial
case, that is, the recently introduced partially polarized
Gaussian Schell-model (PGSM) source, is characterized by
a BCP matrix whose elements read at plane z = 0 (the waist
plane)

Jαβ(r1, r2) = Iαβ exp

[
−r 2

1 + r 2
2

4σ 2
Iαβ

− (r1 − r2)
2

2µ2
αβ

]
(α, β = s, p), (12)
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where σIαβ
and µαβ and Iαβ are positive constants. In particular,

σIαα
, µαα and Iαα ≡ Iα , α, β = s, p, are related, respectively,

to the beam size, the transverse coherence length and the beam
intensity associated with each field component, and Iαβ (also
Iβα) accounts for a constant phase shift between the s and p
components of the field. Since such a phase could be cancelled
out by means of a suitable phase plate, to simplify the equations
we will set to zero the argument of Iαβ .

In the present work we are interested on the beams
generated by PGSM sources that cannot be distinguished from
ordinary GSM fields when polarization measurements are
disregarded (i.e., when no anisotropic element is inserted in
the beam path). The BCP matrix describing such fields is

Ĵ (r1, r2) = exp

(
−r 2

1 + r 2
2

4σ 2

)

×
(

Is exp
[− (r1−r2)

2

2µ2

]
Isp exp

[− (r1−r2)
2

2µ2
sp

]
Isp exp

[− (r1−r2)
2

2µ2
sp

]
Ip exp

[− (r1−r2)
2

2µ2

]
)

, (13)

together with the conditions

µ � µsp � µ

(√
Is Ip

Isp

)1/2

, (14)

I 2
sp � Is Ip, (15)

which follow from the non-negativeness property of the BCP
matrix. After some calculations, we get for this class of beams

〈r 2〉 = 2〈r2〉s = 2〈r 2〉s = 2〈r2〉sp = 2σ 2, (16)

〈η2〉 = 2〈η2〉s = 2〈η2〉p = 1

2k2σ 2χ
, (17)

〈η2〉sp = 1

4k2σ 2χsp
, (18)

where χ and χsp are given by the expressions

1

χ
= 4σ 2

(
1

4σ 2
+

1

µ2

)
, (19)

1

χsp
= 4σ 2

(
1

4σ 2
+

1

µ2
sp

)
. (20)

Note that equation (14) implies the condition χsp � χ .
Let us now introduce a measurable parameter, Qsp , defined

in the form
Qsp = 4〈r2〉sp〈η2〉sp. (21)

Although its mathematical structure resembles the beam
quality parameter Q, Qsp involves the cross-correlation
between the orthogonal s and p components of the field. Both
spatial parameters, Q and Qsp, are closely connected with the
constants σ , µ and µsp of the beam through simple expressions,
namely,

Q = 1

k2χ
, (22)

Qsp = 1

k2χsp
. (23)

Note that Qsp � Q because χsp � χ .
Let us now focus our attention on the polarization degrees

defined in section 2. It can be shown that the standard degree

of polarization may be written for this class of fields in the
form

Pst =
√(

Is − Ip

Is + Ip

)2

+
4I 2

sp

(Is + Ip)2
. (24)

The local degree of polarization turns out to be

P(r, z) =
√(

Is − Ip

Is + Ip

)2

+
4I 2

sp

(Is + Ip)2
�2(z) exp[−a(z)r2],

(25)
where the functions �(z) and a(z) describe the propagation of
this polarization degree and are related to the spatial parameters
Q and Qsp by the equations

�(z) = 4σ 4 + z2 Q

4σ 4 + z2 Qsp
, (26)

a(z) = 4σ 2

4σ 4 + z2 Q
[�(z) − 1]. (27)

We see that �(z) is an increasing function of the propagation
distance z, and its minimum value is reached at the waist plane
(in our case z = 0). Furthermore, we have

�(z = 0) = 1 � �(z) � �(z → ∞) = Q

Qsp
= χsp

χ
. (28)

After some algebra, we find that the generalized degree of
polarization is given by

PG(z) =
√√√√(

Is − Ip

Is + Ip

)2

+
4I 2

sp

(Is + Ip)2

(
4k2σ 4 + 1

k2χsp
+ z2

χsp

4k2σ 4 + 1
k2χ

+ z2

χ

)2

.

(29)
Accordingly, PG decreases under free propagation, and for
distances z � λ becomes

PG(z) =
√(

Is − Ip

Is + Ip

)2

+
4I 2

sp

(Is + Ip)2

1

�2(z)
. (30)

Closed to the waist plane z = 0, for usual values of the beam
width and the divergence, the polarization parameters Pst ,
P(0, z) and PG are nearly identical. It can also be shown that,
at every plane z � λ (including the far field), the following
relation applies between the local, the generalized and the
standard degree of polarization:[

P2
G(z) −

(
Is − Ip

Is + Ip

)2][
P2(0, z) −

(
Is − Ip

Is + Ip

)2]

=
[

P2
st−

(
Is − Ip

Is + Ip

)2]2

. (31)

Finally, the far-field behaviours of these polarization
degrees read

Pst(z → ∞) =
√(

Is − Ip

Is + Ip

)2

+
4I 2

sp

(Is + Ip)2
, (32)

P(r, z → ∞)

=
√(

Is − Ip

Is + Ip

)2

+
4I 2

sp

(Is + Ip)2

(
Q

Qsp

)2

exp(−r 2a∞), (33)

PG(z → ∞) =
√(

Is − Ip

Is + Ip

)2

+
4I 2

sp

(Is + Ip)2

(
Qsp

Q

)2

, (34)

where a∞ denotes the value of a(z) at the far field.
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Figure 1. Degrees of polarization P(r = 0, z), PG and Pw versus the
propagation distance z for the following values of the PGSM beam
parameters: Is = Ip = 0.5, Isp = 0.1, µ = 0.1 mm, µsp = 0.2 mm,
σ = 1 mm and λ = 633 nm. In this example Pst = 0.2.

For illustrative purposes, the functions PG(z), P(r = 0, z)
and Pw have been plotted in figure 1 versus the propagation
distance z for typical values of the parameters of this class of
beams.

4. Conclusions

The analytical relationships obtained in the above section
between the spatial characteristics and the polarization
behaviour of these PGSM sources enable us to infer a number
of conclusions, namely:

• The local degree of polarization is a Gaussian function
across the beam profile. This agrees with previous results
given by Gori et al [18, 19].

• The local and the generalized degrees of polarization
change upon free propagation according to the behaviour
of function �(z), which is given in terms of the measurable
spatial parameters Q and Qsp. This implies that, from the
measurements of these parameters at the waist plane, the
overall polarization structure can be determined at any
plane z.

• The polarization degrees Pst, P(r = 0, z), Pw and PG(z)
reach nearly identical values when µsp ≈ µ.

• When I 2
sp = Is Ip, then we have µ = µsp. Consequently

�(z) = 1 and a(z) = 0, so Pst = P(r, z) = PG(z) = 1.
The beam is totally and uniformly polarized at any z.

• When Isp = 0, Pst = P(r, z) = PG(z) = constant < 1.
The beam is uniformly partially polarized, and all degrees
of polarization are independent of z. For the particular
case Is = Ip, we find that Pst , P(r, z) and PG(z) are zero.
The beam is unpolarized at every plane z.

• When Is = Ip = I0, we have the following simple relation
at any plane z:

PG(z)P(0, z) = P2
st = I 2

sp

I 2
0

. (35)

This means that the left-hand member of this equation is
invariant under free propagation, and it is also independent

of the coherence properties of the beam. Moreover, in this
case,

Pw = Pst = Isp

I0
, (36)

which is independent of z as well.
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[13] Lü Q, Dong S and Weber H 1995 Analysis of TEM00 laser
beam quality degradation caused by a birefringent Nd:YAG
rod Opt. Quantum Electron. 27 777–83

[14] Martı́nez-Herrero R, Mejı́as P M and Movilla J M 1997 Spatial
characterization of partially polarized beams Opt. Lett. 22
206–8

[15] Movilla J M, Piquero G, Martı́nez-Herrero R and Mejı́as P M
1998 Parametric characterization of non-uniformly
polarized beams Opt. Commun. 149 230–4

[16] Piquero G, Movilla J M, Mejı́as P M and
Martı́nez-Herrero R 1999 Degree of polarization of
non-uniformly partially polarized beams: a proposal Opt.
Quantum Electron. 31 223–5

[17] Movilla J M, Piquero G, Martı́nez-Herrero R and Mejı́as P M
2000 On the measurement of the generalized degree of
polarization Opt. Quantum Electron. 32 1333–42

S70



Parametric characterization of the spatial structure of partially coherent and partially polarized beams

[18] Gori F, Santarsiero M, Piquero G, Borghi R, Mondello A and
Simon R 2001 Partially polarized Gaussian Schell-model
beams J. Opt. A: Pure Appl. Opt. 3 1–9

[19] Piquero G, Gori F, Romanini P, Santarsiero M,
Borghi R and Mondello A 2002 Synthesis of partially
polarized Gaussian Schell-model sources Opt. Commun.
208 9–16

[20] Gori F 1998 Matrix treatment for partially polarized, partially
coherent beams Opt. Lett. 23 241–3

[21] Gori F, Santarsiero M, Vicalvi S, Borghi R and Guattari G
1998 Beam coherence-polarization matrix J. Eur. Opt. Soc.
A 7 941–51

[22] Mandel L and Wolf E 1995 Optical Coherence and Quantum
Optics (Cambridge: Cambridge University Press)

S71


