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Abstract 

The classical partition function for a systeiii in thermodynamical equilibrium formed by N iden- 
tical non-relativistic particles interacting through Coulomb potentials and with the dynamical 
dectromagnetic field is studied. It is proved that  the dynamical or transverse EM degrees of 
freedom decouple from the  particle ones. It is also shown tha t  this decoupling does to  take place in  
the quantum mechanical partition function. The leading quantum corrections to  the classical 
partition function are explicitly given. Such corrections are shown, to  be determined by  instan- 
taneous dipole-dipole coulombic interactions and by self-energy effects, and to  receive no contri- 
bution from the interaction among different particles mediated by the dynamical EM field. 

1. Introdactioii 

The problem of the classical limit can be stated as that of proving that any quantuiir 
theory must tend to  its classical version as the limit h --f 0 is taken. It has no simple sol- 
ution, even in the case of a particle interacting with the dynamieal EM field, as BIALY- 
NICKI-BIRULA [l] has pointed out. To treat this case coherent states have been used [l]. 
More explicitly, it can be proved [Z] that by means of a unitary transformation, related 
to  coherency in some sense, the classical energy is the leading, ha-term, of the quantum 
energy. Among the various contributions to the classical limit problem in Quantum 
Electrodynamics (&ED) we shall recall those of DENTE [3], STAPP [a], HALPERN and 
SIECEL [5 ] ,  and ROHRLICH [6] and references therein. 

From the statistical Mechanics viewpoint, the problein of the classical limit is still 
more interesting for two reasons. Firstly, because it is related to &ED (or, even, to the 
more general problem of quantum field theories) a t  finite temperature [7, 81, so impor- 
tant is cosmological problems. And, secondly, because it corresponds to the much more 
physical situation of many charged particles. 

The methods to be used in the study of Statistical Mechanics for &ED consist in the 
evaluation of the partition function, namely, a trace. Each one of the matrix elements 
entering in the trace is evaluated by means of the path integral formalism. For an exposi- 
tion of this formalism see FEYNMAN and HIBBS [9,10]. A more mathematical presentation 
is given by SIMON [ll] and THIRRING [12]. This paper is devoted to the analysis of the 
classical limit problem for many particle electrodynamical systems and essential differ- 
ences are found between the classical and quantum statistics. 

*) Address for the academic year 1988-88: High Energy Physics Group, Lawrence Berkeley 
Laboratory, Berkeley University, California, USA. 

8* 



754 F. RUIZ RUIZ and R. F. ALVAREZ-ESTRADA, First Quantum Corrections 

It should be noticed that the Statistical Mechanics of and electrodynamical system is 
closely related to the physics of a plasma. Standard methods to  study the latter, dis- 
cussed by BALESCU [13] or ICHIMARU [14], could have been used. But for the study of 
the classical limit and the related problems treated in this paper the path integral for- 
malism turns out to be more useful. 

In  section 2, we study a classical system in thermodynamical equilibrium formed by 
identical particles interacting with the dynamical EM field. It is proved that the trans- 
verse or dynamical degrees of freedom of the EM field decouple from the particle ones. 
The consequences of this fact on the mean values for the EM potential 2, the physical 
electric 3 and magnetic B fields and for the energy are derived. In  section 3, the system 
of section 2 is studied quantum-mechanically by means of Feynman path integrals. As 
an aside (appendix A), we also find a bound for the quantum partition function for one 
particle interacting with the dynamical EM field. Section 4 is devoted to prove that 
when the limit is taken in the quantum partition function, the classical one is recovered. 
We also undertake the much more difficult task of evaluating the leading quantum cor- 
rections. Explicit expression for them are given, which constitute the main result of this 
work and, to our knowledge, are new. In  section 5 another method of evaluating the 
classical limit is studied, namely, the one called quasiconstant field approximation. 

?. 

We consider N classical (Cl) identical charged particles of charge q and mass rn inter- 
acting with the classical EM field &(S, t). To avoid any stability problem we assume 
that there is a homogeneous background with charge of opposite sign to that of the 
particles and without any dynamical degrees of freedom_,+so that the system is electri- 
cally neutral. The Hamiltonian in the Coulomb gauge (VAC1(.’, t )  = 0) is given by 

Classical Statistical Mechanics for Non- Relativistic Electrodynamics 

where Zi  and $i are the position and momentum of the i th  particle and the integration 
over 3 is extended to the volume V ocuppied by the system. Notice that the electrostatic 
(Coulomb) self-energy U ,  far each particle will be discarded both in the classical and 
quantum cases. Their inclusion would amount to an overall constant fac5or exp (-PNU,) 
in the partition function. In a linear polarization basis and as P --f 00, Acl(3, t )  takes the 
form 

d3$ 
t )  = 2 Jw [ C ( i )  &1) a($, I ,  t )  eiZd + C.C.], 

1 = 1 2  

where we have introduced _the classical confplex amplitudes a($, I ,  t )  (1 = 1, 2) and an 
ultraviolet cut-off factor c ( k ) ,  ( ~ ( $ 1  = C * ( - I C ) ) .  

Using (complex) oscillator coordinates and momenta q(&, 1, t )  and n(k, 1, t )  for each 
mode (E, A) [15] - i 

q ( k ,  I ,  t )  = - [a*(-&, 1, t )  - a($,  I ,  t ) ] ,  e 

4 w + 
n(k, 1, t )  = - - [a*(&, 1, t )  + a( --k, I ,  t ) ] ,  

C 
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withq*(Z, A,  t )  = q ( - i ,  A, t )  and n*($, A, t )  = n(-i ,  A, t ) ,  the first Eq. (2.2) and Eq. (2.3) 
become 

The classical partition function in the canonical ensemble reads ([13, 161) 

with HCl given by Eqs. (2.1)-(2.2) and (2.5)-(2.6). Notice that: i) all oscillator coordi- 
nates and momenta, for any (Z, A), are taken a t  a given t = 0 (not written explicitly), 
and ii) the right-hand-side of Eq. (2.7) contains a functional integration over q($, A)  
and ~ ( 6 ,  A). 

Next we change gj - q/c  &l(iZi, t )  --f i j i  in (2.7). Then, we performsuccessivegaussian 
integrations, first, over all $i and, second, over all q’s and n’s. Thus, we get 

where ZEy,CI is the partition function for t,he classical EM field, namely: 

Therefore, as far as the partition function is concerned, things occur as if the particles 
interact only through the instantaneous Coulomb potential while the transverse E M  
field decouples from the former and behaves as a free field. This fact, to our knowledge, 
does not seem to have been pointed out before. It also seems to be a direct consequence 
of the minimal coupling (gauge invariance). Notice that Eq. (2.9) yields the Rayleigh- 
Jeans law. In  fact, by taking logarithnis in Eq. (2.9) we obtain t,he energy per unite 
volume as 

(2.10) 

In  turn, by using 2 d3i(2n)-3 = ~ J J  in Eq. (2.10), we get the energy per unit 

volume between v and v + dv as S n ~ ~ ( c ~ f i ) - ~ ,  which is the Rayleigh-Jeans formula. 
Taking the partition function as starting point it iszasp to evaluat,e the cjassical mean 

value of any dynamicalvariable. For instance, since Acl(X’, t )  is linear in q ( k ,  I.) we have, 
by symmetrical integration 

A=I,” 

.. 
(2.11) 

+ +  
Analogously, for the magnetic field IsC, = V A Act we get 

(B&)) = 0 .  (2.12) 
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since in the Coulomb gauge -Z&,,ic at is the canonical momentuni, 

and, by symmetrical integration in z($,%) we get, 

( a " g ,  t ) )  - - @ & I ( ? ) ?  at = 0 .  

For any vector 2, by performing an overall translation 7, -+ .v'i + a ,  we get ( Vci(2 + 2)') 
= ( V c i ( z ) ) ,  or, equivalently, (r'cI(2)) = const., and therefore, 

(JGCi(2)) = 0.  (2.13) 

By a straightforward generalization of the latter argunients it follows that if the back- 
ground is not homogeneous but a periodic distribution of heavy charges without inter- 
nal degrees of freedom, the mean value for the electrostatic potential and for the electric. 
field are periodic with the sanie periodicity as that of the background. 

For the kinetic part H,,,, of the hamiltonian, by performing the gaussian integrations, 
we have 

And for the electrostatic energy Hc we get 

(HG,cl)  = (/ fi d3P, exp (-/3Hc) I-' ( fi d3xiHc exp ( - p H , ) .  
i - 1  J i = i  

(2.14) 

(2.15) 

From Eqs. (2.1)-(2.2), (2.10) and (2.14)-(2.15) it follows 

3 .  Quantum Statistical Nechanics for Non-Relativistic Electrodynamics 

Consider N quantum (Q) identical particles (bosons or fermions) interacting with a 
quantized E M  field A,(?). The haiiiiltonian Ho for the system in the Coulontb gauge 
([*&(3) = 0) and in the Schrodinger picture is given by 

H Q  = H p , Q  f HE1l.Q f H t ,  I 1 p , Q  = (3.1) 
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N -2 

where 

757 

(3 .2)  

(3 .3)  

Q(6,  A) and D($, A) are the operators associated to q ( i ,  2,  t )  and z(Z, 2 ,  t ) -  They satisfy 
canonical conimutation rules and 

+ 

Q+($, I.) = Q(-$, A), Z7+(&, 2.) = 17(--k., i.). (3.4) 

Eq. (3.4) tells us that even if &(Z) is selfadjoint, Q(i, A) and U(Z, j , )  are not. In the first 
Eq. (3 .2)  we have omitted the energy of the vacuum. Later on, we will coine back to this 
point. 

In the subspace of N identical particles in an EM field, the set 

forms an orthonormal basis. The sum 2 is extended to all possible different periiiutations 

of N objects. The minus sign is for fermions and the plus one for bosons while c (P)  is the 
order of each permutation P. The state lZ1(Pl),  ..., ZN(PN);  (4)) is that one in which 
particle 1 is in Zpl, . . ., particle N inZpN and the harmonic oscillators of the EM field are 
in a state denoted by (q}. Using this basis, the quantum partition function in the ca- 
nonieal ensemble is given by (compare with [lo], section 10.4) 

P 

All t,he matrix elements appearing in Eq. (3.5) are "probability amplitudes" for the 
system being a t  T = 0 in lZl(Pl) ,  ..., Z N ( P N ) ;  {Q}) to be at  z = @ R  in I?,, . . ., I,, : {Q}), 
which can he represented by means of Feynman path integrals as 

(3.6) 
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where H c l ( t )  is given in section 2. Evaluating Eq. (3.6) (see appendix A) and substituting 
it into (3.5) we get 

1 N N zj 

i = l  P j =1  ZjlP,) 
ZN,Q = N! ZE\I,Q(B, h )  j- n d32i z ( 3 = 1 F P )  n j D3$j exp rG(a) l  (3.7) 

where w e  are using the compact notation 

and the exponent G($)  is given by 

The function f(t - T, B h )  has the form 

e-wlr-r’ l  + ew17-1‘l ,wph 

1 - e-mph /(t - T’, gh) = (3.11) 

Remember that for a partition of the interval [0, g h ]  into + 1 subintervals of length 
6, and according to the midpoint rule [ 171, the factor exp {ik(y’i(r) - i j f ( z ’ ) ] }  gives rise to 

exp {+ ~ [ ( ~ ” i , l  + qi,l-,) - (iij.1, + ~ “ j , l * - I ) ]  * 1 
The partition function for the EM field Zl~lI~Q(j3, h ) ,  Eq. (3.8), can be written a8 

(3.12) 

The factor exp (-0J/%/2) corresponds to the ground state (vacuum state in a Fock space) 
of the oscillator associated to  (k, 2). In  all what we have done we have ignored the zero- 
point energy shift in such a way that instead of the HEJI,Q of Eq. (3.2) we should have 
writ ten 

This extra term cancels the contribution from the ground state in ZEH,Q(B, h )  and trans- 
fornis Eq. (3.12) into 

1 
zEM,Q(B, - ,-,,,gh 7 

;.a 



Fortschr. Phys. 34 (1986) 11 759 

which is Planck’s partition function. See, for instance, [15] for a study of the partition 
function for the free quantized EM field. 

Notice that Eq. (3.7) is the product of the quantum partition functions for the free 
EM field and for N particles interacting instantaneously through a Coulomb potential 
and at different t,imes by means of a “propagator” 

x exp {i$[y’(~) - $’(T’)]) f ( ~  - T’, p h )  e j (k ,  A). (3.13) 

We also notice that Eq. (3.7) accomplishes FEYNMAN’S elimination of the EM field 
variables with full generality in the partition function : compare with [lo], chapter 9 
and 11, 

Next, we evaluate the averages values of the quantized operators AQ(Z)) BQ(3), gQ(Z} 
and HQ. For any operator 0 we have 

Tr [exp (-/%) 01 
2 N . Q  

(0) = 

In the case of (A&)) the matrix elements needed to evaluate the trace are of the type 

so, proceeding in the same way as in the partition function, after agaussianintegration, 
we get 

(3.14) 

with C and D given by 

Analogously, we get 

(3.16). 

(3.17) 
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The electric field is the sum of two terms, 

In the first one we have matrix eleiiients of type 

To evaluate them we first perform the integration over all the z($, i ) ,  which is gaussian, 
and get a factor 

which, by the trace condition q ( i ,  i., B h )  = y(3 ,  I., 0) = Q(z, 2.). isidentically zero. There- 
fore. 

(3.18) 

In  the quantum case, and differently from what happens in the classical one, the inte- 
gration of the EM variables gives rise to  an interaction among the particles, bilinear in 
their velocities and propagated by the function given inEq. (3.13). Besides, (&(Z)} and 
<BQ(Z)) contain the sum C + D, which is basically a velocity, see Eqs. (3.14)-(3.17). 

4. 

In  this section we shall study what happens with the quantum quantities when the 
classical limit h + 0 is taken at fixed non-vanishing temperature ( n t 8  >> B-1 =+ 0). We 
start with the partition function, Eq. (3.7). To analyse the behaviour of the path inte- 
gral of (3.7) for 5 + 0 we assume that the trajectories at(.) can he written in general as 

Classical Limit and Leading Quantum Corrections for the Partition Function 

7 ;  - ?,(Pi) 
PA 

7 + j i ( t )  y‘i(.) = .?,(Pi) + 

with gi(r) satisfying the boundary conditions 

We recall (see, for instance, [ 161, chapter 10) that for N noninteract,ing identical particles 
the partition function is given by 

so that if we let A 4 0 the only perinutation which contributes is the identity (I): 
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I. heing the volume occupied by the particles. Moreover, when the particles interact 
through an instantaneous local potential, the leading quantum corrections to the free 
energy of orders L and 1 2  (at fixed ,!3 + 00) are also due to the identity. The contributions 
arising from quantum statistics (say, other permutations different froin 1) produce ex- 
change corrections of higher order in L both for non-interacting particles and for par- 
ticles interacting through instantaneous potentials: their specific form (of order h3) for 
the free energy in the case of non-interacting particles is well known. About these matters, 
see, for instance, chapters 10 and 11 in [16] and section 33 in [MI. This tells us that when 
we introduce, in addition, the interaction mediated by the dynamical EM field which, for 
several purposes, could he regarded as a suiall perturbation, the leading quantum cor- 
rections to the partition function (to be sunimarized neatly by Eq. (4.5), our main result) 
will also come from the identity permutation. The exchange corrections due to other 
permutations different froin I will be of higher order in L in the present case as well, (see 
also section 5). Accordingly, in Eq. (33)  we will take P = I, which implies that Eq. (4.1) 
should he replaced by 

(4.3) 

The last estimate of the size of g i ( 7 )  comes from equaling the kinetic energy to 1 and 
agrees with the standard philosophy for brownian paths, [17]. Notice that 

and that 7,  z‘, It - z’j -,!3L. A lengthy evaluation of Eq. (3 .7)  under the hypothesis 
(4.3) and (4.4) yields our main result, (for a detailed derivation, see appendix 3) :  

with b given by 

For N = 1, (4.5) reduces to 

Xotice that the last curly bracket is equal to or smaller than 1 since p-’ < me2, in agree- 
ment with the bound (k i )  given in appendix A. 

Eq. (4.5) together with 
1 I 

(4.7) 

which is the generalization of theorem 15.9 of [ll] to dynamical EM fields. Kotice also 
that Eq. (4.5) gives esplicit expressions for the first quantum corrections to the classical 
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partition function, and, therefore, to the classical behaviour of N identical charged par- 
ticles in an EM field. 

Next, we study the limit R -+ 0 of the average values of JQ, BQ and gQ. Proceeding in 
the same way as for ZN,Q (see appendix C for details) we get 

(AQ(3))  = (&I(?):, (4.9) 

(BdW 0 = ( f 3 , l ( W ,  (4.10) 

( E Q ( W  0 = @&)). (4.11) 

For the hamiltonian we have, that by differentiating logarithmically with respect to p 
and taking the limit Ir, -+ 0: 

( H Q )  ( H C l ) -  (4.12) 

Eqs. (4.8)-(4.12) tell us that when the limit R + O  is taken the classical results are 
recovered. 

Before finishing this section same remarks are in order. 
Remark 1. The method used here, based heavily upon Feynman’s path integrals, 

seems far more advantageous for the present problem than the one inspired in the semi- 
classical approximation of WIGNER-KIRKWOOD [19], where one would be led to solve 
some sort of Bloch equation by approximate methods. Moreover, our study is in the line 
of the work of Feynnian [9], where he recovered the Schrodinger equation from the path 
integral formalism by studying the behaviour of the integral for siiiall times. The validity 
of Eq. (4.8)) the fact that without the EM field interaction the quantum fermion system 
with pure Coulomb forces coincides with the classical Coulomb system as R -+ 0, and the 
proof of stability of fermion matter for pure Coulomb forces by LIEB and THIRRINQ [20] 
indicates that, at least, in the classical limit, stability of matter should also hold for the 
system described by Eq. (3.7). 

Remark 2. Eqs. (4.5) and (4.6) seem to imply that when the cut-off $unction c(P) is 
removed (namely, one would set c ( 5 )  = 1 for 5 k,,,, c ( 6 )  = 0 for /k l  > k,,,, with 
k,,, --f fm), one would find unavoidably a cubic ultraviolet divergence (t7 = ( q / ~ ) ~  
x (k&,/6n2)) in theleading quantum corrections to  the paritionfunction,evenfor N = 1. 
Such a cubic divergence would be higher than the linear ultraviolet divergence which 
appears when studying virtual-photon corrections to the electron self-mass in non- 
relativistic Quantum Electrodynamics at  zero temperature (see, for instance, section 15 h 
in [Sl]). 

It turns out that the cubic ultraviolet divergence is superfluous, as the following dis- 
cussion will show. In  fact, the hamiltonian (3.1)-(3.3) for non-relativistic Quantum 
Electrodynamics and the partition function (3.5) are physically meaningful provided 
that : i) Rk,,, < mc, ii) p-’ < mc2. Moreover, the calculation of the quantum corrections 
to the partition function carried out in this section has physical sense at suitably high 
temperatures. All these suggest that 8-l could vary in some interval l(hk,ax)2/2ml - 
E~ < p-l < l(hkmax)2/2ml + where E~ should be small compared to (hk,,x)2/2m and 
E* should be such that the above condition ii) be fulfilled. 

For a quick estimate, let 8-1 be of order (hk,a,)2/2m, which is consistent with both i)  
and ii). Then, the two leading quantum corrections in Eq. (4.5) become 
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that is, the cubic ultraviolet divergence has disappeared and become linear. One arrives, 
clearly, a t  the same conclusion if B-l varies in the range I(tkmax)2/2ml - < ji-1 
< i(tkrna.J2/2ml + E*. In a forthcoming paper [22] this linear divergence is removed 
using Quantum Field Theory techniques. 

Remark 3. Let us describe the problem in a simple way using its characteristic 
lengths. The first one is the inteparticle distance d related to the density through e = d-3. 

Other three characteristic lengths are the thermal Ath, de Broglie LB and Compton 
wavelengths, given by 

For the actual non-relativistic system (recall conditions i) and ii) of remark 2) the follow- 
ing_relation holds: &, > &. Moreover, the wavelength 1 of a photon is such that 2 4 1  
= /kj < k,,,, so L > iLc. The condition fortheclassicallimit (validityof theequipartition 
principle) amounts to ith IB.  Notice that for the special case 3, - ?Lth N iB, Iz 1. - 2n/t 
x (m/,9)1/2, that implieshlkl/mc - (jimcz)-1/2 < 1, which is consistent (with condition i)). 

When restricting ourselves to the identity permutation in the analysis of the classical 
limit we are using implicitly d > I th .  

For completeness, one could add a fifth length, the Debye wavelength = (q2p/3-1/2 > d. For a detailed discussion see [13- 141. 

Remark4 It is interesting to point out, the analogies and differences between the 
problem studied here and the polaron one, (one electron interacting with a scalar phonon 
field) as studied by FEYNMAN [15]. There, the path integral formalism is also used, but 
restricted to very large p, which means replacing Eq. (3.11) by exp ( - w  It - t'l). Notice 
that in Eq. (3.11) ji appears multipled by t ,  so, making the approximation + 00 in 
Eq. (3.11) would be equivalent in some way to R + 00, which differs from what we have 
done ( h  + 0). There are also some other differences due to the vectorial nature of the 
EM field, the minimal coupling, the number of particles, etc. 

a. Discussion of Other Methods : The Quasiconstant Field Approximation 

In this section we are going to recover the classical result for the partition function by 
using a different method, which may well be called the quasiconstant field approximation 
(compare with Halpern and Siege1 [5]). We shall also discuss the advantages and disad- 
vantages of this method. 

The starting point is the partition function (3.5). Now, to evaluate the propagator 
(3.6) we divide the .%-space into small cells LY of volume V,, and in each of them we ex- 
pand the EM field into a power series around the center 2, of the cell: 

A,(Z)  = 2 ( Z a )  + (x - x,)i [a,;4(z)]& + ... . (5.1) 

By considering only the first term in (5.1) (quasiconstant field approximation), taking 
into account that in this approximation P' and &(2) conmute, proceeding in the same way 
as in section 3 and taking the limit T-,, + 0 we get 
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where the subscript (0) refers to the approximation adopted in (5.1). In  the limit h --f 0 
only the identity permutation contributes to Z$!Q, so ZAv,Q +- Z,,,, as h -+ 0. The other 
permutations approach zero faster than the quantum correction for P = I derived in 
section 4. This agrees with the discussion a t  the beginning of section 4. 

The same result would have been obtained if instead of the canonical ensemble, one 
uses the grand canonical one, and describe the particles by Schrodinger (Bose) fields 
with antiperiodic (periodic) boundary conditions. 

The advantage of this method is that i t  keeps memory of the different permutations. 
On the other hand, and due to the partition of the &space into 5ells and the expansion 
for A in each cell, the interactions ainong particles mediated byA are restricted to take 
place within the same cell and not ainong different ones, while in the method of section 4, 
2 could propagate the interaction among arbitrary points in the &space. This feature, 
together with the fact that in the limit h + 0 permutations different from the identity 
tend to zero faster than the quantuni corrections for P = I ,  suggest that the method of 
section 4 is inore suitable for evaluating the leading quantum corrections. 

6. Conclusions 

The important result obtained in section 2 is that in Classical Statistics the dynamical or 
transverse EM degrees of freedom become decoupled from those of the particles in the 
partition function. This-decoupling between matter and radiation implies that the classi- 
cal average values for Acl, and g,, vanish. Such a decoupling does not take place 
quantum-mechanically, but it is proved that ZN,o + Z,,,, as W -+ 0, which generalizes 
theorem 15.9 of [ll], in which the same property is formulated for an external EM field 
without dynamical degrees of freedom. Explicit expressions for the leading quantum 
correction to the classical partition function are given, which constitute the main result 
of the paper. 

dppendix A. Evaluation of Eq. (3.5) and a Bound to Eq. (3.6) 

In  this appendix we will evaluate the matrix element (3.6) which appears in the partition 
function (3.5). Eq. (3.6) is a path integral over Z i ( t ) ,  g i ( z )  and p($, 1, z), n(z, 1, t) for 
i = 1, . . ., N and for all (z, I*) .  Making a partition of the t,ime interval [0, BW] into M + 1 
subintervals of length 6, 

a = -  D 
M + l '  

we have for Eq. (3.6) 
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with boundary conditions 

Sotice that in Ey. ( 8 . 2 )  we have solved the well-known path integral ambiguity in the 
coupling of matter to vector potentials by zhoosing the midpoint 1 / 2 ( P i , l  + 3t,l-l) as 
argument of the EM field in the product ZiA(Zj, t )  [9, 171. For a lucid discussion of its 
relationship to the I to ambiguity see also [17]. 

Each of the pZ,, and x l  integrations are gaussian and can be done immediately 

(8.3) 
We shall simplify Ey. (A.3) by recalling FEYNMAR'S result [15]: 

x [(z2 + x ' ~ )  cosh COU - 2x.d + 2A(xewU - d) + 2B(x'eou - x) 

with 
1-  

Using Eqs. (A.4) and (8 .5)  to evaluate the integrals over all ql's in Eq. (A.3)7 introducing 
the result into Ey. (3.5) and performing the integration over p(z7 A), which is also gaus- 
sian, we get Eq. (3.7). 

Before concluding this section there are some remarks to do about Eq. (3.9). 
Remark 1. The exponent in the integrand of (A.3) is the sum of the kinetic energy for 

the particles (first term), the energy for the free EM field (second term), the Coulomb 
energy (third term), and the fourth term, which is associated to the interaction between 
the field and the particles. The last term is purely imaginary, so its exponential has mo- 
dulus 1. It follows that tJhe propagator (A.3) is bounded by the product of the propagators 
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for N quantum particles interacting via a Coulomb potential and for the free EM field: 

. .  
N 

with H"pQ = C pi212m , which is the generalization of theorem 15.6 of [ 111 to dynamical 
EM fields. i = l  

Remark 2. For only one particle (N = 1) Eq. (A.6) gives tho following bound for the 
partition function: 

If we introduce the system with only one particle in an external potential ~ ( 2 )  we have 

which is the generalization of theorem 9.2 of [ 111. For this case, and calling KO the energy 
of the groun state, we get the bounds 

exp ( -BE,)  5 Tr [exp (-flHO)] 5 

Appendix B: Evaluation of (3.7) for K -+ 0 ( P  = I) 

The derivation of Eq. (4.6) proceeds through several steps: 1) Expansion of G(y') into 
a power series in I, regarding the series formed by all t e r m  of ordera An with 7t 2 1 as 
a perturbation, 2) Expansion of the exponential of such a perturbation into a power 
series, 3) Study of the order in I of the different terms obtained in the last, expaneion and 
selection of the leading quantum correction, 4) Explicit evaluation of these leading 
quantum corrections. 

Step 1. According to  what has been said in section 4, in the limit I + 0, the leading 
contribution comes from the identity permutation P = I, for which Eqs. (4.2)-(4.4), 
together with the fact that T ,  T', I T  - t'l - P b ,  hold. From these it follows that Eq. (3.10) 
can be written as 
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where the last curly bracket comes from the expansion of f ( ~  - T' ,  g t )  into suitable 
powers and D;; and Q;? are the following dipole-moment and quadrupole-tenqor contri- 
butions: 

("1 - "1)" na = Q:: = 

(a, y = 1 Y 2 7  3). 

3(2, - zl)" (Ze - Z1)Y - ( T i  - Z,)Z b a y  

- ' 1  12, - ?Zf , 

( R . 2 )  

The standard summation conventions for the dummy indices a, @ have been used in 
Eq. (B.1). 

Next we study the different terms appearing in Eq. (B.1). The free term (kinetic 
energy) and the electrostatic energy are of order to  

(B.3) 
0 

with H ,  given by Eq. (3.2). There is also a term of order to arising from the particle-field 
interaction, which vanishes by virtue of the boundary condition (4.2), namely 

The term linear in t is 

since the other possible contribution 

vanishes, 

GIF(Z) = 0 .  (B.5) 
This can be seen by making in it,s right-hand side the change t --f z' (or i + j ) ,  or by 
using the boundary condition (4.2). The term of order ti2 is 

G Z ( Z )  = G Z Q ( Z )  + G 2 F 1 ( Z )  f GZF2(1)? (B.6) 
where 

E I  

Fortschr. Phys. 34 (1986) 11 
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IJpon expanding the square and using Eq. (4.2)) (B.8) simplifies to 

(B.lO) 
Regarding GzF2(g), an integration by parts and the use of Eq. (4.2) lead to 

Summarizing, 

G = -/?He + Go + GID + G2Q + GzF1 + GzF2 + O( 1'13, t3 ) ,  (B. 12) 

where superindices 0, D, Q and F stand for free part dipole, quadrupole and contributions 
arising from the field. Notice that all the terms included in O(lg13, h3)  are, a t  least, cubic 
in 5 and h .  

Step 2.  We consider GID + G2 + GZF1 + GzF2 + O(lg13, h3)  as a perturbation to Go 
and expand the exponential of the former as a power series, that is, 

n 

Step 3. Using the formula 

x(p i )=x '  1 Dz exp { -g f k 2 ( t )  dt} = (&)lit exp {-m m (5' - d2)  

Z ( 0 ) = 2  0 

we can integrate the first term of the series of (B.13) and get 

0 

Notice that the first term of (B.15) is the classical partition function. We have to study 
t,he order in t of each of the terms of (B.16). For that purpose we use Eqs. (B.4)) (B.7), 
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(B. l l ) ,  (B.12), (4.4) and the fact that J d r  - P h ,  and get that the contributions of 

(GID)Z, 0 2 0 ,  G2F1 and G 2 F 2  go, respectively, with B3h2, B2h2, bh2 and B2h2. Notice that (GID)' 
come from n = 2 in (B.16). The rest of the terms arising from n 2 2 and those included 
in O ( ! @ ,  6 3 )  give contributions going with powers of h greater than 2. Therefore, the 
first quantum correction is 

81 

0 

0 

Z&,(%) = .fi J D 3 i i  exp [Go(g)]  GID + G2Q + GZF1 + GZF2 + 2 (G1D)2 

(B.17) 

Step 4. Notice that (B.17), as i t  stands, is only a formal expression. To evaluate it we 

2 = 1  0 [ l l  

where subindex 2 recalls the order in h.  

write its detailed form, which is the following path integral 

and where, now, 

I(GZF1,  N ,  M )  and I(G2F2, N ,  M )  are given by 

(B.18) 

(B.19) 

(B.20) 

(B.21) 

(B.22) 

(B.23) 

(B.24) 

(B.25) 

We recall that for the Zi coming from the EM field we are using the midpoint rule (see 
section 3), so for this $i we write (z i , l  + gi,2-1)/2 instead of gi , l .  Notice also that there 
are M + 1 subintervals of length 6 in [0, Bh] and only M non trivial gi,2's. 

6* 
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To integrate Eq. (B.18) we perform a rotation 

(B.26) 

such that the exponent 

(B.27) 
where Ai is the iM x M niat,rix 

2 -1 0 ... 0 

Ai= ( i  -i -:::::), 
... 

diagonalizes to 

The aj,ml of Eq. (B.26) are the eigenvectors of the matrix A i  with eigenvalues aiSm. Since 
the determinant is invariant under unitary t,ransformations we have that, 

M 

1=1 
det A ,  = = M + 1. (B.28) 

Under the change (B.26) the different G's, Eqs. (B.20)-(B.25), become Junctions of 
%i,l of the same order as the one they had when expressed in terms of Then, to 
perform the integration we only have to use 

dZX2ne-ax8 = a-(a+( l /2) )  (B.29) 
- W  -cc 

In  this way we get GID does not contribute to (B.18) since it is antisymmetric in 2i.t. 
Before integrating (B.18) we are going to study, up to order A 2 ,  the influence of the 

field in the interaction between the particles. For GIF1, see Eqs. (B.22) and (B.24), it is 
clear that after some algebra 

Z(GZF1, N ,  M )  = - 1 N M  
Y eig(di-dj)[(@i,l) (&i,l-l) (&!j,m) (@j,m-l) 4 i g 1  1.;12 

- (agi, ,)  (@<, l - i )  ( g t j , m - I )  (@i,rn) 

- (&,l-l) (@i,,) &,m) (@i.m-1) 

+ (&-l) (%.d (&rn-l) (@i.%)l. 
Suppose i + i ;  then we make the change gi,z + g i , z - l ,  g i , l - l  -+ under which the ex- 
ponential of Eq. (B.18) is invariant, but for which I(GzF1,  N ,  M )  vanishes, so only i = i 
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contributes to the integral. For GzF2 we have that performing the change (B.26) the 
exponential of Eq. (B.18) becomes symmetric and I ( G z F 2 .  N ,  M )  remains linear in zL 
except for i = j ,  where it is quadratic. So by symmetrical integration we have that only 
i = j contributes. Thus, we have proved that, up to order h2, the interaction between 
different particles via the EM field dissappears, but the self-interaction is still present. 
This leads us to conclude that, in the classical limit, the interaction between different 
particles is mediated by the Coulomb potential and not by the EM field, in agreement 
with our results in section 2.  

Next, we perform the intergrations in Eq. (B.18). We start with its third term, namely, 
the one associated to GzF1, which is the leading quantum correction. By making use of 
Eqs. (B.27), (B.29) with 7~ = 1 and taking into account that in our case a-1 = [2/3h2/ 
m ( i M  + 1)  each integration over all 22,1,  together with u - ~ ' ~ ,  gives a factor 

so the global factor comes out to be 

which, using Eq. (B.28), is equal t,o 

We still have to deal with the factor u-l of Eq. (B.29), (remember n = 1 and we have only 
used c 1 I 2 ) .  For M = 1 we have that 

1(GZF1, N ,  M = 1) = 0.  

For .W = 2,  
1 

I(GZF1, N ,  M = 2) = - 2 [(Ezj,l)2 (izi,2)2 + ( E 2 i , 2 ) 2  (Z2;,1)2], 2 i -1  

where we have wed that only i = j contributes, and then we get a factor 

In general, for any M we have that, the factor coming from is 

(B.30) 
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Since P ( Z ,  A) = 1 and ( M  - l ) 3 / ( M  + 1)3 tends to 1 for M + 00 we conclude 
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(B.31) 

Analogously we evaluate the corrections going with P2h2,  due to  G,Q and GZF2 (second 
and fourth terms of Eq. (B.18)). The contribution of G,Q goes wit,h the trace of the quadru- 
pole tensor &ij%, which vanishes, so 

Z;d,z(Z, GZQ) = 0 .  (B.32) 

(B.33) 

Finally for (GlD)2, which gives rise to the P3h2 correction, we get 

For G2F2 and (GID), the factor ( M  - 1)3 of (B.30) is to  be replaced by M 3  + 6116 M 2  
- 11313 M + 27 and M 3  - 5M2 - 9M - 4, respectively. 

Notice that P g 2  is the only non-trivial invariant under rotations of order four that can 
be formed out of t and 5, in agreement with (B.22) and (B.30). Out of E the only second 
order non-trivial invariant under rotation is d2, see Eqs. (B.23) and (B.33). The same 
happens with &ii*aa = 0, Eqs. (B.21) and (B.32), and with 

see (B.20) and (B.34). 

we get (4.5), which we were looking for. 
By plugging Eqs. (B.31)-(B.35) into (B.18) and, in t,urn, t,he latter into Eq. (B.15) 

Appendix C. Proof of Eqs. (4.9)-(4.11) 

Froni Eqs. (3.15), (3.16), (4.2)-(4.4) it follows that, 

which tells us that the first quantum correction to (.&(Z)) and (&(3)) will come from 
substituting in Eqs. (3.14) and (3.17) C + D by the right-hand-side of (C. l )  and exp [G(y’)] 
by exp [GO(Z) - P H c ] :  
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both of+whic_h vanish since when performing the path integrals we get a result that, goes 
with Z(k, A) k = 0. Therefore, we get Eqs. (4.9) and (4.10). 

Regarding the electric field (see Eq. (3.18)), we have that, through the same argument’s 
as those used for the quantum partition function, 

which leads to Eq. (4.11). 
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