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tesis. Gracias Luis por abrirme la puerta de este negocio. ¡Qué vergüenza! ¡Sigo
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me he réıdo más. Gracias a las chicas de entonces: Irene y Elena, Lorena y Raquel, a

Mari Vega y a las de ahora: Elisa, Marga, Adi, Janka. Con vosotras me he acercado a la
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Chapter 1

Introduction

This thesis is devoted to nano-optics. In brief, nano-optics studies light-matter interation

in the nanoscale, i.e., in length scales that are comparable to, or even smaller than, the

wavelengths involved. With light we refer to electromagnetic radiation with frequencies

falling in the visible range, i.e., such that we are capable to detect with the naked eye.

If we adapted our sense to detect this precise frequency range is because the energy of

these photons (quanta of electromagnetic radiation) lies within the range of electronic

transitions in matter. This allows us to detect colours and, ultimately, distinguish the

different materials by how they absorb, scatter, emit or, in general, interact with light. In

nano-optics, the prefix nano makes reference, obviously, to the nanometric length scales

(10−9 nm) involved. Thus, material systems with which light interacts are typically

small, from the tiny ones, such as molecules or quantum dots (for which a quantum

description is often necessary), to the bigger ones, such as nanoparticles ranging from

few to few-hundred nanometers in size (for which simple, local constitutive relations

usually suffice). Since the optical radiation at these frequencies is fairly well described

in its wave form, it is usually enough to use the semi-clasical theory, combining classical

field theory based on Maxwell’s equations and a quantum description of matter, or even

simply macroscopic electrodynamics.

1
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1.1 Macroscopic electrodynamics

Macroscopic electrodynamics is fully governed by Maxwell’s equations, which in differ-

ential form and SI units read as:

∇×E(r, t) = −∂B(r, t)

∂t
, (1.1)

∇×H(r, t) =
∂D(r, t)

∂t
+ j(r, t), (1.2)

∇ ·D(r, t) = ρ(r, t), (1.3)

∇ ·B(r, t) = 0. (1.4)

Here E denoted the electric field, D the electric displacement, H the magnetic field

and B the magnetic induction. j and ρ are, respectively, the current density and the

charge density. These macroscopic quantities are local spatial averages over the exact

microscopic fields associated to the discrete nature of charges. In particular, j and ρ are

considered continuous funtions of space, thus avoiding the singular character of charges

and currents. In the general case, (1.1-1.4) constitute a set of 12 equations with 16

unknows (3 components of each the vector field E, D, H, B, j, and 1 component of the

scalar field ρ).

Conservation of charge is implicit in equations (1.1-1.4). One just need to take the

divergence in equation (1.2) and introduce the result in equation (1.3) to obtain:

∇ · j(r, t) +
∂ρ(r, t)

∂t
= 0 (1.5)

It is common to use the macroscopic polarization (P) and magnetization (M) vectors

to describe the properties of the medium. Then:

D(r, t) = ε0E(r, t) + P(r, t), (1.6)

B(r, t) = µ0 [H(r, t) + M(r, t)] , (1.7)

where ε0 and µ0 stand for the vacuum permittivity and permeability, respectively. Equa-

tions (1.6) and (1.7) are always valid since they do not impose any constrain on the

properties of the medium. For vacuum one obviously has P = M = 0.

In order to solve equations (1.1-1.4), which essentially describe how electromagnetic

fields are generated from currents and charges in matter, one needs to, additionally,

define how matter reacts to an existing electromagnetic field. The so called constitutive

relations are equations describing how the material polarizes and magnetizes, i.e., how

charges and currents are generated as the result of the interaction with the field. If one
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restricts to non-dispersive, linear media, i.e., in which P and M are linear functions of

E and H, the most general form that they can have is:

P = ε0 ¯̄χeE + ¯̄χemH, (1.8)

M = ¯̄χmH + ¯̄χmeE, . (1.9)

Please, note that ¯̄χe (electric susceptibility), ¯̄χm (magnetic suceptibility), ¯̄χem and ¯̄χme

are tensors in the general case. Those materials in which the polarization depends on

the magnetic field, or the magnetization on the electric field are called bianisotropic.

Those materials in which ¯̄χem = ¯̄χme = 0 and ¯̄χe and ¯̄χm are tensorial quantities are

called anisotropic. For nonlinear materials additional powers of E and H may appear

in the equations. However, in most of the cases materials are isotropic, thus having

¯̄χem = ¯̄χme = 0 and χe and χm reducing to simple scalars. For these materials it is

usual to write:

D = ε0εE (ε = 1 + χe) (1.10)

B = µ0µH (µ = 1 + χm) (1.11)

In the expression above ε and µ are dimensionless quantities called relative permittivity

and relative permeability, respectively. Nevertheless, it is not uncommon to see these

quantities defined with dimensions (including in their definition either ε0 or µ0).

A medium is called temporally dispersive (sometimes simply dispersive) if the material

parameters are functions of frequency. Moreover, it is called spatially dispersive if they

are convolutions in space. Therefore, in its most general form, the displacement field of

an isotropic medium is:

D(r, t) = ε0

∫ ∫
ε(r− r′, t− t′)E(r′, t′)dr′dt′, (1.12)

where integration is performed over all previous times t′ < t, accounting for the temporal

dispersion, and over those neighbouring positions r′ causally connected to r, accounting

for spatial dispersion or non-locality. This somehow difficult expression is, fortunately,

simplified by taking its fourier transform:

D(k, ω) = ε0ε(k, ω)E(k, ω). (1.13)

Solving problems in which spatial dispersion is present can be extremely difficult. By

fortune, in the majority of cases it is a weak effect that can be neglected. Therefore,

taking ε = ε(ω) usually suffices.
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Given an arbitrary time-dependent field E(r, t), one can compute its spectral represen-

tation Ê(r, ω) by Fourier transforming:

Ê(r, ω) =
1

2π

∫ ∞
−∞

E(r, t)eiωtdt. (1.14)

Similarly one can apply this Fourier transform to Maxwell’s equations (1.1-1.4), resulting

in:

∇× Ê(r, ω) = iωB̂(r, ω), (1.15)

∇× Ĥ(r, ω) = −iωD̂(r, ω) + ĵ(r, ω), (1.16)

∇ · D̂(r, ω) = ρ̂(r, ω), (1.17)

∇ · B̂(r, ω) = 0. (1.18)

Once the set of equations (1.15-1.18) is solved for Ê(r, ω), the time-dependent field

E(r, t) is obtained by taking its inverse Fourier transform.

It is important to note that, in the case of a time-harmonic monochromatic field E(r, t) =

Re
[
E(r)e−iωt

]
, if one works with the complex quantities associated (one can always

take the real part later), the set of Maxwell’s equations (1.1-1.4) acquire the same form

as (1.15-1.18):

∇×E(r) = iωB(r), (1.19)

∇×H(r) = −iωD(r) + j(r), (1.20)

∇ ·D(r) = ρ(r), (1.21)

∇ ·B(r) = 0. (1.22)

Therefore, solving (1.19-1.22) for E(r) is equivalent to solve (1.15-1.18) for the spectrum

Ê(r, ω) of an arbitrary time-dependent field.

It is common to split the current density into two parts j(r) = js(r) + jc(r). One is the

so called source current density, js(r), and the other is the induced conduction current

density, jc(r), for which an additional constitutive relation holds:

jc(r) = σE(r), (1.23)

where σ is the conductivity of the material.

It is possible to apply now the constitutive relations (1.10) and (1.11) for a linear,

isotropic material to express equations (1.19) and (1.20) in terms of E(r) and H(r) only.
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Applying the curl operator to equation (1.19) and substituting equation (1.20) one gets:

∇×
[
µ−1∇×E(r)

]
− ω2

c2

(
ε+

iσ

ωε0

)
E(r) = iωµ0js(r), (1.24)

where the expression between parenthesis is usually simply written as a complex per-

mittivity:

ε←→ ε+
iσ

ωε0
(1.25)

With this definition and recalling that, in general, ε = ε(r), µ = µ(r), the wave equations

in a linear, isotropic, inhomogeneous medium read as:

∇×
[
µ−1∇×E(r)

]
− k2

0εE(r) = iωµ0js(r), (1.26)

∇×
[
ε−1∇×H(r)

]
− k2

0µH(r) = ∇×
[
ε−1js(r)

]
, (1.27)

with k0 = ω/c. In a piecewise homogeneous medium those reduce, for every homoge-

neous subdomain Γi (with parameters εi and µi) to:

∇×∇×E(r)− k2
iE(r) = iωµ0µijs(r), (1.28)

∇×∇×H(r)− k2
iH(r) = ∇× js(r), (1.29)

with ki = ω/c
√
εiµi. In most cases, however, like in scattering problems, there are

no sources within the subdomains of interest (js(r) = 0) and the equations become

homogeneous.

Γ

Γ

Γij

j

i

n

Γ

Γ

Γij

j

i

V

n

VS

S ns
ns

(a) (b)
Figure 1.1: Scheme of the auxiliary surface (a) and volume (b) for the calculation of

the boundary conditions in the interface ∂Γij .

Note that, due to the discontinuity in material properties in the boundaries between

different homogeneous regions, equations (1.28) and (1.29) are only valid inside each

subdomain. In the boundary, conditions of continuity (or discontinuity) of the different
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fields can be, however, obtained from Maxwell’s equations (1.1-1.4) directly. Consider

the situation schematically depicted in figure 1.1. Upon integration of equations (1.1)

and (1.2) over the surface S, and applying Green’s theorem one has:

∫
∂S E(r, t)dl = −

∫ ∫
S
∂
∂tB(r, t) · nsdA, (1.30)∫

∂S H(r, t)dl =
∫ ∫

S

[
j(r, t) + ∂

∂tD(r, t)
]
· nsdA. (1.31)

Now, if the total area of the surface S is reduced by shrinking those sides of ∂S that

are perpendicular to the boundary ∂Γij , the fluxes of B and D vanish. This does

not happen necessarily to the current term in the right hand side of equation (1.31),

since there could be a surface current density K. It is clear that while contributions

to the line integrals coming from the perpendicular sides of ∂S vanish (due to their

negligible length), those from the parallel sides do not. If these sides are sufficiently

small, however, the electric field along them in each side Γi and Γj can be considered

constant and equations (1.30-1.31) reduce to:

n× [Ei −Ej ] = 0, (1.32)

n× [Hi −Hj ] = K, (1.33)

in which all quantities are evaluated on ∂Γij . Relations (1.32-1.33) impose conditions

over the tangential field components. To obtain analogous relations for the normal

components, let us consider a volume V (enclosed by a surface ∂V ) as that depicted in

figure 1.1 (b). Upon integration in this volume of equations (1.3) and (1.4) and applying

Gauss’s theorem, one has:

∫ ∫
∂V D(r, t) · nsdA =

∫ ∫ ∫
V ρ(r, t)dV , (1.34)∫ ∫

∂V B(r, t) · nsdA = 0. (1.35)

Taking a similar approach, i.e., making V → 0 but keeping a finite area for those sides

in ∂V parallel to ∂Γij , one has for the normal components of the field the following

conditions:

n · [Di −Dj ] = Σ, (1.36)

n · [Bi −Bj ] = 0, (1.37)

where the existence of a surface charge density Σ is assumed. In the vast majority of

the cases, however, there are no sources so K = 0 and Σ = 0.

With the previously presented basic ingredients: Maxwell’s equations (1.1-1.4) (or,
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equivalently, (1.19-1.22) in the spectral representation), the boundary conditions (1.32-

1.33) and (1.36-1.37), and appropriate constitutive relations for the different materials

one can solve most of the problems that can arise in nano-optics.

Extensive discussions on electromagnetic theory can be found in classical textbooks

such as those by Jackson [1], Stratton [2], Landau et al. [3], or Born and Wolf [4]. For

a viewpoint more focused on scattering and diffraction phenomena those of Bohren and

Huffman [5] and Nieto-Vesperinas [6] are excellent books. A somehow more modern

approach, with particular emphasis put on nanoscale phenomena reference [7] is also an

excellent option.

1.2 Introduction to nano-optics

Although the study of light interaction with small objects dates back more than 100

years, the extraordinary advances in fabrication of small structures (providing unprece-

dented control over their composition, shape, size, position, orientation and arrange-

ment) has surely boosted the renewed interest that the subject has experienced in the last

fifty years. The emergence and consolidation of different fields related to nanoscience,

holding promises of a deep impact in many aspects of human life, generated a strong

economic investment in nanoscience and nanotechnology which, undoubtely, have also

helped develop of the fields of nano-optics or nano-photonics. The science and engi-

neering of light matter interactions on subwavelength scales have experienced, in turn,

their own milestones, most of them being related with the spatial confinement of the

electromagnetic energy, which considerably modifies light propagation and light-matter

interaction.

One key concept among those playing a role in nano-optics is the concept of near-field.

While most of the historical research in optics took place in the so called far-field region

(both in illumination and detection/collection), some of the newly discovered phenomena

in nano-optics rely entirely on the distinct behaviour of electromagnetic radiation in the

near region. It is well known that, in free space, light propagation is determined by

the dispersion relation ω = ck connecting the wavevector k =
√
k2
x + k2

y + k2
z and the

angular frequency ω. For quantum particles, Heisenberg’s uncertainty principle states

that it is not possible to determine simultaneously its position in a direction and its

momentum in that same direction with infinite precision. Actually, it states that:

∆px∆x ≥ ~/2, (1.38)
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which, in the case of photons reduces to:

∆kx∆x ≥ 1/2, (1.39)

i.e., the largest the spread of wavevectors in a given direction, the largest the spatial con-

finement of the photons in that direction. For purely real components of the wavevector,

the maximum spread in one of its components is equal to the length of the wavevector,

thus kx = k = 2π/λ and:

∆x ≥ λ/(4π), (1.40)

This result closely resembles Rayleigh diffraction limit (and thus, the minimum length

that can be resolved) for lenses:

∆x ' 1.22
λ

2NA
, (1.41)

There is, however, one way in which one can overcome the condition imposed by equa-

tion (1.40). In principle, nothing restricts one from taking values of the spread in kx > k.

If one of the other components of the wavevector (let’s say kz) becomes purely imag-

inary, the condition of k =
√
k2
x + k2

y + k2
z = 2π/λ can be still perfectly fulfilled. In

the case of a plane wave propagating in free space, the exponential eikzz = e−|kz |z as

a consequence of the purely imaginary value of kz. This implies that the wave will be

confined in this positive z direction also (the wave, called evanescent, will exponentially

decay). However, for the negative z direction, it implies an exponential growth of the

wave which has, obviously, no physical meaning. Nevertheless, this is only true for free

space. If some inhomogeneity is present in the space an exponentially decaying solution

can exist without the need of an infinitely growing solution present in the whole space.

Thus, equations (1.40) and (1.41) in the presence of inhomogenities are not strictly

valid, thus opening the door for a stronger confinement of light with the existence of

evanescent waves. Due to its vanishing nature as exponentially decaying solutions, these

waves, however, can only be detected in close proximity to the point where they origi-

nate. This effect lies on the basis of many of the interesting features of nano-optics and,

together with the interest awaken in nanoscience and nanotechnology, fully justifies the

need of a profound study of light-matter interaction in the nanoscale. Near-field optics

was probably born (although many years later) as a consequence of the proposition by

Synge in 1928 [8] of a microscope operating under this principle. This first near-field

optical microscope was based on the interposition of a thin, opaque metal film with a

small orifice of about 100 nm between an intense nearly planar light beam and the object

whose information is wanted. The orifice was to remain within 100 nm of the surface,

and information was to be collected by point-by-point scanning. It was almost 50 years
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later, in 1972 that these ideas were actually implemented by Ash and Nicholls [9].

An evanescent wave of particular importance in nano-optics is the so called surface

plasmon polariton (SPP), i.e., electromagnetic waves coupled to plasmons (charge den-

sity waves due to oscillation of the conduction electrons in a metal). These SPPs are

confined solutions of Maxwell’s equations that can exist in the interface between a real

metal (thus having a permittivity Re(εm) < 0 and Im(εm) 6= 0) and a dielectric (with

Re(εd) > 0). SPPs decay exponentially in the direction perpendicular to the surface but

have a propagating character in those directions parallel to the interface. Propagation,

however, is restricted to a finite distance due to the ohmic losses associated with the

penetration of the wave inside the metal.

Consider the situation schematically depicted in figure 1.2 (a), in which the total space

is divided in two halves, the upper part being a dielectric of permittivity εd and the

lower filled with a metal of permittivity εm. The system is invariant under translation

along the y-axis. In this configuration it is only possible to excite a SPP whenever the

electric field is polarized in the xz-plane (i.e., with TM -polarized light with the magnetic

field lying along y-axis). Solutions to (homogeneous) wave equations (1.28-1.29) in each

half-space have the form of plane waves. Imposing the boundary conditions (1.32-1.33)

and (1.36-1.37) at the interface z = 0 allows one to derive the dispersion relation for the

SPP, which reads:

k2
x =

(ω
c

)2 εmεd
εm + εd

, (1.42)

where kx = kx,d = kx,m, as imposed by the boundary conditions. If one accepts the

description of the metal dielectric function by a Drude model of free electrons (without

damping as a first approach), the dispersion relation acquires the form displayed in

free photon (air):

kx

ω

d
pSP ε

ωω
+

=
1

1

xck=ω

SPP:

ωp

x
dm

dm ck
εε
εεω +

=

ε  (ω) = 1 − ω  /ωm p
2 2

Drude model:
dielectric

metal

εd ω( )

εm ω( )z

x

0>z

0<z
+ - + - + - +

Ez

(a) (b)

Figure 1.2: (a) Schematic description of the properties of a surface plasmon polariton
and (b) dispersion relation of a SPP in the interface between a dielectric and a metal

described by a Drude model.
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figure 1.2 (b). Including losses in the metal causes εm become complex, and so it

happens with kx. Thus, an exponential decay in the propagation direction appears

e−Im(kx)x, aditionally to that which confines the SPP near the surface in the z-direction,

which defines a characteristic propagation length:

Lx =
1

2Im(kx)
. (1.43)

Note that, interestingly, as shown in figure 1.2 (b) there is a momentum mismatch

between that of photons propagating freely (black curve) and that of the SPPs (red

curve). This property makes impossible the excitation of SPP with light directly from

vacuum, and is a probable cause of the delay between the surface plasmon observation in

1957 by Ritchie [10] and the first evidences of SPP excitations with light almost ten years

later. There are different approaches to provide the additional momentum necessary to

couple light with SPPs. One can either use a prism to give an additional momentum due

to the index of refraction of the prism (that should be higher than that of the dielectric

medium in which the SPP will propagate), a defect on the surface, a diffraction grating,

etc.

The most attractive aspect of the SPPs so generated is the way in which they allow to

concentrate and channel light into subwavelength structures, leading to, e.g., the Ex-

traordinary Optical Transmission phenomenon [11, 12]. Moreover, concentrating light

in this way leads to an electric field enhancement that can be used to manipulate light-

matter interactions. In this way, one can, for example, make sensors with extreme

sensibilities to the local dielectric environment.

-- - --
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incident
E-�eld
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Figure 1.3: Schematic description of the mechanism originating a localized surface
plasmon resonance. The displacement of the electron cloud out of its equilibrium posi-
tion generates a strong dipole moment which, under certain conditions, resonates with

the incident electric field.
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A different class of strong evanescent fields are those generated in small metallic particles

as a consequence of the coherent oscillation of an incident electromagnetic field and the

collective electron charge of the particle, as schematically explained in figure 1.3. In

this Localized Surface Plasmon Resonances (LSPR) the field is highly localized at the

nanoparticle and decays rapidly away from the nanoparticle/dieletric interface into the

dielectric background. Associated with this confinement (only limited by the size of

the particle) there is a strong ehancement of the electric field near the surface, which

opens the venue of applications in spectroscopies, sensing, enhancement of non-linear

processes, etc. Although the main consequences of the excitation of LSPR localize near

the particle, the far-field scattering by the particle is also enhanced by the resonance.

Interestingly, both the near- and far-field properties of the resonance are extremely

sensitive to the particle composition, size, shape and dielectric environment. Thus,

ability to control these parameters revealed extremely important in order to equally

control the electromagnetic fields.

The resonance phenomenon associated with the excitation of a LSPR is easily understood

if one considers the simple case of the dipolar resonance of a sphere. Making use of very

simple quasi-static arguments, it is well known that a sphere with dielectric constant ε

embedded in a medium of permittivity εd gets polarized under the action of a constant

electric field E0. The dipole moment generated due to the separation of positive and

negative charges is proportional to the incident field; the proportionality constant being

the so called polarizability α, which reads:

α = 4πε0R
3 ε− εd
ε+ 2εd

, (1.44)

where R is the radius of the sphere. The expression above clearly diverges for ε = −2εd,

which is only possible if there is a change of sign between permittivites (i.e., considering

a dielectric environment, for a metallic particle). The previous condition approximately

holds for the excitation of the dipolar LSPR in a small metallic sphere. Although,

obviously, this derivation accounts neither for higher order resonances (quadrupolar,

octupolar, ...) nor for retardation effects (accounting for the time the light spends to

reach different points of the body), and thus the polarizability so obtained does not fulfill

the optical theorem, it can still shed some light into the operating mechanism involved

in the LSPR excitation.

Since the discovery of plasmons in 1957, its study and application (the so called, plas-

monics, dealing both with SPPs and LSPRs) has experienced an exponential growth in

the number of publications per year that makes it one of the frontier fields in optics, as

revealed by figure 1.4.
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Figure 1.4: Number of published articles per year containing the words plasmon,
photonic crystal or metamaterial in their topic. Data has been retrieved from the

Scientific Web of Knowledge.

Another landmark in the development of nano-optics was the discovery of the so called

photonics crystals (PC). In close analogy to what happens in solid state physics, where

the periodic potentials defined by the ionic sites in the lattice affect the movement of the

electrons, thus defining the band structure of the material, it was proposed in 1987 by

Yablonovitch [13] that a three dimensional periodic arrangement of dielectric scatterers

could present photonic band gaps in which the spontaneous emission would be inhib-

ited. Almost simultaneously and independently John [14] proposed a related mechanism

for strong localization of photons that would lead as well to the appearance of a fre-

quency pseudo-gap. Although it took some time for an experimental realization in the

microwave regime of these conceptual advances, the potential of these PC was widely

recognized and they have, since then, been extensively studied (for increasingly higher

frequencies) and their properties applied to a very broad range of devices, from photo-

voltaics to light-guidance to selective surfaces. This made their field of study experience

an exponential growth (see figure 1.4) that, nevertheless, seems to have slowed-down

in the last few years. A very recent review of the historical development of PC can be

found in reference [15].

A probable cause of the mentioned deceleration could be the interest that has been

risen by the new class of artificial materials termed metamaterials. In these materi-

als, the response to an incident electromagnetic field depends on the shape, size and

dielectric properties of the so-called meta-atoms. These are subwavelength inclusions

periodically or randomly arranged in space that constitute the basic elements defining

the metamaterial properties, analogously to what atoms do in ordinary matter. Thus,
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the electromagnetic radiation propagating in a metamaterial is not able to resolve ev-

ery single detail, but ”sees” instead an overall response. This response can then be

engineered almost-at-will by cleverly designing the meta-atoms. With this degree of

freedom at hand, multiple and fascinating properties were predicted, e.g., for materials

having electromagnetic properties that are not available in naturally occurring media.

Although the first experimental realization in 2000 was done in the microwave regime,

metamaterials quickly drawn the attention of the whole scientific community working in

ondulatory phenomena (see figure 1.4) and in particular from scientist working in the

optical range, where the field merged with plasmonics and other braches of nano-optics.

Finally, another singinficant advancement in nano-optics has probably arisen as a conse-

quence of the extraordinary achievements in nanofabrication, together with the discovery

in 1946 by Purcell of the effect that carries his name. These factors boosted the inter-

est in light-emission processes occurring in the nanoscale. In brief, Purcell discovered

the enhancement of spontaneous emission rates of atoms when they are matched in a

resonant cavity [16]. This is a consequence of the fact that the spontaneous emission

process is not only governed by the intrinsic properties of the emitting system but,

also, by its surrounding environment. With the acquired abilities to control, with un-

precedented precission, the position of quantum emitters (either molecules, quantum

dots, ...) and to modify their inmediate surrounding environment with nanostructures,

much effort has been put on the study of emission characteristic of these combined sys-

tems (emitter+environment). As a result, a great understanding of these processes has

been achieved, leading to systems in which emission of dyes has been extraordinarily

enhanced [17] or nearly completely inhibited [18], or in which the emitted radiation

becomes highly focused in a given direction [19]. That opened new venues in light gen-

eration control in the nanoscale with applications in fields such a light sources, optical

signal processing, etc.

1.3 Synopsis

Although the present thesis covers several theoretical aspects in the field of nano-optics,

it is mainly focused on the study of the optical properties of nanostructures under

illumination and on light-emission processes occuring in their presence. While the first

aspect deals with nanostructures of different materials (dielectric, metallic or metallo-

dielectric) and shapes (spherical, cylindrical, spheroidal, ...) when they are irradiated

with visible or near-infrared (NIR) light, the second aspect will put the focus on light

emission processes which occur, exclusively, inside or near cylindrically-shaped dielectric
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nanostructures, the so called dielectric nanowire antennas, much less studied than their

metallic counterparts.

The structure is the following. In Chapter 2 the optical properties of metallo-dielectric

nanocomposites are studied with a perspective put on their possible application as build-

ing blocks of negative-index metamaterials (NIMs). In particular, the electromagnetic

response of core-shell nanostructures consisting of a metal (silver) nucleus and a high-

permittivity dielectric (silicon or germanium) coating are studied in section 2.2, both

in spherical and cylindrical shapes. It is shown that these systems, when irradiated

with light in the NIR, exhibit resonances with not only an electric dipolar character

(which usually governs those of electrically small systems) but also a magnetic dipolar

one. Moreover, it is proved possible to tune the geometrical parameters of the nanos-

tructures to make both resonances overlap in frequencies. The possiblity of combining

both resonances opens the door for their application as building blocks for negative-

index metamaterials. The validity of the proposal is demonstrated along section 2.3.

In the last part of the chapter (section 2.3.4) it is shown that, in the case of core-shell

nanowires, it is possible to tune the geometrical parameters to render them invisible

over a broad band of frequencies and angles of incidence and polarization.

In Chapter 3 the plasmonic properties of single, elongated, metallic nanostructures are

studied. In particular, in section 3.2 the focus is put on the 3rd-order half-wave (3λ/2)

resonances arising in their scattering (extinction) spectra under plane wave illumination.

It is shown that the lineshape associated with this resonance is strongly assymmetric,

thus revealing an underlying interference mechanism between different scattering chan-

nels. This interference can be, moreover, understood in terms of a Fano-like model, thus

revealing the existence of a broad contribution to the far-field (which plays to role of

the continuum in canonical Fano model [20]) interacting with a narrow resonant chan-

nel (thus playing the role of the discrete transition). The spectral properties of this

3λ/2 resonance (in particular a small Full Width at Half Maximum and a large sensitiv-

ity to changes in the dielectric environment surrounding the particle) are then used in

section 3.4 to design several systems that could be employed for refractometric purposes.

Chapter 4 is devoted to light-emission processes in the presence of semiconductor nanos-

tructures; specifically, in the presence of indium phosphide (InP) cylinders of finite length

and high aspect ratio. Along section 4.1 it is shown that the emission process is gov-

erned by the dispersion relation of electromagnetic modes of the equivalent, infinite InP

cylinder. The finite length of the nanostructure is included through a quasi-1D cavity

model, which allows one to explain and predict the phenomenology of light emission (to-

tal emitted power and angular emission pattern) with the geometrical parameters and

emitter position and orientation. Not only electric dipole transitions are considered, but
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it is shown that the theoretical model correctly describes magnetic dipole transitions.

In the last part of the chapter, section 4.2, direct experimental evidence of the nanowire

antenna effect is presented. This part of the work, performed in collaboration with the

AMOLF group Surface Photonics of Prof. Jaime Gómez Rivas at Philips Research Labs

in Eindhoven, where the measurements were carried out, is based on the Fourier mi-

croscopy technique, which allowed to resolve both the angular emission pattern and the

polarization of the emitted light in photoluminescence processes from InP nanowires.

Finally, in Chapter 5, the main conclusions of the work are presented and future per-

spectives foreseen.



Chapter 2

Metallo-dielectric core-shell

nanostructures. Applications in

optical metamaterials

The contents developed along the present chapter led

to publications P3, P5 and P7, listed in Appendix H

Materials showing electromagnetic properties non-attainable in naturally occurring me-

dia, the so called metamaterials, have been lately, and still are, among the most active

fields in optical and materials physics and engineering. Among those properties, the pre-

diction that flat slabs of media with a negative index of refraction can act as convergent

lenses that could lead, in the case of simultaneously negative permittivity and permeabil-

ity, even to sub-diffraction resolving capabilities, made that great deal of attention was

put in this new kind of materials. Since the first realization of a negative-index meta-

material in the microwave regime by Smith et al. [21], part of the scientific community

put great effort in obtaining analogous behaviours for increasingly higher frequencies up

to the optical range.

In the following sections isotropic metamaterials with strong electric and magnetic re-

sponses in the optical regime, based on metallo-dielectric core-shell nanospheres and

nanowires is presented. These particular designs tackle some of the main issues found

in the way to bring metamaterials to the visible. In particular they are trully bulky,

isotropic in their respective dimensionality, polarization independent in the case of the

3D design, and almost lossless in the case of the 2D one.

16
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2.1 Introduction to metamaterials

Metamaterials are artificial composite materials whose material properties, usually ex-

otic and not naturally attainable, depend on the geometry of their basic constituents,

rather than on their chemical composition [22–24]. This makes them completely differ-

ent from natural materials, in which the material properties are mainly determined by

their constitutive chemical elements, their arrangement, and the bonds in the material.

Ranging from negative refraction and anti-parallel propagation of phase fronts and en-

ergy flow [25] to the possibility to hide objects [26], the great number of fascinating

properties and applications predicted for metamaterials has made it become one of the

most active fields in sciences, merging the interest of researchers in physics, material

science, engineering and chemistry. Although originally developed in electromagnetics

[25], many of the ideas developed in this field have been successively extended or adapted

to other physical phenomena, such as acoustics [27, 28] or even heat transfer [29].

Regarding electromagnetism, the two quantities governing the behaviour of a given ma-

terial are its permittivity (ε) and its permeability (µ). The permittivity (permeability)

of a system characterizes how a material is affected by an electric (magnetic) field and,

reciprocally, how the material affects the field distribution. Permittivity is directly re-

lated to how a certain material polarizes in response to an electric field, therefore being

related to the ability to transmit the electric field. The same holds for the permeability

in the case of a magnetic field.

ε>0 
µ>0 

DIELECTRICS 

ε>0 
µ<0 

MAGNETIC 
PLASMAS 

µ 

ε 

ε<0 
µ>0 

METALS 

ε<0 
µ<0 

NO NATURAL 
MEDIA 

Figure 2.1: Electromagnetic material parameter space characterized by electric per-
mittivity (ε) and magnetic permeability (µ).

Depending on the sign of these two quantities, one can classify materials regarding

their electromagnetic behaviour. In figure 2.1, the so called material parameter space

is represented. The first quadrant of this space (upper-right part), corresponding to

those material having simultaneously positive values of ε and µ, includes most dielectric
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materials, while the second quadrant (upper-left part) essentially includes all metals

and some doped semiconductors. In these two quadrants one can find the vast majority

of materials found in nature. Only some ferrites are located in the fourth quadrant

(lower-right part, ε > 0 and µ < 0), but, of course, their magnetic response ceases at

high frequencies. With respect to the more interesting third quadrant (lower-left), for

which ε < 0 and µ < 0, there are no naturally occurring materials that can be included

there. This is most probably the reason why this possibility passed almost unnoticed

even from a purely theoretical point of view (with some historical exceptions). Even

after Veselago’s seminal paper [25], it was not until the first sequence of experimental

realizations in microwave regime [21, 30, 31] that the field started to attract considerable

attention.

2.1.1 Electromagnetic behaviour of materials with ε <0 and µ <0

For this new class of materials with electromagnetic properties almost designed at will, a

vast collection of new properties were predicted. They ranged from the extreme control

in spontaneous emission processes (both in decay rates [32, 33] and directionality [34])

to inverse Cherenkov radiation and inverse Doppler effect [25], and to unprecedented

control over the flow of electromagnetic waves [26, 35], although not all of them need

simultaneously negative ε and µ. Among them, sub-diffraction resolving capabilities

predicted for media having simultaneously ε = µ = −1 [36, 37] have been one of the

major focus of attention of the optics community.

Let us briefly present the main characteristics of a medium possessing simultaneously

negative values of ε and µ. For a plane monochromatic wave propagating in a homo-

geneous, isotropic medium containing no free charges and currents, the electric and

magnetic fields have the form E(ω,k) = E0e
i(k·r−ωt) and H(ω,k) = H0e

i(k·r−ωt), and

Maxwell’s equations reduce to:

k×E = µωH (2.1)

k×H = −εωE, (2.2)

where it has been assumed D = εE and B = µH as constitutive relations. If ε <0 and

µ <0:

k×E = −|µ|ωH (2.3)

k×H = |ε|ωE, (2.4)
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and it becomes clear that E, H and k constitute a left-handed triplet. For this reason

these materials are also called left-handed (LH) materials. Moreover, the Poynting vector

is, by definition, S = E×H. Therefore, S and k are anti-parallel (see figure 2.2 (a)), and

so are the phase velocity (vph) and the group velocity (vg). This effect made this kind

of waves to be called backward waves. Strictly speaking, the condition for a backward

wave to exist is that vph · vg < 0. Obviously, the only case for isotropic media in which

this condition is fulfilled is the one mentioned above.
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Figure 2.2: (a) Negative refraction phenomenon occurring in the interface between
a conventional dielectric and a medium with ε < 0 and µ < 0. (b) Double focusing
characteristic of ε = −ε0 and µ = −µ0 slab (with the rays represented by black solid
lines) and amplification of the evanescent waves (green lines) inside the slab that leads

to complete restoration of the object.

Consider, now, a plane wave impinging on the interface between a conventional dielectric

with positive ε and µ and a metamaterial with both quantities simultaneously negative,

as depicted in figure 2.2 (a). The wave is propagating from the conventional dielectric

(upper half-plane). In this situation the parallel component of the k-vector must be

continuous, as a consequence of the symmetry of the problem. Additionally, the Poynting

vector must be directed into the second medium if one requires that there is transmission

of energy. The only physically acceptable situation is, then, the one described in figure

2.2(a). The ray undergoes the so called negative refraction. It emerges in the second

medium by the same side of the normal to the interface. If one, then, wants to retain

the usual form of Snell’s law,

ni sin(θi) = nr sin(θr) (2.5)
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it is immediate to realize that the negative determination of the square root in the

definition of the index of refraction must be taken whenever ε < 0 and µ < 0.

n = −(εµ)1/2, if ε < 0 and µ < 0 (2.6)

This behaviour made Pendry realize that, in the case of a slab in vacuum with ε =

−ε0 and µ = −µ0 and thickness T , all propagating waves coming from a point at a

distance d < T are doubly focused (in a point f inside the slab, and at a distance d− T
behind the slab) as explained graphically in figure 2.2 (b). Notice that this behaviour

completely differs from that of conventional converging lenses; parallel rays impinging

orthogonally to the slab interface are not focused in this situation. Additionally, Pendry

realized that this kind of system could restore completely the information carried by the

evanescent waves since, inside the ε = −ε0 and µ = −µ0 medium, those components

are exponentially amplified (see figure 2.2 (b)) [36]. There are, however, certain issues

in this proposal that should be mentioned. The first one is related to the fact that the

object must be placed at a distance not greater than the thickness of the slab. Moreover,

the plane in which the superresolution is obtained is placed at a distance T − d, thus

making the superlense a near-field device. On top of that, the original proposal studied

a completely lossless system which would, then, restore both the homogeneous and

evanescent components in the focal point behind the slab. That would imply a complete

restoration of the whole information of the object that would not be limited by any

diffraction limit (hence the name of ’perfect lens’). However, this would mean breaking

the uncertainty principle which, as stated by Veselago et al., would be an extremely

far reaching statement of much higher importance than all other statements about the

characteristics of materials with negative refraction index [38]. Introducing some losses

in the system can somehow fix this situations although it can, as well, drastically change

the behaviour of the evanescent fields inside the slab [39]. Anyhow the prize to pay is

that, then, losses in the system set the ultimate resolution limit. Therefore, lowering

losses becomes an important issue in order to achieve sub-diffraction resolution (see,

e.g., section 1.10 in [23] and references therein).

2.1.2 Bringing metamaterials to optics

Once the possibility of building a negative-index metamaterial (NIM) was proven in

the microwave regime [21], extraordinary effort has been made to obtain analogous be-

haviours for increasingly higher frequencies up to the visible range of the electromagnetic

spectrum [40, 41].
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One of the major obstacles found when trying to translate the ideas and concepts devel-

oped by the microwave community to higher frequencies was simultaneously achieving

negative electric and magnetic responses and low associated losses. Of particular impor-

tance is how to achieve a strong diamagnetic response of the basic constituents in the

systems designed; strong enough as to lead to a negative effective magnetic permeability.

Recall that, at optical frequencies, the temporal variation of the fields makes impossible

for natural media to present any magnetic response, since the electronic mechanisms

within the atoms and molecules originating magnetic moments can not, simply, be es-

tablished [3]. Therefore, their magnetic permeability tends to be that of vacuum.

Thus, many attempts to tackle the problem were simple miniaturizations of the canonical

designs employed in those first metamaterials operating in microwaves. As an example,

the split-ring configurations, or slight variations of it, were reduced up to the nanoscale to

obtain such a magnetic response. Apart from the fundamental limitations inherited from

those original designs, e.g. anisotropy, and the increasingly complexity in the fabrication

procedures, several drawbacks have been found in this process, some of them being

consequence of the different behaviour of metals when excited with higher frequency

waves. High ohmic losses due to currents within metallic parts and associated saturation

of the magnetic response are crucial to this respect [42].

Different strategies were, then, approached to obtain artificial magnetism at optical fre-

quencies. Some of them intended to obtain artificial magnetism exciting magnetic modes

in nanoparticle clusters. Those modes originate a magnetic moment in the cluster due to

the circulation of displacement currents established between nanoparticles due to cou-

pling [43]. They present several drawbacks, however, as the very high complexity in the

fabrication, the relatively high electrical size of the structures, the lack of truly isotropy

and the high losses associated to metallic parts. Moreover, in many cases, the behaviour

of the proposed designs stems from particular arrangements of the components. As a

consequence, spatial dispersion effects often appear due to propagation of waves in the

lattice. A completely different approach is that based on surface plasmon polariton

metal-dielectric-metal waveguide supporting negative-index modes modes, as those de-

scribed in references [44–47]. However, propagation inside such material is limited to

the propagation length of the plasmon in the waveguide, thus making the design a single

layer device, lacking truly three-dimensionality. Moreover, in most cases, the proposed

designs are restricted to operate under certain polarization and incidence conditions

[45, 48].

In addition, various attempts have been made towards artificial magnetism exploiting

magnetic resonances occurring in structures made of high permittivity materials [49–53],

leading to low-loss magnetic materials. In some cases secondary structures, necessary to
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provide the additional electric response and obtain doubly negative index of refraction,

were used [54–56]. Usually, particular arrangements are needed, which break the isotropy

of the system and, in some cases, lead to spatial dispersion effects. In some others a fixed

polarization is needed [57, 58] and, in most, the system is not robust against possible

fabrication defects [59]

Therefore, there has been no satisfactory design that can tackle all the mentioned is-

sues at once; being low-losses, isotropy, and truly three-dimensionality (in the sense of

achieving a truly bulk material) the main concerns of research in optical metamaterials.

2.2 Optical properties of metallo-dielectric core-shell nanos-

tructures

Composite nanostructures combining metallic and dielectric parts offer, in general, great

design flexibility with regard to their optical response. While one can design them to

retain the advantageous properties of sub-wavelength sized particles, additional degrees

of freedom arise as a consequence of either the particular geometrical arrangement of

the components [60] or the optical properties of the materials employed [61].

Current fabrication techniques allow to create hybrid metallo-dielectric nanostructures

in a wide variety of shapes, ranging from cylinders [62] or spheres [63], to film stacks,

or to ones even more complicated [64]. At the same time as different geometries were

investigated, intense research has been done as to obtain different material combinations.

Usually aimed as passivation layers and/or spacers in different applications, the most

intense research involved low-refractive index oxides, such as silica.

In this section, we will introduce new types of metallo-dielectric nanostructures aimed to

serve as building blocks of low-loss isotropic two- or three-dimensional metamaterials in

the optical domain, either possessing a negative index of refraction or mimicking vacuum.

For this particular purpose, as will be shown later, a combination of noble metals with

high-refractive index dielectrics is needed. Among other interesting properties, the ones

presented here, can serve as a motivation to explore new material combination, thus

opening new venues of research in what complex nanoparticle synthesis refers.
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2.2.1 Optical properties of metallo-dielectric core-shell nanospheres

2.2.1.1 Optical properties of a coated sphere

Let us briefly address the optical properties of a homogeneous sphere coated with a

homogeneous layer under plane wave illumination. Consider the situation schematically

described in figure 2.3. Assume that none of the materials constituting the host, the shell

and the core is magnetic, and so µh = µs = µc = 1. As pointed by Bohren and Huffman

[5], this is the simplest case of a spherical particle with a spatially refractive index, and

can be readily generalized to a multilayered sphere. In such situation, as mentioned

in Section (Principles of Scattering) the coated sphere can either scatter or absorb the

incident wave, with the great advantage that the symmetry of the problem allows one

to find an analytical solution. Following a similar procedure as that by Gustav Mie [65]

in the case of a solid sphere, Aden and Kerker [66] found the solution of this problem by

expressing the field outside the exterior boundary of the body as a sum of the incident

field and the scattered one. Then, all fields in the different regions are expanded into

vector spherical harmonics, M and N, which are vector fields generated by a scalar

function, ψ, and a vector, c. They satisfy the sourceless wave equations (1.28-1.29),

are divergence-free and are, of course, not independent. Usual boundary conditions

for the electric and magnetic fields across the interface between two media (given by

equations (1.32-1.33) and (1.36-1.37)) are applied in every boundary between regions

with different material parameters. The solution of the problem reduces, then, to find

the solution of a linear system of equations for the coefficients of the expansion (see

Appendix A for technical details).

Hinc

Einc
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ε
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ε
ε

Rc
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s
h

Figure 2.3: Scheme of the physical quantities involved in the scattering from a coated
sphere.

Once the solution of this system is found, electromagnetic fields are known in every point

of space. Therefore, it is possible to compute the scattering (σsca), absorption (σabs)

and extinction (σext) cross sections of the particle as defined in Section (Principles of
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Scattering). Specifically, their respective efficiencies acquire the following form:

Qsca =
σsca
σgeom

=
2

y2

∞∑
l=1

(2l + 1)(|al|2 + |bl|2) (2.7)

Qext =
σext
σgeom

=
2

y2

∞∑
l=1

(2l + 1)Re(al + bl) (2.8)

Qabs =
σabs
σgeom

= Qext −Qsca, (2.9)

where y = khRs. al and bl are the coefficients of the expansion of the scattered field

in terms of the vector spherical harmonics and are associated, respectively, to a certain

electric and magnetic multipole. In this way, a1 is associated with the dipolar electric

contribution, while b1 is to the magnetic dipolar one; a2 being associated with the electric

quadrupole, b2 to the magnetic quadrupole, and so on. Their explicit form is:

al =
ψl(y)[ψ′l(nsy)−Alχ′l(nsy)]− nsψ′l(y)[ψl(nsy)−Alχl(nsy)]

ξl(y)[ψ′l(nsy)−Alχ′l(nsy)]− nsξ′l(y)[ψl(nsy)−Alχl(nsy)]
(2.10)

bl =
nsψl(y)[ψ′l(nsy)−Blχ′l(nsy)]− ψ′l(y)[ψl(nsy)−Blχl(nsy)]

nsξl(y)[ψ′l(nsy)−Blχ′l(nsy)]− ξ′l(y)[ψl(nsy)−Blχl(nsy)]
. (2.11)

The Ricatti-Bessel functions introduced are ψl(z) = zjl(z), χl(z) = −zyl(z) and ξl(z) =

zh
(1)
l (z), where h

(1)
l (z) = jl(z) + iyl(z) is the spherical Hankel function of the first class,

and jl(x) and yl(x) are the spherical Bessel functions of the first and second class. The

prime denoted differentiation with respect to the argument.

The coefficients Al and Bl are:

Al =
nsψl(nsx)ψ′l(ncx)− ncψ′l(nsy)ψl(ncx)

nsχl(nsx)ψ′l(ncx)− ncχ′l(nsy)ψl(ncx)
(2.12)

Bl =
nsψl(ncx)ψ′l(nsx)− ncψl(nsy)ψ′l(ncx)

nsχ′l(nsx)ψl(ncx)− ncψ′l(ncy)χl(nsx)
, (2.13)

where x = khRc, n
2
s = εs/εh and n2

c = εc/εh. kh is related to the excitation frequency by

kh =
√
εhω/c = 2π

√
εh/λ. It is immediate to realize that all information about material

and geometrical properties of the core is contained in these Al and Bl coefficients.

The obvious advantage of obtaining the scattering properties in this way is that one can

isolate the subsequent multipolar contributions. In this way, one can, unambiguously,

determine the character of the different resonances occurring in the system.
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2.2.1.2 Magnetic properties of semiconductor spherical shells at optical fre-

quencies

It is something well established among the microwave community that, when irradiated

with electromagnetic waves, high-refractive-index (HRI) dielectric particles can present

geometrical resonances, so called Mie resonances, at wavelengths that can be orders of

magnitude bigger than the actual size of the particle. Some of these resonances have

a magnetic character, thus inducing a strong magnetic moment in the particle. This

property made the microwave community working in metamaterials propose the use

of HRI spheres to produce an effective medium with a strong diamagnetic response

[49, 52, 67, 68].
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Figure 2.4: Index of refraction of Silicon (a) and Germanium (b) including the visible
range, dispersive and absorbing, and the near infrared, non-dispersive and absorption-

less.

Probably because there are not many HRI materials in the optical domain (contrary to

what happens in the microwave regime, in which permittivities of ε� 100 are relatively

common [49]) the possibility of using dielectrics to produce artificial magnetism passed

more or less unnoticed for the optics community. Nevertheless, some groups proposed

certain semiconductors as feasible materials to obtain a strong magnetic response near

the visible spectrum when they are in the form of sub-wavelength-sized spheres [53].

The proposed system has been object of intense research both in fabrication [69] and

optical characterization [70, 71].

Let us, then, use Silicon (Si) as our HRI material at optical frequencies. In the whole

near infrared part of the spectrum, its permittivity can be considered non dispersive and
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absorption-less (εSi ∼ 12.25) [72]. See figure 2.4 (a) for the exact values of the index of

refraction and absorption in the visible and near infrared. Additionally, in figure 2.4 (b)

we plot the values for Germanium (Ge), since it will be used later.

We now show that, if a (spherical) shell is considered instead of a (solid) sphere, the

dipolar magnetic resonance can be tuned by varying the inner radius, Rc. Moreover,

selecting the proper geometrical parameters it is possible to make all electric contribution

to the scattering almost completely disappear. Thus, it is possible to excite a purely

magnetic resonance, with the shell essentially behaving as a magnetic dipole.

In figure 2.5 the scattering properties under plane wave illumination of a Silicon shell of

outer radius Rs = 170 nm are studied as a function of both, the inner radius, Rc, and

the excitation wavelength, λ.
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Figure 2.5: Optical properties of a Silicon spherical shell with Rs = 170 nm as
a function of Rc, and the excitation wavelength, λ. (a) Map of the dipolar electric
contribution to the scattering efficiency as a function of Rc and λ. (b) Same as in (a)
but for the dipolar magnetic contribution. (c) Map of the total scattering efficiency
of the system as a function of Rc and λ. (d) Total scattering efficiency, and dipolar
electric and magnetic contributions for several fixed Rc = 0, 40, 80, 120, 160 nm values,

corresponding to the dashed white lines in (a)-(c).

Specifically, in figure 2.5 panel (a), it is represented the dipolar electric contribution to

the total scattering efficiency of the system. Some resonant features can be observed at

λ ∼ 0.9− 1.1 µm whenever Rc is small, i.e., when the shell approaches the solid sphere.

The limiting case Rc → 0 is plotted in 2.5 (d), lower spectrum. When Rc increases,

this resonance weakens and blueshifts, to totally disappear for Rc sufficiently big. This

is not surprising; part of the semiconductor material that reacts to the driving field,

polarizing the shell, is being removed when increasing the air core, thus making the

induced electrical dipole weaker.

The dipolar magnetic contribution, plotted in figure 2.5 panel (b), clearly shows a res-

onance for λ ∼ 1.3 µm. This wavelength corresponds to that of the Si compact sphere

[53] when Rc → 0. Contrary to what happens with the dipolar electric contribution, this
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resonance is very weakly affected by the increase of the inner radius. It only slightly red-

shifts and decreases when the shell is thin enough (Rc ≥ 2Rs/3). Nevertheless, this is the

main contribution to the scattering of the system in the whole range of frequencies and

radii studied (compare panels (a) and (b) with panel (c) in figure 2.5, in which the total

scattering efficiency of the system is represented). In this range of radii, thus, the mag-

netic resonance of the Si nanoshell can be tuned within a certain range of wavelengths

and, simultaneously, make any electrical contribution be negligible.
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Figure 2.6: Near-field distributions at resonance of the electric field norm (left, |E|),
the out-of-plane component of the magnetic field (unique component of the incident
field, center, Hz) and the displacement field (right, D) of a Silicon sphere with Rs =

170 nm (a) and a silicon shell with Rs = 170 nm and Rc = 120 nm (b).

To gain some insight into the physical mechanism originating this strong magnetic mo-

ment in the shell, the distribution of the fields at resonance is plotted in 2.6. Here we

compare the electric and magnetic field distributions, together with the electric displace-

ment field, D for a solid Si sphere and for a shell of inner radius Rc = 120 nm. The

physical mechanism becomes apparent. The continuity conditions D|in · n = D|out · n
imposes En|in → 0, due to the fact that εh/εs � 1. The electric field is, therefore,

strongly confined and forced to rotate around the incident magnetic field, originating a

strong dipole magnetic moment. Recall that:

m =
1

2

∫
V

r× J(r)dr, (2.14)

with V representing the volume of the particle. If we assume the whole current to be a

polarization current, J ∼ (ε− 1)E, it reduces to:

m =
−iω

2

∫
V
ε0[ε(r)− 1](r×E(r))dr (2.15)
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Such behaviour reveals that the resonance is qualitatively quite similar to the first res-

onance of a dielectric ring, already reported [50]. As depicted in figure 2.6 (a), even in

the case of a solid sphere, contributions to the magnetic moment come primarily from

the displacement field near the exterior semiconductor/air interface because both the ra-

dius and the electric displacement achieve their highest values (see 2.6 (a), right panel).

Therefore, one can remove most of the material in the core region without significantly

affecting the magnetic resonance. See figure 2.6 (b), right panel,, in which about 35 per

cent of the material has been removed. The same continuity conditions hold, in this

case, for the interior semiconductor/air interface.

It seems, then, that semiconductor shells could behave well as basic structures providing

artificial magnetism at optical frequencies, with the inherent advantage of being capable

to host another material inside the core for different purposes. Next we analyze the

mutual influence of a metallic core (aimed to provide the additional strong electric

response) and the dielectric shell.

2.2.1.3 Electric and magnetic resonances of metal-semiconductor core-shell

nanospheres at optical frequencies

Let us take silver (Ag) as the material to build up the core and Si again as a high permit-

tivity dielectric for the shell. Complex Ag permittivity values are taken from tabulated

data [73]. Our goal is to simultaneously obtain electric and magnetic resonances in the

near infrared (IR) range of the electromagnetic spectrum. The question that arises is,

then, whether it is possible or not to employ a metallic core to obtain a strong electric

response without burdening the good magnetic properties of the shell. Since, as shown

before, the confinement and rotation of the electric field inside the coating is directly

related to the jump conditions for the normal component of the field between the shell

and the surrounding medium, and since the metal is expected to avoid penetration of

the field inside, no significant changes of the magnetic resonance behaviour are expected,

at least for relatively small metallic cores. However, to fully address this question we

perform now the same analysis that we have done in the previous section, i. e., we study

the scattering properties of the core-shell system as a function of the inner radius and

the incidence wavelength. Results are plotted in figure 2.7 for a fixed external radius

Rs = 170 nm. Again, we isolate the dipolar electric (figure 2.7 (a)) and magnetic (figure

2.7 (b)) contributions. A clear overlap between the electric and magnetic resonances is

observed (see figure 2.7 (c)). It happens within 1150 nm and 1300 nm and for inner

radius between Rc = 40−50 nm. We have explicitly plotted the case Rc = 47 nm (figure

2.7 (d)). Both resonances do not only spectrally overlap but, moreover, they are almost

equal in magnitude.
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Figure 2.7: Optical properties of a Silver-Silicon core-shell (Ag@Si) nanosphere with
Rs = 170 nm as a function of Rc, and the excitation wavelength, λ. (a) Map of the
dipolar electric contribution to the scattering efficiency. (b) Map of the dipolar magnetic
contribution to the scattering efficiency. (c) Map of the total scattering efficiency of
the system as a function of Rc and λ. (d) Dipolar electric and magnetic contributions,
and total scattering, extinction and absorption efficiencies for Rc = 47 nm values,

corresponding to the dashed white line in (a)-(c).

An interesting feature that can be observed is that the magnetic resonance disappears as

the inner radius increases. It can be explained by the fact that the electric displacement

field in the core rotates in the opposite direction as it does in the shell, thus reducing

the total magnetic moment generated.

With respect to the electric dipole resonance, it is well known that small metallic parti-

cles support Localized Surface Plasmon Resonances (see section 1.2 for a succint intro-

duction to LSPR). In particular, for small spheres (Rc � λ) of dielectric permittivity

εc(ω), embedded in a medium with dielectric constant εh, the induced dipole moment is

resonant at the frequency ωLSPR such that εc(ωLSPR) = −2εh [5]. Therefore, when the

sphere is coated with a thick dielectric layer of permittivity εs, the quantity driving the

resonance condition is not εc itself but, instead, the ratio between the permittivities of

the core and the coating. That is, for a small core, the resonance is expected to occur

when εc/εs ∼ −2, thus redshifting the LSPR with respect to that in vacuum. For the

particular combination of Silver core-Silicon shell in air the condition εAgr ∼ −2εSi is

fulfilled at a wavelength about 720 nm. Nevertheless, we have to keep in mind that,

strictly, this would only be a good approximation for very small silver particles with

very thick coatings. When the size of a metallic particle is increased, there is a redshift

in the resonance wavelength that can be explained in terms of depolarization effects

[5]. This effect is actually observed in figure 2.7 (a): as the inner radius increases the

resonance broadens and redshifts as expected. However, this behaviour changes, inter-

estingly, when the thickness of the semiconductor coating is comparable with the core

radius (Rc ∼ Rs/2), and the resonance starts to blueshift. This effect can be attributed

to the fact that, as the dielectric shell becomes thinner, the resonance wavelength tends

to that of a sphere without coating, thus blueshifting.
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In figure 2.8, the near-field pattern at the combined magnetic (shell) and electric (core)

resonance is shown for the Ag@Si core-shell of figure 2.7 (d). Also plotted are the

responses of the system to a purely electric and magnetic excitation. These were obtained

by placing a perfect mirror at a distance 3λ/4 and λ, respectively, from the center of the

structure. The distinctive behaviour of both contributions is preserved in the combined

electromagnetic resonance, revealed through the rotating field confined within the Si

shell (as in figure 2.6 (b)), together with the dipolar LSPR resonance of the Ag core.

Note that, indeed, the electric displacement in the core and the shell rotates in opposite

directions and that the magnetic near field pattern, figure 2.8 (b), can be explained as

a combination of the electric and magnetic contributions.

(a) (b)

Figure 2.8: Near-field plots for a Ag@Si core-shell nanosphere with Rs = 170 nm and
Rc = 47 nm. (a) Norm of the electric field in Log10 scale at combined electromagnetic
resonance and when the system is excited by a purely electric excitation (top-right, E)
and by a purely magnetic one (bottom-right, H). Colour scale, incidence and polariza-
tion are preserved in all figures. (b) Out-of-plane component of H, together with the
electric displacement (D) field in black arrows at combined electromagnetic resonance
and when the system is excited by a purely electric excitation (top-right, E) or a purely
magnetic one (bottom-right, H). Colour scale, incidence and polarization are preserved

in all figures.

In summary, the proposed core-shell nanostructure is a promising candidate as building

block of optical negative index metamaterial, due to its doubly resonant character, which

combine in one single structure strong electric and magnetic responses. Additionally,

due to the geometry of the system, its properties are totally isotropic and so can be

those of the resulting metamaterial.

Finally, it is important to note that the specific wavelengths at which the electric and

magnetic resonances overlap are determined by the geometrical parameters of the struc-

ture, as well as by the specific materials used. Therefore, it is possible to tune the

wavelength of overlapping by appropriate choice of these parameters. If, for example,

Ge is used instead of Si, one can tune the resonances to overlap in a slightly different

range of wavelengths. In figure 2.9 the scattering efficiencies (an corresponding dipolar

contributions) of a Ag@Ge core-shell with Rs = 190 nm are studied, again, as a function

of Rc and λ. In this case, we set nGe = 4 (see figure 2.4 (b)). In this case resonances

overlap within 1500 nm and 1620 nm for Rc = 50 − 60 nm. The particular case with
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Rc = 55 nm is plotted in figure 2.9 (d). Although not shown, near-field patterns for

core-shell with Ge covers are qualitatively similar to those shown for Si.
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Figure 2.9: Optical properties of a Silver-Germanium core-shell (Ag@Ge) nanosphere
with Rs = 190 nm as a function of Rc, and the excitation wavelength, λ. (a) Map of the
dipolar electric contribution to the scattering efficiency. (b) Map of the dipolar magnetic
contribution to the scattering efficiency. (c) Map of the total scattering efficiency of the
system. (d) Dipolar electric and magnetic contributions, and total scattering, extinction
and absorption efficiencies for Rc = 55 nm values, corresponding to the dashed white

line in (a)-(c).

2.2.2 Optical properties of metallo-dielectric core-shell nanowires

2.2.2.1 Optical properties of a coated infinite right circular cylinder

In close analogy to what was presented in section 2.2.1.1, here we will very briefly present

the scattering properties of a coated infinite right circular cylinder under plane wave

illumination. This problem, schematically depicted in figure 2.10, is exactly solvable

φ
Hinc

(TM),E inc
(TE)

E inc
(TM)

Hinc
(TE)

k

εε εc s h

RcRs

Figure 2.10: Scheme of the physical quantities involved in the scattering from a coated
right circular infinite cylinder.
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and, moreover, an analytical solution exist. The firsts to find the solution to this problem

were Kerker and Matijević in 1961 [74], considering only normal incidence to the cylinder

axis. Some years later, in 1970, Shah solved the problem for oblique incidence [75]. The

process to solve it is similar to that employed to solve the coated sphere although, of

course, the symmetry of the problem imposes the use of cylindrical vector harmonics,

instead of the spherical ones. After expanding the fields and solving the system for the

unknown coefficients in the expansion, one arrives at these relatively simple expressions

for the scattering and extinction efficiencies of the system, which depend on the how the

incident wave is polarized. For TE-polarized waves under normal incidence, i.e., with

the wavevector and electric field orthogonal to the cylinder axis, one has:

Q(TE)
sca =

2

x
(|a0|2 + 2

∞∑
l=1

|al|2) (2.16)

Q
(TE)
ext =

2

x
Re(a0 + 2

∞∑
l=1

al), (2.17)

with:

al =

∣∣∣∣∣∣∣∣∣∣∣

nhJl(khRs) nsHl(ksRs) nsJl(ksRs) 0

J
′
l (khRs) H

′
l (ksRs) J

′
l (ksRs) 0

0 nsHl(ksRc) nsJl(ksRc) ncJl(kcRc)

0 H
′
l (ksRc) J

′
l (ksRc) J

′
l (kcRc)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

nhHl(khRs) nsHl(ksRs) nsJl(ksRs) 0

H
′
l (khRs) H

′
l (ksRs) J

′
l (ksRs) 0

0 nsHl(ksRc) nsJl(ksRc) ncJl(kcRc)

0 H
′
l (ksRc) J

′
l (ksRc) J

′
l (kcRc)

∣∣∣∣∣∣∣∣∣∣∣

, (2.18)

while, for TM-polarized waves, the following holds:

Q(TM)
sca =

2

x
(|b0|2 + 2

∞∑
l=1

|bl|2) (2.19)

Q
(TM)
ext =

2

x
Re(b0 + 2

∞∑
l=1

bl), (2.20)
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with:

bl =

∣∣∣∣∣∣∣∣∣∣∣

Jl(khRs) Hl(ksRs) Jl(ksRs) 0

nhJ
′
l (khRs) nsH

′
l (ksRs) nsJ

′
l (ksRs) 0

0 Hl(ksRc) Jl(ksRc) Jl(kcRc)

0 nsH
′
l (ksRc) nsJ

′
l (ksRc) ncJ

′
l (kcRc)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Hl(khRs) Hl(ksRs) Jl(ksRs) 0

nhH
′
l (khRs) nsH

′
l (ksRs) nsJ

′
l (ksRs) 0

0 Hl(ksRc) Jl(ksRc) Jl(kcRc)

0 nsH
′
l (ksRc) nsJ

′
l (ksRc) ncJ

′
l (kcRc)

∣∣∣∣∣∣∣∣∣∣∣

(2.21)

Here, kh = nhω/c, ks = nsω/c and kc = ncω/c. Hl stands for the Hankel function of

the second kind, defined by:

Hl(Z) = Jl(Z)− iNn(Z), (2.22)

in which, Jl and Nl are the Bessel functions of the first and second kind, respectively. In

close analogy with the case of a sphere, a certain multipolar character can be assigned

to each subsequent term in the sum. The expressions for the case of oblique incidence,

somehow more complicated, can be found in reference [75]. Obviously, these expressions

reduce to that of a solid cylinder in the limiting cases in which Rs = Rc or ns = nc.

2.2.2.2 Magnetic properties of semiconductor cylinders at optical frequen-

cies under TE-polarized light

Let us now concentrate the study in the case of TE-polarized waves. Under this inci-

dence, the contribution of the first zero-order coefficient, a0, has magnetic character,

while the second coefficient, a1, can be attributed a electric dipolar character in the 2D

plane perpendicular to the cylinder axis.

We can realize that this is the case, for example, studying the optical properties of a

pure Silicon cylinder. As mentioned before, Silicon spheres have attracted the interest of

the community, because of their potential use in metamaterials and interesting radiative

properties. In figure 2.11 we have plotted the scattering efficiency of a solid Si cylinder

of radius R = 170 nm under normal incidence of a TE-polarized plane wave. It can be

immediately realized that the optical properties are quite similar to those of a pure Si

sphere [53] (see figure 2.5 (d), lower spectrum). To fully identify the character of the a0

and a1 coefficients we plot the total electric field and the out-of-plane component (only

non-zero) of the magnetic field in the insets of figure 2.11 for the first two resonances.

As happens in the case of a sphere, the magnetic resonance is the one excited at lower



Metallo-dielectric core-shell nanostructures. Applications in optical metamaterials 34

frequencies (blue curve), thus corresponding to the a0 coefficient; the strong circulation

of the electric field being clear signature of the magnetic character of the resonance

(compare the inset in figure 2.11 with figure 2.6 (a)). On the other hand, the subsequent

higher-energy resonance reveals the dipolar electric character of the a1 contribution.
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Figure 2.11: Scattering efficiency (black curve) as a function of the excitation wave-
length, λ, of a silicon cylinder with radius R = 170 nm under TE-polarized plane wave
incidence. Contributions of the two first terms in the expansion of the field are also
shown (blue and red curves). Depicted in the insets are the maps of the near electric
field (left), and out-of-plane component of the magnetic field (right) at the magnetic
(blue, λ = 1605 nm) and electric (red, λ = 1050 nm) resonances. The TE-polarized

plane wave impinges from the right hand side.

2.2.2.3 Electric and magnetic resonances of metal-semiconductor core-shell

nanowires at optical frequencies

Combining a high permittivity dielectric shell, which exhibits magnetic properties similar

to those of solid cylinders, with a plasmonic core, will provide the additional electric

response necessary to obtain a doubly resonant structure suitable as a NIM building

block. Recall that the polarization of the incident wave has been fixed to be TE. Actually,

this is the only configuration that allows excitation of a LSPR in an infinite cylindrical

metallic particle.

In order to make both resonances spectrally overlap, tuning of the geometrical parame-

ters of the structure is needed. This approach is the same as that successfully employed

in the case of a core-shell sphere, but it has to be proven for a core-shell cylinder due
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Figure 2.12: Optical properties of a Silver-Silicon core-shell (Ag@Si) nanocylinder
with Rs = 170 nm as a function of Rc, and the excitation wavelength, λ. (a) Map of the
dipolar magnetic contribution to the scattering efficiency. (b) Map of the dipolar electric
contribution to the scattering efficiency. (c) Map of the total scattering efficiency of

the system.

to the slightly different behaviour of its resonances. In figure 2.12, we have plotted the

magnetic and electric contributions to the scattering, together with the total efficiency,

for core-shell NWs of outer radius Rs = 170 nm as a function of the wavelength of

incidence and inner radius (Rc). As in the case of spheres, the materials employed are

Ag for the core and Si for the shell.

The electric and magnetic responses spectrally overlap over a relatively wide range,

λ ∼ (1100, 1500) nm, for Rc values between 60 and 100 nm. This makes the core-shell

nanowire design particularly robust against possible fabrication defects. Notice that, in

the limit of Rc → 0, we recover those values of the pure Si cylinder. Although essentially

similar, both resonances redshift in the case of Ge coating for the same fixed Rs value,

due to the slightly higher index of refraction of this material. Specifically, the electric

and magnetic responses spectrally overlap within the range, λ ∼ (1200, 1500) nm, for

Rc values between 60 and 100 nm (see figure 2.13).
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Figure 2.13: Optical properties of a Silver-Germanium core-shell (Ag@Ge) nanocylin-
der with Rs = 170 nm as a function of Rc, and the excitation wavelength, λ. (a) Map
of the dipolar electric contribution to the scattering efficiency. (b) Map of the dipo-
lar magnetic contribution to the scattering efficiency. (c) Map of the total scattering

efficiency of the system.
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Let us choose a particular value of Rc, namely Rc = 80 nm, for which the electric

and magnetic resonances overlap. In figure 2.14 the total scattering efficiency is plotted,

together with the magnetic (a0) and electric (a1) contributions. These two contributions

are totally dominant in the frequency range in which both coincide. Moreover, plotting

the near-field distributions of both the electric and magnetic fields at the frequency of

coincidence of the resonances allows one to identify the electric and magnetic character

of the combined resonance (see insets in figure 2.14). Indeed, a strong rotation of the

electric field is observed that closely resembles that generating a strong magnetic moment

in the spherical shell studied before. Simultaneously, the signature in the magnetic field

of a LSPR excitation in the core of the system is also present.
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Figure 2.14: Scattering (black), extinction (brown) and absorption (green) efficiencies
for a Ag@Si core-shell nanowire with external radius Rs = 170 nm and internal radius
Rc = 80 nm. Electric (red curve) and magnetic (blue curve) contributions are also
shown. Depicted in the insets are the maps of the near electric field (|E|, left), out-of-
plane component of the magnetic field (|Hz|, center) and total electromagnetic energy
density (uT , right) at the combined resonance, i.e., at λ = 1298 nm. The TE-polarized

plane wave impinges from the right hand side.

2.2.3 Differences and resemblances between nanospheres and nanowires

In this section the main similarities and differences found between the spherical and cylin-

drical configurations of the metallo-dielectric nanostructure proposed will be addressed.

We will restrict the considerations made here, and study them from a point-of-view of

the building block, exclusively. Thus, we neglect any additional effect that the specific

arrangement of these pieces in the metamaterial could have.
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Thus, from this point-of view, there are, of course, some obvious differences. The spher-

ical configuration is totally isotropic, and could be arranged to form a completely three-

dimensional metamaterial. Moreover, its electromagnetic response is polarization inde-

pendent. Meanwhile, due to symmetry, the cylindrical configuration can give rise, at

best, to a totally isotropic metamaterial once the incidence is restricted to a plane per-

pendicular to the axis of the cylinders. Additionally, the polarization has to be fixed to

that studied here, since only with TE-polarized light can the LSPR be excited. Devia-

tions from these incidence conditions, both in the angle of incidence and the polarization,

will in principle have an impact in the response of every building block, which could be

translated directly on the properties of the metamaterial.
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Figure 2.15: Scattering (black), extinction (brown) and absorption (green) efficiencies
for a Ag@Si core-shell nanostructures in cylindrical and spherical configurations: (a)
Nanowire with external radius Rs = 170 nm and internal radius Rc = 80 nm. (b)
nanosphere with Rs = 170 nm and Rc = 47 nm. Electric (red curve) and magnetic
(blue curve) contributions are also shown. Depicted in the inset in (a) is the far-field
scattering angular pattern at λ = 1450 nm (denoted by a vertical dashed line). In the

inset in (b) the absorption efficiencies of both systems are plotted.

Although qualitatively very similar, there are some subtle differences in the configuration

of the fields at resonance that have an impact in the scattering and absorption properties

of each configuration. In this way, differences in the electric displacement rotation in

the shell manifest directly in the amplitudes of the magnetic resonances. Obviously,

translational symmetry in the cylinder impose that the fields are equal in every plane
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perpendicular to the cylinder axis. Thus, although clearly magnetic, it is not possible

to assign a dipolar character to this resonance. In opposition, in the case of spheres, the

electric displacement rotation induces clearly a dipolar magnetic moment. Moreover,

the induced electric and magnetic dipoles contribute with the same amplitudes to the

total scattering efficiency of the system over a broad range of frequencies. This fact has

made some groups to propose this system as broadband unidirectional scatterers, since

it fulfills the so called Kerker’s conditions for forward scattering over a very broad range

of frequencies [61]. These conditions get modified in the case of cylinders, which read:

a1 = ±a0

2
, for TE-polarized waves (2.23)

b1 = ±b0
2

, for TM-polarized waves (2.24)

instead of the usual ones:

a1 = ±b1, (2.25)

for spheres. Cylinders, therefore, can also present spectral regions of totally forward or

almost-totally backward scattering, as depicted for a Ag@Si core-shell cylinder in the

inset of 2.15 (a).

Finally, an additional direct consequence of the different configuration of the fields is

the distinct behaviour in what absorption refers. Just to summarize, we have plotted

in figure 2.15 (a) and (b), respectively, the two particular cases of figures 2.14 and

2.7 (d). In the inset in (b), the comparison between the absorption efficiencies of both

systems is explicitly shown. The spherical configuration absorbs light almost ten times

more efficiently than the cylindrical one, its absorption cross section being equal to its

geometrical one. In the field of metamaterials, in which losses are one of the main

concerns and limiting factors in achieving properties with practical applications, this

different behaviour between spheres and cylinders can have a critical impact in the

success of a particular design.

2.3 Applications in metamaterials

In this section we analyze how the electromagnetic properties of metallo-dielectric core-

shell nanostructures, previously presented, can be employed to obtain exotic electromag-

netic behaviour.
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2.3.1 Basics of homogenization

The process of inferring the properties of a material from those of its very basic con-

stituents is known as homogenization, while the extracted properties are usually denoted

as effective.

Although there is no general rule to make this homogenization process success, there are

some requirements that need to be fulfilled in order to make the result have a physically

acceptable meaning. The first, and probably most important, condition demands the

typical distances involved in the system to be much smaller than the incidence wave-

length (λ0). Here, we will present a somehow modified version of this condition, namely,

that distances are much smaller than the effective wavelength (λeff) inside the homog-

enized material. Thus, if a is the characteristic size of the constituent, and l is the

characteristic distance between particles in their particular arrangement (either random

or periodic), the inferred effective properties are not expected to accurately describe

the system if (a, l) � λeff are not simultaneously fulfilled. In practice, they usually fall

within the frequency range [76]:

0.01 <
(a, l)

λeff
< 0.1 (2.26)

Second, and very important as well, is the requirement that, in an effective medium

with correctly homogenized properties, the response should not be drastically modified

if one slightly changes a small portion of the constituents or their arrangement, at least

in some averaged sense yet to be determined.

Many strategies have been employed in order to obtain these effective material pa-

rameters. One of the most widespreadly used is based on the ellipsometric study of

metamaterial blocks (containing many basic constituents) under plane wave normal il-

lumination [77, 78]. The metamaterial block is then replaced by a continuous medium,

whose properties (εeff and µeff) are extracted as to obtain the same complex reflection

and transmission coefficients as those of the block containing all fine details. They are

related by:

R =
r(1− e2ikeffd)

1− r2e2ikeffd
, T =

(1− r2)eikeffd

1− r2e2ikeffd
(2.27)

where keff = ω/c
√
εeffµeff, d is the block thickness and r is the reflection coefficient of a

semi-infinite medium, which can be related to the medium impedance (Z) through:

r =
Z − 1

Z + 1
, Z =

√
µeff

εeff
(2.28)

This technique is also known as S-parameter retrieval procedure, since R = S11 and

T = S21, with Sij the elements of the scattering matrix.
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Several difficulties may arise while applying the extraction procedure: for example, in

the correct determination of d [77]. Better studied are the issues related to the extraction

of the real part of the index of refraction. Since the inversion of equations (2.27) leads

to:

eineffk0d = X ± i
√

1−X2, (2.29)

where X = 1/2S21(1 − S2
11 + S2

21), the computation of the effective refractive index

involves a complex logarithm. Although the imaginary part is uniquely determined,

and sets the sign in (2.29) (so Im(neff) > 0), the real part is a multi-valuated function.

Consequently, the correct branch selection is crucial for a correct extraction. It is usually

chosen upon application of the following criterion: the correct branch is that which

coincides for several block thicknesses [77, 78].

Finally, but not less important, one should require that the extracted material parame-

ters satisfy, at least [79]:

• Passivity. Of course, if no gain is included in the system, Im(εeff) > 0 and

Im(µeff) > 0 must be simultaneously fulfilled.

• Causality. For non or slightly absorbing regions, this implies ∂Re(ε)/∂ω > 0 and

∂Re(µ)/∂ω > 0.

This conditions are mathematically implemented through Kramers-Kronig relations.

Furthermore, if no spatial dispersion is present, the retrieved parameters should be

independent of the size and shape of the metamaterial sample.

2.3.2 Metallo-dielectric core-shell nanospheres as building blocks of

three-dimensional isotropic optical negative index metamaterials

In this section, two different methods are applied to obtain the effective parameters of a

metamaterial composed by the core-shell nanospheres presented in section 2.2.1. In the

first one we will assume a random arrangement of the constituents, while in the second

a metamaterial made of a cubic arrangement of them will be studied, both leading to a

negative-index behaviour within certain wavelengths.
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2.3.2.1 Effective parameters of a random arrangement of core-shell

nanospheres

For composites made of a cubic or random arrangement of dipolar particles, Lorentz-

Lorenz theory is widely used [51], leading to the well known Clausius-Mossotti equa-

tions. These formulas relate the effective permittivity and permeability of a macroscopic

medium with the polarizabilities of the constitutive particles and the filling fraction,

f = (4/3)πNR3
s, where N is the number of particles per unit volume:

εeff − ε0
εeff + 2ε0

= f
αE

4πR3
s

,
µeff − µ0

µeff + 2µ0
= f

αM
4πR3

s

(2.30)

where αE and αM are the electric and magnetic polarizabilities of the spherical particles.
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Figure 2.16: (a)-(b). Electric polarizabilities for a Ag@Si core-shell nanosphere with
Rc = 47 nm and Rs = 170 nm (a) and a Ag@Ge core-shell nanosphere with Rc = 55 nm
and Rs = 190 nm (b). (c)-(d). Magnetic polarizabilities for the same core-shell systems

as in (a)-(b).
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For both core-shell structures considered in section 2.2.1, Rs/λ ∼ 1/7. Therefore, we

expect them to be well within the approximation considered in the theory, thus behaving

essentially as electric and magnetic point dipoles. The electric and magnetic polarizabil-

ities, αE and αM , respectively, are directly related to the scattering coefficients a1 and

b1 by:

αE =
6πi

k3
a1, αM =

6πi

k3
b1 (2.31)

In figure 2.16 (a) and (b), we have plotted the polarizabilities for the Ag@Si and Ag@Ge

core-shell configuration of figures 2.7 (d) and 2.9 (d), respectively. It is clear from the

graph that there is a spectral region where negative electric and magnetic polarizabili-

ties are obtained. Since the electric and magnetic responses arise from each core-shell

structure separately, we can, therefore, assume a random distribution and compute the

effective parameters from (2.30) for different filling fractions. The clear advantage of

a random distribution is that it does not introduce any privileged direction in space,

weakening anisotropy and spatial dispersion effects.

Figures 2.17 (a)-(d) depict the calculated effective permittivity and permeability for

metamaterials made up by these Ag@Si and Ag@Ge core-shell nanospheres. Those

were obtained with equation (2.30) considering several filling fractions, namely f = 1/3,

f = 0.5 and f = 2/3. The metamaterial with Ag@Si constituents has simultaneously

negative permittivity and permeability for filling fractions higher than f = 1/3. For a

filling fraction of f = 2/3, the system, moreover, has |neff| ∼ 1, although this relatively

high filling fraction would be in the limit of validity of Clausius-Mossotti formulas. In

figure 2.17 (e), the effective index of refraction (neff), defined as:

neff =
√
εeffµeff (2.32)

is plotted for these metamaterials. In order to quantify the losses of the system one

can compute the so called figure of merit, defined as f.o.m. = |Re(neff)|/Im(nneff).

The computed f.o.m in the left-handed spectral region for the different filling fractions

are depicted in the corresponding inset, reaching a maximum value of f.o.m. ∼ 0.7,

corresponding to Re(neff) ∼ −0.8 for f ∼ 2/3. If Ge is used instead of Si, the NIM

behaviour starts with lower filling fractions, due to a stronger electric and magnetic

responses (compare the polarizabilities plotted in panels (a) and (c) in figure 2.16 with

those of panel (b) and (d)). Superlensing capabilities are predicted for filling fractions

lower than f = 0.5 (figures 2.17 (b)-(d)). Again, the effective indices of refraction

and corresponding f.o.m. for the same filling fractions are plotted in figure 2.17 (f).

In this case the f.o.m reaches a maximum value of f.o.m. ∼ 1.15, corresponding to
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Figure 2.17: Effective material properties of a metamaterial based on a random
arrangement of core-shell nanospheres. In (a) and (b), the real (red) and imaginary
(blue) parts of the permittivities are plotted. In (c) and (d) the curves represent
the permeability, while in (e) and (f) the index of refraction. Two basic constituents
considered, Ag@Si with Rc = 47 nm and Rs = 170 nm in (a), (c) and (e) (left column),
and Ag@Ge with Rc = 55 nm and Rs = 190 nm in (b), (d) and (f) (righ column).
Effective properties computed with equations (2.30) and (2.32). Three filling fractions
are considered: from brighter to darker color-schemes, f = (1/3, 1/2, 2/3). Increasing
filling fraction indicated by an arrow. The figure of merit of the systems (f.o.m.) as

defined in text is plotted in the insets of (e) and (f).
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Re(neff) ∼ −0.5. Although being far from the best f.o.m. values reported for double-

fishnet metamaterials (f.o.m. ∼ 3) [80, 81], the predicted values are reasonably good,

with the obvious advantage of isotropy of this proposal.

2.3.2.2 Effective parameters of a cubic periodic arrangement of core-shell

nanospheres

To further test the metamaterial design, we consider now core-shell nanospheres ar-

ranged periodically in the vertices of a cubic lattice. Due to its stronger electromagnetic

response, we choose the system containing Silver in the core, and Germanium as the

high permittivity coating. It is, thus, foreseen that smaller filling fraction would be

needed, compared to the Ag@Si system. We further choose the geometrical parameters

R = 190 nm and Rin = 55 nm to make the electric and magnetic resonances spectrally

overlap. We consider the case in which the cubic lattice has a period d = 385 nm

(corresponding to a filling fraction f ∼ 0.5), as schematically depicted in figure 2.18.

The system was studied by full numerical simulations, based on Finite Element Simu-

lations, which discretize Maxwell equations in the simulation domain and consistently

solve them. Specifically, we studied wave propagation across laterally infinite slabs of

different thicknesses, depending on the number of functional layers, N , as shown in figure

2.19 (a). The simulation domain consisted of several two-concentric-spheres represent-

ing the core-shells, and a right rectangular prism of width and height d = 385 nm, and

length L = Nd. Pseudo-periodic Bloch boundary conditions are applied in pairs, in the

interfaces with adjacent cells. These conditions state that the solution on one side of the

cell equals the solution on the other side multiplied by a complex-valued phase factor.

The phase shift between the boundaries is evaluated from the parallel component of the

Ag
Ge

R  =55nmc R  =190nms

d=385nm

d
d=385nm

x
yz

Figure 2.18: Scheme of the simple cubic periodic arrangement of Ag@Ge core-shell
nanospheres considered to obtain a negative effective index of refraction.
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wave vector to the lattice vector, d. If ψ(r) is one of the components of the fields:

ψ(r + d) = eik·dψ(r), (2.33)

and, therefore, coupling between structures (with an inter-particle distance of only 5 nm)

is fully considered. Port conditions are used both for specifying the incident wave and

for letting the resulting solution leave the model without any non-physical reflections

(simulating, thus, the free space propagation). The system is assumed to be excited

with a plane wave. Computation of the reflection and transmission coefficients of the

different diffracted orders is performed projecting the total solution field (E) over the

mode of interest (Ei):

Si =

∫
E ·E∗i∫
Ei ·E∗i

(2.34)

Since periodicity in the system is much smaller than the wavelengths involved, only the

specular reflection and the zero-th order refracted mode are expected to be involved.

See figure 2.19 (b) for a graphical depiction of the simulation space and settings, and

the typical mesh employed.
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Figure 2.19: Simulation details of Ag@Ge core-shell nanospheres arranged in a cubic
periodic arrangement. (a) The simulated structure. Geometrical parameters are equal
to those of figure 2.18. (b) The simulation domain for a 9 unit-cell thick slab, with
the boundary conditions imposed, and a typical discretization of the space. Part of the

central core-shell has been removed to show the meshing of the core.
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Several slab thicknesses, with up to 13 unit cells in the propagation direction, are con-

sidered to ensure convergence of the extracted parameters to those of the bulk material.

The spectral range of the simulation was about 1.28 to 1.7 µm and only normal inci-

dence was considered. The effective material parameters are retrieved from the complex

reflection and transmission coefficients through equation (2.29) and related [77, 78].

While the imaginary part is unambiguously computed from the simulation, once a suffi-

ciently high number of unit cells in the propagation direction have been considered, the

real part of the index of refraction must be determined with much more care, due to the

non-uniqueness in the election of the branch of the real part of the complex logarithm

(see section 2.3.1). In particular, one must pay special attention to ensure that the re-

trieved refractive index fulfills causality and passivity. In this way we have obtained two

bounding values for the real part of the index, so it fulfills the two mentioned require-

ments. Results are plotted in figure 2.20. With this retrieval technique, a negative index

spectral region is predicted. In the more conservative prediction, corresponding to the

higher bound, the real part of the index reaches a minimum value of neff ∼ −0.77, with

a f.o.m. ∼ 1.88, corresponding to a wavelength of 1.347 µm. Although the values for the

index are lower than those predicted by Clausius-Mossotti, the negative index frequency

band is present and confirms the core-shell design as meta-atom candidate for building

a negative index metamaterial. It needs to be pointed out that we are far from the limit

of filling fractions that can be obtained with non-overlapping spheres (cannonball pile).

Since we find that coupling does not prevent the appearance of the magnetic resonance

for inter-particle distances as low as 5 nm, , we expect to reach higher negative values

of the index in other periodic configurations with higher filling fractions.
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Figure 2.20: Real and imaginary parts of the retrieved effective index of refraction of a
metamaterial made by Ag@Ge core-shell nanospheres of R = 190 nm and Rin = 55 nm,
arranged in the vertices of a cubic lattice with period d = 385 nm, corresponding to a

filling fraction f ∼ 0.5.



Metallo-dielectric core-shell nanostructures. Applications in optical metamaterials 47

As mentioned before, it is well known that, when extracting the effective index through

transmission and reflection coefficients, an ambiguity arises related to the branches of

the complex logarithm function. This ambiguity only affects the determination of the

real part of the index, the imaginary one being univocally defined. It is a common

assumption that the real part of the index can be found plotting different branches for

different thicknesses. The physical index is assumed to be the one independent of the

thickness of the slab. However, this assumption may be ambiguous as well. The reason

is that, if one plots a sufficiently high number of branches one will find more than one

unique index independent of the thickness. In figure 2.21 this situation is shown. We

have plotted a very large number of branches corresponding to this Ag@Ge core-shell

periodic configuration. It can be clearly seen that there is not only one case in which the

index is independent of the thickness. Therefore, although this requirement of thickness-

independence of the retrieved index is clearly physically acceptable, we should not take

it as a sufficient condition.

In fact, the physically sound requirements are those listed in section 2.3.1. It must,

no doubt, fulfill the basic requirement of causality, expressed mathematically by the

Kramers-Kronig relations [3]. Since, fortunately, we can unambiguously determine the

imaginary part of the index, it is possible to apply Kramers-Kronig relations to get the

real part of the index [82]. We need to point out that, actually, by this technique one

can only compute the corresponding real part up to a constant factor. The value of

this factor, interpreted physically as the value of the index when the frequency tends

to infinity, needs to be determined somehow else. The question is, then, if any of the

indices that do not depend on thickness also fulfills causality. In figure 2.21, the real

part of the index, retrieved through Kramers-Kronig relations applied to the imaginary

part, is plotted on top of the only thickness-independent index for which the fitting is in

good agreement (the constant factor added is 6.35). It is apparent that the agreement

is quite good. It should be noticed that this index is the only one for which the fitting

is good, thus fulfilling the causality constrain.

However, one more constrain must be imposed in order to get an acceptable effective

index. The resulting effective medium should be passive. This condition demands no

spontaneous generation of energy, and mathematically relates the real and imaginary

parts of the effective index, with the real and imaginary parts of the effective impedance

of the slab (see equation (2.28)). Applying this condition we find that none of the

indices retrieved directly from the transmission and reflection complex coefficients fulfill

both causality and passivity. Nevertheless, one can still compute a physically acceptable

effective index of refraction. If one uses the passivity condition, it is possible to impose

upper and lower bounds to the constant factor in Kramers-Kronig relations. An index

with a real part given directly by Kramers-Kronig relations, applied to the univocally
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Figure 2.21: A very large number of branches of the real part of the retrieved refrac-
tive index for 9 (red asterisks), 11 (black squares) and 13 (blue circles) unit-cell-thick
metamaterial slabs, composed by Ag@Ge core-shell nanospheres of R = 190 nm and
Rin = 55 nm arranged in the vertices of a cubic lattice with period d = 385 nm, cor-
responding to a filling fraction f ∼ 0.5. The branches that are independent of the
thickness of the slab are indicated by a surrounding ellipse. The dashed blue line repre-
sents the real part obtained from the imaginary part by Kramers-Kronig relations, plus
a constant factor to fit the only thickness-independent index showing good agreement

computed imaginary part, and a constant factor between the two bounds will necessarily

fulfill both conditions. We found that, in fact, the upper and the lower bounds imposed

by passivity are quite close in value, being a restrictive condition on the possible values

of the index of refraction. The two boundary values for the index are plotted in figure

2.20.

2.3.3 Metallo-dielectric core-shell nanowires as building blocks of two-

dimensional low-loss isotropic optical negative index metamate-

rials

As shown in section 2.2.2.3, metallo-dielectric core-shell NWs are doubly resonant struc-

tures having a relatively small electrical size. As an example, in the Ag@Si case studied,

this electrical size reduces to Rs/λres ∼ 0.13. These properties allows one to envisage a

possible application as building blocks for NIM at optical frequencies. Indeed, for com-

pact arrangements, with lattice periods of about the size of the diameter of the wires, the

metamaterials thus obtained may be well described as an effective medium (depending

also on the absolute values of the effective index of refraction, neff , achieved). These
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compact arrangements can actually be employed in realistic designs, if we just impose

the structures to be unconnected. This is a necessary requirement in order to keep the

magnetic resonance condition of the system unchanged. Coupling between neighbouring

particles is, however, small, since most of the electromagnetic energy is localized well

inside the shell (see right inset in figure 2.14). Thus, as will be shown later, no significant

coupling occurs in general, even if we bring the structures very close.

2.3.3.1 Physical origin of the negative index of refraction. The negative

permeability

Before going into the study of the optical properties of arrangements of these core-shell

nanowires, let us show that the doubly resonant character of these core-shell nanostruc-

tures can lead, indeed, to an effective negative index of refraction. Contrary to some

other metamaterial designs in which the electromagnetic response is such that a wave

incident from free space experiences negative refraction in the metamaterial although the

phase front always undergoes positive refraction [83], the design proposed here is such

that both the electric and magnetic material parameters are simultaneously negative,

leading, as will be shown below, to negative refraction with actual phase reversal.

Being a negative magnetization the key property to access negative permeability once

we neglect possible anisotropic effects, it becomes necessary that the basic constituents

present a strong negative magnetic moment, which, if we assume to be generated by

polarization currents, J ∼ (ε − 1)E, is defined by equation (2.15). If one takes into

account the translational symmetry of the system along z, with the polarization current

localized in the two-dimensional plane perpendicular to the nanowire’s axis, we can define

a magnetic moment per unit length, which is necessarily directed along the nanowire’s

axis m̃ = m̃zẑ, with:

m̃z =
−iω

2

∫
A
ε0[ε(r)− 1](xEy − yEx)dA (2.35)

In figure 2.22 (a), we have plotted both the amplitude and phase of the magnetic moment

generated on a Ag@Si core-shell nanowire with Rc = 80 nm and Rs = 170 nm under a

TE-polarized plane wave incidence. Its resonant behaviour is manifested as an increase

of the amplitude and an abrupt change in its phase. This change in the phase makes

the real part of the magnetic moment become negative at frequencies above that of the

resonance (λ = 1298 nm), see figure 2.22 (b). It is precisely for this frequency for which

the phase acquires the value π/2.
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Figure 2.22: (a) The amplitude (black curves) and phase (blue curves), and (b) real
(green curves) and imaginary (red curves) parts of the magnetic moment generated on
a Ag@Si core-shell nanowire with Rc = 80 nm and Rs = 170 nm under a TE-polarized
plane wave incidence are depicted as solid lines. Corresponding dashed lines are the

values for a Ag nanocylinder of radius 70 nm embedded in a Si matrix.

The generation of such strong magnetic moment is a consequence of the strong circulation

of the electric displacement field in the shell of the system (see inset panel in figure 2.14).

To prove that this interpretation is correct, the magnetic moment of a pure Ag cylinder

of radius 70 nm embedded in a Si matrix has been also computed (dashed lines in figure

2.22). This system presents a broad electric dipole resonance in its scattering cross

section for λ ∼ 1.4µm. Nevertheless, the magnetic properties of the system completely

disappear, as evidenced through its magnetic moment.

It is easy to envisage that, when enough number of these core-shell nanoparticles are

present in a medium, the total magnetization, defined as the magnetic moment per unit

volume, can reach negative values, and so can the effective magnetic permeability of the

system.

2.3.3.2 Effective parameters of periodic arrangements of core-shell

nanowires

In the present section we show that it is possible to obtain a NIM with these nanopar-

ticles. To do so, we arrange the two kind of meta-atoms studied previously, namely,

Ag@Si and Ag@Ge nanowires in two of the most common periodic arrangements: a

hexagonal lattice, and a simple square lattice, respectively. We study those systems

numerically. In particular, we simulate infinite slabs of different thicknesses to retrieve
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the effective index of refraction from complex reflection and transmission coefficients, as

done in section 2.3.2.2. We further test the so obtained effective index against Snell’s

law in several prism and slab configurations in which negative refraction is directly ob-

served. This is done under several angles of incidence (θi), thus making the isotropy of

the design apparent.

Ag@Si nanowires in a hexagonal lattice. An ultra-low loss isotropic 2D-NIM

Let us start studying a metamaterial built arranging Ag@Si nanowires in an hexagonal

lattice. It will be demonstrated that this metamaterial exhibits not only a negative

index of refraction in the optical frequency domain, isotropic in the plane perpendicular

to the nanowires axis, but, moreover, extremely low losses (f.o.m. ∼ 200 are achieved;

about one order of magnitude better than the best reported configuration).

Let us choose the geometrical parameters of the wires to be the same as those stud-

ied in section 2.2.2.3, i.e., Rc = 80 nm and Rs = 170 nm. Under TE-polarized light

illumination there is a spectral overlap between the electric and magnetic resonances

for λ ∈ (1150, 1500) nm (see figure 2.14). At frequencies above that of the resonances,

we expect a metamaterial with these basic building blocks to present a left-handed

(negative-index) frequency window in which propagation is allowed. To obtain these

simultaneously negative effective response, relatively high filling fractions (f) are ex-

pected to be needed. Therefore, basic constituents are brought close together, fixing the

surface-to-surface distance of every two neighbouring nanoparticles to be ds−s = 10 nm.

For a hexagonal lattice this implies a filling fraction of f ∼ 0.856.

Since we want to design a metamaterial with an isotropic response, let us consider a

periodic arrangement of Ag@Si core-shell nanocylinders in a hexagonal lattice. The

rotational symmetry of the associated unit cell is expected to lead to a highly isotropic

effective response.

We have numerically studied these composite medium using the Finite Element Method

(FEM). We simulated wave propagation inside slabs made with these building blocks.

The system is considered infinite along transverse direction by imposing appropriate

periodic boundary conditions to the simulation domain (as explained in section 2.3.2.2).

Let us now define a basic layer of these slabs to be such that different thicknesses are

obtained by adding a different number of these layers, without need of any lateral trans-

lations. They are infinite in the transverse directions, and we call them unit constituents

of the slabs (u.c.). See inset in figure 2.23 (b) for a schematic depiction of the arrange-

ment.

In figure 2.23 (a), the obtained transmission spectra under normal incidence illumination

are depicted. Results for slabs of several thicknesses, expressed in terms of the number
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of unit constituents, N , are included, the basic u.c. being described in the inset of

figure 2.23 (b). A frequency window in which propagation is allowed is present, which

coincides with the range in which both resonances overlap. Thus, coupling between

neighbouring nanostructures does not seem to have a high impact, since the resonances

are not critically modified. Recall that, although ds−s is small compared to the size of

the structures, the highest near field intensities are located in the surface of the core.

Since core-to-core distances, dc−c, are of the order of dc−c ∼ 2(Rs−Rc), coupling between

plasmon modes is very weak, and the resonances are not disturbed. Modulations of the

intensity inside the transmission window correspond to well known Fabry-Perot modes

inside the slab, due to multiple reflections. The transmission peak arising at higher

energies (λ ∼ 1050 nm), slightly redshifted with respect to the electric-quadrupole-like

resonance, almost completely disappears for sufficiently thick slabs, as evidenced in the

60 u.c.-thick slab case (see the inset in figure 2.23 (a)). The obtained values within the
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Figure 2.23: Transmission curves through metamaterial slabs made of a regular
hexagonal arrangement of Ag@Si core-shell nanowires with external radius Rs = 170 nm
and internal radius Rc = 80 nm. Centre-to-centre distance between neighbours is
L = 350 nm. (a) Transmission curves for several thicknesses under normal incidence
illumination, corresponding to different symbols. The inset shows the case of a slab
with a thickness of 60 unit constituents (u.c.). (b) Transmission curves through a 60

u.c-thick slab under several angles of incidence.
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transmission frequency range decrease with the thickness of the slab due to absorption

in the system. Nevertheless, there is still a significant amount of energy transmitted

through, even for such a thick slab as the one with 60 u.c. (i.e. for propagation lengths

inside the NIM of about 36 µm). Within this frequency window, negative refraction is

thus expected with low associated losses. Before retrieving the values of the effective

parameters, let us show that this NIM is, moreover, highly isotropic. To do so, we have

performed the same study for several angles of illumination, θi. Results obtained for

the 60 u.c.-thick slab and θi ∈ (0◦, 45◦) are shown in figure 2.23 (b). For low angles

of incidence, θi ∈ (0◦, 35◦), transmission curves are almost identical. For increasingly

higher angles of incidence, θi ∈ (35◦, 45◦) a Fabry-Perot modulation of the transmission

is observed in the high frequency limit.

At this point, we took three alternative approaches to determine, within the transmission

window, Re(neff) from simulations. The results thus obtained are depicted in the lower

panel of figure 2.24. First, we have applied standard retrieval procedures, which allows

one to determine the effective parameters from complex reflection and transmission coef-

ficients (or S-parameters) under normal incidence illumination, assuming an equivalent

homogeneous slab. The blue dashed curve represents the obtained values. We have then

applied Snell’s law to those slab configurations in which the angle of incidence is θi 6= 0.

The results for the particular case of a 20 u.c.-thick slab under θi = 20◦, 30◦ illumination

are plotted as red and green squares. Additionally, we simulated a rectangular prism

with an angle θprism = 30◦ and applied Snell’s law: the thus retrieved values are indi-

cated by black circles. Both insets represent the electric field component parallel to the

first interface in the slab and prism configurations for λ ∼ 1215 nm. While infinite plane

wave excitation is assumed in the case of slabs, the excitation is laterally restricted when

dealing with prisms to avoid unwanted diffraction from the prism edges that could lead

to delusive results [84]. Negative refraction with extremely low losses is clearly evident

in both cases. Moreover, phase reversal, characteristic of systems having simultaneously

ε < 0 and µ < 0, can be observed by plotting dynamically this component in a full

harmonic cycle. Errors in those values, retrieved graphically from Snell’s law, have been

computed by assuming a systematic error in the determination of the angle of ±2◦. It is

apparent from figure 2.24 that the retrieved values are consistent regardless of the angle

of incidence, indicating, as expected, that the obtained metamaterial is highly isotropic.

It is important to mention that, although the standard retrieval procedure based on S-

parameters allows one to compute the index of refraction in the whole frequency range,

the effective medium description of the system breaks down at longer wavelengths inside

the transmission window. If somehow counter-intuitive, this effect is a consequence of the

fact that ∂Re(neff(ω))/∂ω > 0 (non-anomalous dispersion), leading to higher absolute
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Figure 2.24: Effective index of refraction of a metamaterial built with Ag@Si core-
shell nanowires with Rc = 80 nm and Rs = 170 nm arranged in a hexagonal lattice.
Lower Panel: Retrieved real part of the index of refraction. The blue discontinuous
curve represents the values obtained from complex reflection and transmission coeffi-
cients under normal incidence. Black circles represent the retrieved values from Snell’s
law in the prism configuration. The incidence angle is fixed, θi = θprism = 30◦. The
corresponding inset shows the y-component of the electric field (only non-zero of the
incident wave) for the particular case λ ∼ 1215 nm. Red and green squares represent
the values obtained from Snell’s law in the slab configuration. Angles of incidence
are θi = 20◦ (red) and θi = 30◦ (green). The corresponding inset represents the x-
component (parallel to the first interface) of the electric field for λ ∼ 1215 nm. Error
bars computed assuming a systematic error in the determination of the refracted angle
of ±2◦. Upper Panel: Imaginary part of the index of refraction obtained from complex
reflection and transmission coefficients (black curve) and the corresponding figure of

merit, f.o.m., as defined in the text (blue curve).

values at longer wavelengths, which result in shorter effective wavelengths inside the

metamaterial, λeff . In this way, at λ = 1150 nm, the effective wavelength inside the

structure can reach λeff = λ/|Re(neff)| ∼ 15 µm, i.e., up to 40 times the characteristic

period length within the structure. By contrast, at λ = 1500 nm, λeff = λ/|Re(neff)| ∼
575 nm, so that the effective wavelength inside the system is smaller than two times the

period. Therefore, when the retrieved refractive index becomes very large (despite being

negative), the effective wavelength inside the metamaterial becomes correspondingly

small, thus becoming of the order of the lattice constant. At such limit, we do not

fully trust the resulting refractive index, at least from the point of view of proper NIM

behavior, thus establishing a cutoff in figure 2.24.
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With respect to losses, there is a strong evidence that the metamaterial is very weakly

absorbing, as deduced from the fact that the transmission values are as high as 0.1 within

the negative-index band, with about the same portion of reflection, for propagation

lengths inside the metamaterial of about 36 µm. This extremely low attenuation of waves

propagating inside the NIM is also evident in the electric near field maps (see insets in

figure 2.24). One can actually compute the expected values of the imaginary part of

the index through the standard S-parameter retrieval procedure: The results are plotted

in the upper panel of figure 2.24. While values as extraordinarily low as 7 × 10−3 are

achieved within the transmission window, out of it, the metamaterial essentially behaves

as a metal, with Re(neff) < Im(neff), reflecting almost entirely the incident wave. Inside

the negative-index band, values of the figure of merit (f.o.m = −Re(neff)/Im(neff))

can, in turn, be as high as f.o.m. ∼ 200. In the particular case of Re(neff) = −1,

f.o.m. ∼ 85, i.e., Im(neff) = 0.012. Recall that the f.o.m. in the case of core-shell

nanospheres is substantially lower (see section 2.3.2), stemming from their much larger

absorption efficiency, as compared to that of core-shell cylinders (see inset in figure 2.15

(b)).

Ag@Ge nanowires in a square lattice

To further test the validity of this proposal, similar analysis has been performed to the

case of Ag@Ge core-shell nanowires arranged, instead, in a square lattice (keeping the

ds−s constant). Since the square lattice possesses lower symmetry than the hexagonal,

it would not be surprising to find some degree of anisotropy.

Recall that for Ag@Ge nanowires the electric and magnetic responses spectrally overlap

over a relatively wide range, λ ∼ (1200, 1500) nm, for Rc values between 60 and 100 nm

(see figure 2.13). In figure 2.25 (a) we have plotted, specifically, the optical properties

of a Ag@Ge core-shell nanowire with external radius Rs = 170 nm and internal radius

Rc = 90 nm. For this particular geometry there is a spectral overlap between the electric

and magnetic resonances for λ ∈ (1300, 1500) nm. We study wave transmission through

slabs with different thicknesses obtained by arranging these nanowires in a simple square

lattice with lattice period L = 350 nm, thus keeping surface-to-surface distance between

neighbouring particles to ds−s = 10 nm: this leads to filling fractions of f ∼ 0.74.

Therefore, we expect to achieve lower absolute values of the real part of the index. The

resulting transmission spectra under normal incidence illumination are depicted in figure

2.25 (b). The frequency window in which propagation is allowed presents Fabry-Perot

modes. For this square lattice arrangement, typically, N −1 peaks are present along the

propagation direction. The transmission peak arising at higher energies (λ ∼ 1175 nm),

related to the electric-quadrupole-like mode excitation, disappears for sufficiently thick
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slabs, as evidenced in the 45 u.c.-thick slab case, and becomes predominantly an ab-

sorption band (see the inset in figure 2.25 (b)). We expect the refractive index of the

metamaterial to be negative in the lower energy transmission window, with low asso-

ciated losses, although slightly higher than in the Ag@Si case (notice that the same

transmission is present in the N = 45 case for the Ag@Ge nanowires than in the N = 60

case for the Ag@Si structures, which implies a propagation length inside the NIM of

about 16 µm, compared to the 21 µm obtained for the Ag@Si). Several angles of illumi-

nation, θi have been considered as well. The results obtained for the 45 u.c.-thick slab

and θi ∈ (0◦, 45◦) are shown in figure 2.25 (c). For low angles of incidence, θi ∈ (0◦, 25◦),
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Figure 2.25: (a) Scattering efficiency for a Ag@Ge core-shell nanowire with external
radius Rout = 170 nm and internal radius Rc = 90 nm. The contributions of the
two first terms in the expansion of the field are also shown. (b) Transmission curves
through metamaterial slabs of several thicknesses under normal incidence illumination.
The slabs are obtained by arranging these core-shell nanowires periodically in a square
lattice (period L = 350 nm). Curves with different symbols represent different slab
thicknesses. The inset shows the case of a slab with a thickness of 45 unit constituents
(u.c.). (c) Transmission curves through a 45 u.c-thick slab under several angles of

incidence.
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transmission curves are almost identical. However, for high enough angles of incidence,

θi ∈ (25◦, 45◦) there is a narrowing of the transmission window in the high frequency

limit. As will be shown later, in that region the real part of the effective index of refrac-

tion (neff) reaches its lowest values (even approaching zero, |Re(neff)| ∼ 0). For those

wavelengths for which the transmission suddenly drops, the incidence angles are above

corresponding critical angles for total internal reflection. Therefore, no transmission is

allowed. This allows for an alternative way to determine the real part of the index.

In the lower panel of figure 2.26, results for Re(neff) obtained from simulations within
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Figure 2.26: Lower Panel: Retrieved real part of the index of refraction using Snell’s
law for a metamaterial built with Ag@Ge core-shell nanowires with Rc = 90 nm and
Rs = 170 nm arranged in a square lattice. The blue discontinuous curve represents the
values obtained from complex reflection and transmission coefficients of a 45 u.c.-thick
slab under normal incidence. Black circles represent the retrieved values from Snell’s
law in the prism configuration. The incidence angle is fixed, θi = θprism ∼ 26.5 deg.
The corresponding inset shows the y-component of the electric field (only non-zero of
the incident wave) for the particular case λ ∼ 1355 nm. Red squares represent the
values obtained from Snell’s law in the slab configuration. The angle of incidence is
θi = 10 deg. The corresponding inset represents the x-component (parallel to the first
interface) of the electric field for λ ∼ 1335 nm. Green diamonds are the values retrieved
from critical angles for total internal reflection. Upper Panel: Imaginary part of the
index of refraction obtained from complex reflection and transmission coefficients (black

curve) and figure of merit, f.o.m., as defined in the text (blue curve)
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the transmission window are depicted. The blue dashed curve represents the obtained

values from S-parameter retrieval procedures. Red squares are the obtained values

from Snell’s law applied to a 30 u.c.-thick slab under θi = 10◦ illumination. Black

circles are the values retrieved from the simulation of a rectangular prism with an angle

θprism ∼ 26.5◦. Additionally, the transmission curves under oblique incidence, in which

the incident wave experiences total internal reflection, enables to obtain Re(neff) at the

wavelength for which T = 0, by simply applying Re(neff) = − sin(θi) (green diamonds

in figure2.26). The retrieved values for Re(neff) seem to be consistent regardless of the

angle of incidence, even though one could expect the system to present anisotropy. Error

bars in those results stemming from the application of Snell’s law have been estimated

assuming a systematic error of ±2◦ in the determination of the angle. As expected,

absolute values of the index of refraction are lower as compared with the Ag@Si in the

hexagonal lattice, due to the lower value of the filling fraction. However, NIM behaviour

with neff ∼ −1 is clearly observed. Although higher in this case (see upper panel of

figure 2.26), losses are still very low. At λ ∼ 1390 nm, for which Re(neff) = −1, the

f.o.m. reaches 4.7, implying an imaginary part of the index of only Im(neff) = 0.21.

Influence of Silicon losses

In this section we study the influence of absorption in Silicon in the obtained figure-

of-merit of the core-shell NW based metamaterial. Figure 2.27 (a) displays the optical

properties of Ag@Si core-shell systems considering Si to be lossless (nSi = 3.5, upper

panel) and lossy (nSi taken from [72], lower pannel). In both cases Ag material properties

have been taken from [73]. While the resonances stemming from a0 and a1 are almost

unaffected (in that frequency range the imaginary part of nSi is extremely low), the

higher order resonance gets redshifted, due to the slight dispersion in the real part of

nSi, and absorption efficiency increases since Si begins to absorb.

We studied the same metamaterial configuration (an hexagonal lattice of these core-shell

NWs with a filling fraction of f ∼ 0.856) with Si material parameters taken from [72].

Results can be found in figure 2.27 (b). Since Si is very weakly absorbing in this frequency

range, values obtained within the negative index window are almost unaffected.

Concerning the metal core, any other metal with a ’good plasmonic’ behavior can be

used, like Au or Cu, leading indeed to a quite similar low-loss NIM behavior.
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Figure 2.27: (a) Upper Panel: Optical properties of a Ag@Si core-shell nanowire with
external radius Rs = 170 nm and internal radius Rc = 80 nm. Silicon is considered
lossless with nSi = 3.5 and Ag material properties taken from [73]. Besides the ex-
tinction, scattering and absorption efficiencies of the system, contributions of the two
first terms in the expansion of the field are also shown. Lower Panel: Same as in the
upper panel but with Si material properties taken from [72], including absorption. (b)
Comparison between the imaginary part of the effective index of refraction, together
with the figure-of-merit (f.o.m.), retrieved for the metamaterial made up these Ag@Si

core-shell NWs in the cases of lossless Si (nSi = 3.5) and nSi taken from [72].

2.3.4 Metallo-dielectric core-shell nanowires for broadband transpar-

ent conducting media at telecom wavelengths

Since the pioneering works by Kerker decades ago [85, 86], systems presenting extremely

low scattering cross-sections have been object of moderate interest within the optics

community. More recently, with the exponential growth of the field of metamaterials,

invisiblity and cloaking have attracted a renewed interest. First proposed for absorption-

less dielectric materials, it has been recently extended to different geometries and mate-

rials. It has been proposed as well the use of one or several structures as means to cloak

a desired object [87, 88].

In the present section it is shown that covering metallic nanowires with a high permittiv-

ity dielectric can strongly reduce the light scattering of the conducting NWs, rendering

them transparent over a broad band of infrared wavelengths of interest in telecom-

munications. Universal expressions based on electrostatic arguments allow one to find

appropriate material and geometrical parameters to reduce the scattering efficiency of

the hybrid metallo-dielectric NW by up to three orders of magnitude as compared with

the scattering efficiency of the homogeneous metallic NWs. Although comprehensive

descriptions of the conditions leading to extremely small light scattering efficiency in

hybrid metal-dielectric NWs [89] or spheres [87, 88] are available in the literature, sev-

eral relevant aspects have been overlooked so far. In particular, using dielectric coated
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metallic NWs might seem similar, if not equivalent, to its inverse structure, namely,

metal coated dielectric NWs. It is, however, not the case. Both, metal@dielectric and

dielectric@metal nanostructures are studied here, finding the former to be more robust

against deviations from optimal parameters, thus making them better against possible

realistic fabrication defects. Moreover, although this effect is optimum at normal inci-

dence and for a given polarization, rigorous theoretical and numerical calculations reveal

that transparency is quite insensitive to changes in polarization and angle of incidence,

and also holds for relatively dense periodic or random arrangements.

2.3.4.1 Transparency conditions. Quasi-static derivation

For normal incidence and transverse magnetic (TM) polarized plane waves (see figure

2.10), the electric field in the electrostatic approximation is constant and parallel to the

cylinder axis. The quasi-static polarizability in this case is

α
(TM)
0 = A

[
(εc − εh)R2 + (εs − εh)

(
1−R2

)]
(2.36)

where A = πR2
s is the total cross section of the cylinder and R ≡ Rc/Rs is the ratio of

the core to shell radii.

The quasi-static polarizability given by (2.36) can be interpreted as the cross-section

averaged susceptibility. Interestingly, the quasi-static polarizability (2.36) is invariant if

we exchange εc with εs, and R2 with
(
1−R2

)
. In fact, the quasi-static polarizability is

proportional to the cross-section average of the polarizability density in the quasi-static

approximation. Hence if the relative amount of metal and dielectric is kept constant,

any spatial distribution of both components would lead to the same polarizability. This

fact establishes a correspondence between metal@dielectric and dielectric@metal NWs.

A radiative correction to the quasi-static polarizability must be included in order to

obtain a correct energy balance between scattering, absorption and extinction in the

scattering process [90]. The dynamic polarizability in the small particle approach is

α(TM) = α
(TM)
0 /

(
1− ik2

hα
(TM)
0 /4

)
from which the scattering efficiency can be obtained

as

Q(TM)
sca =

∣∣∣α(TM)
∣∣∣2 k3

h/
(
8ε2hRs

)
. (2.37)

It is obvious now to realize that the scattering efficiency presents a minimum for van-

ishing quasi-static polarizability, i.e., for a size ratio R = R
(TM)
tr such that

(
R

(TM)
tr

)2
=
εh − ε′s
ε′c − ε′s

(2.38)
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where primes in the above expression indicate the real part of the permittivity (the host

material is assumed to be absorptionless). When this transparency condition is fulfilled,

the averaged polarization density in the cross section of the cylinder vanishes.

Several cases can be discussed depending on the nature of the materials.

• For metal@dielectric cylinders. ε′c < 0 and ε′s > εh > 0, leading to RTMtr < 1;

i.e. any metal core and dielectric shell with refractive index larger than the host

medium presents an optimum size ratio RTMtr for transparency.

• For dielectric@metal cylinders. There is an optimum size ratio Rtr if the dielectric

core presents a refractive index higher than the host medium.

• For dielectric@dielectric cylinders. There can also be transparency if ε′s > εh > ε′c

or ε′c > εh > ε′s. Obviously, these latter two conditions can not be fulfilled in

vacuum.

• For metal@metal cylinders. There is no optimum ratio even in the absorptionless

limit.

Analogously, we analyze also the TE polarization. In this case, considering the matching

of the electric field at the boundaries, we obtain a quasi-static polarizability

α
(TE)
0 = 2A

(εs − εh) (εs + εc) + (εc − εs) (εh + εs)R
2

(εs + εh) (εs + εc)− (εc − εs) (εh − εs)R2
. (2.39)

The polarizability with radiative correction reads in this case, α(TE) = α
(TE)
0 /

(
1− ik2

hα
(TE)
0 /8

)
,

and the scattering efficiency,

Q(TE)
sca =

∣∣∣α(TE)
∣∣∣2 k3

h/
(
16ε2hRs

)
. (2.40)

The optimum size ratio R = R
(TE)
tr that minimizes the scattering is reached again for

vanishing quasi-static polarizability; in this case the optimum size is

(
R

(TE)
tr

)2
=

(εh − ε′s) (ε′c + ε′s)

(εh + ε′s) (ε′c − ε′s)
=
(
R

(TM)
tr

)2 (ε′s + ε′c)

(ε′s + εh)
. (2.41)

Both equations (2.38) and (2.41) being in full agreement with the ones obtained in [89].

Contrary to the TM polarization case, equation (2.41) for TE polarization is more re-

strictive regarding materials:

• For metal@dielectric cylinders. It is not always possible to obtain an optimum

size ratio minimizing light scattering in this polarization. If |ε′c| > ε′s, which is a
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typical case in the optical and infrared for many metals and available dielectrics,

the ratio given by equation (2.41) is negative and hence the solution is unphysical.

It is, moreover, clear from equations (2.38) and (2.41) that it is not possible to

minimize the scattering efficiency for a core-shell structure at both TM and TE

polarizations at the same wavelength.

• For dielectric@metal cylinders. An optimum size ratio R
(TE)
tr can be reached with

realistic materials. In this case, we can also expect the appearance of a localized

surface plasmon resonance (LSPR) near the condition of minimum scattering effi-

ciency. It can be shown that, in the limit ε′c � εh (for instance, semiconductor core)

and |ε′s|
2 � ε′cεh (common with noble metals as shell material), the wavelength

of the LSPR resonance λlspr is shifted with respect to the chosen wavelength for

transparency λtr by an amount (dε′s/dλ)|λ=λtr
(λlspr − λtr) ' εh/εc. Hence, metal

shells with large chromatic dispersion and high refractive index dielectric cores can

lead to a spectrally sharp LSPR-to-transparency transition.

For dielectric@metal structures at fixed wavelength, there is also an optimum size ratio

R = R
(TE)
lspr for which the LSPR resonance matches the selected wavelength. Again

considering the divergence of the quasi-static polarizability we obtain

∆R ≡
R

(TE)
tr −R(TE)

lspr

R
(TE)
tr +R

(TE)
lspr

=

∣∣∣∣εhε′s
∣∣∣∣ (2.42)

For instance, at λ = 1550 nm, a Si@Ag cylinder in vacuum presents a ratio ∆R =

1/130 ' 7.7 × 10−3. Hence, relatively small deviations from the optimum size ratio

would have a large impact in the scattering efficiency spectrum.

To illustrate the results of this section, figure 2.28 shows the scattering efficiency, com-

puted from equations (2.37) and (2.40), of core-shell nano-cylinders considering TM

and TE polarizations and unpolarized radiation for both metal@dielectric and dielec-

tric@metal configurations (see figure 2.10 for a description of the important variables

involved). Silicon is chosen again as a suitable semiconductor in the infrared, and silver

as the metallic component. Once more, Si is taken dispersionless with εSi = 12.25,

whereas εAg is taken from [73].

In figure 2.28 (a), Qsca is shown as a function of the size ratio R = Rc/Rs at a working

wavelength λ = 1550 nm (εAg ' −130 + 3.3i). As predicted by equation (2.38), Qsca for

TM polarization (blue, dashed lines) presents a sharp minimum when the cross-sectional

average of the electric polarization density vanishes. In the case under study, this con-

dition is fulfilled when the Ag to Si volume ratio is VAg/VSi = (ε′Si − 1) /
(
ε′Ag − 1

)
'

0.086, which corresponds to RTMtr ' 0.28 for a Ag@Si NW (left column), and RTMtr ' 0.96
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Figure 2.28: (a-c) Scattering efficiency, Qsca, as obtained from the quasi-static ap-
proximation. TM polarization (blue, dashed line), TE polarization (red, dotted line)
and unpolarized (black, solid line) radiation is considered for both Ag@Si (left column)
and Si@Ag (red column) structures with fixed Rs = 45 nm. (a) Qsca at a constant
wavelength λ = 1550 nm is plotted as a function of the core to shell radii ratio. (b),
the spectra for the different polarizations are presented. The size ratio Rc/Rs is fixed
in such a way that Qsca is minimized in TM polarization for each structure. (c) Qsca

spectra are presented when the core radius is reduced by 5%.
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for a Si@Ag NW (right column). Those values are represented by represented by vertical

lines in figure 2.28 (a)).

For TE polarization, as predicted by equation (2.41), there is no optimum size ratio

minimizing Qsca at the working wavelength for Ag@Si NWs. Instead, it shows a weak

monotonic increase with R. On the contrary, for Si@Ag NWs a minimum in the Qsca

is observed at RTEtr ' 0.917. However, for a slightly smaller value of the size ratio, as

predicted by equation (2.42), a LSPR resonance occurs. At λ = 1550 nm, the size ratio

at plasmon resonance given by equation (2.42) is RTElspr = RTEtr 129/131, which is of the

order of 1.5% smaller than the optimum size ratio for transparency.

In figure 2.28 (b), the scattering efficiency spectrum is represented in the region of inter-

est for core-shell dimensions satisfying the optimum condition for TM polarization. As

expected, the scattering spectra exhibit a pronounced minimum at the working wave-

length of λ = 1550 nm for this polarization. In fact, in this case, Qsca spectra for both

Ag@Si and Si@Ag NWs are exactly the same. Even the spectra for Ag@Si and Si@Ag

for unpolarized radiation are very similar, with only a small difference due to the TE

polarization component.

We might, therefore, conclude that there is no substantial difference in the performance

between Ag@Si NWs and Si@Ag NWs, provided that the metal/dielectric volume frac-

tion is kept to the optimum value for achieving transparency at the selected wavelength.

Nevertheless, as indicated above, small changes in the size ratio of the structure may

lead to large variations in the Qsca spectrum both in TE and TM polarizations for di-

electric@metal structures. Indeed, as can be observed in figure 2.28 (c), this is the case

when the size ratio is diminished by only 5%. The spectrum corresponding to Ag@Si red

shifts by about 5.6%, while the spectrum corresponding to Si@Ag varies dramatically,

not showing a minimum and increasing its value by a large amount in the whole con-

sidered band. This is, in part, due to the fact that, at size ratios close to the optimum

one, the spectrum of Si@Ag nanowires in TE polarization shows a LSPR resonance. In

this regard, transparency in metal@dielectric structures is expected to be more robust

against structural variations.

Let us, therefore, focus in this kind of structures (specifically in Ag@Si ones), and

let us also fix the polarization to be TM. For the mentioned structure, this polarization

essentially controls the scattering spectrum, while the TE polarization just adds a slowly

varying background. The transparency condition given by equation (2.38) links the size

ratio of the optimized structure with the real parts of the polarizabilities of the different

materials. Thus, the chromatic dispersion and the absorption control the bandwidth of

the transparency region and the minimum value of the scattering efficiency, respectively.
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If we compare the scattering cross-length in TM polarization of the optimized Ag@Si

structure with the bare Ag core, we obtain, after some algebra, a scattering cross-length

ratio (in this case c=Ag, s=Si and h=vacuum)

σ
(TM,Ag@Si)
s

σ
(TM,Ag)
s

'

∣∣∣∣∣1 +
εs − εh
εc − εh

ε
(tr)
c − ε(tr)h

ε
(tr)
h − ε(tr)s

∣∣∣∣∣
2

(2.43)

where (tr) denotes the polarizability value taken at the transparency condition. The

optimized structure presents less scattering than the bare one if this ratio is smaller

than unity. If we further consider that both host and shell do not show chromatic

dispersion, and that the permittivity of the metal is much larger than the host medium

one, |εc| � εh, this ratio simplifies to

σ
(TM,Ag@Si)
s

σ
(TM,Ag)
s

'

∣∣∣∣∣1− ε
(tr)
c

εc

∣∣∣∣∣
2

; (2.44)

hence, considering relatively small losses in the metal, the core-shell structure scatters

less efficiently in a spectral window where |εc (λ)| > 2 |εc (λtr)|.

In the case of Ag@Si NW in vacuum, this transparency region starts at a wavelength

λ ' 1100 nm for an optimized structure with a scattering minimum at λtr = 1550 nm.

At longer wavelengths, the bare silver structure scatters light more efficiently than the

core-shell one.

At the minimum scattering wavelength, the scattering efficiency in this configuration

can be estimated to be

Q(TM)
sca (λ = λtr) '

π5

√
εh

(
Rs
λtr

)3(
ε′′c
εh − ε′s
ε′s − ε′c

)2

, (2.45)

where ε′ = Re (ε) and ε′′ = Im (ε). In the example shown in figure 2.28 (a), we have

Q
(TM)
sca (λ = 1550 nm) ' 5.10× 10−4, which is of the order of 1% larger than the numer-

ically obtained value.

From equation (2.45) it is clear that the scattering efficiency at the transparency wave-

length is partially determined by the absorption level in the metal (imaginary part of the

permittivity) as well as by the the size of the structure. Thus, the smaller the structure

is, the better suited for transparency purposes.

2.3.4.2 Single Ag@Si NW transparency. Extended Mie calculations

In this sections the validity of the predicitions for Ag@Si cylinders, derived by using

the quasi-static approximation, is checked against scattering cross sections rigorously
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calculated by Mie expansion. We make, thus, use of equations (2.16)-(2.20) and corre-

sponding expressions for the coefficients. Although the expressions given there are only

valid at normal incidence, it is possible to still solve the problem for a certain angle of

incidence [75].
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Figure 2.29: (a) Scattering efficiency spectra as a function of the core radius, Rc,
for a fixed shell outer radius Rs = 45 nm for a Ag@Si nanocylinder. (b) Scattering
efficiency spectra for a Ag@Si core-shell NW (Rc = 13.6 nm, Rs = 45 nm) and different
polarizations: TM (black dashed), TE (black dotted) and unpolarized (black solid line).
For the sake of comparison we also represent Qsca for a homogeneous Ag NW (red curve,
R = 13.6 nm), a homogeneous Si NW (blue curve, R = 45 nm), and for a homogeneous
90 nm thick glass slab (refractive index n=1.45). (c-e) Maps of the electric field along
the cylinder axis direction in TM polarization at a working wavelength of λ = 1550 nm
(corresponding to the minimum of the black curve in b). (c) Bare silver NW. (d)

Homogeneous silicon NW. (e) Ag@Si NW.

We are interested in the telecommunications range and hence we take a band centered

at λ = 1550 nm. In figure 2.29 (a), a color map of the scattering efficiency of a Ag@Si

NW is shown. The radius of the shell is kept constant at Rs = 45 nm, while the core

radius varies from Rc = 0 nm (pure Si NW) to Rc = 45 nm (pure silver NW). The

vacuum wavelength varies in the range 1000 nm ≤ λ ≤ 1900 nm. For a core radius

Rc ' 14 nm (white dashed line), the NW presents a scattering efficiency spectrum

much weaker than those of either the homogeneous Si or Ag NWs alone (see figure
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2.29 (b)). It reaches, in the range 1400 nm ≤ λ ≤ 1900 nm, values that are up to

two orders of magnitude smaller, even for unpolarized radiation. The exact value of

the optimum Rc for this system is only 7.4% larger than the quasi-static prediction

of equation (2.38), which fully supports the validity of the approximate transparency

condition for subwavelength NW dimensions. In fact, for the chosen NW diameter,

materials and wavelengths, contributions from higher order multipoles than the ones in

the quasi-static approximation are essentially negligible [89].

In order to stablish a comparison with a simple lossless scattering system, we calculate

the scattering efficiency of a glass slab with thickness equal to the diameter of the core-

shell cylinders (and refractive index n ' 1.45). In this case, Qsca can be obtained

through the Fresnel coefficients of the structure. If t is the transmission coefficient as a

function of the wavelength, Qsca = 2 (1− Re(t)). Although basic antireflecting coatings

might be used to minimize the scattering of the glass slab, it is remarkable that the

optimized Ag@Si NW scatters less efficiently than a 90 nm thick glass slab despite the

metallic character of the core.

In figures 2.29 (c)-(e), a color map of the electric field component along the direction

parallel to the cylinder axis (only non-zero component) is shown for three different cases

at λ = 1550 nm. The incoming signal is a TM polarized plane wave at normal incidence

and electric field is represented in a plane perpendicular to the cylinder axis. In figure

2.29 (c), a single homogeneous silicon NW of radius R = 45 nm is considered (sketched

as a circle at the center of the figure). As can be seen, the wave fronts are largely altered

due to the interference of the incoming wave with the scattered field. A similar behavior

is observed when a homogeneous silver NW of radius R = 13.6 nm is considered (figure

2.29 (d)). Finally, as shown in figure 2.29 (e), when the same silver NW is covered by

a 31.4 nm thick silicon shell, the total electric field does not appreciably differ from the

plane wave even in the close proximity of the NW surface, thus reducing the scattering

efficiency of the whole system.

In order to assess the robustness of transparency regarding the incoming signal, we now

consider different incidence angles and polarizations. In figure 2.30 (a), an incoming

TM polarized plane wave impinges on the core-shell cylinder. In this case we keep the

geometry of the system at the optimum values to achieve transparency at λ = 1550 nm

(Rs = 45 nm, Rs = 13.6 nm). The scattering efficiency actually remains very low, with

values of the order of 10−2 in a band centered at λ = 1550 nm, with a band-width of

the order of 200 nm for angles deviating from normal incidence as much as 45 degrees.

Hence, we can conclude that the transparency band is quite robust against variations in

the angle of incidence.
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Figure 2.30: (a) Scattering efficiency spectra for a Ag@Si core-shell NW (Rc =
13.6 nm and Rs = 45 nm) as a function of (a) the angle of incidence (φ) for TM
polarized light and (b) the polarization angle (χ) at normal incidence for the same

structure.

Regarding polarization, although it is rather clear that the optimum polarization cor-

responds to TM, low scattering efficiency regions, for normal incidence and linearly

polarized light, are quite robust against variations in the polarization state of the in-

coming light. This is shown in figure 2.30 (b) with a color map of the scattering effi-

ciency as a function of the angle χ between the incoming electric field and the cylinder

axis. If Q‖ and Q⊥ are the scattering efficiencies for TM and TE polarizations respec-

tively, the scattering efficiency for a general linearly plane wave at normal incidence is

Qsca = Q‖ cos2 (χ)+Q⊥ sin2 (χ). Again, a band between λ = 1400 nm and λ = 1850 nm

shows a scattering efficiency Qsca ≤ 0.05 for any polarization state.

2.3.4.3 Transparency of realistic NW assemblies. Effects of multiple scat-

tering and structural disorder

We now address the effects due to the multiple scattering of light in arrangements of

NWs relatively close to each other. In principle, multiple light scattering can lead to an

inhibition or enhancement of radiation scattering depending on the spatial distribution

of scatterers, frequency, and parameters describing each cylinder. As shown in figure

2.29 (c), the optimum structure barely scatters light and, more importantly, the ampli-

tude of the scattered field in the near field region is also much smaller than the amplitude

of the incoming plane wave. Hence, we expect to obtain small multiple scattering effects

in an assembly of identical randomly distributed NWs.
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To test this prediction, numerical calculations are performed and scattering efficiencies

computed of NW dimers at different distances and incident radiation conditions. Simu-

lations are also carried out of the scattered fields of assemblies of randomly placed NWs.

Let us start by calculating the Qsca of core-shell dimers. In Fig. 2.31 (a) we consider

dimers of equal cylinders with those parameters leading to transparency at λ = 1550 nm

(as in previous figures). For an incoming TM polarized, and normally incident plane

wave, Qsca spectra are plotted for different surface-to-surface distance between cylinders.

The range of distances (d) varies from d = 0.1Rs to d = 10Rs (d = 4.5 nm - 450 nm).

As observed, the scattering efficiency increases for distances comparable to the cylinder

diameter; nevertheless, Qsca varies only by a factor of two even in the extreme condition

of distances much smaller than the cylinder radius.

If the wave vector of the incoming plane wave is still perpendicular to the cylinder axis

but contained in the plane defined by the dimer, the variation of the Qscat with distance

between cylinders is also relatively small. As shown in figure 2.31 (b), Qsca increases at

most by a factor of two when the cylinders are in close proximity. In this case, a small

shift in the position of the minimum of the scattering spectrum is also observed as a

function of the distance.

In order to address a more general case, a comparison of the scattering by an ensemble

of Ag@Si to that of bare Ag cylinders is performed. The result of the simulation of the

system of bare Ag NWs is plotted in figure 2.31 (c), in which a color map of the electric

field component parallel to the cylinders axes is shown. The incoming plane wave, at

λ = 1550 nm, is TM polarized and its propagation direction is perpendicular to the

cylinder axes (from top to bottom in the figure). The ensemble of NWs scatters light

rather strongly; full distortion of the transmitted wave fronts, with respect to those of

a plane wave, while passing through the ensemble being a clear evidence. If, for the

same positions of the NW axes and identical incoming plane wave, Ag@Si NWs are

considered, the scattering is inhibited to a large extent, as shown in figure 2.31 (d)

where, as previously used, the Ag NW is coated with a 31.4 nm thick Si layer. The

positions of the NWs were generated randomly within a slab of roughly 4µm by 1.5µm

with the sole restriction of keeping a minimum surface-to-surface distance dmin ' 0.1Rs.

Finally, in order to go one step further, both increased density of NWs in the arrangement

and disorder in the structural parameters of each of the cylinders in the structure are

considered simultaneously. In figure 2.32, the total electric field amplitude distributions

resulting from TM plane wave excitation of the different systems are shown in color

maps. Ensembles are obtained by randomly placing the NWs in a region of dimensions

4 µm × 1.5 µm. In figure 2.32 (a), the electric field distribution for bare silver (R =

13.6 nm) NWs is shown. As can be seen, the incoming wave is strongly scattered at the
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Figure 2.31: (a) Scattering efficiency of Ag@Si core-shell NW dimers (Rs = 13.6 nm,
Rc = 45 nm) for TM polarized plane waves with a wave vector perpendicular to the
plane defined by the dimer for different distances d between the nanowires (see legends).
(b) Scattering efficiency for the same dimers as in (a), with a wave vector perpendicular
to the cylinder axis and in the same plane as the one defined by the dimer. (c) Map
of the electric field along the cylinder axis direction at a wavelength of λ = 1550 nm
for TM polarized waves for an ensemble of bare Ag NWs (R = 13.6 nm) distributed
randomly within a slab. (d) Electric field map corresponding to the same arrangement
of (c). The scattering units in this case are Ag@Si core-shell NWs (Rc = 13.6 nm,

Rs = 45 nm).

working wavelength (λ = 1550 nm). Positions are then fixed, and NWs covered again

with optimum coating thickness to achieve transparency, i.e., such that Rs = 45 nm.

The result is plotted in figure 2.32 (b). The filling fraction of this NW ensemble is 16%.

Despite this relatively high value, the electric field map shows that the scattering is very

small, definitively much smaller than in the case of bare silver NWs.

In any realistic application, however, some fabrication errors are expected. With state-

of-the-art techniques, random variations of the core and/or shell radii down to a few

percents are achievable. In order to consider this kind of fabrication deviations, cal-

culations were performed of light scattering for an assembly of NWs which centers are

positioned at the same coordinates as in the cases shown in figures 2.32 (a) and (b) but

with some degree of structural disorder. In particular, in figure 2.32 (c), random vari-

ations (normally distributed) of the core and shell radii were introduced with standard

deviations of 3% for both parameters. As can be seen in this figure, the wavefronts are

slightly disturbed with respect to the optimal case, but still far away from the distortion

generated by bare Ag NWs. Even if the structural disorder in the NWs is increased up
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Figure 2.32: (a) Map of the electric field along the cylinder axis direction at a wave-
length of λ = 1550 nm for TM polarized waves for an ensemble of bare Ag NWs
(R = 13.6 nm) distributed randomly within a slab of dimensions 4 µm × 1.5 µm. (b)
Electric field map corresponding to the the same arrangement of (a). The scattering
units in this case are Ag@Si core-shell NWs (Rc = 13.6 nm, Rs = 45 nm), the filling
fraction of the arrangement is 16%. (c) Electric field map corresponding to the same
structure as in (b), with the addition of random disorder in both core and shell radii
with a standard deviation of 3% around the optimal values. (d) the same as in (c) with

a 5% standard deviation.

to a 5% standard deviation, as shown in Fig. 2.32 (d), the transparency condition holds

relatively unperturbed.



Chapter 3

Elongated metallic nanoparticles.

Fano-like resonances and

applications in sensing

The contents developed along the present chapter led

to publications P2 and P4, listed in Appendix H

Different experimental [91–95] and purely theoretical [96–100] investigations have shown

that metallic nanorods act as standing-wave resonators for localized plasmon resonances

in the optical regime, thus exhibiting geometrical half-wavelength resonances with spec-

tral positions depending mainly on the length of the rods. This particular type of

so-called “optical nanoantennas” have raised the prospect of significant improvements

in fields such as photodetection [101], field-enhanced spectroscopy [102] or control of

emission direction in single-molecule light sources [103].

Generally speaking, most of device-oriented studies are focused on nanoantennas oper-

ating at the dipole-like resonance. However, structures with a high aspect ratio may

support additional resonances that have usually been the subject of a more fundamental

research work. Hence, several authors have already elucidated the scaling properties of

high-order longitudinal modes, as well as their dependence on shape, size, orientation and

dielectric environment by means of diverse approaches and techniques [92, 97, 104–107].

Nevertheless, a relevant issue has yet to be addressed for multi-resonant nanoanten-

nas, that is the emergence of asymmetric, line profiles in single-particle extinction or

scattering spectra. Interestingly, such a feature seems to go unnoticed for the nanoplas-

monics community, despite being apparent in some previous reports, as in references

[92, 97, 105, 107] or, especially, in [108] dating from 2000 (see figure 1 therein).

72



Elongated metallic nanoparticles. Fano-like resonances and applications in sensing 73

Through the following sections it will be shown that these asymmetric line profiles

can be easily understood in terms of the so-called Fano-like interference between local-

ized plasmon resonances that has been recently reported for a variety of coupled metal

nanoparticles [20, 109, 110]. Being more precise, a simplified analytical model that de-

scribes spectral features of a single-arm nanoantenna in terms of Fano-like interference is

presented. Contrary to the common assumption that interference does not play any role

in total scattering or extinction of a single metallic surface, we find a good agreement

with numerical results, which are attained through the separation of variables (SVM), fi-

nite element (FEM) and surface integral equation (SIEM) methods. A quasi-1D current

model is proposed to gain physical insight in the mechanism originating the interfer-

ence. This points out the need of being extremely cautious when applying the premises

of standard Mie theory to particles that significantly depart from sphericity.

Finally, two different configurations for which the Fano-like interference occurring at

individual metallic nanoparticles can be employed in refractive index sensing are pre-

sented: a colloidal suspension of nanospheroids (nanorice) and a single nanowire with

rectangular cross section (nanobelt) on top of a dielectric substrate. We numerically

study the performance of the two in terms of their figures of merit (FoM), which are

calculated under realistic conditions. The obtained results show that the application of

the proposed configurations seems to be not only feasible, but also very promising.

3.1 Introduction to Fano resonances in optics

When studying resonant scattering processes of waves in which several scattering paths

coexist, constructive or destructive interference phenomena may arise. As a consequence,

their associated spectra can present strongly asymmetric lineshapes. This is, precisely,

the main feature of the so called Fano resonances, which take the name after Ugo Fano,

who first described a feasible physical mechanism and suggested a formula capable to

explain the asymmetric lineshapes observed by H. Beutler in 1935 in the context of

atomic physics (specifically in the absorption spectra of noble gases). Although the

original paper by Fano dates from 1935, it is the somehow more elaborated paper of

Physical Review writen in 1961 which has become the canonical citation when referring

to the work by Fano [111].

Without going into much detail, Fano proposed that the asymmetric resonances observed

in the absorption spectra had their origin in the coexistence of two competing channels

in the photoionization of an atom (as described in figure 3.1 (a)), one channel A +

hν → A+ + e− leading to a continuumm spectra of states, and a second one through

a quasidiscrete level A + hν → A∗ → A+ + e−, which ends with the emission of an
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Figure 3.1: (a) Fano resonance as a quantum interference of two processes: direct
ionization of a deep inner-shell electron and autoionization of two excited electrons.
This process can be represented as a transition from the ground state of an atom |g〉
either to a discrete excited autoionizing state |d〉 or to a continuum |c〉. (b) Illustration
of the Fano formula 3.1 as a superposition of the Lorentzian line shape of the discrete
level with a flat continuous background. (c) Normalized Fano profiles with for various

values of the asymmetry parameter q. All graphs adapted from Ref. [20].

electron in the continuum. These levels are usually called autoionizing. In general,

autoionization couples bound states of one channel with continuum states of another.

Due to the superposition principle of quantum mechanics, if two states are coupled by

different paths, interference may occur. As a result, Fano obtained the formula for the

shape of the resonance profile [111]:

σ =
(ε+ q)2

ε2 + 1
(3.1)

where q is a phenomenological shape parameter and ε = 2(E − EF )/Γ the reduced

energy, EF being the energy of the resonance and Γ the width of the autoionized state.

Originally q was introduced as the ratio between the transition probability to the discrete

state and the transition probability to the continuum (see figure 3.1 (b)). Different values

of this parameter lead to very different profiles. For example, when |q| → ∞ (coupling

to continuum states very weak) a Lorentzian lineshape is obtained, characteristic of the

resonances of discrete states. On the contrary, if q ∼ 1 both paths contribute equally

and the interference is maximum. Finally, when q → 0 a symmetrical dip is obtained (a

unique feature of a Fano resonance). In figure 3.1 (c) a study of the profiles obtained

from equation (3.1) for different q values is plotted.

Interestingly, it was not in atomic physics in which asymmetric spectra were first ob-

served, but rather it was in the context of classical optical phenomena, namely in the

study of the spectra of optical reflection gratings. It was R. Wood in 1902 who first ob-

served the so called anomalies, i.e., very abrupt variations in the intensity of the different
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diffracted orders (going from maximum to minimum) when varying the wavelength of

the incident light under certain illumination conditions. It was intensively studied first

by Lord Rayleigh and subsequently by many others, including Fano, who related the

phenomena to the excitation of leaky surface waves in the structure that, in turn, inter-

fere with the illumination field. In analogy with the atomistic interpretation of the Fano

resonance, the surface wave can be identified with the discrete state and the incoming

radiation with the continuum.

In the last two decades, Fano resonances have been observed in a wide variety of photonic

systems, such as photonic crystals, gratings (both dielectric and metallic) or cavities cou-

pled to waveguides, to mention some. Of particular importance have been those systems

presenting the so called extraordinary optical transmission, such as a two-dimensional

array of holes in a thin metallic film, in which the fraction of light transmitted through

the the system exceeds the open fraction of the array [112]. This phenomenon is com-

monly attributed to the excitation of surface plasmon polaritons in the grating, which

interfere with the incoming radiation. Interestingly, each extraordinary transmission

peak is accompanied by resonant suppression of transmission, resulting in asymmetric

Fano line shapes. Another interesting phenomenom is the resonant reflection occurring

in periodic arrangement of low permittivity dielectric cylinders [113] that have, as well,

an asymmetric spectrum. The interference is due to the excitation of a quasi-bound-

state that has a geometrical origin and is still present even in the limit of vanishingly

small cylinders.

Very recently, several plasmonic systems supporting localized surface plasmon resonances

(LSPR) have attracted much attention due to their strongly asymmetric extinction spec-

trum. While most of the first systems considered were based on arrays of metallic com-

ponents in which the continuum was provided by very broad dipolar resonances occuring

due to coupling of the individual elements, attention was subsequently focused to iso-

lated plasmonic systems. It was a common assuption at that time that single particle

configurations (with no sub-systems or parts) could not exhibit asymmetric scattering or

extinction spectra. This was probably due to the fact that the properties extracted from

Mie theory for solid homogeneous spheres (in which the total scattering or extinction

cross sections are not sensitive to interference of the modes, although directional cross

sections are [109]) were directly extrapolated to those systems. As a consequence much

of the effort was put on the study of plasmonic systems containing several interacting

parts (either physically separated or made from different materials), with dolmen-type

structures, non-concentric disk/ring cavities and the so-called plasmonic olygomers be-

ing probably the most popular (see Ref. [109] and references therein). In all of them

the interference is a consequence of the interaction between different plasmon modes of

the systems. Usually, a broad, bright dipolar mode is excited in the system that acts



Elongated metallic nanoparticles. Fano-like resonances and applications in sensing 76

as the continuum and which, in turn, interacts with a narrow, dark mode acting as the

discrete transition. As a consequence asymmetric lineshapes arise in their spectra that

follows the functional form:

Q ∝ (qγ + ω − ω0)2

(ω − ω0)2 − γ2
, (3.2)

where, again, q is the asymmetry parameter and ω0 and γ are the position and width of

the resonance, respectively.

Interestingly, systems exhibiting a magnetic dipole resonance (as those presented through

Chapter 2) have been recently used to produce magnetic-based optical Fano resonances

[114] (due to coupling of a magnetic ”sharp” resonance with a ”broad” electric one)

or polarization-independepent Fano resonances when combining an electric dipole reso-

nance with a lattice one [115].

In the following sections it will be shown that, contrary to the common assumption, single

metallic nanoparticles with a very simple shape can also exihibit asymmetric scattering

spectra that can be understood in terms of a Fano-like interference mechanism. Although

some investigation has been performed in single particle configurations showing Fano

resonances, they focused on rather complicated geometries such as nano-crosses [116].

Here, the study deals with simple elongated particles, usually called nanorods.

3.2 Optical properties of elongated metallic nanoparticles

In the present section a brief review of the basics of light scattering by a single metallic

nanorod with dielectric function εm surrounded by a medium with constant permittivity

εd is presented: On the assumption that rod diameter D is much smaller than its total

length L, the electromagnetic response to p-polarized light impinging perpendicular to

the long side is fully governed by longitudinal modes. The fundamental resonance λ
(1)
res

can thus be described as a dipolar excitation of charges at the rod surface, with its

wavelength exhibiting a linear dependence on L , λ
(1)
res ∝ 2L. For a perfectly conducting

material of negligible thickness, λ
(1)
res is precisely equal to 2L, whereas λ

(1)
res � 2L at opti-

cal frequencies [97–99]. As the rod length increases, additional resonances may appear.

Following Khlebtsov and Khlebtsov [97], we assume the position of any longitudinal

resonance to be described by the following approximate scaling law

λ(n)
res ≈ B0 +B1

L

nD
(3.3)

where n is an odd integer and B0, B1 are coefficients that depend on the actual geom-

etry and dielectric environment of the system and have to be determined from linear

regression. With respect to B0, B1, it must be mentioned that, although not used in this
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Figure 3.2: SEM (left) and TEM (right) images of nanorice structures having the
same length and different thicknesses. Graphs adapted from Ref. [119].

paper, explicit expressions can be obtained within the framework of Novotny’s model

for effective wavelength scaling at optical antennas [98].

3.2.1 Prolate spheroidal nanorods

From the computational point of view, the shape of half-wave nanoantennas is usually

modeled by a right circular cylinder with either flat or hemispherical ends (spherocylin-

der). However, the prolate spheroid may be the most convenient geometry to start with,

because of the following reasons:

• Previous works [117, 118] on the basis of SVM have provided us with a very efficient

approach to calculate extinction, scattering and absorption cross-sections even for

very elongated nanoantennas;

• In addition to its low numerical cost, such a theoretical framework also makes

apparent the origin of unexpected asymmetry in line profiles, as detailed hereafter;

• Prolate spheroids are not only of academic interest, as they accurately describe

the so-called nanorice structures [107, 119] which can be currently synthesized in

a very controlled manner both in the range of lengths and diameters achievable

(see figure 3.2).

In figure 3.3 we present the calculated scattering efficiency Qsca for a single silver

spheroid surrounded by glass (εd = 2.25) under the assumption that the incident field

is p-polarized and impinges perpendicular to the long side of the rod. Different curves

correspond to increasing values of total length L within the [100, 400] nm range, whereas
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Figure 3.3: (a) Calculated scattering efficiency as a function of wavelength for a
single Ag spheroid surrounded by glass (εd = 2.25). Incident field is p-polarized and
impinges perpendicular to the rotation axis of the spheroid. Different curves correspond
to increasing values of L, whereas D is set to 30 nm for all calculations. (b) Linear
scaling of resonant wavelengths in panel (a) as a function of normalized aspect ratio

L/nD. Dashed line marks the best fit to equation (3.3).

the polar diameter D is set to 30 nm for all calculations. As can be seen, the position

of the resonances increases linearly within the L range and such displacement is fairly

well described by equation (3.3) (see figure 3.3 (b)). For L/D & 5, the peaks arising

from resonances with n = 1 and n = 3 are clearly apparent, as it is the asymmetry of

the line shape between them. This suggests the existence of an interaction mechanism

compatible with a Fano-like interference model [109, 110].

Given that light scattering by a rod of finite length cannot be treated in a closed form

within the framework of standard Mie theory [5], we assume a heuristic line shape for

the first approach. Hence,

Qsca ≈ |f(ω)|2 (3.4)

with

f(ω) ≡ A(ω) + F

[
b1

(ω − ω1) + ib1
+

qb3
(ω − ω3) + ib3

]
(3.5)

where A(ω) is a slowly varying amplitude and F stands for the complex amplitude of

the fundamental resonance, which is described in terms of its real central frequency ω1

and spectral width b1. The dimensionless real parameter q governs, as in canonical Fano

line shape [111], the degree of asymmetry.
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Figure 3.4: Calculated scattering efficiency (solid line) as a function of photon energy
for a single Ag spheroid (L = 340 nm; D = 30 nm) in εd = 2.25. Incident field is
p-polarized and impinges perpendicular to the rotation axis of the spheroid. Dashed
line renders the best-fitting curve to equation (3.4). Obtained values of ω1, ω3 and q
are also shown. Lower right inset panel depicts the obtained values of q for every L in

figure 3.3.

In order to test out the approach, let us take a closer look to the curve corresponding

to the 340 nm-long spheroid. Figure 3.4 renders the calculated scattering efficiency as a

function of energy and its best-fitting curve to equation (3.4). It may be seen that our

heuristic Fano-like line shape agrees very well with the full electromagnetic calculation.

Besides, the obtained value q = 0.82324 is consistent with asymmetric profiles being

described by |q| ≈ 1 (see figure 3.1 (b) and (c)). Such an agreement extends to the whole

range of rod lengths in figure 3.3, as summarized in the inset panel (see Appendix B for

details of the fitting).

For the case of oblique incidence (i.e. if the angle α between the incident light vector

kinc and the rotation axis of the spheroid is not equal to 90◦), “even” modes become

accessible [92, 97, 107] and should therefore be incorporated to our analysis. Different

curves in figure 3.5 (a) correspond to the calculated Qsca for decreasing values of α and

the same geometry, polarization and dielectric environment as in figure 3.4. Logarithmic

scale is used for optimal visualization of less intense features. As can be seen, the oblique

line shapes differ quite little from that for normal incidence at the vicinity of resonances

with labels n = 1, 3, except from that the intensities of “odd” peaks exhibit a linear

dependence with sin2 α (see lower left inset panel). However, an extra resonance develops

just on top of base line at ω ≈ 1.045 eV. Given that it is located within the [ω1, ω3]

range, we label it as n = 2. This new peak reaches its maximum for α = 45◦ and seems

to be symmetrical with respect to its central frequency. Hence, we can conjecture that

symmetry precludes interference with modes with n = 2 parity, so that only an additive
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Figure 3.5: (a) Calculated Qsca as a function of photon energy for a single Ag spheroid
(L = 340 nm; D = 30 nm) surrounded by εd = 2.25. Incident field is p-polarized and
impinges with angle α with respect to the rotation axis. Different curves correspond to
decreasing values of α. The intensities of “odd” peaks as a function of α are presented
at lower left inset panel. (b) Comparison between calculated Qsca and its best-fitting
curve to equation (3.6) for α = 45◦. Obtained values of ω1, ω2, ω3 and q are also shown.

Upper right inset panel depicts the obtained values of q for every α in (a).

term accounts for the contribution of this resonance to Qsca,

Qsca(ω, α 6= 90o) ≈ |f(ω)|2 +
|F2|2b22

b22 + (ω − ω2)2
(3.6)

where F2, ω2, b2 are the complex amplitude, the central frequency, and the spectral width

of the resonance with label n = 2, respectively.

Comparison between calculated Qsca(ω, α = 45◦) and its best-fitting curve to equa-

tion (3.6) in figure 3.5 (b) confirms our hypothesis of the lack of interaction between

“odd” and “even” resonances. As summarized in the upper right inset panel, the only

effect of oblique incidence (aside from the emergence of a new peak!) is the already

mentioned global quenching of Qsca(ω
(1),(3)
res ) (i.e., the intensities of “odd” peaks) and

therefore that of q. Being the understanding of line shape asymmetry the main goal

of our work, we do not discuss on oblique incidence any further, although a detailed

description of the dependence of different parameters on α is presented in Appendix B.

Going beyond a heuristic description brings us up against the actual meaning of equa-

tion (3.5). From a formal point of view, it is clear that f(ω) plays the role of effective

polarizability in a somehow generalized Rayleigh-Gans theory for nonspherical particles.

Nevertheless, there is still the concern of how to explain the emergence of asymmetry

in line profiles. As previously mentioned, Fano resonances require an observable that is
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sensitive to interference, but standard Mie theory predicts the total scattering by a single

metallic surface to be proportional to the mere sum of intensities. Such a discrepancy

can be easily explained for the case of prolate spheroidal particles by means of the SVM

formalism. According to Voshchinnikov and Farafonov[118], the scattering efficiency of

a prolate spheroid for p-polarized light impinging at normal incidence is given by

Qsca =
4

LD k2
d

{
2

∞∑
l=1

|b(1)
l |

2N2
1l(cd) + Re

∞∑
l=1

∞∑
m=l

∞∑
n=m

i n−l
[
k2
d a

(d)
ml

(
a(d)
mn

)∗
ω

(m)
ln (cd, cd)

+ikd

(
b
(d)
ml

(
a(d)
mn

)∗
κ

(m)
ln (cd, cd)− a

(d)
ml

(
b(d)
mn

)∗
κ

(m)
nl (cd, cd)

)
+b

(d)
ml

(
b(d)
mn

)∗
τ

(m)
ln (cd, cd)

]
Nml(cd)Nmn(cd)

}
(3.7)

Without entering into further details, let us say that κ
(m)
ln , τ

(m)
ln and ω

(m)
ln are different

integrals of the normalized prolate angular spheroidal wave functions with normalization

coefficients Nij(cd), where cd = kd/2
√
L2 −D2, kd =

√
εd 2π/λ and λ is the wavelength

of incoming (or outgoing) radiation. More importantly, a
(d)
ij and b

(d)
l , b

(d)
ij represent the

expansion coefficients of the azimuthal components of scattered electric and magnetic

fields respectively. Single or double subscript marks whether the expansion accounts

for the axisymmetric (i.e. the one that does not depend on the azimuthal angle) or

non-axisymmetric (i.e. azimuth-dependent) part of the corresponding field. For the

axisymmetric part, the introduction of Debye’s potential representation of vector fields

(i.e. the potentials that solve the light scattering problem for spheres) leads to the term

following the curly bracket in equation (3.7), which closely resembles Mie’s result. How-

ever, a proper representation of the non-axisymmetric part of the electromagnetic fields

requires a combination of Debye’s potential with that used to deal with light scattering

by an infinitely long cylinder, namely Hertz’s [120]. Hence double-subscript interference

terms arise in Qsca, thus providing a mathematical description for the interaction be-

tween adjacent resonances in prolate spheroids. Note that such interference terms are

not negligible only if the interacting fields are non-orthogonal, that is, spatial overlap is

required for Fano-like interference. Although equation (3.7) is only valid for spheroids,

it is conjectured that the underlying sphere-like versus cylinder-like interference mecha-

nism operate for any single nanoantenna with a similar geometry. In order to determine

whether there is any real substance in this guess, calculated scattering efficiency for a

single 550 nm×30 nm Ag nanoantenna embedded in εd = 2.25 is shown in figure 3.6

assuming three different geometries: a circular cylinder with flat ends, a spherocylinder

and a prolate spheroid. Numerical values are obtained from either FEM, as explained in

Appendix A, or SVM. The logarithmic scale is used for the sake of a better comparison.

As can be seen, the three curves can be fitted to equation (2) even for the case of a
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Figure 3.6: Calculated scattering efficiency as a function of photon energy for a single
Ag nanorod (L = 550 nm; D = 30 nm) surrounded by glass (εd = 2.25). The incident
field is p-polarized and impinges perpendicular to the rotation axis. Black, red and
blue curves correspond to the flat-ended cylinder, spherocylinder and prolate spheroid,
respectively. Open symbols render the best-fitting curves. Obtained values of q are also

shown.

flat-ended cylinder, although only a modest q ∼ 0.15 is obtained for such a high aspect

ratio. Hemispherical ends result in a more than 30% increase of the asymmetry pa-

rameter, which rises to its maximum value of q ∼ 0.92 for prolate spheroidal geometry,

where spherical and cylindrical features interact in the most efficient way. These results

are consistent with the previous formal discussion on potential theory and point out the

subtle balance of different contributions to light scattering.

3.2.2 Spherocylinder-shaped nanorods

In figure 3.7 (a) a separate plot of scattering efficiency as a function of photon energy

for the spherocylinder-shaped nanorod in figure 3.6 (with total length L = 550 nm and

diameter D = 30 nm) is presented. Scattering efficiency as a function of photon energy

is calculated by means of FEM, as explained in Appendix A. As already mentioned, the

asymmetric line profile is very similar to that of figure 3.4 and it can also be fitted to

equation (3.4) (dashed line). The obtained asymmetry parameter q = 0.20294 accounts

for the moderate asymmetry between adjacent resonances located at ω
(1)
res = 0.45563 eV

and ω
(3)
res = 1.19918 eV. Please note that spectral features at ω & 1.7 eV suggest the

need to include subsequent resonances in equation (3.5), although that refinement is

beyond the scope of this work. Inset panels at the right hand side show the calculated

Qsca curves (upper) and their corresponding q values (lower) for different rods with
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Figure 3.7: (a) Calculated scattering efficiency as a function of photon energy for
a single silver spherocylinder (L = 550 nm; D = 30 nm) surrounded by εd = 2.25.
Incident field is p-polarized and impinges perpendicular to the long side of the rod.
Dashed line renders the best-fitting curve to equation (3.4). Inset panels at the right
hand side show the calculated Qsca curves (upper) and their corresponding q values
(lower) for different rods with D = 30 nm and L within the [340, 550] nm range. (b)
The normalized electric near-field distribution in the xz plane at most significant values
of photon energy is presented in the three top panels. Line profiles at x = 0 are shown

in the bottom panel.
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D = 30 nm and L within the [340, 550] nm range. As can be seen, the degree of

asymmetry is significantly lower than that of prolate spheroids with the same L,D

parameters, (q ≈ 0.2 vs. q ≈ 0.8 for L = 340 nm), thus pointing out the different

balance of contributions to light scattering (details on fitting are presented in figure B.3

of Appendix B).

The normalized electric near-field norm distribution in the xz plane at most significant

values of photon energy is presented in the top three panels of figure 3.7 (b). Leaving

aside the typical n-node quasi-standing-wave patterns at ω
(1)
res and ω

(3)
res, let us concentrate

on the plot for ω = 1.12139 eV. Given that Qsca reaches its local minimum within at this

precise value, we expect some destructive interference to appear in spatial domain. Such

interference pattern can be noticed for the field distribution inside the volume of the rod,

which is limited by dashed lines. For the sake of clarity, we present in the bottom panel

the line profiles at x = 0 (dotted lines on contour plots). In short, for for ω = ωmin,

interference cancels a significant part of the field intensity that is present at the zones

marked by descending arrows for ω = ω
(3)
res. On the other hand, the field intensity at the

central part of the rod (ascending arrow) for ω = ωmin is slightly enhanced with respect

to that for ω = ω
(3)
res, thus resembling the field pattern corresponding to ω = ω

(1)
res.

The field distribution so obtained radiates much less efficienciently that any of those

associated with ω = ω
(1)
res, ω = ω

(3)
res.

3.2.3 Rectangular nanowires

Consider, now, light scattering by an infinitely long rectangular nanowire with large

aspect ratio, which seems to be the simplest geometry that clearly shows an asymmetric

scattering spectrum. In figure 3.8 the scattering efficiency is plotted (blue curve) together

with the near-field amplitude (black curve) at normal incidence calculated using SIEM

for a silver rectangular nanowire with L = 600 nm and D = 10 nm surrounded by

εd = 1. Near-field amplitude is now evaluated 3 nm outside the end of the nanowire

and normalized to the incident field at this point. Both curves are then re-normalized

to unity. There is an evident spectral shift between them, which has recently been

explained in terms of driven and damped harmonic oscillators [121].

Again, a strongly asymmetric line profile is clearly observed, making evident the un-

derlying interference mechanism operating in the longitudinal modes of single elongated

metallic nanoparticles. Similar to what happens in the case of spherocylinders presented

in the previous section, the near-field pattern at the minimum (figure 3.8 bottom-center

panel) seems to present features that are a mixture of both the broad dipole-like 1st-

order resonance (figure 3.8 bottom-right panel) and the narrow 3rd-order one (figure 3.8
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Figure 3.8: Calculated scattering efficiency (blue) and near-field amplitude (black)
as a function of wavelength for a single Ag nanowire (L = 600 nm, D = 10 nm)
surrounded by εd = 1. Incident field is p-polarized and impinges perpendicular to
the xy plane. The spectra have been normalized to unity. Bottom panels show the
calculated Re[Enearz /Eincz ] along the nanowire, evaluated at the three most significant

wavelengths in spectrum. Vertical dashed lines mark the limits of the nanowire.

bottom-left panel). Anyhow, the field pattern so obtained radiates much less efficiently,

leading to a pronounced minimum in the total scattering spectrum.

3.3 One dimensional current model and universality of

Fano resonances.

In this section a one dimensional model is presented that allows to gain physical in-

sight in the mechanism producing the appearance of the Fano resonance in elongated
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metallic nanoparticles. Although the model has some resemblances with that developed

by Dorfmüller et al. [122], there are a few differences that reveal crucial for a correct

modelling of plasmonic nanoantennas. Consider the situation schematically depicted in

figure 3.9 (a), in which the nanoantenna is represented as a circular cylinder of finite

length L and thicknes D = 2R. Under the ssumption of small radius R � λ0 it is

possible to consider the field inside the cylinder to be approximately constant along its

cross section; thus Eins(r) = Eins(z). Moreover, we assume the z-component to be the

dominant, as in the case of the TM0l of a cilindrical waveguide. Therefore, one can ac-

tually take Eins(r) = Einsz (z)ẑ. If one further splits the electric field outside the cylinder

explicitly considering the contributions from the incident field and that scattered by the

wire, Eout = Einc + Esca, the boundary condition (1.32) imposes:

Einsz (z) = Eincz (z) + Escaz (z), (3.8)

at any point z of the surface of the wire. The z-component of the incident field reads:

Eincz (z) = E0 cos θie
ik‖z, (3.9)

with E0 representing its amplitude, k‖ = k sin θi and θi the angle of incidence (see

figure 3.9 (a)). This is the term exciting a current density I(r), i.e., the longitudinal

electron oscillations. In the same way, it is assumed that this current density is constant

along the cylinder cross section and polarized along the z-axis:

I(r) = Iz(z)ẑ. (3.10)

This is the current generating the scattered field, which can be computed through the

vector potential A(r). Under the assumptions made A(r) = Az(r)ẑ. Thus:

Escaz (z) =
ic2

ω

(
∂2

∂z2
+ k2

)
Az(z). (3.11)

Now, it is possible to approximate the expression for Az:

Az(r) =
µ0

4π

∫
V
Iz(z

′)
eik|r−r

′|

|r− r′|
dr′, (3.12)

using the thin wire approximation, which substitutes the exact kernel in the integration

of Iz(z) and transforms it into a line integration:

Az(z) =
µ0S

4π

∫ L/2

−L/2
Iz(z

′)G(z − z′, r)dz′, (3.13)
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Figure 3.9: Scheme of the important variables involved in the 1D current model for
the longitudinal plasmon resonances occurring in elongated metallic nanoantennas. (a)
The full 3D problem. (b) The currents-in-a-cavity model. (c) Dispersion relation of
transverse modes in silver cylinders of radii R = 5, 10 nm. Ag permittivity values taken

from reference [73].

with r being the radial coordinate and S the cross sectional area of the wire. This kernel

can be further simplyfied for the evaluation of Az at the cylinder surface r = R [122]

taking G(z − z′, r = R) = Zδ(z − z′), with Z being a characteristic impedance of the

cylinder. Thus:

Escaz (z) =
ic2

ω

(
∂2

∂z2
+ k2

)
µ0S

4π
ZIz(z). (3.14)

It is now assumed that the induced current density in the cylinder is a displacement

current, thus:

Iz(z) = ωεEinsz (z). (3.15)

This is a fundamental difference with respect to reference [122], in which only the imagi-

nary part of ε appears in equation (3.15) and, thus, only conduction currents are assumed

to be generating the scattered field. The same ansatz is, however, assumed here for the

current density, namely, that it is composed by three terms:

Iz(z) = I‖e
ik‖z + Ip+e

ikpz + Ip−e
−ikpz. (3.16)

The first one represents a current forced by the incident field, has its same wavevec-

tor along the antenna, k‖, and, consequently, the same periodicity. The second and
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third terms are two counter-propagating plasmonic currents whose wavevector will coin-

cide with that of the fundamental plasmon mode (TM01 mode) of the equivalent infinite

cylinder. Additionally, one can impose the appearance in equation (3.16) of two currents

propagating with vacuum speed of light, standard in RF antenna theory [2]. Neverthe-

less, explicitly writing equation (3.8) with (3.9), (3.15), (3.14) and the ansatz (3.16), one

inmediately obtains that those additional terms must vanish. Moreover, one obtains:

I‖ = ωε
k2
p − k2

k2
p − k2

‖
E0 cos θi. (3.17)

Finally, one needs to impose another condition for the current in order to obtain ex-

pressions for Ip±. While in reference [122] that condition makes the total current vanish

at the cylinder ends (hard boundary condition), it is here relaxed considering reflexion

coefficients at the ends (r+ for that of the top facet and r− for the bottom one, as

depicted in figure 3.9 (b)) that are not necessarily equal to one. In this way, the model

incorporates radiation losses happening at the wire ends, which are known to have an

important impact in the performance of nanoantennas [123]. To do so, the direction

of the incident field is first fixed by allowing only θi ∈ (0, π/2). In this way the forced

current I‖ flows always in the positive z-direction (see figure 3.9 (b)). Next, we impose:

I←z (z = L/2) = r+I→z (z = L/2) (3.18)

I→z (z = −L/2) = r−I←z (z = −L/2), (3.19)

where I→z and I←z represent, respectively, the total currents flowing in the positive and

negative z-directions. Thus:

Ip−e
−ikpL/2 = r+(Ip+e

ikpL/2 + Ip−e
ik‖L/2) (3.20)

Ip+e
ikpL/2 + Ip−e

ik‖L/2 = r−Ip−e
ikpL/2, (3.21)

which, after some manipulation, allows to obtain:

Ip+ = −I‖
r+r−ei(kp+k‖)L/2 − e−i(kp+k‖)L/2

r+r−eikpL − e−ikpL
(3.22)

Ip− = r+I‖
ei(kp−k‖)L/2 − e−i(kp−k‖)L/2

r+r−eikpL − e−ikpL
. (3.23)

Once the intenstity has been computed through the boundary conditions at r = R, it

is now possible to compute the scattered far-field through equations (3.11) and (3.12).

In the far-field limit, in which kr � 1 and r � r′, k|r− r′| ∼ kr − rn̂ · r′, with n̂ being

a unit vector in the direction of observation r and the vector potential A generated by
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the finite 1D current density along z gets somehow simplied:

Azẑ =
µ0S

4π

eikr

r
ẑ

∫ L/2

−L/2
Iz(z

′)e−ikz
′ cos θdz′, (3.24)

where θ is the angle of observation (see figure 3.9 (a)). It is obvious, from symmetry

arguments, that the electric far-field generated by a current polarized along z must nec-

essarily exihibit axial symmetry. After some algebra from equation (3.11), one obtains

for the polar component (only non-zero) of the electric far-field:

Escaθ,ff (θ) =
ik0η0S

4π
sin θ

∫ L/2

−L/2
I(z′)e−ik0z′ cos θdz′, (3.25)

where η0 stands for the vacuum impedance. Interestingly, there are two different con-

tributions to the far-field, namely, that of the forced current term I‖ and that of the

counter-propagating plasmonic currents Ip±:

Eθ,ff =
ik0η0S

4π
sin θ

∫ L/2

−L/2
(Î‖(z

′) + Îp±(z′))e−ik0z′ cos θdz′ = E
‖
θ,ff

+ Epθ,ff , (3.26)

where Î‖(z) = I‖e
ik‖z and Îp±(z) = Ip+e

ikpz + Ip−e
−ikpz.

Thus, the radiated intensity, which simply simply reads:

dP (θ) =
cε0
2
Eθ,ffE

∗
θ,ff

(3.27)

can be writen as:

dP (θ) =
cε0
2

(E
‖
θ,ff

+ Epθ,ff )(E
‖∗
θ,ff

+ Ep∗θ,ff ) = dP (θ)‖ + dP (θ)p + dP (θ)‖↔p, (3.28)

with

dP (θ)‖ =
cε0
2

(E
‖
θ,ff

E
‖∗
θ,ff

) (3.29)

dP (θ)p =
cε0
2

(Epθ,ffE
p∗
θ,ff

) (3.30)

dP (θ)‖↔p =
cε0
2

(Epθ,ffE
‖∗
θ,ff

+ E
‖
θ,ff

Ep∗θ,ff ). (3.31)

The latter term accounts for the interference between the two different contributions

stemming from the two kind of currents. This interference term is the one that gives

rise to the appearance of the so called Fano-like resonances in the scattering spectrum

system. The total scattered power is simply given by:

Wsca =

∫
dP (θ)dθ =

∫
(dP (θ)‖ + dP (θ)p + dP (θ)‖↔p)dθ = W ‖sca +W p

sca +W ‖↔psca .

(3.32)
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It is clear now that W
‖↔p
sca is only non-zero whenever those different contributions are

not mutually orthogonal in the far-field, i.e. after integration over θ is performed,

and also that it can be positive or negative. The scattering cross sections are simply

obtained dividing the previous expressions by the intensity carried by the incident wave.

Interestingly, one can also obtain, within the framework of the model, the total, time-

averaged, dissipated power within the antenna as:

Wabs =
1

2
Re

∫
j ·E∗dr′ = η0S

2k0

Im(ε)

|ε|2

∫ L/2

−L/2
|I(z)|2dz. (3.33)

Let us now test the validity of the model. As a natural consequence of the approximations

made, in particular of that assuming no variations of the field across the transverse

section of the antenna, it is obvious that the model predictions will be better the thinner

the structure. The particular cross sectional shape enters in the model through kp, which

corresponds to the propagation constant of the TM0 mode of an infinite cylinder with the

same cross section. For simplicity, we check the model against a thin circular cylinder

of radius R = 5 nm and length L. We consider, again, silver with permittivity values

taken from Johnson and Christy [73]. The TM0 mode dispersion relation associated to

this configuration is presented in figure 3.9 (c), together with that of a cylinder with

R = 10 nm. A comparison between model predictions and full numerical calcultations

obtained by means of FEM are plotted in figure 3.10 (a) for a cylinder of radius R = 5 nm

and length L = 150 nm. Predictions of the model were computed using the kp of

figure 3.9 (c). As expected [122, 123], an additional length L′ must be added to the

nominal value of the antenna L in order to obtain a good agreement. In all cases of

figure 3.10, taking L′ = 2D suffices to obtain a fairly good result. Moreover, due to the

small efficiency of such a thin antenna, one can also take r− = r+ = 1, although this is

not the case when the thickness is increased, and usually one has to consider radiative

corrections [123]. Nevertheless, in the case considered here, the number, position and

width of the resonances are satisfactorily predicted by the model without necessity of

any ad-hoc assumption for the reflection coefficients.

It is interesting at this point to analyze some of the features of metallic nanoantennas

that are well described by such a simple model. For example, it correctly describes the

redshift and broadening of resonances as the antenna length is increased, as shown in fig-

ure 3.10 (b). Again, the number, position and width of the resonances closely resembles

those obtained by means of full numerical calculations. It, moreover, correctly predicts

the increase in the scattering efficiency of the subsequent higher-order resonances com-

pared with the 1st half-wave resonance. Interestingly, no trace of the even-parity modes
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Figure 3.10: Comparison of the scattering cross section of silver nanoantennas ob-
tained by the 1D current model and full numerical calculations. (a) Normalized scatter-
ing cross section in log-scale of a Ag cylinder of radius R = 5 nm and length L = 150 nm
under normally incident TM-polarized light computed by means of FEM (full numer-
ical) and with the 1D current model. The inset shows a detail of the asymmetry
shown by the 3rd order resonance. Model calculations done using an effictive length
Lef = L + 2D, r− = r+ = 1 and kp values of figure 3.9 (c). (b) The same but as in
(a) two different lengths are considered, L = 100 nm and L = 150 nm. (c) Normal-
ized scattering cross section in log-scale (red curves), together with those contributions
coming from Î‖ (blue curves) and Îp± (black curves), of the same Ag cylinder as in (a),
both under normal incidence (dashed lines) and under θi = 45◦ illumination. The inset
shows the interference term under oblique incidence. Ag permittivity values taken from

reference [73].
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is present in this configuration, as expected from symmetry arguments. However, go-

ing off-normal produces the appearance of those even-parity resonances, as depicted in

figure 3.10 (c). Therein, the normalized scattering cross section in log-scale is plotted

for the same antenna as in figure 3.10 (a) both under normal incidence (θi = 0◦, dashed

curves) and under oblique one (θi = 45◦, solid curves). Moreover, the isolated contribu-

tions stemming from the forced current term (SCS‖, blue curves) and from the plasmonic

currents (SCSp, red curves) are plotted. From this analysis seems apparent that the lat-

ter plays the role of discrete resonances in canonical Fano theory, while the former plays

that of the continuum. The existence of such non-resonant scattering channel in (gold)

nanorods was already pointed by Papoff and Hourahine [124], described there within the

framework of generalized Mie resonances. Another important feature (already described

in section 3.2.1) predicted by the model is the absence of asymmetry in the lineshape

of the 2nd-order resonance. This is clearly seen in the inset of figure 3.10 (c), where

the interference term (computed from equation 3.31) is plotted in the case of oblique

incidence. Interference in the odd-parity modes is apparent and no sign of interference

is present in the 2nd-order resonance. Although not shown here, the origin of this lack

of asymmetry lies in the fact that the contributions from the forced current and this

2nd-order plasmonic resonance are mutually orthogonal in the far-field, the first being

almost entirely dipolar in nature, the second being quadrupolar-like. Interestingly, there

is also some degree of interference in the 1st resonance, although small when compared

with the total value reached by the scattering cross section at resonance.

Although there are some other features related to metallic nanoantennas that can be

explained within the framework of the model that are left for future work, such as the

blueshift of resonances for increasing radius and fixed length (which is easily explained

attending at kp dispersion relation, see figure 3.9 (c)), the main achievement of the

model is that it allows to describe Fano resonances in single elongated antennas as a

universal phenomenon happening whenever the metal departs from the Perfect Electric

Conductor condition.

3.4 Application in refractive index sensing

In the present section it is shown that it is possible to use the optical properties of

metallic nanorods (in particular, the asymmetric 3rd-order resonance) to prove varia-

tions in the refractive index of their surrounding medium. In general, one of the most

appealing properties of LSPRs is that their resonant frequency strongly depends on

nanoparticles’s size, shape and composition, as well as on the refractive index of the

surrounding medium. Given that present technological advances allows one to control
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particle geometry down to nanometer scale, spectral shift of LSPRs can then be used

to detect extremely small changes of the immediate dielectric environment. Examples

of these changes are those produced by the binding of some biological molecules having

a refractive index that is slightly different to that of their solvent [125, 126]. Since the

pioneering work of Englebienne in 1998 [127], this feature has raised the prospect of

LSPR-based sensors to become highly competitive in label-free bioanalytical sensing, as

summarized in recent reviews on the subject [128–130].

When assessing the actual performance of a refractive index sensing scheme based on

the spectral shift of a given plasmon resonance, we have to first consider its refractive

index sensitivity, which is defined as the linear regression slope within a given range for

the position of the resonance (either a peak or a dip) as a function of refractive index.

This magnitude is usually expressed in terms of wavelength (Sλ) or energy (SE) shifts

per refractive index unit (RIU) and it provides a preliminary measure of the sensor

quality. However, sensitivity alone cannot characterize the sensor performance but in

an ideal scenario of infinitely high spectral resolution and no system noise. Sherry et

al. [131] therefore proposed the so-called figure of merit (FoM), which is defined as the

plasmon resonance sensitivity divided by its “Full Width at Half Maximum”(FWHM), as

the most meaningful indicator for evaluating the performance of LSPR-based sensors.

Such dimensionless quantity allows one to directly compare the sensing properties of

different systems irrespective of their shape, size and operating wavelength. Hence,

it has become a standard benchmark in the field, although alternative figures have

also been proposed for fixed-wavelength measurements and thin coating configurations.

Although not discussed any further throughout this work, we also have to note that

FoM is inversely proportional to the detection limit of the sensor (that is, the smallest

refractive index change that can accurately be measured) assuming the FWHM as a

crude approximation to the effective spectral resolution [132].

According to its very definition, the optimal FoM would then be obtained from those

resonances exhibiting both high sensitivity to environment and narrow FWHM, which

are precisely the main features of asymmetric spectral line profiles (arising from Fano-

like interference phenomena) presentd in the previous sections. Such an interaction of

discrete- and continuum-like states (often labeled as “dark” and “bright” modes) has

already been employed for refractive index sensing by means of either propagating [133]

or localized plasmon resonances [134, 135]. Here we consider two different single-particle

configurations that are easily attainable and, in contrast to some previous proposals [134,

135], do not require sophisticated geometrical arrangements at the nanoscale: a colloidal

suspension of nanospheroids (nanorice) and a single nanowire with rectangular cross

section (nanobelt) on top of a dielectric substrate.
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3.4.1 Colloidal nanorice

The first configuration we are proposing is based on the sharp asymmetric peak aris-

ing in the scattering spectra of individual Ag nanorice particles (i.e. elongated Ag

nanospheroids), already presented in section 3.2.1. Just to illustrate this phenomenon,

we present in figure 3.11 (a) the SVM calculation for the scattering efficiency Qsca of a

single Ag spheroid with total length L = 345 nm and maximum diameter D = 30 nm em-

bedded in a dielectric medium with refractive index nd = 1.5. Light is TM-polarized and

impinges perpendicular to the long axis of the spheroid. Whereas the broad (dipolar-like)

resonance can be observed in the near-IR at wavelength λ = 2025 nm, the asymmetric,

extremely narrow peak appears at λ = 840 nm, thus revealing the Fano-like interference

involved.

Since the position of the longitudinal resonances (asymmetric or not) of a metallic

nanorod strongly depends on its dielectric environment [97, 107], one can easily envisage

that a colloidal suspension of chemically-synthesized nanorice [136] could be employed

for refractometric sensing [107, 137]. However, a proper discussion of such scenario

requires taking into account the possible inter-particle coupling, as well as both orienta-

tion and polarization issues. With respect to the former, previous works [96, 138, 139]

have shown that the most intense interaction between a pair of metallic nanorods arises

for their end-to-end aligning along their long axis under TM-polarized light. In such a

scenario, the occurrence of inter-particle plasmon coupling can be easily monitored by

means of the spectral red-shift of the dipole-like resonance ∆λ/λ0 . As far as we do not

have knowledge of any experimental report on plasmon coupling between elongated sil-

ver nanoparticles in the near infrared (NIR) range, let us assume that ∆λ/λ0 follows the

so-called “plasmon ruler equation” proposed by Jain et al. [139], which has been found

to be in good agreement with, at least, experimental measurements of silver nanosphere

pairs in the same frequency range. Hence, we expect plasmon coupling (and therefore

multiple scattering effects) to be negligible for d/L & 0.23, where d is the interparticle

end-to-end separation. Being even more cautious, let us consider d = 100 nm to be the

minimum acceptable distance for nanorice with L = 345 nm. For a cubic cell of size

d+L, this results in a maximum concentration of ∼ 1013 particles per milliliter to ensure

dilute regime.

For so well-dispersed nanoparticles, we can assume that their relative spatial and po-

larization orientations with respect to the incident light are randomly distributed, so

that their global response is averaged over all possible TM and TE configurations (see

schematic picture in 3.11 (a)). Therefore, the scattering efficiency for random orientation
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is given by [97]

Q rand
sca ≡

〈
1

2

[
QTM
sca (α) +QTE

sca (α)
]〉

α

, (3.34)

where the angular brackets 〈· · · 〉α denote averaging over all possible orientation angles

α.

In figure 3.11 (b) we explore the evolution of spectral features in Q rand
sca as a function of

the external refractive index nd for the same L,D as in panel (a). Please notice that

different curves are artificially shifted for the sake of clarity. As can be seen for nd = 1.5,

probing over oblique incidences produces a global quenching of peaks’ intensities, in

addition to the emergence of a small signature of the even-order mode between the two.

With respect to refractometric sensitivity, it is apparent that the peak located at λ = 840

nm strongly blue-shifts as the refractive index decreases. Nevertheless, its narrow width

is preserved for the choice of {nd} values, which are uniformly distributed between

those corresponding to water (nd = 1.33) and usual index matching oil (nd = 1.5).

For a numerical evaluation of their FoMs, the position of the peaks inside the dashed

box is plotted against refractive index in figure 3.11 (c). The resonant wavelength

shows a clearly linear dependence on nd, exhibiting a ±93 nm shift between the most

distant values. The obtained refractive index sensitivity Sλ = 547.5 nm/RIU results in

remarkably high FoMs ranging from 20.9 for nd = 1.5 to 27.2 for nd = 1.33. Hence, the

application of the proposed configuration seems to be not only feasible, but also very

promising.

To end the discussion on the attainability of refractive index sensing by means of colloidal

nanorice, a study on the effect of size-dispersity in the spectral response of a collection of

nanospheroids is now performed. As a first approximation, it could be considered that

the distributions of total length and maximum diameter are statistically independent

from each other when their deviations from the mean values L ≡ 2a0;D ≡ 2b0 are

small enough (see section 3.2 in [140]). Assuming that the major and minor semi-axes

a, b are distributed within the intervals [a0 − ∆a0, a0 + ∆a0] and [b0 − ∆b0, b0 + ∆b0]

according to a random process with probability density functions p(a), q(b) respectively,

the size-averaged scattering efficiency is given by

Q̃ pol
sca ≡

a0+∆a0∫
a0−∆a0

da p(a)

b0+∆b0∫
b0−∆b0

db q(b)Qpolsca(a, b), (3.35)

where pol denotes either TM or TE polarization. For the sake of simplicity, we impose

p(a), q(b) to be gaussian distributions with means a0, b0 and standard deviations σa, σb

defined as

σa,b ≡
∆a0, b0
na,b

, (3.36)
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with na,b being integer numbers. Substituting for Q̃ pol
sca from equation (3.35) into (3.34)

gives the now size-averaged scattering efficiency for random orientation

Q̃ rand
sca ≡

〈
1

2

[
Q̃TM
sca (α) + Q̃TE

sca (α)
]〉

α

, (3.37)

In order to determine the eventual effects of size-dispersity in the above-obtained FoMs,

extensive simulations have been performed for different values of ∆a0, b0 and σa,b (see

Appendix C). Summing it up, it is possible to conclude that:

• the effect of size dispersion in b is negligible with respect to that of a for the

same ratio of mean to standard deviation, as expected from the spectrum’s being

governed by longitudinal modes.

• that the intensity of the resonance in the most favorable configuration (i.e. TM

polarization and normal incidence) decreases down to 50% for ∆a0/a0 > 0.05.

Given that random orientation additionally quenches the spectra, a 5% in size dispersion

is assumed as the operating value. Although presently existing samples of silver nanorice

are still more disperse (Liang et al. [137] report ∆a0/a0 ∼ 0.15 for L ∼ 300 nm), we find

that such a value falls within the commonly accepted standards of nanoparticle synthesis

and could be reasonably attained in the near future. In figure 3.12 the calculated Q̃ rand
sca

in the vicinity of the Fano peak is shown for a single Ag spheroid (L = 2a0 = 345

nm; D = 2b0 = 30 nm) surrounded by nd = 1.41, assuming ∆a0/a0 = 0.05; ∆b0 = 0

and increasing values of σa (see the upper left inset for p(a) profiles). For the sake of

comparison, the calculation for monodisperse spheroids is also shown (dashed curve).

This precise refractive index is chosen as a representative sample of our systematic study

on the influence of size-dispersity in the figures of merit for the set of values consisting of

{nd} = {1.33, 1.37, 1.41, 1.45, 1.5}. As can be seen, increasing standard deviation results

in both the flattening and the broadening of the resonance. Hence, the FWHM almost

duplicates from σa/∆a0 = 0.1666 to σa/∆a0 = 0.5), although the central wavelength

remains nearly unchanged.

Consequently, the effect of size-dispersity on the global response over {nd}, which is

summarized in table 3.1, can be considered as neutral from the point of view of re-

fractive index sensitivity. On the other hand, minimal and maximal FoMs (i.e. those

corresponding to nd = 1.5 and nd = 1.33, respectively) reduce by half (16.6, 18.9 vs.

8.6, 10.2) as σa/∆a0 goes from 0.1666 to 0.5. Remarkably, the obtained values for this

latter case are about three times smaller than those of the ideal monodisperse distri-

bution in figure 3.11 (c). However, even for such a worst-case scenario, a FoM ≈ 10

seems to be attainable. This confirms the potential interest of the proposal, specially
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Figure 3.12: Calculated size-averaged scattering efficiency of a single Ag spheroid
(L = 2a0 = 345 nm; D = 2b0 = 30 nm) surrounded by nd = 1.41, assuming random
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a monodisperse distribution. The upper left inset depicts the profiles of probability

density function p(a). Maximal and minimal FWHMs are also shown.

when comparing this value with those ranging between 2 and 25 that have been recently

measured for different realizations of LSPR-based sensors in the NIR range. Note that

the above-mentioned paper of Liang et al. [137] does not report on FoM but on Sλ. Nev-

ertheless, the corresponding figures of merit would be presumably smaller than those

obtained here, as far as they are associated with the lowest, dipole-like resonance, which

lacks of the narrow, asymmetrical line-shape originated by Fano-like interference.

Table 3.1: Obtained values of Sλ,min FoM,max FoM for finite σa/∆a
§
0 .

σa/∆a0 Sλ(nm/RIU) min FoM(nd = 1.5) max FoM(nd = 1.33)

1/6 547.0 16.6 18.9
1/5 541.2 14.6 17.4
1/4 541.2 13.5 15.5
1/3 541.1 11.3 12.9
1/2 541.0 8.7 10.2

§a0 = 172.5 nm; b0 = 15 nm; ∆a0/a0 = 0.05; ∆b0 = 0.0; nd = {1.33, 1.37, 1.41, 1.45, 1.5}
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3.4.2 Individual nanobelt on top of a dielectric substrate

Next, we consider the case where an individual metallic nanobelt (that is, a nanowire

with rectangular cross section W ×H, also referred to as a “nanostripe”) is deposited

onto a dielectric substrate. As described in section 3.2.3, the scattering spectrum at

normal incidence of a metallic nanowire embedded in a dielectric medium is also gov-

erned by the Fano-like interference model, provided that its cross-sectional aspect ratio

(cAR ≡W/H) is high enough. However, the assumption of particles being well dispersed

(i.e. non-interacting) in equation (3.34) seems to be less realistic for actually synthesized

gold nanobelts [141], given that they can be described as infinitely-long for all practical

purposes. Consequently, we will focus our attention on the nanobelt-on-substrate geom-

etry as a simplified version of the nanorod-on-substrate sensing arrangements that have

already been experimentally implemented.

According to recent reports, gold nanobelts/nanostripes of several 10 nm in their cross-

sectional height H can be efficiently fabricated by means of either chemical [141] or

lithographic techniques [142]. Assuming H = 20 nm to be the operating value, we

present in figure 3.13 (a) the scattering efficiency calculated by means of FEM for an

infinitely long gold rectangular nanowire with W = 400 nm that is located on top of a

dielectric substrate with refractive index ns = 1.5 and surrounded by a cover medium

with nc ≤ ns. Light is TM-polarized and impinges at normal incidence.

As can bee seen, the Fano-like interaeference does not completely cancel the scattering

intensity, unlike that for nanospheroids in figure 3.11. Rather, the minimal values are

about 40% of those of the maxima for the broad, dipole-like peaks. Anyway, the position

of the resonance red-shifts by 25 nm as nc increases from 1.33 to 1.5, which permits a

direct monitoring of the nanobelt’s top dielectric environment by means of its scattering

spectrum. Given that, at least for lithographic samples, our previous considerations

on random orientation and size-dispersity can in principle be avoided, the nanobelt-on-

substrate sensing arrangement seems to be rather attractive, as subsequent odd-order

modes (e.g. ∼ 5λ/2) may also be excited. However, although physically sound, the

combination of excitation at normal incidence and collection over all angles becomes

obviously impractical from the experimental point of view. In order to obtain realistic

estimates, a dark-field-like configuration has been adopted, in which the incident light

impinges obliquely over the nanobelt and the scattered efficiency is only computed over

the arc defined by a given numerical aperture (N.A.) with respect to the surface normal

(see scheme on top of figure 3.13 (b)). This configuration closely reproduces some usual

experimental setups that collect light through an objective instead of using an integrat-

ing sphere. Assuming N.A. ≡ nc sin θmax = 1.2, which is typical of water immersion
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Figure 3.13: Calculated scattering efficiency of a single Au nanobelt (W = 400 nm;
H = 20 nm) located on top of a dielectric substrate with ns = 1.5 and surrounded by
a cover medium with nc ≤ ns. (a) Normal incidence (b) Oblique incidence (α = 35o)
assuming N.A. = 1.2. The upper right inset depicts the line profiles at the vicinity of

the Fano peak.
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objectives, we present in figure 3.13 (b) the corresponding scattering efficiencies calcu-

lated at oblique incidence (α = 35o) for the same nanobelt and substrate as in panel (a)

and different values of nc. In contrast to the case of normal incidence and full collection,

the lowest even-order resonance is clearly apparent, whereas the dipole-like one is par-

tially suppressed due to the importance of contributions with θ > θmax. On the other

hand, the 3λ/2-like resonance still remains in sight due to its much more anisotropic

radiation pattern. Hence, it can be useful for our purposes. The obtained refractive in-

dex sensitivity for such configuration within the range [1.33, 1.5] is Sλ = 145.7 nm/RIU,

which remarkably results in its FoMs ranging from 5.8 for nc = 1.5 to 9.1 for nc = 1.33.

Going beyond the proof of principle raises the question of whether there is an optimal

configuration that maximizes the figure of merit within a given refractive index range.

First of all, the combination of such values with a particular experimental setup will

determine the attainable collection and incidence angles. Next, one has to decide the

cross-sectional height H (that is the film thickness, lithographically speaking): provided

that the nanobelt is wide enough to sustain a 3λ/2-like resonance, its wavelength will

scale inversely with H, but no transversal features come apparent in the scattering spec-

trum for systems with H �W . Consequently, it can be taken just as a fabrication con-

straint. For a given H, the corresponding minimal cross-sectional width that allows one

to reasonably resolve the 3λ/2-like resonance has to be determined. This requires that

the leading contribution to scattering be sufficiently detected by our optical setup. In

addition, the operational wavelength range defined by [λ
(3)
res(nc = 1.33), λ

(3)
res(nc = 1.5)]

both red-shifts and widens as cAR increases, given that the position of longitudinal

resonances is proportional to W and the refractive index sensitivity Sλ linearly scale

as function of aspect ratio, as one can understand from simple quasi-static considera-

tions [143]. Besides, we have to take into account the evolution of the FWHMs, which

may also make Sλ and FoM to have an opposite dependence on cAR, as it has already

been reported by Becker et al. [144]. An illustrative example of this multivariate scenario

is presented in figure 3.14 for a gold nanobelt with H = 20 nm on top of a dielectric

substrate with ns = 1.5. Open symbols mark the positions of 3λ/2-like resonances in

QN.A.=1.2
sca (α = 35o) for nc = 1.33 (circles) and nc = 1.5 (squares) assuming different

values of W . As expected, the resulting operational wavelength range both red-shifts

and widens as cAR increases. With regard to this, we might note in passing that the po-

sition of resonances can be fairly well approximated (dashed lines) by a semi-analytical

effective wavelength model (see Methods section), which has allowed us to optimize our

numerical efforts. We have decided W = 400 nm (dotted line) to be the minimal value

that permits the proper resolution of the peak for nc = 1.33, thus determining the min-

imal cross-sectional aspect ratio as cAR = 20. For this value, the resonances are all

located within the visible range and they provide both the minimal Sλ and the maximal
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Figure 3.14: Position of 3λ/2-like resonances in QN.A.=1.2
sca (α = 35o) as a function of

cross-sectional width W for a 20 nm-high gold nanobelt on top of a dielectric substrate
with ns = 1.5 that is covered by a medium with either nc = 1.33 or nc = 1.5. Open
symbols render the results of FEM, whereas dashed lines indicate the prediction of a
semi-analytical effective wavelength model. Dotted line marks the minimal W which
permits the proper resolution of the peak for nc = 1.33. Obtained values for refractive

index sensitivity and minimal and maximal FoMs are also shown.

FoM. For higher cARs, the resonances widen more rapidly than sensitivity rises, so that

for W = 700 nm, Sλ is almost duplicated with respect to W = 400 nm, whereas the

values of FoM reduce to less than one half of the maximal ones (cf. square box). Despite

such a reduction, we find that 〈FoM700〉 ≡ 1/2(min FoM700 + max FoM700) = 3.0 is still

notable for a single-particle configuration. Summing it up, the designing of a refractive

index sensing device based on a nanobelt-on-substrate geometry requires a careful bal-

ance between sensitivity, figure of merit, attainable resolution and operating range. On

the other hand, it opens the possibility of the sensor’s tailoring to our best convenience.



Chapter 4

Semiconductor nanowires for

enhanced and directional light

emission

The contents developed along the present chapter led

to publications P3 and P6, listed in Appendix H

Since the pioneering work by Purcell [16], it is widely accepted that the emission proper-

ties of a system (being it a molecule, a quatum dot (QD), ...) are determined in part by

its surrounding environment. Thus, by modifying the so called Local Density of Electro-

magnetic States (usually simply called Local Density of States, LDOS, in analogy with

that defined in condensed matter physics), the system decay rate γ (and conversely its

lifetime τ = 1/γ) can be drastically changed (either inhibiting emission, e.g. motivating

the proposal of photonic band gap structures [18], or enhancing it [17, 145]). Moreover,

the surrounding medium may also ’guide’ the outgoing radiation leading to emission

processes with remarkable directionality [19, 145] or with angular patterns designed

almost-at-will [146].

Most of the studies devoted to light emission control dealt with metallic structures due

to their ability to enhance the local electric field in their close proximity. Elongated

metallic nanoparticles (nanorods) received much atention since they revealed as good

candidates to simultaneously enhance and direct light emission. Since they are efficient

transducers between the near and far field regions, they were soon identified as the op-

tical counterparts of the RF antennas operating at radio frequencies, thus being named

’nanoantennas’ [147], the name successively being extended to a much wider variety

of systems. It has been progressively accepted that for certain applications, however,

103
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metallic structures can present several drawbacks, some being consequence of their as-

sociated ohmic losses (which may lead to the appearance of additional non-radiative

channels [148]) or related with emission polarization issues.

Semiconductor nanowires are attracting an increasing interest in recent years as an al-

ternative to metallic nanoantennas in light emission processes. This stems from their

unique optical properties, which make them specially suitable to selectively enhance

light scattering, absorption, and emission at the nanoscale [149, 150]. Specially relevant

to a wealth of applications is the process of photoluminescence mediated by the semi-

conductor NW geometry [149, 151]. Contrary to metallic ones, these structures have

the obvious advantage of the variety of light emitters allowed to be embedded in them

and the extremely low ohmic losses of semiconductors.

Typically, light emission is theoretically addressed in the context of light-coupling into

the fundamental guided mode of the structure, well known in Electrodynamics for in-

finitely long NWs [2, 152, 153], extended to finite nanowires by taking into account the

diffraction resulting from the end-facets of the nanowires [154, 155].

In the following sections, it will be shown that semiconductor NWs exhibit a vast

phenomenology associated to light coupling into a wealth of both leaky and guided

modes supported by a finite semiconducting NW, much richer than in the case of

monomode coupling. It will be shown that light emission can be understood in light of

the leaky/guided mode dispersion relation for infinitely long nanowires, with strong de-

pendence on dipole position and orientation and nanowire radius and length. Moreover,

both the emission enhancement/inhibition and directionality (radiation pattern) will be

undestood by means of a very simple model yielding quasi-analytical expressions and,

thus, simple ways to tune photoluminescence. Interestingly, magnetic dipole emission,

as is the case of spontaneous emission from lantanides [156], will be also addressed.

4.1 Theoretical modelling

4.1.1 General considerations

Along the present chapter we will model quantum (electric or magnetic) dipolar tran-

sitions originating light emission processes by classical oscillating (electric or magnetic)

point dipoles. Within this formalism it is possible to study the modifications in the

decay rates (or mean lifetimes) by the presence of inhomogeneities in the surrounding

environment by simply computing the local electric field at the dipole position (scattered

back by the surrounding elements) [7, 157–159]. The differential equation describing the
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dynamics of an oscillating dipole driven by a local electric field Eloc is:

d2p

dt2
+ ω2p + γ0

dp

dt
=
e2

m
[p∗0 ·Eloc]

p0

p2
0

, (4.1)

with ω being the oscillation frequency for the undamped dipole, m the effective mass of

the dipole, γ0 the decay rate (again, related to the lifetime by τ0 = 1/γ0) for the free

dipole, and [p∗0 ·Eloc]
p0

p2
0

the driving force.

For a free oscillating dipole in a homogeneous medium, i.e, if no external field is present

(vanishing inhomogeneous term in equation (4.1)), the solution reduces to:

p(t) = p0e
−iωte−

γ0
2
t = p0e

−iωte
− t

2τ0 , (4.2)

in which the decay rate contains, in general, two terms:

γ0 = γ0,r + γ0,nr (4.3)

where γ0,r accounts for radiative losses, i.e., due to electromagnetic energy radiated to

the far field, while γ0,nr accounts for non-radiative losses due to, e.g., heat generation.

The radiative decay rate can be obtained classically:

γ0,r =
2ne2

3mc3
ω2, (4.4)

with n being the index of refraction of the homogeneous surrounding medium. γ0,r can

be, moreover, related to the total decay rate by means of the so called quantum yield

η0:

η0 =
γ0,r

γ0
, (4.5)

which represents the probability for an excited system to decay emitting a photon.

Throughout this work, only systems with no intrinsic non-radiative decay pathways

(i.e., with intrinsic quantum yield η0 = 1) will be considered.

Considering now the presence of inhomogeneities in the surrounding medium (e.g. the

presence of nanostructures), the term in the right hand side of equation (4.1) does not

vanish. Thus, both the local electric field and the dipole oscillate at the same complex

frequency Ω (which differs, of course, from that of the free dipole):

p(t) = p0e
−iΩt = p0e

−iRe(Ω)teIm(Ω)t = p0e
−iω′te−

γ
2
t, Eloc(t) = E0e

−iΩt, (4.6)



Semiconductor nanowires for enhanced and directional light emission 106

in which γ is now interpreted as the decay rate in the inhomogeneous environment.

Inserting equations (4.6) in (4.1), we obtain:

Ω = −iγ0

2
+ ω

√
1− γ2

0

4ω2
− e2

p2
0mω

2
p∗0 ·E0, (4.7)

which reduces to Ω = ω in the case of no radiation damping (γ0 = 0) and no inhomo-

geneities (E0 = 0).

Noting that both γ2
0 and e2

p2
0m

p∗0 ·E0 are very small compared to ω2 it is possible to make

a simple expansion of the square root to obtain [157]:

∆ω ≡ ω − ω′ = γ2
0

8ω
+

e2

2p2
0mω

Re(p∗0 ·E0) (4.8)

γ = γ0 +
e2

p2
0mω

Im(p∗0 ·E0) (4.9)

Thus, equation (4.8) shows that there exists a shift in the emission of the dipole when it

is embedded in an inhomogeneous environment. The shift is, however, usually very small

and it is a reasonable approximation to consider ω′ ' ω. On the other hand, equation

(4.9) describes the variation of the decay rate in the presence of the inhomogeneities.

If we normalize the expression by the decay rate of the free dipole γ0 and make use of

equations (4.4) and (4.5), we obtain:

γ

γ0
= 1 +

3η0c
3

2p2
0nω

3
Im(p∗0 ·E0). (4.10)

For systems with intrinsic quantum yield η0 = 1, this expression coincides with the total

rate of energy dissipation for a classical dipole in an inhomogeneous environment, P [7].

Thus, we arrive to the following important result for our system with η0 = 1:

γ

γ0
=

P

P0
, (4.11)

where P0 is the total rate of energy dissipation for a free dipole in a homogeneous

environment.

4.1.2 Infinite cylinders: Leaky/guided modes

First of all, we study the optical properties of infinitely long semiconducting nanowires.

Leaky/guided modes in cylinders of radius R are obtained by solving the dispersion
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Figure 4.1: Refractive index of Indium Phosphide (InP) in the visible-nearIR fre-
quency range.

relation [2]:[
µc
kcR

J ′m(kcR)

Jm(kcR)
− µ

kR

H ′m(kR)

Hm(kR)

] [
εc
kcR

J ′m(kcR)

Jm(kcR)
− ε

kR

H ′m(kR)

Hm(kR)

]
=

= m2 (kzR)2

(ωR/c)2

[
1

(kR)2
− 1

(kcR)2

]2

(4.12)

where m is an integer, and Jm and Hm standard Bessel and (first-kind) Hankel functions;

kc = [εc(ω/c)
2 − k2

z ]
1/2 and k = [ε(ω/c)2 − k2

z ]
1/2 are the transverse components of the

mode wavevectors inside (kc) and outside (k) the cylinder, respectively, kz = k′z + ik′′z

being the mode complex wavevector along the cylinder axis and ω/c = 2π/λ (λ is the

wavelength in vacuum). The dielectric permittivities and magnetic permeabilities of

the cylinder and embedding medium are εc, µc and ε, µ, respectively, with corresponding

refractive indices nc = (εcµc)
1/2 and n = (εµ)1/2. Throughout the rest of the paper,

we assume the embedding medium to be vacuum n = 1 and nonmagnetic cylinders

(µc = µ = 1). Thus, modes with k′z < ω/c (k′z > ω/c) are leaky (guided), assuming that

k′′z � k′z.

Let us focus on Indium Phosphide (InP) NWs in vacuum at λ = 880 nm. The InP

refractive index [72] is shown in figure 4.1. In particular, at λ = 880 nm it will be

assumed to be lossless, with nc = nInP = 3.42. The dispersion relation is calculated

from equation (4.12). This means that, strictly speaking, the nanowire radius R is the

independent variable, whereas ω = 2πc/λ remains fixed; alternatively, as long as the

refractive index remains constant, the resulting dispersion relation can be also applied

to a proper spectral dependence for fixed nanowire radius R.
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Figure 4.2: (a) Scheme of the coordinate system and the relevant variables in the
problem. (b) Right panel: Dispersion relation ωR/c vs k′zR from equation (4.12) for
InP nanowires with varying radius R at λ = 880 nm (refractive index nc = nInP = 3.42).
Conversely, the dispersion relation applies to a proper spectral dependence for a fixed
radius (R = 50 nm) InP NW, as long as nInP remains constant. Left panel: Imaginary
part of leaky modes (correspondence indicated by horizontal dashed lines) expressed

through ωR/c vs k′′zR.

The results are shown in figure 4.2: the light line ω/c = k′z (black dashed line in the

figure) separates the guided modes (outside the light cone) from the leaky modes k′z <

ω/c (inside the light cone). Guided modes are characterized by parallel wavevectors k′z ≥
ω/c [with k′′z = 0 for absorptionless NWs, Im(εc) = 0] so that their wavevector in the

embedding medium is purely imaginary (k′ = 0), precluding coupling into propagating

waves outside the NW. By contrast, those modes with k′z < ω/c leak out of the NW due

to the non-negligible real part of the wavevector component in the plane perpendicular

to the NW axis (k′ 6= 0). Actually, such leaky modes posses a non-negligible imaginary

part of the parallel wavevector k′′z even for lossless NWs, which accounts indeed for losses

due to leakage along propagation (k′′z being inversely proportional to the decay length of

the mode along the NW axis). Thus k′′z corresponding to the first few leaky modes is also

plotted (see left panel in figure 4.2(b)). On the other hand, note that leaky modes are

continued outside the light cone into guided modes, since their symmetry is preserved
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Figure 4.3: Color maps of the electric field norm of the three guided modes supported
by an infinite InP nanowire with radius R = 126 nm at λ = 880 nm (refractive index
nInP = 3.42) , which corresponds to ωR/c = 0.9 in figure 4.2. The arrows represent the
direction of the in-plane components of the electric field, with size proportional to the

norm. (a) HE11, (b) TE01 and (c) TM01.

(same notation in figure 4.2).

In the case of m = 0 in equation (4.12), transverse magnetic (TM0l) and electric (TE0l)

modes are decoupled, corresponding, respectively, to the zeroes of the two terms in

the left-hand side of the equation (4.12). Their magnetic (respectively, electric) fields

are contained in the plane perpendicular to the NW axis, the integer l denoting their

radial symmetry. If m 6= 0 in (4.12), modes are no longer decoupled, their transverse

electromagnetic field exhibiting a more complex symmetry. Particularly relevant is the

lowest (m = 1) electromagnetic mode, referred to as HE11, exhibiting no cutoff in the

low energy limit ω = 0.

With the help of the leaky/guided mode dispersion relation in figure 4.2, we will now

investigate the photoluminescence of an arbitrarily placed/oriented dipole emitter lo-

cated inside a finite semiconducting nanowire. It is expected that the corresponding

mode governs the emission process in various manners. On the one hand, the emission

may be enhanced/inhibited in accordance with dipole emitter orientation and position.

Calculated enhancement factors Γ = γ
γ0

= P
P0

become large when the emitter is located

at a position and orientation yielding large LDOS. Conversely, strong inhibition occurs

for position/orientation yielding vanishing LDOS. On the other hand, the NW mode

properties will also influence the far field distribution, giving rise to a wealth of patterns

that strongly depends on the NW length and dipole position, some of which can be

exploited for ad-hoc directional emission.
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4.1.3 Guided modes: Strong dependence on NW length and emitter

position/orientation

First, various configurations are studied for which a guided mode plays a predominant

role, manifesting a richer and subtle phenomenology with regard to NW antenna emis-

sion. To this end, we choose two cases from the dispersion relation in figure 4.2, at which

guided modes are excited: ωR/c = 0.7 and 0.9. This corresponds to InP NWs of radii

R = 98 and 126 nm, respectively, at λ = 880 nm. First, we determine the symmetry of

the three modes supported by the corresponding infinite InP nanowire of larger radius

R = 126 nm in figure 4.3: HE11, TE01, and TM01. Recall that the electromagnetic

LDOS is related to the electric field pattern of the supported modes. The HE11 is the

no cutoff mode discussed above with mixed EM character; the other two guided modes,

TE01 and TM01, are purely transverse electric (Ez = 0) and magnetic (Hz = 0), respec-

tively. The thinner InP NW of radius R = 98 nm only supports the HE11 and TE01

guided modes, since the TM01 mode becomes leaky.

Next, we plot in figure 4.4 the modulation of the decay rate, Γ = γ/γ0, for varying NW

length L. As mentioned in section 4.1.1, we model the active photoluminescent region as

classical point dipoles, located at the NW center, with either parallel or perpendicular

orientations. Simulations are based on Finite Elements Method (FEM) as described in

Appendix A. Recall that, for lossless media and a system with 100% quantum efficiency

(no non-radiative decay channels, η0 = 1, γ = γ,r), the Purcell factor is equivalent

to the radiative decay rate enhancement. This decay rate modulation can be written,

moreover, as:

Γ =
γ

γ0
=

P

P0
, (4.13)

where P and P0 are the total powers emitted by the classical point dipole inside the NW

and in a homogeneous InP medium, respectively.

It is evident from figure 4.4 that the NW plays also the role of a Bragg cavity, so that

a standing (guided) wave is formed inside the NW that makes the LDOS oscillate along

the NW length. Interestingly, different oscillations are observed depending on dipole

orientation: a period of 355 nm (507 nm, respectively) is observed for a dipole perpen-

dicular to the NW axis for ωR/c = 0.9 (ωR/c = 0.7, respectively) with enhancements up

to Γ⊥ ∼ 4 (figures 4.4(a) and 4.4(b)), whereas that of the parallel dipole is much longer,

825 nm (888 nm, respectively), but slightly inhibited (Γ‖ . 1, figures 4.4(c) and 4.4(d)).

This is a clear indication that different modes are being excited.

Let us further explore this point in light of the dispersion relation (figure 4.2) and

supporting mode symmetries (figure 4.3). Since the dipoles are located at the NW center,

we expect no coupling at all to the TE01 guided mode, for its electric field amplitude
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Figure 4.4: P/P0, as a function of NW length L for perpendicular, (a)-(b), and
parallel, (c)-(d), dipoles placed at the NW center. Two configurations are considered
with ωR/c = 0.9, 0.7, corresponding to InP NWs with radii R = 126, 98 nm at λ = 880

nm.

is null there. The parallel dipole should couple to the TM01 mode (maximum electric

field amplitude parallel to the NW axis at the NW center), whereas the perpendicular

dipole couples to the HE11 mode. This agrees perfectly with the dispersion relation,

which yields the following wavelengths for the presumably excited guided modes: (i)

λz = 2π/k′z =825 nm and 888 nm for the TM01 mode at ωR/c = 0.9 and 0.7, respectively;

(ii) λz = 2π/k′z =355 nm and 507 nm for the HE11, respectively. Moreover, the TM01

mode is a leaky mode for the NW with ωR/c = 0.7, as mentioned above, but with a

large propagation length. This is also revealed by the attenuation of oscillations in Γ

with increasing L.

To confirm such selective guided-mode coupling, we calculate the near-field associated

with the perpendicular and parallel dipole emission for a finite InP NW ωR/c = 0.9

in figure 4.5. Oscillations are found along the (NW) z-axis that exactly match the

wavelengths of the HE11 and the TM01 modes, as mentioned above, but now revealed in
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length L = 2.485µm (so that L = 7λHE11

z ). Left panel: perpendicular; right panel:
parallel. Cross sections are shown both along the NW axis, (a)-(b), and in the plane
perpendicular to it (at the z position denoted by the white vertical dashed lines, (c)-
(d)), in the later case including all electric field components separately. The EM field
patterns for the guided HE11 mode,(e), and the TM01 mode, (f), supported by an

infinite InP NW at the same radius are also included for comparison.

the z-dependence for fixed NW length L (figures 4.5(a) and 4.5(b)). Correspondingly,

the cross sections of the electric field norm in the plane perpendicular to the NW axis

((figures 4.5(c) and 4.5(d)) resemble very closely those of the HE11 and the TM01 modes

for infinitely long NWs (figures 4.5(e) and 4.5(f)).

4.1.4 Quasi-one dimensional current model for light emission in NWs

In order to give some physical insight into the emission process, we make use of simple

expressions assuming that the emission is similar to that of a quasi-1D finite line current

I(z) (by modeling the semiconducting NW antenna as a 1D cavity with length L), as

done for metallic nanorods in reference [123], extended hereby to account for all dipole

orientations (and related mode symmetries). In our case, only displacement currents

are assumed to be originating the far field emission. These currents can be polarized

either along the NW axis I = I(z, z0)ẑ (TM01 mode excitation) or perpendicular to

it I = I(z, z0)ŷ (HE11 mode excitation). This scenario accounts for the predominant

component of the displacement currents of each mode.



Semiconductor nanowires for enhanced and directional light emission 113

In both cases, I(z, z0) is given by:

I(z, z0) = I0
eikzz0 ± reikzLe−ikzz0

1− r2e2ikzL
(reikzLeikzz − e−ikzz), for −L/2 ≤ z < z0 (4.14a)

I(z, z0) = I0
reikzLeikzz0 ± e−ikzz0

1− r2e2ikzL
(eikzz − reikzLe−ikzz), for z0 < z ≤ L/2, (4.14b)

where the ± sign depends on the dipole character (electric or magnetic) and the specific

mode being excited, and r stands for the reflection coefficient at the end facets of the

NW. Here, since both ends are identical the same coeffcient is used. Nevertheless, one

can use different reflection coefficients for each end facet (for example, for modelling the

efect of the substrate in vertically standing NWs). The derivation of equations 4.14 in

the general case of different reflection coefficients is presented in Appendix D. Finally,

the initial amplitude of the current I0 depends on the particular type and strength of

the dipole and the field profile of the particular mode. Recall that, in general, the

emission rate into a particular mode is proportional to the scalar product between the

dipole moment and the electric field profile of the mode at the position of the dipole,

p ·EM (r0) [160].

In determining the current intensities I(z, z0) along the NW length L, resulting from

a dipole emitter located at z0, the kz wavevectors of the (presumably) excited guided

modes are taken into account, along with proper reflection coefficients at the NW ends.

For currents with polarization along the NW axis, the only component of the electric

far field is:

Eθ =
ik0η0

4π
sin θ

∫ L/2

−L/2
I(z, z0)e−ik0z cos θdz, (4.15)

where η0 stands for the vacuum impedance. The far-field thus obtained necessarily

exhibits NW-axial symmetry (no azimuthal dependence).

Nevertheless, for dipoles perpendicular to the NW axis (thus exciting the HE11 mode),

the far-field pattern does depend on both θ and φ as follows:

Eθ =
ik0η0

4π
cos θ sinφ

∫ L/2

−L/2
I(z, z0)e−ik0z cos θdz, (4.16a)

Eφ =
ik0η0

4π
cosφ

∫ L/2

−L/2
I(z, z0)e−ik0z cos θdz, (4.16b)

for a current polarized along the y-axis. The derivation of these expressions, together

with those for a current polarized along the x-axis are given in Appendix E. The angular

ditribution of the radiated power is simply given by:

〈S(θ, φ)〉 =
1

2
cε0|E|2, (4.17)
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Figure 4.6: P/Pmax (hollow symbols) as in figure 4.4, but rescaling the NW length L
by the corresponding guided mode wavelength λz = 2π/k′z: HE11 for the perpendicular
dipoles, (a) and (b), and TM01 for parallel dipoles, (c) and (d). Prediction of the

quasi-1D current emission model are shown as solid curves.

from which the total radiated power is obtained by integration in the solid angle.

Good agreement is found, as shown in figure 4.6. The results are shown as a function of

NW length rescaled by the corresponding guided mode wavelength λz = 2π/k′z: HE11 for

the perpendicular dipoles, figures 4.6(a) and 4.6(b), and TM01 for the parallel dipole,

figures 4.6(c) and 4.6(d). Note that the maxima of the Purcell factor oscillations for

perpendicular dipoles occur always at NW lengths that are integers of the HE11 mode

wavelength, unlike the case of the parallel dipoles in terms of the TM01 mode wavelength,

that are slightly shifted. In the former case, the effective reflection coefficient r at the NW

end is real, whereas in the latter case a phase ought to be introduced (or, alternatively,

an effective length different from L). Although r can be numerically computed [161],

here it has been obtained as the only fitting parameter in equation (4.14). Interestingly,

as pointed in reference. [161], r grows as the HE11 mode becomes increasingly confined
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and does not depend on the length of the NW. It, moreover, approaches the reflection

coefficient of a plane wave at dielectric/air interface at normal incidence (r ∼ 0.5 at

ωR/c = 0.7, and r ∼ 0.55 at ωR/c = 0.9). The phase introduced upon reflection for the

TM01 mode does not depend on the NW length but it does, also, on the confinement

of the mode. In both cases, this agreement not only supports the use of such simple

model for describing the emission pattern, but also confirms indirectly that the NW

photoluminescence is to be governed by a given guided mode in a predictable manner.

Next, the dependence of the decay rate with the dipole emitter position for a fixed

NW length is explored. Bear in mind that such possibility is experimentally feasible

in at least two manners: by selectively exciting/pumping a narrow disk of the entire

photoluminescent NW; or by placing a narrow photoluminescence inhomogeneity in

an otherwise non-emitting NW. Results for a perpendicular dipole in an InP NW at

ωR/c = 0.7 are shown in figure 4.7. A similar oscillatory behavior is retrieved throughout

the NW length, with only a slight perturbation near the NW end. Such behavior can
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Figure 4.7: Normalized total radiated power P/Pmax (hollow symbols) as a function
of dipole position z along the NW axis for a perpendicular dipole in an InP NW with
fixed length L = 2.54µm and radius R = 98 nm at λ = 880 nm (ωR/c = 0.7), together

with the prediction of the 1D current emission model (solid curve).

be also described by means of the above model, as corroborated by the good agreement

with the fitting curves in figure 4.7. It should be remarked that the enhancement factor

is strongly dependent on dipole position due to the coupling to guided modes, unlike for

leaky mode excitation (discussed in the next section).

Thus far, dipole emitters have always been located at the NW center. By displacing

the dipole emitter away from the NW axis, different modulations of the decay rate are

observed as a function of L. In figure 4.8, results are plotted for the particular case

of ωR/c = 0.9. Symmetry considerations are again necessary in order to explain the

decay rate oscillations (and, thus, the guided-mode outcoupling). If the off-center dipole

is axially oriented, a doubly oscillating pattern is observed with two periods: a strong

component with period ∼ 530 nm and a weak component with period ∼ 350 nm. The

strong component clearly reveals coupling into the TE01 guided mode, of wavelength
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Figure 4.8: Total radiated power P/P0 as a function of NW length L for (axial and
radial) perpendicular dipoles placed off the NW center with ωR/c = 0.9, corresponding
to an InP NW with radius R = 126 nm at λ = 880 nm. The dipoles are placed at a

distance 5R/6 from the NW center.

λz = 2π/k′z = 531 nm at ωR/c = 0.9, with enhancement factors Γ ∼ 5. The fact that

such mode exhibits in-plane, axially rotating electric field amplitude that is maximum

away from the NW center (see figure. 4.3) explains why in this case coupling to the

TE01 mode is observed. In addition, a weak coupling into the HE11 mode (λz = 355

nm) is also present, as could be expected with analogous symmetry reasonings. This

argument is confirmed by the results of the off-center, radially oriented dipole, whose

radial symmetry precludes TE01 mode excitation, yielding only weak coupling into the

HE11 mode. Although coupling to TM01 mode is not forbidden by symmetry (see

figure 4.3), the in-plane electric field components are very weak compared to the in-

plane components of the mentioned HE11 mode (recall that for TM01 mode most of the

electric field is parallel to the NW axis. The case of the parallel, off-center dipole (not

shown here) trivially yields the expected coupling into the TM01 mode, though weaker

than that of the centered dipole (compare with figure 4.4), and into the HE11 mode.

4.1.5 Radiattion patterns

Finally, the behavior of the angular distribution of emitted light, crucial to tailor photo-

luminescence directionality, is investigated. As somehow expected, the far-field pattern

also reveals a cavity effect, manifested through the appearance of various lobes. Several
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Figure 4.9: Far-field angular radiated power from finite InP NWs with perpendicular
dipoles located at the NW center. Several NW lengths are considered, all with ωR/c =
0.9, corresponding to NWs with radii R = 126 nm at λ = 880 nm. Only polar-plane
projections are shown. Both full numerical simulations (curves with symbols) and 1D

current emission model predictions (solid curve) are included.
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Figure 4.10: Far-field angular radiated power from finite InP NWs with parallel
dipoles located at the NW center. Several NW lengths are considered, all with ωR/c =
0.9, corresponding to NWs with radii R = 126 nm at λ = 880 nm. Only polar-plane
projections are shown. Both full numerical simulations (curves with symbols) and 1D

current emission model predictions (solid curve) are included.

examples for both dipole orientations are represented in figures 4.9 (dipole perpendic-

ular to the NW axis) and 4.10 (dipole parallel to the NW axis). The number of such

lobes is related to the NW length and guided mode wavevector. Incidentally, note that

polar lobes can only only be obtained for perpendicular dipoles (the case in which the

HE11 mode is excited). The symmetry of the TM01 guided mode, with the electric

field pointing perpendicular to the NW end facet, precludes such polar emission. More-

over, symmetry of the TM01 mode enforces a rotationally symmetric pattern, while

HE11 mode does not (see figure 4.11 for a three-dimensional representation of the ra-

diation patterns in two particular cases). It is important to note that the NW length

and radius can be chosen so that a particular guided mode is excited with enhanced

emission, tuning in turn the number and position of maxima of the angular radiated
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Figure 4.11: 3D far-field angular radiated power from finite InP NWs. Both perpen-
dicular and parallel dipoles located at the NW center are considered. Full numerical

simulations and quasi-1D current emission model predictions are included.

power. Therefore, strong, highly directional lobes can be obtained, the semiconducting

nanowire thus playing the role of a nanoantenna. For instance: for perpendicular dipole

orientation, figure 4.9, polar lobes concentrating most of the power are present for some

of the depicted NW length, as for L = 6λHE11
z or L = 9λHE11

z , while in some others

is almost entirely suppressed (as for L = 7λHE11
z or L = 10λHE11

z ); for parallel dipole

emission, figure 4.10, large conical lobes with axial symmetry (with tunable width and

polar angle) can be obtained, as in the case of L = 2λTM01
z and L = 5λTM01

z , while, si-

multaneously enhancing or supressing radiation in the equatorial plane. Again note that

the emission patterns are in excellent agreement with the predictions of the quasi-1D

model (equations (4.15) and (4.16)).

Therefore, electric dipole emission enhancement and directionality can be tailored at the

required vacuum photoluminescence wavelength by tuning the NW radius and length.

The process can be easily described in terms of the emission of a quasi-1D finite line

current. Even if the photoluminescence is randomly emitting, note that the NW param-

eters could be optimized so that coupling into a particular mode is enhanced. Moreover,

if selective emission from a particular NW position can be achieved, the emission can

be tailored even for a fixed NW length.

4.1.6 Leaky modes: Weak dependence on NW length and emitter po-

sition

Next, we consider the case in which only a leaky mode is excited. Moreover, we assume

that the nanowire is longer than the leakage length of the mode, which can be obtained

from the inverse of k′′z (see figure 4.2, left panel). Note that, if the nanowire length

is shorter than the leakage length, the phenomenology is similar to that involving the

excitation of a guided mode, as discussed above.
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Figure 4.12: (a) Normalized radiated power (hollow symbols) as a function of (paral-
lel) dipole position z at the NW axis for a finite (L = 3 µm) InP nanowire with R = 50
nm at λ = 880 nm (ωR/c = 0.37, at which only the TM01 leaky mode is excited), along
with the 1D current emission model prediction (solid curve). The inset represents the
positions inside the NW for which the emission properties will be studied. (b) Total
and projected far-field intensities of the light emitted by two dipoles, located at either
the NW center (P1) or close to the NW edge (P2, at a distance d = 100 nm), together
with the 1D current emission model (projections only). (c) The corresponding emission

snapshots in the near-field map.

Let us focus in figure 4.12 on an InP nanowire of width R = 50 nm (λ = 880 nm,

ωR/c = 0.37); apart from the no-cutoff HE11 mode, very weakly guided at such ωR/c,

the only mode supported is the leaky TM01 mode (see figure 4.2). Thus, considering a

dipole parallel to the NW axis, it is possible to selectively couple to this leaky mode.

Actually, the TM01 mode symmetry (see figure 4.3 above for the corresponding TM01

guided mode, bearing in mind that the symmetry is preserved) imposes that the emission

from a dipole oriented parallel to the NW axis is selectively enhanced with respect to that

of the perpendicular orientation (not shown). Due to the leaky nature of the mode, the

dipole position along the NW does not play a significant role, enhancement/inhibition

being nearly uniform. Result for the decay rate modulation with the position of the

emitter insider the NW, shown in figure 4.12(a), confirm this point.
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In figure 4.12 (b), the far-field pattern at λ = 880 nm is shown for this free standing,

finite InP NW of width R = 50 nm and length L = 3 µm, with an embedded point

dipole parallel to its axis. In the case in which the dipole is placed at the center of

the NW (point P1 in figure 4.12), the doughnut shape associated to dipole emission is

deformed as due to the NW antenna effect induced by the TM01 leaky mode excitation,

exhibiting three axial lobes for the parallel dipole (the configuration obviously imposes

axial symmetry).

Nonetheless, if the dipole emitter is very close to the NW end (point P2 in figure 4.12,

closer than its propagation length), the far-field distribution is deformed in a different

manner. A single axial lobe is obtained then (sort of an upside down cup), directed

towards the NW (north) pole opposite to the dipole emitter location, stemming from

the bouncing of the excited TM01 leaky mode off the NW end (south pole).

The quasi-1D displacement current model through equations (4.14-4.16) does also pre-

dict this behaviour, assuming in this case that the kz wavevector is complex, as given

by the excited TM01 leaky mode from equation (4.12), to reproduce the total power and

the far field patterns (figure 4.12), with very good agreement.

4.1.7 Magnetic dipole emitter

Magnetic dipole transitions, indeed, mediate spontaneous emission from lantanides [162],

which hold promise of applications in a range of technologies from lighting and displays

to lasers and fiber amplifiers. Let us perform an analogous analysis as done previously

with electric point dipoles, thus studying the NW length dependence of the radiative

power emission modulation, for perpendicular and parallel (centered) magnetic dipoles.

The results are shown in figures 4.13(a) and 4.13(b), respectively. Emission should now

be governed by the magnetic LDOS [163]. Taking into account that the supported modes

exhibit the magnetic field patterns shown in figure 4.14, it is now relatively easy to in-

terpret those results of figure 4.13. In the case of the parallel magnetic dipole, shown

in figure 4.13 (b), P (L) shows an oscillating behavior with period ∼530 nm as a result

of the coupling into the TE01 mode, which is the only one that has a large non-zero

magnetic LDOS along the NW axis at the center (see figure 4.14(b)). Conversely, the

perpendicular magnetic dipole coupling into the TE01 mode is forbidden by magnetic

LDOS symmetry, its emission being thus governed by the coupling into the HE11 mode.

Magnetic dipole emission can also be fitted to the quasi-1D current model finding good

agreement, as shown in figure 4.13. Remarkably, maximum radiative enhancement fac-

tors of the order of ∼ 5 − 20 are achieved, which might be exploited to enhance and

steer the (typically weaker) magnetic dipole emission [162].
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Figure 4.13: Radiated power enhancement (hollow symbols) P/P0 as a function of
NW length L for perpendicular, (a), and parallel, (b), magnetic dipoles placed at the
NW center with ωR/c = 0.9, corresponding to an InP NW with radius R = 126 nm at
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Figure 4.14: Contour maps of the magnetic field norm of the three guided modes
supported by an infinite InP nanowire with radiusR = 126 nm at λ = 880 nm (refractive
index nInP = 3.42) , which corresponds to ωR/c = 0.9 in figure 4.2. The arrows
represent the direction of the in-plane components of the magnetic field, with size

proportional to the norm. (a) HE11, (b) TE01 and (c) TM01.

4.2 Experimental verification

In the present section, experimental evidence of the previously shown nanoantenna be-

haviour of a semiconductor nanowire is presented. This work was done in tight col-

laboration with the AMOLF group Nanowire Photonics at Philips Research Labs in

Eindhoven, led by Prof. Jaime Gómez Rivas, where measurements were carried out.

To the best of our knowledge, this was the first direct demonstration of the directional
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Figure 4.15: (a) Scanning Electron Microscope image taken at an inclination of 30◦

of an InP nanowire grown on top of an InP substrate. The nanowire is 3.13 µm long
and has a diameter of 100 nm. (b) Photoluminescence spectra of the nanowire (black
line) and the substrate (red line), where a long-pass filter with a cut-off wavelength of
800 nm is used to filter out the scattered light from the pump laser (λ = 785 nm). The
photoluminescence transmitted through a band pass filter with a central wavelength of
λ = 850 nm (10 nm at FWHM) and λ = 920 nm (10 nm at FWHM) are represented

by the black and red dashed lines, respectively.

photoluminescence emission from vertical nanowires. The measurements were done on

individual InP nanowires using Fourier microscopy, as explained below. Simulations,

carried out using Finite Element Method (FEM), together with results from the ana-

lytical quasi-1D current model previously presented, allows one to jointly explain the

polarization and far-field pattern of the light emitted.

Without going too much into the details (which can be found in Ref. [164]), vapor-

liquid-solid technique in a metal-organic vapor-phase epitaxy (MOVPE) reactor has

been used to grow individual InP nanowires on top of a (111) InP substrate. Arrays of

separated nanowires were grown by defining the positions of the gold catalyst particle

using electron beam lithography. To ensure that the emission from single nanowires is

not affected by their neighbors, the distance between the gold catalyst particles was set

to 10 µm. As can be appreciated in the scanning electron microscopy (SEM) image

shown in figure 4.15 (a), the nanowires have a top diameter of about d = 100 nm and

a length of L = 3.13 µm. InP nanowires grow preferentially in a wurtzite structure on

top of the zincblende InP substrate [165]. Since the electronic bandgap of InP in the

wurtzite phase is larger by around 50 meV than that of zincblende, the emission peak of

wurtzite nanowires is blue-shifted compared to that of the substrate [166]. A λ = 785 nm

diode laser was used to excite the photoluminescence of nanowires and substrate. The

laser beam was focused to a diffraction limited spot with a ×100, NA=0.95 objective.

The photoluminescence was collected using the same objective. Figure 4.15 (b) shows

the emission spectra of a nanowire and the substrate. The emission of the substrate is

centered at λ = 920 nm, while the emission from the nanowires has a peak at λ = 850 nm.

For the Fourier measurements described next, bandpass filters with a center wavelength
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of λ = 850 nm and λ = 920 nm and a bandwidth of 10 nm were used to separate the

emission from the nanowires from the emission from the substrate.

The directional emission of individual nanowires was resolved using Fourier microscopy.

This technique is based on the Fourier transform properties of lenses to obtain the

emission pattern of an object in the reciprocal space. A wave collected by an objective

lens can be decomposed into individual plane waves, each focusing at a unique position

on the back focal plane of the objective. This plane is imaged by a lens onto a CCD

camera, where the image of the reciprocal space of the emission is recorded. By using

the appropriate filter in front of the Fourier camera it is possible to obtain images of

the emission at the wavelength of interest. The Fourier images are plotted in polar

coordinates, where the radius represents the angle of emission θ and the azimuthal angle

φ corresponds to the azimuthal angle of the emission (see figure 4.2 (a)). It is also

possible to analyze the polarization of the directional emission using a linear polarizer

just before the Fourier camera.

The numerical aperture of the microscope objective (NA = 0.95) allows collecting large

angles of emission limited by a marginal ray at θmax = 72◦ from the normal to the sample.

Figure 4.16 (a) shows the Fourier images, in units of counts per second, of the unpolarized

emission from a nanowire at λ = 850 nm. The Fourier images are accompanied by line

plots above and on the right that represent the profiles of the directional emission along

the φ = 0◦ and φ = 180◦ and φ = 90◦ and φ = 270◦ directions, respectively. The

measurement reveals a strong directional feature, namely, a circular emission pattern

with a peak at θ = 49◦ for all azimuthal angles. Figure 4.16 (b) displays the polarized

directional emission pattern. The transmission axis of the polarizer is indicated in the

figure by a white double arrow. The dominant contribution to the directional emission

intensity is along the transmission axis of the polarizer.

The direction and polarization of the emission from nanowires is pronouncedly different

from that of Lambertian emitters. To illustrate this difference, measurements were done

of the emission from the flat InP surface by exciting it locally with the focused diode laser.

Emission was collected with the same objective and a λ = 920 nm band-pass filter used

to isolate this emission in the Fourier camera. As shown in figure 4.17 (a), the emission

pattern from the InP surface shows no particular directional features. This is expected

for Lambertian sources where the emitted light is distributed equally in all directions.

Also, the emission is not preferentially polarized as displayed in figure 4.17 (b) and (c).

The pronounced difference between the emission of a flat surface and the emission of

a nanowire, together with the directional emission of the latter, justifies the term of

semiconductor nanoantennas when referring to nanowires.
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In order to understand the measured Fourier images of the emission from nanowires a

theoretical analysis can be performed. First, one can identify the basic elements of the

system involved in the photoluminescence by trying to reproduce as closely as possible

the measurements. To do so, FEM numerical simulations were carried out. A cylindrical

InP nanowire of diameter d = 100 nm and length L = 3.13 µm standing on top of a flat

InP substrate is considered. To simulate the nanowire photoluminescence, three point

electric dipoles with orthogonal dipole moments are placed at the center of the nanowire

and radiating at λ = 850 nm. The Fourier images are calculated by projecting the far-

field power emitted within a polar angle of 72◦ with respect to the z-axis (nanowire axis)

on a plane. The calculated Fourier images represent the radiated power per unit solid

angle, dP/dΩ, normalized by the total power Ptotal emitted by a dipole in a homogeneous
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Figure 4.16: Fourier images of the emission from InP nanowires at λ = 850 nm
taken using a bandpass filter with a central wavelength of λ = 850 nm (10 nm of full
width at half maximum, FWHM). (a) Fourier image of the unpolarized emission and
(b) Fourier image taken with a polarizer with the transmission axis along the vertical
direction (φ = 90◦ and φ = 270◦). (c) Fourier image taken with a polarizer with the
transmission axis along the horizontal direction (φ = 0◦ and φ = 180◦). The alignment
of the transmission axis of the polarizer is indicated by the white double arrow in (b)
and (c). The graphs on the top and right side of each figure show the profiles of the
Fourier images along the horizontal and vertical directions crossing at the center of the

images.
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Figure 4.17: Fourier images of the photoluminescence from a flat InP substrate at
λ = 920 nm taken using a bandpass filter with a central wavelength of λ = 920 nm
(bandwidth of 10 nm at FWHM). (a) Fourier image of the unpolarized emission and
(b) Fourier image taken with a polarizer with the transmission axis along the vertical
direction (φ = 90◦ and φ = 270◦). (c) Fourier image taken with a polarizer with the
transmission axis along the horizontal direction (φ = 0◦ and φ = 180◦). The alignment
of the transmission axis of the polarizer is indicated by the white double arrow in (b)
and (c). The graphs on the top and right side of each figure show the profiles of the
Fourier images along the horizontal and vertical directions crossing at the center of the

images.

InP environment.

The simulated Fourier image of figure 4.18 (a) shows a ring pattern that closely repro-

duces the experimental result of figure 4.16 (a). For comparison we have also calculated

the emission pattern of three free-standing point electric dipoles with orthogonal orien-

tations. This calculation is displayed in figure 4.16 (b). An entirely different pattern

consisting of a wide, structureless central lobe can be observed. Next, the origin of

such distinct behavior is studied through a detailed analysis of the polarization of the

emission. Figure 4.19 displays the simulations of the emission patterns for each dipole

orientation. In particular, figure 4.19 (a) and (b) represent the unpolarized and polar-

ized emissions, respectively, of the dipole oriented parallel to the nanowire axis, while

panels (c) and (d) correspond to the emission of the dipole oriented perpendicular to
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Figure 4.18: (a) FEM simulations of the unpolarized directional emission from three
orthogonal dipoles located in the middle of the 3.13 µm nanowire standing on top of
an InP substrate. The dipoles radiate at a wavelength of λ = 850 nm. (b) Simulations

of the directional emission from three orthogonal dipoles in air.

it. The ring-like emission pattern is, thus, identified as characteristic of the emission

from a dipole moment parallel to the nanowire axis, yielding indeed the largest con-

tribution to the total Fourier image. Although weaker, the contributions from the two

other dipole moments perpendicular to the nanowire axis, with the emission pattern

of a single elongated lobe along the nanowire axis, are also present. This is evidenced

by the plots of the cross cuts through the images in figures 4.16 (a) and 4.18 (a), in

which it can be appreciated a significant emission at the center of the Fourier image,

that otherwise would be zero. The excellent agreement between the simulations and

the measurements sheds much light onto various aspects of the emission process. Since

all dipole orientations contribute to the emission with the same relative weight, photo-

luminescence excitation in this configuration leads to essentially unpolarized emission.

Nevertheless, in the presence of the nanowire the emission is strongly directional with a

preferred polarization, thus revealing that the emission of the three orthogonal dipoles is

governed by the environment, namely, the nanowire, through its local density of electro-

magnetic states (LDOS). The nanowire plays thus the role of a nanoantenna, controlling

the emission of the dipole by its geometry and dimensions.

In order to fully understand the antenna properties of the emission in more detail, the

modes associated to an infinitely long cylinder of identical diameter d = 100 nm are

again analyzed. As mentioned previously, these correspond to the solutions of equa-

tion 4.12. In this particular case, λ = 850 nm (ωR/c = 0.37) and nc = nInP . Results,

plotted in figure 4.20 (a), show the presence of the TM01 leaky mode with a real com-

ponent of the propagation constant Re(kz)R ∼ 0.32. From Im(kz), a decay length of

about 700 nm is inferred. At this wavelength and for this nanowire dimensions, no
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(a) (b)

(c) (d)

Figure 4.19: Simulations of the directional emission from a dipole located in the
middle of the nanowire standing on top of an InP substrate. The dipole radiates at
a wavelength of λ = 850 nm. On the left: schematics of the simulated configuration:
an InP nanowire with a diameter of d = 100 nm and length of l = 3.13 µm containg
a dipole with a dipole moment parallel to the long axis of the nanowire (top) and
perpendicular (bottom). (a) Unpolarized directional emission pattern from the dipole
oriented parallel to the axis of the nanowire. (b) Polarized directional emission of the
dipole parallel to the axis of the nanowire with a polarization along the vertical direction
on the image (φ = 90◦ and 270◦, indicated by the white double arrow). (c) Unpolarized
directional emission pattern from the dipole oriented perpendicular to the long axis of
the nanowire. (d) Polarized directional emission of the dipole perpendicular to the axis
of the nanowire with a polarization along the vertical direction on the image (φ = 90◦

and 270◦, indicated by the white double arrow).

significant coupling occurs to guided modes able to propagate along the nanowire. Al-

though the hybrid fundamental guided mode HE11 (having no cutoff frequency) is still

present, its propagation constant coincides with the light line within the spectral range

of figure 4.20 (a). This means that no coupling into this weakly guided mode occurs due

to fact that its electromagnetic field is mainly localized into the surrounding medium.

Again, recall that the emission rate into a particular mode is proportional to the scalar

product between the dipole moment and the electric field profile of the mode at the

position of the dipole, p · EM (r0) [160]. In reference [167] a study on the coupling of a

radially oriented dipole placed in the center of a Gallium Arsenide (GaAs) NW into the
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Figure 4.20: (a) Dispersion relations of the TM01 leaky mode (black curve) and the
weakly guided HE11 mode (black dots) supported by an infinite InP cylinder (fixed
wavelength at 850 nm, nInP ∼ 3.42, with varying radius R). The dashed line represents
the light line. Dispersion relations refer to the right axis in the plot. Mie extinction
efficiency (red curve, corresponding to the left axis in the plot) of the same InP nanowire
when a p-polarized plane wave impinges perpendicular to the cylinder axis. The vertical
solid line indicates the particular case d = 100 nm. (b) Contour map of the intensity
of the z-component of the electric field of the leaky mode. (c) Contour map of the
intensity of the z-component of the electric field scattered by the same cylinder in Mie
resonance. The white arrow indicates the incident wave vector. (d) Contour map of the
in-plane magnetic field intensity of the leaky mode. (e) Contour map of the in-plane
magnetic field intensity scattered by the same cylinder in Mie resonance. The long
black arrow indicates the incident wave vector. The small black arrows in (d) and (e)

indicate directions of the in-plane magnetic field vector.

fundamental HE11 mode as a function of the cylinder diameter can be found, revealing

that for ωR/c < 0.47 coupling to that mode is almost negligible. Since nGaAs ∼ 3.45

very similar results are expected for the present InP NW.

Recall also that the TM01 leaky mode exhibits the lowest-order symmetry in the predom-

inant (axial) component of the electric field. As shown in figure 4.20 (b), the intensity

of this mode is maximum at the center of the cylinder and decays radially. The mag-

netic field correspondingly rotates around the nanowire axis, as shown in figure 4.20 (d),

with a larger intensity near the surface of the cylinder. As a matter of fact, such elec-

tromagnetic field pattern of the leaky mode is qualitatively indistinguishable from that

obtained for a finite nanowire from full numerical simulations. Therefore, coupling to

the TM01 mode seems to selectively enhance the dipole transition with moment parallel

to the NW axis over those with orientations perpendicular to it (which are inhibited and

would, by symmetry, preferentially couple to the HE11 mode).

Incidentally, the excited leaky mode can be associated to a Mie resonance that appears

when a plane wave of λ = 850 nm is incident onto an infinitely long cylinder of an

identical diameter, with a polarization along the axis of this cylinder, as revealed by the
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extinction efficiency shown in figure 4.20 (a). The electric and magnetic field intensity

of such Mie resonance is plotted in figure 4.20 (c) and (e), respectively, bearing a strong

resemblance to the leaky mode symmetry.

Finally, as a clear evidence of the crucial role played by the leaky mode in this an-

tenna effect, the exact location of the emission within the nanowire seems to be not

crucial regarding the directionality and enhancement of the emission with the present

illumination/excitation conditions, that is, uniform along the nanowire. To confirm this

point, the position of the dipoles along the nanowire axis has been varied in the simula-

tions, leading to very similar results unless emitting from the end facets of the nanowire

(analogously to the case represented in figure 4.12). Incidentally, by spatially averaging

the dipole emission, such edge contributions to the Fourier images would be irrelevant.

This is fully supported by our numerical calculations and in perfect accordance with the

theory developed in the precedent sections. In conclusion, despite the inferred uniform

excitation and fairly uniform spatial photoluminescence from the whole nanowire, the

emission is strongly directional with a preferred polarization, clearly evidencing the ef-

ficient coupling to the TM01 leaky mode and the unefficient one to the (very weakly)

guided HE11, which in turns selectively enhances the dipole transition having a moment

parallel to the NW axis.



Chapter 5

Conclusions

In the present section an overview of the most significant advances included in this thesis

is detailed. The work developed here can be divided into three main blocks:

• the first being devoted to the study of the optical properties of hybrid metallo-

dielectric nanostructures and their application to the obtention of negative index

metamaterials with operating frequency in the optical range (Chapter 2).

• the second is focused on the optical properties of single elongated metallic nanopar-

ticles in conection with Fano-like resonances arising in their scattering spectra and

how can this feature be used for refractometric purposes (Chapter 3).

• the last one deals with the study of light emission control with semiconductor

nanostructures (Chapter 4).

Hence, the overview will be naturally split in the same way.

Let us start by reviewing the most significant contributions regarding negative index

metamaterials at optical frequecies:

• In section 2.2, it was shown that using metallo-dielectric core-shell nanostructures

combining a metallic core and a high permittivity shell allows to tune, almost inde-

pendently, the spectral positions and intensity of the lowest-order dipolar electric

and magnetic resonances of the system. This is done by simply modifying the

geometrical parameters of the nanostructure, namely the radius of the core and

the shell thickness. In particular:

– It was shown along section 2.2.1 that combination of a Ag core of radius in the

range Rc = 40−50 nm with a Si shell with fixed external radius Rs = 170 nm

130
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leads to a broadband overlap of both resonances (within 1150 nm and 1300 nm

approximately). Subsequently, a similar study was performed with Ge as the

material building the shell, which serves as an example of flexibility in design

of the system.

– It was shown along section 2.2.2 that analogous results can be obtained for

cylindrical geometry if the polarization of the incident field is restricted to

TE, i.e., with the magnetic field parallel to the cylinder axis and the incident

wavevector orthogonal to it. For the Ag@Si material combination it was

shown that, for Rs = 170 nm, the electric and magnetic responses spectrally

overlap over a very wide range, λ ∼ (1100, 1500) nm, for Rc values between

60 and 100 nm.

– Interestingly, due to their symmetry, the response of both configurations is

totally isotropic in their respective dimensionality (3D in the case of spheres

and 2D in the case of cylinders). Core-shell nanospheres are, moreover, polar-

ization independent while core-shell nanowires are inherently less lossy and

more robust to possible fabrication defects.

• In section 2.3, metamaterials whose basic constituents are those studied in sec-

tion 2.2 were shown to present frequency bands for which the system shows a

doubly-negative index of refraction (thus having simultaneosuly ε < 0 and µ < 0).

In particular:

– In the case of a NIM built with core-shell nanospheres two different spatial

arrangements were considered, namely:

∗ Random arrangement. Studied in section 2.3.2.1 through Lorentz-Lorenz

theory for Ag@Si and Ag@Ge core-shell nanospheres. This particular

configuration, intrinsically three-dimensional and that would inherit the

good properties of isotropy and polarization independence of their basic

constituents, would therefore tackle most of the commonly present is-

sues in metamaterials. Nevertheless, the filling fraction needed to obtain

negative values of the refractive index are in the limit of validity of the

theory applied and probably need some further investigation.

∗ Periodic arrangement in a simple cubic lattice. Studied numerically in

section 2.3.2.2 for Ag@Ge core-shell nanospheres. This configuration

seems to support the idea behind the work, showing the appearance of

a negative index frequency band, being thus a proof-of-principle of the

validity of the design. Nevertheless, the system was only studied under

normal incidence and this arrangement could certainly introduce some

degree of spatial dispersion/anisotropy.
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– In the case of a NIM built with core-shell nanowires two different periodic

configurations were considered in section 2.3.3.2:

∗ A hexagonal lattice of Ag@Si core-shell nanowires, which is expected to

lead to an isotropic response in the 2D plane.

∗ A simple square lattice of Ag@Si core-shell nanowires, which could intro-

duce some degree of anisotropy.

In both cases Snell’s law (applied both in prism and slab configurations) al-

lows for an alternative extraction procedure of the effective index of refraction.

Phase reversal, characteristic of materials with simultaneously negative ε and

µ, is observed with the evolution in time of the simulations. Both configura-

tions lead to strongly isotropic systems which, moreover, exhibit extremely

low losses. This is particularly true in the case of Ag@Si core-shell nanowires

in a hexagonal latttice.

– The underlying physical principles of the NIM presented (based on doubly-

resonant constituents) can of course be exploited at lower (far-IR and tera-

hertz) frequencies, at which some dielectric materials exhibit very large refrac-

tive indices and certain materials (e.g. polar crystals, doped semiconductors)

behave as plasmonic metals.

• Studying the optical properties of core-shell NWs with metallic and dielectric parts,

the possibility of tuning the geometrical parameters to notoriously reduce the scat-

tering efficiency of the system emerged. After this study, in section 2.3.4, the

main conclusions drawn are: (i) it is possible to obtain transparency over a rel-

atively broad frequency range (as broad as the whole telecom region), even for

unpolarized light, with both material combinations, namely metal@dielectric and

dielectric@metal; (ii) in the latter case invisibility is achieved for both polariza-

tions in most realistic situations, unlike for metal@dielectric; (iii) the combination

metal@dielectric is more robust against possible fabrication defects, since struc-

tural variations in the dielectric@metal configuration may lead to sharp transparency-

to-LSPR transitions in TE polarization; (iv) the scattering of the system gets re-

duced not only in the far-field region but also in the near-field, leading to very

weak multiple scattering effects; (v) the validity of the proposal has been tested

against situations including high filling fraction of NWs and statistical deviations

from the optimum geometrical parameters.

A summary of the main contributions related to the optical properties of single elongated

metallic nanoparticles is given now:
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• In section 3.2, it was explicitly shown that the scattering spectra of elongated

metallic nanoparticles present a strongly asymmetric lineshape. In particular,

under TM-polarized incident light, the 3λ/2 resonance is strongly asymmetric

and can be fitted very accurately to a modified Fano lineshape. This is a rather

universal phenomenon that has been studied for three specific geometries:

– In section 3.2.1, Ag prolate spheroidal nanorods (nanorice) were studied. This

is the geometry for which the interference phenomenon giving rise to the

asymmetric lineshape is more apparent. The asymmetry parameter q, which

acquires the value q ∼ 1 for totally asymmetric Fano sprectra, reaches a

value q ∼ 0.85 within the geometrical parameter studied here, thus providing

a strong evidence of the underlying Fano mechanism operating in this kind

of nanostructures.

– In section 3.2.2, Ag spherocylinder-shaped nanorods were studied. Although

for this geometry the degree of asymmetry is not so pronounced, it never-

theless suffices to make explicit the fact that the operating mechanism is a

rather universal phenomenon not restricted to the ellipsoidal geometry.

– Finally, in section 3.2.3, 2D elongated systems (rectangular nanowires with

translational invariance, nanobelts) were shown to provide the simplest sys-

tem in which the asymmetry is present.

Even if incidence is off-normal, the interference mechanism is still present, although

with reduced intensity, while the even-order modes that are accesible under oblique

incidence seem not to have this asymmetric profile.

• In section 3.3, a quasi-1D current model was presented that shed light on the

underlying interference mechanism that gives rise to the asymmetric profile in the

scattering spectra of metallic elongated particles.

• Finally, two different refractometric systems were introduced in section 3.4 that

take advantage of the good properties of the third-order, asymmetric resonances

in the systems previously studied. These good properties are, essentially, a very

narrow width of the resonance profile and a good sensitivity to the surrounding

dielectric environment. Both proposed systems revealed as very promising can-

didates for refractive index sensing purposes, presenting remarkably high figures

of merit (standard benchmarks to measure the performance of sensing systems)

under realistic experimental conditions, namely:

– Colloidal nanorice. In this system, studied in section 3.4.1, random orien-

tation of the particles and both polarizations were considered as a realistic
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estimate of the experimental conditions when dealing with colloidal suspen-

sions. Moreover, size-dispersion effects in the sensor performance were prop-

erly taking into account, concluding that: (i) size-dispersion in the minor axis

of the spheroids can be neglected due to its minimal impact in the scattering,

and (ii) a low size-dispersion in the major axis is critical for a good perfor-

mance in sensing, becoming the key parameter to measure to validity of any

synthetized colloidal nanorice as a sensor.

– Single nanobelt over a substrate. For this system the optimal conditions are

normal incidence and full collection of scattered light. Nevertheless, these

conditions are not usually realistic. Therefore one has to consider an illu-

mination angle and a collection numerical aperture. It is demonstrated in

section 3.4.2 that, even under these realistic conditions, the performance of

the sensor is fairly good.

Finally, the main contributions regarding light emission control with semiconduc-

tor nanowires are presented. On the basis of the leaky/guided mode dispersion

relation for infinite cylinders, light emission from finite nanowires is theoretically

and numerically studied, along section 4.1, for specific configurations that optimize

coupling into leaky or guided modes. In particular, especial emphasis is put on

the conditions that yield larger enhancement factors and desired directionality, so

called nanowire antenna effect:

– In section 4.1.3, a wealth of phenomenology is predicted and explored when

guided modes are excited. The total emitted power shows a strongly oscillat-

ing dependence on NW length, and (electric and magnetic) dipole position

and orientation. These oscillations are, in turn, governed by the properties

of the guided modes to which coupling is allowed by the dipole position and

orientation.

– In contrast, in section 4.1.6, emission through leaky mode excitation is shown

to be largely independent of the emitter position within the nanowire. Never-

theless, coupling to leaky modes can lead to an enhanced directional emission

and polarization control.

– Physical insight into the emission process is given through a simple, quasi-

1D cavity emission model (presented in section 4.1.4). In brief, this model

assumes the emitter to generate displacement currents whose properties ac-

count for the diferent dipole positions and orientations, and associated mode

symmetries. In particular, the different accesible modes determine the wave-

length of the oscillating currents and their polarization. These currents are

assumed, moreover, to be confined in a cavity of length L (in principle, equal
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to the length of the nanowire) with non-perfectly reflecting walls with reflec-

tivity r. The model accurately describes the oscillations observed in the total

emitted power with the nanowire length and emitter position, and the asso-

ciated radiation patterns (stemming from coupling to both leaky and guided

modes).

– The theoretical work, supported by rigorous numerical simulations, sheds

light onto the optical properties of semiconductor nanowires in general, pro-

viding a consistent framework to predict and tailor photoluminescence (en-

hancement and directionality).

– Direct experimental evidence of the nanowire antenna effect was presented

in section 4.2. The measurements, carried out in the AMOLF group Surface

Photonics of Prof. Jaime Gómez Rivas at Philips Research Labs in Eindhoven,

were based on the Fourier microscopy technique, which allows to resolve both

the angular emission pattern and the polarization of the emitted light. In

particular, photoluminescence from InP nanowires (with length L = 3.13 µm

and diameter d = 100 nm) standing vertically over a substrate was studied

using this technique. As expected from the theory developed, only coupling

to TM01 leaky mode plays a role, selectively enhancing the dipolar transitions

with dipole moment parallel to the nanowire axis over those with a moment

perpendicular to it. At the time, that was the first direct observation of the

so called nanowire antenna effect.



Appendix A

FEM calculation details

In this appendix, a brief summary of the numerical simulations based on the Finite Ele-

ment Method (FEM) and employed along the thesis is given for the sake of completeness.

Except for those situations involving periodic systems (which are, thus, infinite in a given

direction) that were already described in their corresponding sections, all physical sit-

uations described here deal with finite systems. In particular, the problems for which

solutions are found by means of FEM numerical simulations are those of scattering of

plane waves and radiation emission in those cases that do not have an analytical solution.

Scattering simulations

Numerical simulations described within this thesis (except those based on Surface Inte-

gral Equations Method) were performed using the RF module of COMSOL Multiphysics,

i.e., a commercial software based on the Finite Element Method. Scattering problems,

in particular, can be tackled using this software in more or less the same way. Let us

start considering the simplest case of plane wave scattering from one or more bodies in

a homogeneous environment schematically depicted in figure A.1 (a). The simulation

domain consists of, at least, three concentric spheres which define three subdomains

(the inner spherical domain and two concentric spherical layers). The scatterers must

be located inside the inner one. The inner spherical boundary Σint is left as an auxil-

iary boundary to perform most post-processing computations and should be at such a

distance from the scatterers that evanescent contributions vanish. It is highly recom-

mended to take two of such auxiliary surfaces to test the convergence of all computations

with increasing distance. For scattering problems, COMSOL has a built-in option that

allows to separate the total electromagnetic field, solution of the source-less Maxwell’s

equations, into an incident field (which can be analytically defined by users) plus the

scattered field:

E = Einc + Esca. (A.1)
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Figure A.1: Scheme of the FEM simulation of plane wave scattering from multiple
bodies embedded in a homogeneous environment (a) and in two different semi-infinite

spaces (b).

In the scattering problems studied here, the incident field is simply defined as a plane

wave of angular frequency ω and wavevector k0 = n0 ω/c. It is possible, however, to

equally define more complex excitations. Very importantly, the outtermost spherical

domain is defined as a Perfectly Matched Layer (PML). Within this region all outgoing

radiation is ideally absorbed without any reflection, thus simulating free-space propaga-

tion. Several kinds of PML are available within the software. The type of PML must

correspond to the kind of geometrical entity to which this condition is applied. In the

case of the spherical region a spherical PML should be applied. Defining additional

parameters such that the PML performance is optimum is a matter of experience and

there is, unfortunately, no general rule. There are, however, two necessary (although

not sufficient) conditions that must hold to have a good performance: (i) the material

parameters in the PML must be equal to those of the adjacent regions to avoid un-

physical reflections and (ii) in the absence of scatterers the scattered field should vanish

compared to the incident field, thus Esca/Einc � 1. After setting the geometry and

material parameters in the different subdomains, boundary conditions must be imposed

in all surfaces separating them. In scattering problems usual continuity conditions for

the electromagnetic field must be imposed in all of them, except for the outtermost, in

which boundary conditions are not critical due to the fact that the radiation is almost

entirely absorbed before reaching that surface.

Finally, one needs to discretize the simulation space. This can be done with the program

built-in meshing algorithm, which creates a tetrahedron-based mesh. While creating the

mesh, some parameters can be adjusted, such as the maximum (MES) and minimum

(mES) element sizes, the maximum element growth rate (MEGR), which imposes a

maximum increase in the size of elements adjacent to a given one or the resolutions on

curvature or narrow regions, that adaptatively refine the mesh. Creating a good mesh
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for a given problem is, in general, non trivial and highly dependent on the particular ge-

ometry, materials, etc. There are, nevertheless, some conditions that can help to achieve

this goal. Specifically, it is recommended to have, at least, 10 mesh element per unit

wavelength inside the material of the subdomain. In the case of (non-perfectly conduct-

ing) metals, it usually suffices to apply the same rule but replacing the wavelength by

the characteristic skin depth at the frequency considered.

Once the problem is solved, additional computations are needed to obtain those quanti-

ties characterizing the scattering process, namely the scattering, absortion and extinction

efficiencies. In general, there is more than one way to do this and it is highly recom-

mended to take at least two, in order to check the consistency of the simulation. For

example, it is possible to obtain all these quantities by integration over the surface Σint.

If W denotes the total power in Watts:

Wsca =
1

2
Re

∫
Σint

(Esca ×H∗sca) · n dA (A.2)

Wabs = −1

2
Re

∫
Σint

(E×H∗) · n dA (A.3)

Wext = −1

2
Re

∫
Σint

(Esca ×H∗inc + Einc ×H∗sca) · n dA; (A.4)

if P0 is the intensity carried by the incident field Einc (which in the case of a plane

wave reduces to P0 = 0.5cε0|Ei|2) and σgeom is the total geometrical cross section of the

particles, the efficiencies read:

Qsca =
Wsca

σgeomP0
(A.5)

Qabs =
Wabs

σgeomP0
(A.6)

Qext =
Wext

σgeomP0
. (A.7)

Alternatively, it it possible to compute the total power absorbed by performing a volume

integration of the time-averaged density of omhic losses within the scatterers:

Wabs =
∑
j

∫
Vj

< j ·E > dVj =
ε0
2

∑
j

∫
Vj

ωIm(ε)EE∗ dV , (A.8)

and also to compute the extinction cross section through the Optical Theorem, which

relates it with the electric far-field in the forward direction Efwd
sca projected into the

polarization direction of the incident field x̂.

Cext =
Wext

P0
=

4π

k0|Ei|
Im(x̂ ·Efwd

sca ). (A.9)
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Since conservation of energy imposes that:

Qext = Qsca +Qabs (A.10)

it is possible to check for the consistency of the computed results. The computation

of the far-field can be done through Sttraton-Chu formulas, already implemented as a

built-in option of the software.

This is the way in which scattering results presented along Chapters 2 and 3 were com-

puted. It is valid both in the three-dimensional case as well as in the two-dimensional,

and has been checked to closely reproduce Mie results. For example, a comparison
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Figure A.2: Comparison between FEM (symbols) and Mie (solid lines) solutions for
plane wave scattering from (a) Ag@Si nanosphere with Rc = 47 nm and Rs = 170 nm

and (b) Ag@Si nanocylinder with Rc = 80 nm and Rs = 170 nm.
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between scattering, extinction and absorption efficiencies of core-shell spheres and cylin-

ders, computed analytically with equations (2.7)-(2.9) and (2.16)-(2.17) and numeri-

cally in COMSOL through integration in Σint (equations (A.2)-(A.4) and (A.5)-(A.7))

is shown in figure A.2.

The only difference in the case of having two half-spaces, as depicted in figure A.1 (b),

which was used here to simulate the existence of a substrate, lies in the incident field. In

this situation, we make use of Fresnel’s coefficients to explicitly write the excitation field

in the corresponding half-space as either the sum of the incident field plus the reflected

one or the transmitted (refracted) one. Note that two different PML regions must be

defined now, each with material parameters equal to their respective adjacent regions.

Emission simulations

Emission simulations presented along Chapter 4, schematically depicted in figure A.3,

were performed with the aid of the built-in option of COMSOL. This option allows to

place in a given point an oscillating magnetic or electric dipole, modelled as a current

or a current loop. Thus, the program solves Maxwell’s equations in the presence of

point
dipole
position

PML

intΣ

n

n0n0 n0

Figure A.3: Scheme of the FEM simulation of the radiation emission from an oscil-
lating dipole embedded in a body.

sources in that given point. All post-processing to compute the total radiated power

and angular emission pattern associated has been done in close analogy to the previous

section. There is only one minor difference; here, the main interest is the total emitted

power, P :

P =
1

2
Re

∫
Σint

(E×H∗) · n dA, (A.11)

so only the total electric field is considered. If one would like to obtain the scattered

field due to the body, substraction of the field generated by the dipole alone would be

necessary.



Appendix B

Details of the fitting of scattering

efficiency to Fano-like lineshape

With respect to the slowly varying amplitude A(ω) in equation 3.5, we have heuristically

chosen:

A(ω) =

(
A0

1 + ω − ωmin

)β
(B.1)

where ωmin = 0.5ω1, β . 1 and A0 = |A0|eiφ
′
. In order to place in context the in-

formation on the evolution of the q parameter included in figure 3.4, we summarize in

figure B.1 all our fitting duties with respect to ω1, ω3, b1 and b3 for all spheroids in

figure 3.3 (L ∈ [100, 400] nm, D = 30 nm, εd = 2.25). The logarithmic scale is used for

the sake of readability. As expected from standard antenna theory, ω1, ω3 scale linearly

with 1/L. Interestingly, the b1/b3 ratio slightly decreases as L increases. For the case of

p-polarized light impinging with oblique incidence on a single Ag spheroid surrounded
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Figure B.1: Obtained values of ω1, ω3, b1 and b3 for every L in figure 3.3.
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Figure B.2: Obtained values of ω1, ω3, b1 and b3 for every α in figure 3.5.

350 400 450 500 550

0.1

1

Best-fit values:
ω

1

ω
3

 b1

 b3P
ho

to
n 

E
ne

rg
y 

(e
V

)

L (nm)

Figure B.3: Obtained values of ω1, ω3, b1 and b3 for every α in figure 3.7 (a).

by εd = 2.25 (see figure 3), parameters ω1, ω2, ω3, b1, b2 and b3 remain almost invariant

with respect to angle α, as can be seen in figure B.2. This is consistent with the lack

of interaction in the case of the n = 2 parity mode. Finally, we present in figure B.3

the obtained ω1, ω3, b1 and b3 for all spherocylinders in figure 5 (L ∈ [300, 600] nm,

D = 30 nm, εd = 2.25). Except for numerical values, all parameters follow the same

trends as in figure B.1, thus confirming the validity of our Fano-like model when applied

to a generic nanorod geometry.



Appendix C

Effect of size dispersion on the

scattering efficiency of

nanospheroids

As stated in section 3.4.1, extensive numerical simulations have been performed in order

to elucidate the effect of size-dispersity in the spectral properties of nanospheroids. Since

light scattering is mainly governed by longitudinal resonances, the effect arising from

the major semi-axis alone was first considered (i.e. ∆b0 = 0) for a silver spheroid with

a0 = 172.5 nm and b0 = 15 nm surrounded by nd = 1.33. In figure C.1 (a) the calculated

size-averaged scattering efficiencies are shown for σa/∆a0 = 1/4 and increasing values

of ∆a0/a0, assuming that the incident field is TM-polarized and impinges perpendicular

to the major axis. This precise angle is chosen because it provides the more intense

contribution to the peak in Qrandsca . As can be seen, the maximum of Q̃TMsca falls from

12.5 for ∆a0/a0 = 0.01 to 8.9 for ∆a0/a0 = 0.05. For this latter value, the peak

already shows a 31% decrease with respect to the monodisperse distribution. When the

standard deviation is set to σa/∆a0 = 1/2 (see figure C.1 (b)), both the flattening and

the broadening of the resonance are even more prominent, with a 50% decrease in height

for ∆a0/a0 = 0.05. Given that random orientation will also decrease the peak by at

least an additional 50% due to the absence of transversal features, and that refractive

index values other than unity will additionally broaden the line shape, it seems that no

significant FoM could be attained beyond ∆a0/a0 = 0.05 even for σa/∆a0 = 1/4. On the

other hand, size-dispersity in the minor axis plays a minor role in spectral quenching,

as shown in figure C.2 (a) and (b) for the same interchanged dispersity parameters.

Although it is clear that there is a noticeable 5% decrease in the height of the peak for

the most extreme configuration ∆b0/b0 = 0.05; σb/∆b0 = 1/2, such a reduction is one
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Figure C.1: Calculated size-averaged scattering efficiency of a single Ag spheroid
(a0 = 172.5 nm; b0 = 15 nm) surrounded by nd = 1.33, assuming TM-polarized light
at normal incidence. Different solid curves correspond to increasing values of ∆a0/a0,
whereas ∆b0 = 0. In (a), σa/∆a0 = 1/4, whereas in (b) σa/∆a0 = 1/2. Dashed
curve represents the response for a monodisperse distribution. The heights of the most

significant peaks are also shown.
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Figure C.2: Calculated size-averaged scattering efficiency of a single Ag spheroid
(a0 = 172.5 nm; b0 = 15 nm) surrounded by nd = 1.33, assuming TM-polarized light
at normal incidence. Different solid curves correspond to increasing values of ∆b0/b0,
whereas ∆a0 = 0. In (a), σb/∆b0 = 1/4, whereas in (b) σb/∆b0 = 1/2. Dashed curve

represents the response for a monodisperse distribution.
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order of magnitude below that in figure C.1 (b). Consequently, neglecting this effect in

the evaluation of Q̃randsca seems to be fully justified.



Appendix D

Derivation of the current induced

by a dipolar source in a 1D cavity

In this appendix, equations 4.14 of Chapter 4 are derived. Consider the situation

schematically depicted in figure D.1, in which a source located at z = z0 induces 1D

currents propagating in both directions. We allow those currents to have different initial

phases.

r r- +

z
0

z=z0

I0

L

z=+ L
2

z=- L
2

σ+I0σ-

e iφ+
e iφ-

Figure D.1: Scheme of the 1D current induced by a source in a cavity of length L
with different reflection coefficient at each end.

At a certain point z such that z0 < z < L/2, the currents propagating to the right (+)

and to the left (-) can be written as:

I+(z) = σ+I0e
ik(z−z0) + σ−eiφ

−
r−I0e

2ik(L/2+z0)eik(z−z0) + eiφ
−
r−I−(z)eik∆− (D.1)

I−(z) = eiφ
+
r+I+(z)eik∆+

, (D.2)

in which the contribution from the direct current is explicitly accounted for only in

the right-propagating current, k is the propagation constant of the current, σ+ and σ−

depend on the type of source under consideration, and we explicitly allow for a phase
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shift upon reflections introducing the additional phases φ+ and φ−. Note that multiple

reflections in the cavity are accounted for through the terms coupling both equations.

Here,

∆− = 2(z + L/2) (D.3)

∆+ = 2(L/2− z). (D.4)

Rewriting the second term in the explicit expression for I+(z), and introducing it in

equation (D.2), one gets:

I−(z) = eiφ
+
r+eik∆+

[
σ+I0(eikze−ikz0 + σ−eiφ

−
r−eikLeikz0eikz) + eiφ

−
r−I−(z)eik∆−

]
,

(D.5)

which allows one to compute I−(z):

I−(z) = I0e
iφ+

r+eik∆+
eikz

σ+e−ikz0 + σ−eiφ
−
r−eikLeikz0

1− r+r−eiφ+eiφ−eik∆−eik∆+

= I0e
iφ+

r+eik∆+
eikz

σ+e−ikz0 + σ−eiφ
−
r−eikLeikz0

1− r+r−eiφ+eiφ−e2ikL
. (D.6)

In the last step we used the fact that ∆− + ∆+ = 2L. Once I−(z) is known, we can

introduce it in equation D.1. After rearranging terms one gets:

I+(z) = I0e
ikz
(
σ+e−ikz0 + σ−eiφ

−
r−eikLeikz0+

+ eiφ
+
r+eiφ

−
r−e2ikLσ

+e−ikz0 + σ−eiφ
−
r−eikLeikz0

1− eiφ+r+eiφ−r−e2ikL

)
, (D.7)

so, finally:

I+(z) = I0e
ikz σ

+e−ikz0 + σ−eiφ
−
r−eikLeikz0

1− eiφ+r+eiφ−r−e2ikL
(D.8)

Therefore, the total current at z will be given by the sum of the two counter-propagating

currents:

I+(z) + I−(z) = I0e
ikz σ

+e−ikz0 + σ−eiφ
−
r−eikLeikz0

1− eiφ+r+eiφ−r−e2ikL
(1 + eiφ

+
r+eik∆+

), (D.9)

so finally:

I(z, z0) = I0
σ+e−ikz0 + σ−eiφ

−
r−eikLeikz0

1− eiφ+r+eiφ−r−e2ikL
(eikz + eiφ

+
r+eikLe−ikz). (D.10)

Analogously, for a point −L/2 < z < z0:
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I−(z) = σ−I0e
−ik(z−z0) + σ+eiφ

+
r+I0e

2ik(L/2+z0)e−ik(z−z0) + eiφ
+
r+I+(z)eik∆+

(D.11)

I+(z) = eiφ
−
r−I−(z)eik∆− , (D.12)

so, after substitution of the second equation into the first one, the current flowing to the

left reads:

I−(z) = I0e
−ikz σ

−eikz0 + σ+eiφ
+
r+eikLe−ikz0

1− eiφ+r+eiφ−r−e2ikL
. (D.13)

Introducing this result in equation (D.12) one gets:

I+(z) = eiφ
−
r−I0e

ikzeikL
σ−eikz0 + σ+eiφ

+
r+eikLe−ikz0

1− eiφ+r+eiφ−r−e2ikL
, (D.14)

so the total current is, in this case, the following:

I(z, z0) = I0
σ−eikz0 + σ+eiφ

+
r+eikLe−ikz0

1− eiφ+r+eiφ−r−e2ikL
(e−ikz + eiφ

−
r−eikzeikL), (D.15)

To obtain equations (4.14), we only have to consider the same reflection coefficient at

both ends. Moreover, we set an equal phase shift φ+ = φ− = π (thus a change of

sign in the amplitud) and reabsorb any additional phase induced into the (complex)

reflection coefficients r+ = r− = r. Additionally one needs to set the phases of the

initial amplitudes. We set σ− = −1 and σ+ = ± depending on the type of excitation

(electric or magnetic) and the mode being excited. In this case one gets:

I(z, z0) = I0
eikz0 ± reikLe−ikz0

1− r2e2ikL
(reikLeikz − e−ikz), for −L/2 ≤ z < z0 (D.16a)

I(z, z0) = I0
reikLeikz0 ± e−ikz0

1− r2e2ikL
(eikz − reikLe−ikz), for z0 < z ≤ L/2, (D.16b)

thus recovering equations (4.14).



Appendix E

Derivation of far-field radiated by

a y-polarized current propagating

along the z-axis

In this appendix, equations (4.16) of Chapter 4 are derived. Consider the situation

schematically depicted in figure E.1, in which a time harmonic current density flows

along the z-axis, polarized along the y-axis. The magnetic vector potential generated at

a certain point, r, reads:

A(r) =
µ0

4π

∫
I(r′)

eik|r−r
′|

|r− r′|
dr′ =

µ0

4π

∫
I(z′, z0)ŷ

eik|r−r
′|

|r− r′|
dr′, (E.1)
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Figure E.1: Spherical coordinates and the current polarized along the y-axis propa-
gating in the z-direction.
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in which the integration is performed over all the spatial extent of the current.

Given that k0 = |k|, r = |r| and r′ = |r′|, in the limiting case of k0r � 1 and r � r′

(the situation of an observation point in the far-field) the following holds:

k|r− r′| ∼ k0r − rn̂ · r′ (E.2)

|r− r′| ∼ r (E.3)

in which n̂ stands for a unit vector in the direction or r. It is now convenient to

use spherical coordinates. Putting all together, one can write for the magnetic vector

potential:

A(r) =
µ0

4π

∫
I(z′, z0)(r̂ sinφ sin θ + θ̂ sinφ cos θ + φ̂ cosφ)

eik0r

r
e−ik0z′ cos θdz′. (E.4)

Therefore, the magnetic field reads:

H(r) =
1

µ0
∇×A(r) =

1

µ0r2 sin θ

∣∣∣∣∣∣∣∣
r̂ rθ̂ r sin θφ̂
∂
∂r

∂
∂θ

∂
∂φ

Ar rAθ r sin θAφ

∣∣∣∣∣∣∣∣ , (E.5)

where:

Ar =
µ0

4π

eik0r

r
sinφ sin θ I(θ) (E.6)

Aθ =
µ0

4π

eik0r

r
sinφ cos θ I(θ) (E.7)

Aφ =
µ0

4π

eik0r

r
cosφ I(θ) (E.8)

with:

I(θ) =

∫ L/2

−L/2
I(z, z0)e−ik0z′ cos θdz′. (E.9)

Introducing the funtional form (4.14) for the current:

I(θ) =

∫ z0

−L/2
I(z < z0)e−ik0z′ cos θdz′ +

∫ L/2

z0

I(z > z0)e−ik0z′ cos θdz′, (E.10)

we have:

I(θ) = I−(θ) + I+(θ), (E.11)

with:

I−(θ) = iI0
eikz0 ± reikLe−ikz0

1− r2e2iKL

[
reikL

e−i(k‖−k)z′

k‖ − k
− e−i(k‖+k)z′

k‖ + k

]z′=z0
z′=−L/2

(E.12)
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and

I+(θ) = iI0
reikLeikz0 ± e−ikz0

1− r2e2iKL

[
e−i(k‖−k)z′

k‖ − k
− reikL e

−i(k‖+k)z′

k‖ + k

]z′=L/2
z′=z0

(E.13)

Here k‖ = k0 cos θ. Let us detail the different components of the magnetic field. For the

radial component one has:

Hr =
1

µ0r sin θ

[
∂(Aφ sin θ)

∂θ
− ∂Aθ

∂φ

]
=

=
1

4π sin θ

eik0r

r2

[
cosφ

∂ (I(θ) sin θ)

∂θ
− I(θ) cos θ

∂ sinφ

∂φ

]
=

=
1

4π
cosφ

∂I(θ)

∂θ

eik0r

r2
, (E.14)

thus, no far-field term is to be retained:

Hr,ff = 0 (E.15)

This is, of course, not surprising since the wave must be transverse in the far-field region.

Analogously, for the polar component of the magnetic field one has:

Hθ =
1

µ0r

[
1

sin θ

∂Ar
∂φ
−
∂(rAφ)

∂r

]
=

=
1

4πr

[
1

sin θ

eik0r

r

∂(sinφ)

∂φ
sin θ I(θ)− ∂(eik0r)

∂r
cosφI(θ)

]
=

=
eik0r

r

cosφ

4π
I(θ)

[
−ik0 +

1

r

]
, (E.16)

therefore having a contribution to the far-field:

Hθ,ff = − ik0

4π
cosφ I(θ)

eik0r

r
. (E.17)

Finally, the azimuthal component reads:

Hφ =
1

µ0r

[
∂(rAθ)

∂r
− ∂Ar

∂θ

]
=

=
1

4πr

[
sinφ cos θ

∂(eik0r)

∂r
I(θ)− eik0r

r
sinφ

∂(I(θ) sin θ)

∂θ

]
=

=
eik0r

r

sinφ

4π

[
ik0 cos θ I(θ)− 1

r

(
cos θ I(θ) + sin θ

∂I(θ)

∂θ

)]
, (E.18)
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and, thus, in the far-field:

Hφ,ff =
ik0

4π
sinφ cos θ I(θ)

eik0r

r
. (E.19)

For completeness, the electric field components are given below. We use the fact that:

E(r) =
i

ωε0
∇×H(r). (E.20)

Thus:

Er =
i

ωε0r sin θ

[
∂(Hφ sin θ)

∂θ
− ∂Hθ

∂φ
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Again, there is no far-field term to be retained, Er,ff = 0. For the polar component one

has:

Eθ =
i

ωε0r

[
1

sin θ

∂Hr

∂φ
−
∂(rHφ)

∂r

]
= (E.22)
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]
,

which gives a contribution to the far-field:

Eθ,ff =
ik0 cos θ

4πε0c
sinφ I(θ)

eik0r

r
. (E.23)

Finally, the azimuthal component of the electric field is:

Eφ =
i

ωε0r

[
∂(rHθ)
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]
= (E.24)
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r
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,

from which the far-field contribution is:

Eφ,ff =
ik0 cosφ

4πε0c
I(θ)

eik0r

r
. (E.25)
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The time-averaged radiated power simply reads:
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1
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so the angular pattern is reduced to:

< S(θ, φ) >=
k2

0η0

32π2
|I(θ)|2

(
cos2 φ+ sin2 φ cos2 θ

)
(E.27)
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Resumen

La nanociencia, estudio de los sistemas en escalas nanométricas (∼ 10−9 m), y la nano-

tecnoloǵıa, aplicación de este conocimiento al control y manipulación de la materia en

estas escalas, se encuentran, a d́ıa de hoy, a la vanguardia de aquellos campos cient́ıficos

que han experimento un mayor avance en la últimas décadas. Indudablemente, esto ha

de deberse a la combinación de diversos factores. No obstante, entre estos, hay dos que

cobran especial protagonismo: el hecho de que en estos campos convergen prácticamente

todas las grandes disciplinas de las ciencias experimentales (desde la f́ısica a la bioloǵıa

o la medicina, pasando por la qúımica o la informática) y la fuerte inversión económica

realizada por los diversos páıses e instituciones, sin duda alentada por la predicción del

tremendo impacto que los nuevos descubrimientos tendŕıan en la vida cotidiana de las

personas.

De entre los diferentes subcampos relacionados con la nanociencia, la presente tesis es-

tudia, desde un punto de vista eminentemente teórico, diferentes aspectos relacionados

con la nanofotónica (nanoóptica); en particular, con la emisión, propagación e inter-

acción con materia de ondas electromagnéticas (t́ıpicamente en el rango ultravioleta,

visible o infrarrojo cercano) en escalas nanométricas que, por lo tanto, habitualmente

se encuentran por debajo de las longitudes de ondas involucradas e incluso del ĺımite de

difracción clásico. Cuando esto sucede nuevos e interesantes fenómenos pueden surgir,

principalmente relacionados con el confinamiento del campo electromagnético en las in-

mediaciones de los objetos nanométricos con los que interactúa. Estos nuevos fenómenos

han dado lugar, a su vez, al desarrollo de toda una óptica de campo cercano en la que

las contribuciones exponencialmente decrecientes del campo, también llamadas evanes-

centes, juegan un papel crucial. De entre todos estos fenómenos, la excitación de los

llamados plasmones localizados de superficie (LSPR, de sus siglas en inglés) se encuen-

tra entre aquellos que han atráıdo una mayor atención de la comunidad cient́ıfica. Los
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LSPR son oscilaciones colectivas de los electrones de conducción de un objeto metálico

que, bajo ciertas condiciones de iluminación, resuenan coherentemente con el campo

electromagnético. La frecuencia de esta resonancia es extremadamente sensible no solo

a las caracteŕısticas del objeto (materiales y geométricas) sino también de su medio cir-

cundante debido, principalmente, a las altas concentraciones de campo electromagnético

cerca de su superficie. Como consecuencia, los LSPR han atráıdo la atención no sola-

mente desde el punto de vista del conocimiento básico, sino también desde el punto de

vista de la aplicación de las propiedades plasmónicas de los metales en áreas tales como

la refractometŕıa (medida del ı́ndice de refracción de un sistema), las espectroscoṕıas

(estudio de los sitemas a través de su interacción con la luz) o los procesos de emisión

de luz (tales como la fluorescencia, la fotoluminiscencia, etc). Como se detallará más

adelante, en la presente tesis se estudian los LSPR desde ambos puntos de vista, uno

más fundamental y otro mas aplicado.

El otro gran campo que es estudiado aqúı es el de los metamateriales. En este nuevo

tipo de materiales artificiales, la geometŕıa, disposición y propiedades materiales de sus

constituyentes básicos (diseñados por el ser humano y denominados metaátomos) de-

terminan la respuesta ante una determinada excitación, de manera similar a cómo la

estructura cristalina y atómica lo hace en los materiales ordinarios. Estos metaátomos

han de ser pequeños comparados con la longitud de onda de la excitación, de manera

tal que esta no sea capaz de resolver los detalles, sino que vea una respuesta effectiva del

medio. En el caso de los metamateriales ópticos, es precisamente en este punto donde

los metamateriales se juntan con la nanociencia; en particular, con la nanofabricación

y la nanofotónica. Dado que las longitudes de onda ópticas recorren desde el visible

hasta el infrarrojo cercano, los metaátomos han de ser, necesariamente, nanométricos.

El gran interés despertado por esta nueva clase de materiales reside en que diseñando

ingeniosamente los metaátomos se puede obtener una respuesta del metamaterial (como

medio effectivo) a voluntad. De esta forma, por ejemplo, en el año 2000 se demostró

experimentalmente que era posible producir un metamaterial cuyo ı́ndice de refracción

(n) fuese negativo dentro de un determinado rango espectral (en microondas, en ese

caso). De manera similar a como sucede en los materiales ordinarios (aquellos que se

encuentran en la naturaleza), cuando trasladamos los conceptos desde las bajas frecuen-

cias a las altas surgen nuevos comportamientos que acarrean nuevos desaf́ıos. En el caso

de los metamateriales con permitividad eléctrica (ε) y permeabilidad magnética (µ) si-

multáneamente negativas (y por ende con n < 0), el desaf́ıo consiste, principalmente, en

conseguir una respuesta diamagnética lo suficientemente fuerte como para implicar una

µ < 0. A pesar de que se han conseguido ciertos avances, principalmente mediante el uso

de estructuras metálicas acopladas, la inmensa mayoŕıa adolencen de: o bien grandes

pérdidas disipativas que limitan el grosor de la muestra, o bien limitaciones de diseño
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en cuanto a la incidencia o la polarización, o bien fuertes demandas en las técnicas de

fabricación necesarias. Tal vez las mejores propuestas sean aquellas en las que se utilizan

dieléctricos de alta permitividad para excitar resonancias geométricas que dan origen a

la aparición de un fuerte momento magnético.

Las principales aportaciones de esta tesis al campo de los metamateriales ópticos tienen

que ver con el estudio de la propiedades ópticas de sistemas con núcleo y recubrimiento,

denominados core-shell, en los cuales el núcleo tiene carácter metálico (principalmente

metales nobles) y el recubrimiento esta constituido por un dieléctrico de alta permitivi-

dad (principalmente semiconductores como el silicio o el germanio). Para dichas estruc-

turas se ha demostrado que es posible, tanto en su configuración esférica como en su

configuración ciĺındrica en polarización transversal eléctrica (TE), ajustar los parámetros

geométricos del sistema para hacer coincidir espectralmente resonancias de tipo dipolar

eléctrico y magnético. De esta manera, cada metaátomo se comporta individualmente

como un dipolo oscilante eléctrico y otro magnético cuyas amplitudes y fases relativas

pueden, además, ser ajustadas. Esto abre la puerta a su aplicación como constituyentes

básicos de metamateriales con ε < 0 y µ < 0. Como la parte metálica del sistema es re-

lativamente pequeña y los metales nobles poco absorbentes, las pérdidas por disipación

son aśımismo pequeñas, especialmente en la configuración ciĺındrica. Como, además,

la respuesta del metamaterial tiene su origen en cada una de las entidades básicas que

lo constituyen, no es necesario ningún tipo de disposición especial para las mismas

(que, en principio, podŕıa ser aleatoria). Finalmente, dada la propia simetŕıa de los

metaátomos (esféricos o ciĺındricos) en su respectiva dimensionalidad, la respuesta del

metamaterial es totalmente isótropa. En el caso de la configuración esférica esta es,

además, independiente de la polarización. En el caso de los core-shell ciĺındricos se han

estudiado, además, condiciones geométricas y materiales tales que minimizan la sección

eficaz de scattering y que, por lo tanto, hacen que el sistema se vuelva invisible. En

particular, se ha demostrado que sistemas core-shell de plata-silicio con determinadas

dimensiones presentan, bajo incidencia de luz con polarización transversal magnética

(TM), una región de invisibilidad que abarca todo el rango de telecomunicaciones y que

es, además, muy robusta ante desviaciones respecto a las condiciones óptimas tanto en

los ángulos de incidencia como de polarización. Aśımismo, se ha comprobado la validez

del fenómeno de invisibilidad en situaciones realistas que implican agregación y efectos

de acoplo entre estructuras cercanas, aśı como posibles defectos de fabricación, es decir,

desviaciones en los parámetros geométricos de sus valores óptimos. Para el desarrollo

de estos estudios se han utilizado diversas técnicas. En particular, a la hora de analizar

las propiedades ópticas de estructuras core-shell aisladas existen soluciones anaĺıticas al

problema completo, sin aproximaciones, de dispersión (scattering) de luz por estructuras

esféricas y ciĺındricas multicapa. Estas soluciones, obtenidas desarrollando los campos
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en cada subdominio en harmónicos esféricos o ciĺındricos vectoriales y aplicando condi-

ciones de contorno adecuadas, permiten, además, identificar las distintas contribuciones

multipolares al campo dispersado, herramienta extremadamente útil para conocer el

origen y carácter de las diferentes resonancias excitadas. Para extraer las propiedades

como medio effectivo de los metamateriales se han empleado diversas técnicas: desde

expresiones anaĺıticas para los parámetros effectivos obtenidas a partir de la teoŕıa de

Lorentz-Lorenz, hasta soluciones numéricas (obtenidas a través del Método de Elementos

Finitos, FEM) del problema completo. Para las simulaciones multipart́ıcula de cilindros

invisibles se ha empleado también el Método de Elementos Finitos.

La principal aportación original de la presente tesis al campo de la plasmónica es el estu-

dio de la asimetŕıa en el espectro de extinción de nanoestructuras metálicas alargadas.

En particular, dicha asimetŕıa aparece en la tercera resonancia longitudinal, también

llamada de 3λ/2. El carácter asimétrico de dicha resonancia no se hab́ıa puesto de

manifiesto antes, ni su origen, desde luego, dilucidado. Se describe aqúı el origen de esa

asimetŕıa en el contexto de las llamadas resonancias de tipo Fano. Dichas resonancias,

observadas primero en las ĺıneas de absorción de ciertos átomos, tienen su origen en

la interferencia entre los distintos canales que conectan un estado inicial y otro final,

cuando uno de los canales tiene un espectro continuo y el otro discreto. En particular,

se ha demostrado que el perfil espectral de extinción o scattering de nanoestructuras

alargadas con diversas geometŕıas (esferoidales, esferociĺındricas y rectangulares) puede

ser ajustado con una fórmula fenomenológica basada en aquella originalmente propuesta

por Ugo Fano en el contexto de f́ısica atómica. A partir de dichos ajustes es posible ex-

traer ciertas caracteŕısticas generales de la resonancia, como por ejemplo la evolución del

grado de asimetŕıa con parámetros tales como la longitud o la anchura de la nanoestruc-

tura. La existencia de este tipo de resonancias en nanoestructuras esferoidales, para las

cuales existe solución cuasi-anaĺıtica al problema de scattering de ondas planas, provee

de un estructura matemática que sirve para identificar la existencia de interferencias

entre distintas contribuciones. Por su parte, la aparición de este perfil asimétrico en sis-

temas de diversa geometŕıa hace entrever que se trata de un fenómeno universal, ligado

al carácter elongado de las nanoestructuras. Esta hipótesis es contrastada mediante un

simple modelo cuasi-unidimensional de corrientes en una cavidad. Dicho modelo permite

entender el origen de la asimetŕıa a partir de la interferencia entre la radiación emitida

por dos tipos de corrientes propagándose en la estructura. La primera se trata de una

corriente forzada por el campo incidente y tiene, por lo tanto, la periodicidad impuesta

por la longitud de onda incidente. El segundo tipo es una corriente plasmónica cuya pe-

riodicidad viene impuesta por los modos propios de un cilindro infinito con propiedades

materiales y sección geométrica iguales a aquellos de la nanoestructura finita. Final-

mente, dadas las caracteŕısticas que presentan este tipo de resonancias, las cuales son
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muy estrechas y sensibles al ı́ndice de refracción del medio que las rodea, se propone la

aplicación de estos sistemas con fines refractométricos. De este modo, se proponen dos

configuraciones realistas (esferoides de plata en coloide y cinturones de plata depositados

en sustrato) que resultan ser altamente eficientes como sensores del ı́ndice de refracción

externo. En esta parte de la tesis se han empleado también tanto soluciones anaĺıticas

(en el caso de esferoides) como soluciones numéricas (en particular el Método de Ele-

mentos Finitos en el caso de los esferocilindros y el Método de Ecuaciones Integrales de

Superficie en el caso de los rectángulos bidimensionales).

La última aportación de esta tesis al campo de la nanofotónica tiene que ver con la

modificación de los procesos de emisión de luz tales como la fluorescencia o la fotolu-

miniscencia por la presencia de nanoestructuras. Desde las pioneras aportaciones de

Edward M. Purcell, entre otros, es bien sabido que las propiedades de emisión de un

sistema dependen cŕıticamente del entorno del mismo. De esta forma, modificando dicho

entorno, la potencia total radiada por un sistema (aśı como su tiempo de vida medio

en el estado excitado) puede ser amplificada o inhibida, y la direccionalidad de esta

radiación modificada acordemente. Históricamente, en este campo se han empleado con

mucha más regularidad nanoestructuras metálicas que su contrapartida dieléctrica. Sin

duda, esto es debido a que las mayores intensificaciones del campo eléctrico se dan en

la inmediata proximidad de las primeras, mientras que la intensificación en las últimas

es mucho menor. Sin embargo, la presencia de electrones libres de conducción en los

metales conlleva también la apertura de canales de desexcitación no radiativos que, para

ciertas aplicaciones, podŕıan ser no deseados. Como consecuencia, en los últimos años

se han diseñado nuevas estrategias basadas en la nanoestructuras dieléctricas tales como

los nanohilos semiconductores estudiados en esta tesis. Éstos, además de carecer de

pérdidas por excitación de corrientes óhmicas, ofrecen una gran flexibilidad en la fabri-

cación y permiten, experimentalmente, la excitación selectiva, de manera que la emisión

se sitúe en el lugar deseado. El análisis teórico y numérico realizado ha permitido obtener

un mayor conocimiento de cómo afectan tanto las propiedades materiales y geométricas

de dichos nanohilos como la orientación y posicionamiento del emisor, en la potencia

total radiada y la direccionalidad de la señal. En concreto, se ha puesto de manifiesto

que, para un emisor situado en el interior del nanohilo, la emisión viene gobernada,

esencialmente, por los modos propios de un cilindro infinito con las mismas propiedades

materiales y sección geométrica, aśı como por la longitud del nanohilo. De nuevo se ha

empleado un modelo cuasi-unidimensional de corrientes en una cavidad para explicar

la fenomenoloǵıa asociada a variaciones en la longitud del nanohilo, en la posición del

emisor, en su orientación, etc. Los resultados del modelo, en muy buen acuerdo con

los resultados de simulaciones numéricas (mucho más costosas desde el punto de vista

del tiempo empleado y los recurso de computación necesarios), permiten explicar los
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procesos de emisión dados tanto por transiciones dipolares eléctricas como por transi-

ciones de tipo magnético. Muy importantes son los resultados experimentales presen-

tados también, fruto de la estrecha colaboración con el grupo experimental del Prof.

Jaime Gómez Rivas en el FOM Institute for Atomic and Molecular Physics (AMOLF)

y Philips Research Labs, en Holanda. Dichas medidas experimentales en nanohilos de

fosfuro de indio (InP), utilizando la técnica de microscoṕıa de Fourier, han servido para

corroborar la validez de la teoŕıa y suponen la primera evidencia experimental directa

del llamado efecto nanoantena en nanohilos dieléctricos. Las simulaciones numéricas

pertenecientes a esta parte del trabajo también han sido llevadas a cabo mediante el

Método de Elementos Finitos.
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Summary

Nanoscience, the science focused on the study of systems at nanometer scales (∼ 10−9 m),

and nanotechnology, i.e., the application of the acquired knowledge to manipulate and

control matter and physical processes at these scales are, nowadays, at the forefront

of those scientific fields which have experienced a more profound advance in the last

decades. The reason for this tremendous advance must be, undoubtedly, a combination

of a variety of factors. Among them, there are two that have surely played a specially

relevant role: the fact that these fields include most of the major disciplines of ex-

perimental science (ranging from physics to biology or medicine, through chemistry or

computer science) and the strong economic investment performed by both countries and

institutions, undoubtedly boosted by the perspective of the tremendous impact that new

discoveries would have in people’s everyday life.

Among the different sub-fields related to nanoscience, the present thesis is devoted, from

a theoretical standpoint, to several aspects related to nanophotonics (nano-optics); in

particular, the focus is put on emission, propagation and interaction with matter of

electromagnetic waves (with frequencies that are usually in the ultraviolet, visible or

near-infrared) on nanometer scales. Those scales are, therefore, tipically smaller than

the wavelengths involved, and can be even below the classical diffraction limit. In these

cases, new and interesting phenomena may arise, mainly as a consequence of the electro-

magnetic field confinement in the close proximity of the nanometric object with which

radiation interacts. These new phenomena have led, in turn, to the emergence of a whole

new branch in optics, the so called near-field optics, in which the exponentially decaying

contributions, the so called evanescent components of the field, play a major role. One

of the mentioned phenomena, of particular importance for the scientific community, is

the excitation of the Localized Surface Plasmon Resonances (LSPR). In brief, the LSPR
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are colective oscillations of the conduction electrons in metallic nanoparticles which, un-

der certain illumination conditions, coherently resonate with the electromagnetic field.

The specific frequency at which the resonance occurs is extremely sensitive to both

the properties (material and geometrical) of the object and those of the surrounding

medium. This sensitivity to the environment is mainly due to the high electromagnetic

energy concentrations happening in the inmediate vicinity of the metallic particle. As

a consequence, LSPR have not only attracted interest from the fundamental research

viewpoint, but also from the applied science standpoint. Among the whole range of ap-

plications found for LSPR, the most prominent are probably those related to enhanced

spectroscopies (i.e., enhanced matter-radiation interaction), light-emission control (in

processes such as fluorescence, photoluminescence, etc) or sensing (of, e.g., the index of

refraction). As detailed hereafter, in the present thesis both fundamental research and

applications of the LSPR coexist.

The other main field studied herein is that of metamaterials. In this new kind of artificial

materials, the response to a given external excitation is governed by the geometry,

arrangement and material properties of its basic constituents. These basic constituents,

called meta-atoms, are man-made structures which determine the response to a given

excitation in a similar way than crystalline and atomic structure do in an ordinary

material (those naturally found in nature). These meta-atoms must be smaller than the

characteristic wavelength associated with the excitation, in such a way that it is not able

to resolve every fine detail in the medium but instead feels a sort of effective response.

In the particular case of optical metamaterials, it is precissely at this point where the

field merges with nanoscience; namely, with nanofabrication and nanophotonics. Given

that the optical wavelengths range typically from the visible to the near-infrared, the

meta-atoms of optical metamaterials must be, necessarily, nanometric. The main interest

awaken by this new class of materials lies in the fact that, by carefully designing the meta-

atoms, it is possible to obtain a metamaterial with a response, in principle, at will. In

this way, e.g., it was experimentally demonstrated in 2000 that it was possible to design

and fabricate a metamaterial with a negative index of refraction (n) in a given spectral

range (in microwaves in the original work). However, when trying to translate those

concepts developed in the low frequency regime to increasingly higher frequencies new

behaviours may arise which, in turn, imply new challenges. In the case of metamaterials

having electric permittivity (ε) and magnetic permeability (µ) simultaneously negative

(and thus with n < 0), the main challenge is to achieve such a strong diamagnetic

response as to lead to a µ < 0. Although some advances have been reported, mainly

based on the use of coupled metallic nanostructures, the vast majority of them suffer

from one or more of the following drawbacks: either large absorption due to ohmic

losses which limits the thickness of useful samples, either limitations of design regarding
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the angles of incidence and/or polarization leading to the desired response, or either

extremely demanding designs in what fabrication techniques refers to. Among the most

succesful approaches to obtain artificial magnetism are those employing high permittivity

dielectric to excite geometric resonances generating a strong magnetic moment in the

system.

The main contributions to the field of optical metamaterials presented in this thesis are

related to the study of the optical properties of systems constituted by a nucleus and

a coating. This kind of systems are often designated as core-shell structures. Here, the

study deals, mainly, with core-shell systems consisting of a metallic core (namely noble

metals such as silver) and a high permittivity dielectric shell (tipically a semiconductor

such as silicon or germanium). In particular, it is shown that it is possible to tune

the geometrical parameters in such a way that an electric resonance and a magnetic

one, both dipolar in character, are simultaneously excited in the system, thus spectrally

overlapping. This phenomenon is demonstrated both in spherical and cylindrical con-

figurations, the latter being possible only under transverse-electric (TE) polarization

incidence. In this way, each meta-atom behaves, essentially, as an oscillating electric

dipole together with a magnetic one whose amplitudes and phases can be, moreover, ad-

justed. Therefore, this opens the door to a possible application of these nanostructures

as the fundamental pieces of metamaterials having ε < 0 y µ < 0. Since the metallic

portion of the system is relatively small, and since noble metals such as silver are weakly

absorbing, dissipative losses within a metamaterial built with these inclusions are rel-

atively small as well, being particularly low in the cylindrical configuration. Since, on

top of that, the response of a metamaterial so obtained would stem from every isolated

basic constituent, there is no need for any particular arrangement for them (which could

be, in principle, random). Finally, given the very symmetry of the meta-atoms (either

spherical or cylindrical) in their respective dimensionality, the metamaterial response is

totally isotropic. In the case of a three-dimensional metamaterial composed by spherical

inclusions the response is, moreover, polarization independent. Regarding the optical

properties of core-shell cylinders, those material and geometrical conditions leading to a

minimum in the total scattering cross-section are studied. Such a minimum conditions

can even render the cylinder invisible. In particular, it is demonstrated that in the case

of a core-shell system of silver-silicon, it is possible to tune the geometry to obtain,

under transverse-magnetic (TM) polarization incidence, a region of invisiblility as broad

as the whole telecom frequency band. The conditions leading to invisibility are, more-

over, very robust against deviations from the optimum configuration regarding both the

angle of incidence and the polarization state. Additionally, the validity of the design

in realistic situations implying aggregation and coupling between structures, as well as

deviations in the optimum geometrical parameters has also been tested. Very different
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techniques have been applied in all previously mentioned studies. In particular, when

studying the optical properties of isolated core-shell nanostructures, analytical solutions

to the complete problems (with no approximations) of scattering of plane waves from a

multilayered sphere or cylinder exist. These solutions, obtained by expressing the fields

in each subdomain as sums over spherical or cylindrical vector harmonics and imposing

appropriate boundary conditions at the interfaces, allow one to identify the different

multipolar contributions to the scattered field. This is an extremely useful tool to un-

derstand the origin and character of each resonance excited in the system. In order to

extract the effective medium properties of the metamaterials considered, several differ-

ent techniques have been applied: from analytical expressions based on Lorentz-Lorenz

theory, to numerical solutions to the complete problem (obtained through the Finite

Element Method, FEM). Solutions to those multiparticle problems aimed to reproduce

realistic systems of invisible cylinders were found through FEM simulations as well.

The main original contribution of the present thesis regarding the field of plasmonics is

related with the study of the asymmetry present in the extinction/scattering spectra of

single elongated metallic nanoparticles. In particular, this asymmetric line profile ap-

pears in the third order longitudinal resonance, called the 3λ/2 resonance as well. The

asymmetric character of this resonance has not been previously pointed out, neither its

origin elucidated. It is described herein in the context of the so called Fano resonances.

These resonances, first observed in absorption spectra of certain atoms, have their origin

in the quantum interference between two competing channels connecting an initial state

and a final one, whenever one of the channels is a continuum and the other one a discrete

state. Specifically, it has been demonstrated here that the extinction/scattering spectra

of single elongated metallic nanoparticles of different shapes (spheroids, spherocylinders

and rectangles) can be fitted with a phenomenological formula based on that originally

proposed by Ugo Fano in atomic physics context. From these fits it is possible to ex-

tract certain general characteristics of the resonance as, for example, the evolution of

the degree of asymmetry with geometrical parameters such as the length or width of

the nanostructure. The existence of this kind of asymmetric resonance in the spectra

of spheroids, for which a quasi-analytical solution exist to the problem of scattering of

plane waves, provides a mathematical framework which allows to identify the existence

of an interference between the different contributions to the scattered field. Meanwhile,

the existence of the asymmetric lineshape in a variety of geometries allows to envisage

the universality of the phenomenon, with the operating physical mechanism being as-

sociated with the elongated character of the particles. This hypothesis is corroborated

with the aid of a simple quasi-one-dimensional model of currents in a cavity. The model

allows to understand the origin of the asymmetry as due to the interference between

radiation emitted by two kinds of currents propagating in the structure. The first one is
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associated with the incident field and, thus, has a periodicity imposed by the wavelength

of the incident field. The second one is a plasmonic current whose periodicity coincides

with that of the transverse magnetic mode of an infinite cylinder with the same material

properties and cross sectional shape as the real, finite nanostructure. Finally, given the

properties of these resonances, namely, their small Full Width at Half Maximum and

their high sensitivity to their surrounding environment, they are proposed as high per-

formance refractometric sensors. In particular, two different, realistic configurations are

proposed: a colloidal suspension of nanospheroids and a single nanobelt deposited over a

substrate. In this part of the thesis several techniques have been applied as well. While

for the study of plane wave scattering from shperoids a quasi-analytical solution exists,

computed through the Separation of Variables Method, in the case of spherocylinders

and two-dimensional elongated rectangles no analytical solution is available and, thus,

numerical calculations are necessary. While the Finite Element Method has been used

in the study of spherocylinders, the optical properties of 2D rectangles were obtained

by means of the Surface Integral Equations Method.

The last original contribution to the field of nanophotonics described in the present the-

sis is related with the light emission modification in the presence of nanostructures. The

studies presented have, therefore, wide implications in processes such as photolumines-

cence or fluorescence. Since the pioneering contributions by Edward M. Purcell (among

others) it is a well known fact that the emission properties of a given system are not

only determined by its intrinsic characteristics but critically depend on its surrounding

environment. In this way, by modifying that environment it is possible to enhance or

inhibit the total radiated power (also the decay rate) of a given emitter and, accordingly,

modify the directionality of the outgoing radiation. Historically, most of the proposals

to modify the environment at nanometric scales have made use of metallic nanostruc-

tures, rather than their dielectric counterparts. Undoubtely, one of the reasons for this

choice is the high electric field intensification happening in the proximity of metallic

nanoparticles, being much smaller in the case of dielectrics. Nevertheless, the presence

of free conduction electrons in metals can also lead to the appearance of additional

non-radiative decay channels which, in certain applications, could be undesired. As a

consequence, different strategies have been explored in the last few years based in dielec-

tric structures, such as the semiconductor nanowires studied herein. The latter, on top

of lacking absorption losses due to the excitation of ohmic currents, allow great flexibility

in fabrication and, also, to selectively excite specific parts of the structure, thus con-

trolling the position of emitting regions. The theoretical analysis presented here helps

for a better understanding of the role played by material and geometrical properties of

the nanowire, as well as of the emitter position and orientation, in the characteristics of

the emission process (both in the enhancement/inhibition of the total radiated power



Summary 166

and in the directionality of the signal). In particular, it has been demonstrated that,

for a emitter placed inside the nanowire, the emission is fully governed by the electro-

magnetic modes existing in an infinite cylinder with the same material properties and

cross-sectional shape than the finite structure, together with its length. It is shown that

it is possible to gain much insight in the emission process with the aid of a quasi-1D

model of currents in a cavity (analogous to that applied for plasmonic nanorods under

plane wave illumination) excited at the position of the emitter. This model explains

all the associated phenomenology with regard to variations in the total radiated power

as a function of the nanowire length, the emitter position and orientation, etc. Predic-

tions computed with the model are in very good agreement with results obtained from

numerical simulations (much more demanding in terms of computational resource and

time-consuming). Moreover, the model is also valid in those light emmision processes

governed by magnetic dipolar transitions. Finally, photoluminescence experimental re-

sults obtained using Fourier microscopy technique in Indium Phosphide nanowires are

presented. Those were obtained as a result of the tight collaboration with the Surface

Photonics Group, led by Prof. Jaime Gómez Rivas in the FOM Institute for Atomic

and Molecular Physics (AMOLF) and Phillips Research Labs, Netherlands. The mea-

surements not only corroborate the validity of the theory but also represent the first

direct evidence of the so called (dielectric) nanowire antenna effect. FEM numerical

simulations were used extensively along this part of the thesis.
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F. Scheffold, J. Aizpurua, M. Nieto-Vesperinas, and J. J. Sáenz. Strong magnetic
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