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The theoretical model for an off-Bragg on-axis conversion between a Gaussian beam with cylindrical phase
function and a plane wave by a volume aperiodic nonplanar inhomogeneous holographic grating is presented.
A two-wave first-order coupled-wave theoretical framework is adopted. Analytical solutions for the ampli-
tudes of two space harmonics of the field inside the grating zone are derived. Both the chromatic and the
geometric deviations from the exact Bragg condition are studied. Numerical evaluations show that some
anomalous phenomena (Pendellösung fringes, angle amplification effect, achromatism) can arise. High
diffraction efficiency sø1d is predicted even for relatively large off-Bragg deviations. The deterioration of
the reconstruction fidelity due to the Pendellösung effect is discussed.  1996 Optical Society of America
1. INTRODUCTION
Rigorous formulation of a wave-front conversion problem
is of importance in designing holographic optical elements
(HOE’s), particularly those for optical interconnections,1,2

where precise knowledge of parameters such as diffraction
efficiency, reconstruction fidelity, signal-to-noise ratio,
and cross talk is desired. Application of already existing
theories (rigorous coupled-wave theories,3 – 5 multiple-
scattering theories,6,7 modal theories8,9) for analyzing the
diffraction process is often precluded by the aperiodic
nonplanar inhomogeneous character of the grating. In
such cases it is convenient to search for (preferentially
analytical) solutions associated with one particular type
of grating.

Recently a theoretical model for a wave-front conver-
sion between a Gaussian beam with a cylindrical phase
function and a plane wave10 was presented, under the as-
sumption that the Bragg condition was satisfied during
the hologram reconstruction process. The model was ap-
plied to simulate the behavior of a holographic coupler
for monomode optical fibers. However, in a variety of
HOE applications, mainly those requiring nonnegligible
geometrical11 and chromatic12,13 tolerances or employing
emulsions with unstable thickness,14 it is important to
analyze off-Bragg diffraction.

Hence introduction of the off-Bragg parameter to the
on-Bragg model10 was required for a correct description
of more complex geometries. In this paper a nontriv-
ial extension of the on-Bragg model is presented for the
off-Bragg incidence. In Section 2, two coupled equations
are solved analytically for a transmission on-axis volume
hologram. The analytical integral solutions are derived
separately for the geometrical (Subsection 2.A) and the
0740-3232/96/010131-08$06.00 
chromatic (Subsection 2.B) violation of the Bragg condi-
tion. The numerical results as well as the appearance
of some anomalous effects (such as Pendellösung fringes,
angle amplification effect, and achromatism) are dis-
cussed in Section 3.

2. THEORETICAL MODEL
The process of deriving the coupled equation from the
wave equation in general recording geometry can be found
in detail in the book by Solymar and Cooke.15 As is
shown therein, the coupling between two field ampli-
tudes C1 and C2 is governed by the following two coupled
equations16:

=C1 ? =p1 1 jkf20f2 exps2jBdC2  0 , (1)

=C2 ? =p2 1 jkf10f1 exps jBdC1  0 . (2)

In this particular case when conversion between a Gauss-
ian beam with a cylindrical phase and a plane wave is
to be analyzed, the parameters in Eqs. (1) and (2) have
the following meanings: p1  sx2 1 y2d1/2 is the phase
function of the field C1, p2  x is the phase function of
the field C2, f1sf2d is the constant normalization factor
for the field C1 sC2d, f10  expf2y2ys2t2dg is the normal-
ized amplitude of the field used as an object wave dur-
ing the recording process, t is the Gaussian-beam radius,
f20  1 is the normalized amplitude of the reference wave,
B  b0s p10 2 p20d 2 bs p1 2 p2d is the off-Bragg parame-
ter, p10 s p20d is the phase function of the object (ref-
erence) wave, bsb0d is the propagation constant of the
diffracted (recording) field in region B (see Fig. 1 below),
k  bse0

r1 2 je
00
r1dys4e0

rd is the coupling constant, e
0
r1 se00

r1d
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is the real (imaginary) part of the dielectric-permittivity
modulation amplitude in the grating area, and e0

r is the
average dielectric permittivity in the grating area. Un-
modulated zones A and C are supposed to have dielectric
permittivity equal to the average permittivity of grating
zone B seA  eB  e0

rd; hence refraction effects are ignored
in the analysis.

With introduction of the new variables n and m with
the properties

=n ? =p1  0 , (3)

=m ? =p2  0 , (4)

or, in other words, which are tangential to the wave-front
surfaces of the two diffracted fields, Eqs. (1) and (2) can
be transformed into

q1
≠C1

≠m
 2jkf20f2 exps2jBdC2 , (5)

q2
≠C2

≠n
 2jkf10f1 exps jBdC1 , (6)

where q1  =m ? =p1, q2  =n ? =p2. It can be easily
verified that the variables n  arctans yyxd, m  y satisfy
Eqs. (3) and (4) (see Ap-pendix A of Ref. 10). Hence the
parameters q1 and q2 can be expressed as

q1  sin n , (7)

q2  2
sin2 n

m
. (8)

As can be observed in the definition of the off-Bragg
parameter B, the possible departures from the strictly
on-Bragg regime are expressible by means of the geomet-
ric and the chromatic parameters. The former, including
the angular, transverse, and longitudinal tolerances, are
determined by the differences between the phases of the
beams used for formation of the hologram s p10, p20d and
the phases of the reconstructed wave fronts s p1, p2d. In
this group, one can also include dephasing effects that
are due to the change of the effective-medium thickness
caused by emulsion shrinkage or swelling. The latter in-
cludes situations in which the recording and the recon-
struction wavelength differ or in which the medium has
suffered a change in the average dielectric permittivity
value during the holographic development process.

The analysis can be considerably simplified if the calcu-
lus is carried out separately for two classes of dephasing
(geometric and chromatic). In this case the expression
for parameter B can be easily obtained; and, after substi-
tuting it into coupled equations (5) and (6), one obtains
the second-order partial differential equation, which can
be solved by the Riemann method. In Subsections 2.A
and 2.B the solutions for two space harmonics of the
field are derived for both the geometric and the chromatic
dephasing.

A. Geometric Deviations from the
Exact Bragg Condition
In the case of purely geometric deviations from the Bragg
condition, the off-Bragg parameter B can be expressed as

BG  BG1 2 BG2 , (9)

where BG1  b0s p10 2 p1d, BG2  b0s p20 2 p2d.
As can be seen from Fig. 1, the phase functions p20 and

p2 can be expressed as follows:

p20  x , (10)

p2  x cos d 1 y sin d . (11)

Assuming that the deviation angle d is small, one imme-
Fig. 1. Hologram recording and reconstruction geometry (see text for details).
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diately obtains

BG2 ø 2b0dm . (12)

The expression for the parameter BG1 can be easily de-
duced as follows. Lines u10, u

0
10 are the asymptotes of

the Gaussian beam used as the object wave. By virtue
of the holographic principle, it can be anticipated that the
reconstructed wave will also have a Gaussian amplitude
distribution17 with asymptotes u1 and u

0
1. If a homoge-

neous plane wave with a phase p2 is incident onto the
hologram, then the angular shift d in the space-harmonic
C1 evolution can be observed. The transverse shift D 
d tan d is interpretable as the difference between the
transverse position of the space harmonic’s C1 (virtual)
beam waist and the object beam’s beam waist. If we ex-
press the phase p1 as in Fig. 1 h p1  fx2 1 s y 1 Dd2g1/2j,
we can approximate the parameter BG1 (using the Taylor
series expansion) as

BG1 ø 2b0d tan d tan n . (13)

Eliminating C2 from Eqs. (5) and (6) and using relations
(9), (12), and (13), we obtain the following second-order
partial differential equation:

sin3 n

m

≠2C1

≠n≠m
1

√
cos n 2 jb0d tan d

sin n

cos2 n

!

3
sin2 n

m

≠C1

≠m
2 k2f10f1f20f2C1  0 , (14)

with the associated boundary-value conditions defined by

C1fgsmd, mg  0 , (15)

C2fgsmd, mg  1 , (16)

where gsmd  n is a function defining the frontal face
sx  dd of modulated region B (see Fig. 1). As is shown in
Ref. 18, the condition b0 d tan d sin n .. 1 is satisfied for
the geometry under study. Hence the following equation
has to be solved:

sin3 n

m

≠2C1

≠n≠m
2

jb0d tan d

cos2 n

sin3 n

m

≠C1

≠m

2k2f10f1f20f2C1  0 . (17)

Introducing now the transformed amplitude A1 defined
by the renormalization relation

C1  A1 expfH sndg , (18)

where H snd  jb0d tan d
R

cos22 ndn  csddtansnd, the
following equation results:

sin3 n

m

≠2A1

≠n≠m
2 k2f10f1f20f2A1  0 . (19)

We define the new coordinate system su, vd by the trans-
formations

u  2
1
2

cos n

sin2 n
1

1
2

ln tan
n

2
, (20)

v  v0 exp

√
2m2

t2

!
, (21)
where v0  k2t2y2. In this new coordinate system
Eq. (19) has the following form:

≠2A1

≠u≠v
1 A1  0 . (22)

The Riemann method19,20 can be directly applied in solv-
ing this equation. The necessary and sufficient condition
for the existence of the Riemann solution states that

A1f f svd, vg  0 , (23)

where m  f svd is a representation of the frontal face
curve n  gsmd in the su, vd space. As can be seen from
Eq. (15), the fulfillment of the boundary condition for the
amplitude C1 automatically satisfies the Riemann con-
dition [Eq. (23)]. The Riemann solution for Eq. (22) and
for the associated boundary conditions [Eqs. (15) and (16)]
(Cauchy’s problem) can be expressed formally as

A1su, vd 
Z v

f21sud

"
≠A1su0, v0d

≠v0

#
u0f sv0 d

3 J0sss2hsv 2 v0 dfu 2 f sv0 dgj1/2ddddv0, (24)

where J0 is the zero-order Bessel function of the first
kind. Employing Eq. (5) with boundary condition (16),
one obtains the following expression for s≠a1y≠vduf svd:√

≠A1

≠v

!
uf svd


j

km sin gsmd

3 exp

(
2H fgsmdg 2 jBG fgsmd, mg 1

m2

t2

)
. (25)

Substituting this expression into formal solution (24) and
employing renormalization relation (18), we obtain the
following solution:

C1su, vd 
1
2

jkt exphH fnsudgj

3
Z v

f21sud

exph2H fgsv0dg 2 jBG sv0 dj√
ln

v0

u0

!
1/2

v0 sin gsv0 d

3 J0sss2hsv 2 v0 dfu 2 f sv0 dgj1/2ddddv0. (26)

This is the final integral expression for the diffracted
space-harmonic amplitude C1 if a purely geometrical de-
parture from the on-Bragg regime is assumed.

To obtain a solution describing the evolution of am-
plitude C2, one cannot follow steps analogous to those
for mode C1, because the new Riemann condition,
C2f f svd, vg  0, is not fulfilled, as boundary condition
(16) states that C2f f svd, vg  1. However, by direct inte-
gration of Eq. (6), the following expression for amplitude
C2 can be obtained:

C2 
2jv
kt

√
ln

v0

v

!1/2 Z u

f svd
sin nsu0 dexpf jBG su0, vdg

3 C1su0, vddu0 1 1 , (27)

where boundary condition (16) was applied to determine
the integration constant. It can be immediately observed
that Eqs. (15) and (16) are fulfilled for solutions (26)
and (27).
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Fig. 2. Intensity jC1j2 as a function of holographic-medium
thickness T for an off-axis point and for various values of
angle d (geometrical dephasing). T is in wavelength sld units.
Numerical parameters: y  1022 m, e

0
r1  0.025, e0

r  2.25,
t  0.01 m, l  0.5 mm, d  0.1 m. Values of parameter d:
curve a, 0 rad; curve b, 17 mrad; curve c, 35 mrad; curve d,
70 mrad.

B. Chromatic Deviation from the Exact Bragg Condition
In this group of departures from the strictly Bragg re-
construction process can be included any phenomena
originated in the change of the propagation constant b in
modulated region B with respect to its original preexposi-
tion value b0. Therefore the wavelength shifts and the
average refractive-index changes pertain to this group
of dephasing. Note that in order to solve the problems
in which an average refractive-index value has changed,
one can (apart from the solutions that are to be de-
rived) directly employ the solutions derived in the on-axis
model.10 It is the correct approach, as in the general
recording process discussed in detail in Ref. 10 the pos-
sible changes in the average value of dielectric permit-
tivity are included.

In this section a procedure analogous to that adopted
in Subsection 2.A will be followed. An expression for
the off-Bragg parameter will be derived, and the coupled
equations will be solved. Assuming recording and recon-
structed waves with identical phase functions s p1  p10

and p2  p20d, we can express the chromatic off-Bragg
parameter as

BC  msb 2 b0d
1 2 cos n

sin n
. (28)

Eliminating amplitude C2 from Eqs. (5) and (6) and intro-
ducing the approximation of slowly varying amplitude C1

with respect to the transverse variable m,10,21 we obtain

sin3 n

m

≠2C1

≠n≠m
2 k2f10f1f20f2C1  0 . (29)

Introducing again variables u and v defined by Eqs. (20)
and (21), we can express Eq. (29) in the form of Eq. (22),
to which the Riemann method can be applied. The solu-
tion for amplitude C1 can be expressed formally again by
Eq. (24). Using Eqs. (5) and (24) with Eqs. (15) and (16),
we obtain the following expression for space-harmonic

Fig. 3. Intensity jC1j2 as a function of holographic-medium
thickness T for various off-axis points (geometrical dephas-
ing). T is in wavelength sld units. Numerical parameters:
d  35 mrad, e

0
r1  0.025, e0

r  2.25, t  0.01 m, l  0.5 mm,
d  0.1 m. Values of parameter y: curve a, 1023 m; curve b,
5 3 1023 m; curve c, 8 3 1023 m; curve d, 1.2 3 1022 m.

Fig. 4. Intensity jC1j2 as a function of holographic-medium
thickness T for an off-axis point and for various values of
parameter e

0
r1 (geometrical dephasing). T is in wavelength sld

units. Numerical parameters: d  70 mrad, y  5 3 1023 m,
e0

r  2.25, t  0.01 m, l  0.5 mm, d  0.1 m. Values of
parameter e

0
r1: curve a, 0.05; curve b, 0.025; curve c, 0.02;

curve d, 0.01.
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amplitude C1:

C1su, vd 
jkt

2

Z v

f21sud

expf2jBC sv0 dg
v0 sin gsv0 d

"
ln

√
v0

v0

!#
21/2

3 J0sss2hsv 2 v0 dfu 2 f sv0dgj1/2ddddv0. (30)

The solution for amplitude C2 can be derived as in Sub-
section 2.A by direct integration of Eq. (6) with respect to
boundary condition (16). Simple calculus leads to a for-
mula that is formally identical to Eq. (27), where BG su0, vd
should be replaced by BC su0, vd.

3. NUMERICAL RESULTS
AND DISCUSSION
Figures 2–4 represent the longitudinal evolution of field
intensity jC1j2 as a function of the stratified-medium
thickness T for various values of parameters d, y, and
e

0
r1. The geometrical deviation from the strictly on-Bragg

regime is assumed, as was described in Subsection 2.A.
Figure 2 shows the influence of the off-Bragg angle sdd
value variation in the coupling process for an off-axis
point y  1022 m and for e

0
r1  0.025. Increasing the

d value produces a decrease both in the maximum at-
tainable diffraction efficiency and in the coupling period.
The former effect is evidently due to the lack of the phase-
matching condition during the off-Bragg replay when, as
can be seen, a considerable amount of the energy can be
transferred into the evanescent fields. The latter phe-
nomenon is due to the influence of the off-Bragg parame-
ter B on the coupling strength between Eqs. (1) and (2)
and hence on the coupling frequency between the two
space-harmonic fields C1 and C2. It can be observed that
the minimum thickness of the holographic medium re-
quired for obtaining maximum diffraction efficiency for
given e

0
r1 is reduced when the off-Bragg angle increases.

Conversely, a decrease in the e
0
r1 value is required for

a given medium thickness if the off-Bragg replay is per-
formed. A reduction in the optimal value of the medium
thickness for the maximum-diffraction-efficiency condi-
tion in factors . 2 can be observed in Fig. 2 if d changes
from 0 rad to approximately 70 mrad.

The evolution of the diffracted space-harmonic intensity
jC1j2 is shown in Fig. 3 for various off-axis points and
for fixed values of e

0
r1 and d. A diminishing influence of

the off-Bragg deviation as the off-axis distance decreases
can be observed. This is a consequence of a higher value
of the Klein–Cook parameter Q for the off-axis points
than for the on-axis ones, owing to the increasing phase-
difference factor p10 2 p20 as one moves from the on-axis
toward the off-axis region. High diffraction efficiency is
predicted for the near-axis area even for relatively large
off-Bragg deviations (Fig. 3, curves a and b).

Figure 4 reveals the evolution of the coupling process
for various values of grating modulation amplitude e

0
r1 for

an off-axis distance y  5 3 1023 m and for an off-Bragg
angle d  70 mrad. As can be expected, the coupling fre-
quency increases with the value of e

0
r1 because of the in-

creasing value of the coupling constant k for that case.
On the other hand, encouragingly high diffraction effi-
ciencies are predicted for materials with high refractive-
index-modulation capabilities even for large values of d.
This phenomenon can be of great practical importance in
the design of an HOE with a large field of view.

The transverse distribution of intensity jC1j2 is shown
in Figs. 5, 6, and 7 for various values of parameters d,
T , and e

0
r1, respectively. A geometrical deviation from

the Bragg condition is assumed again. Figure 5 shows
how an initially overmodulated beam sd  0d becomes
narrower with increasing value of d for medium thick-

Fig. 5. Transverse distribution of intensity jC1j2 at the output
plane x  d 1 T of the hologram for various values of angle
d (geometrical dephasing). Numerical parameters: e

0
r1  0.01,

e0
r  2.25, t  0.01 m, l  0.5 mm, d  0.1 m, T  150 l. Val-

ues of parameter d: curve a, 0 rad; curve b, 17 mrad; curve c,
35 mrad; curve d, 70 mrad; curve e, 140 mrad.

Fig. 6. Transverse distribution of intensity jC1j2 at the output
plane x  d 1 T of the hologram for various values of medium
thickness T (geometrical dephasing). Numerical parameters:
d  35 mrad, e

0
r1  0.05, e0

r  2.25, t  0.01 m, l  0.5 mm,
d  0.1 m. Values of parameter T : curve a, 30l; curve b, 40l;
curve c, 50l; curve d, 70l.
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Fig. 7. Transverse distribution of intensity jC1j2 at the output
plane x  d 1 T of the hologram for various values of permittivity
modulation amplitude e

0
r1 (geometrical dephasing). Numerical

parameters: d  140 mrad, T  70 l, e0
r  2.25, t  0.01 m,

l  0.5 mm, d  0.1 m. Values of parameter e
0
r1: curve a, 0.01;

curve b, 0.025; curve c, 0.03; curve d, 0.05.

ness T  150l and for e
0
r1  0.01. As can be seen, both

reconstruction fidelity and overall diffraction efficiency
decrease as d increases. In general, a non-Gaussian
intensity distribution results when off-Bragg replay is
accomplished.

For relatively large values of d (d . 50 mrad) the side-
lobes appear in the transverse intensity distribution even
for moderated values of e

0
r1 and T . However, as can be

seen from Figs. 6 and 7, this splitting effect is more pro-
nounced when one employs thicker holographic media or
deeper modulated gratings. A considerable decrease in
both reconstruction fidelity and diffraction efficiency is
observed when the thickness of the medium exceeds the
optimum value for given e

0
r1 (Topt ø 25l for the conditions

assumed in Fig. 6). This splitting effect is closely analo-
gous to the Pendellösung fringe structure first observed by
Shull22 in a neutron diffraction experiment on single crys-
tals of silicon. In that case the Pendellösung fringe struc-
ture appears as a consequence of the mutual interference
between two branches of the wave function that result as
possible solutions of the Schrödinger equation within the
framework of the dynamical theory of diffraction. It has
been shown experimentally23 that Pendellösung oscilla-
tion frequency increases with crystal thickness.

Splitting-effect behavior similar to that described in
Ref. 23 is evident from Fig. 6 for the geometry analyzed in
this paper. The effect is due to the transverse gradient in
the coupling coefficient, because a Gaussian object wave
was employed in the recording process. Consequently,
slower evolution of the off-axis field than of the on-axis
one determines (after a certain propagation distance) the
resulting Pendellösung structure.

The present model predicts another anomalous phe-
nomenon: the angle-amplification effect. The effect also
has its counterpart in neutron diffraction and was used
by Kikuta et al.24 to measure small directional changes
of a neutron beam resulting from prism refraction. The
observed amplification factor was typically 105 –106. In
our case, as one moves apart from the on-Bragg replay
condition by increasing the off-Bragg angle d, the trans-
verse displacement dy of the sidelobe maximum is ob-
served at the hologram output plane (see Fig. 5, curves d
and e). This transverse displacement leads to the angu-
lar shift d1  arctansdyyTd  md, where m is the ampli-
fication factor. The anomaly is virtually unappreciable
sm ø 1d for geometries employed hitherto. A very thick
medium is required for observation of the effect in on-axis
conversion. Numerical calculations show that for a rea-
sonable amplification factor sm ø 20d for e

0
r1  0.05 to be

obtained, the medium thickness should be approximately
1 cm. The phenomenon can find applications in the op-
tical metrology and the moiré techniques, in which the
resolution of some instruments (autocollimators, optical
encoders, moiré interferometers, mask alligners, etc.) can
be improved if a HOE based on the angle-amplification
effect is introduced into the system.

Both the Pendellösung and the angle-amplification
effects are formally similar to some of the anomalous
phenomena predicted by Zhang and Tamir for Gaussian-
beam diffraction.25 These researchers showed that the
Gaussian-beam diffraction by a reflection periodic grating
could, under a special phase condition (equivalent to that
for which Wood’s anomalies appear in the case of plane-
wave diffraction), differ considerably from the geometrical
predictions. The following resonant phenomena were
predicted: (1) a lateral displacement of the scattered
field, (2) a focal (longitudinal) shift, (3) an angular de-
flection of the beam axis, and (4) changes in the effective
beam cross section (waist modification). It was shown
in Ref. 25 that the beam modifications are significant if
the incident beam is phase matched to the leaky modes
that can be supported by the grating. The phenomena
were first anticipated theoretically for accoustic-beam re-
flection by layered surfaces by Bertoni et al.26 Experi-
mental verification of the effects is due to Nagy et al.27

However, relating the anomalous phenomena predicted
in this section to those discussed by Zhang and Tamir,25

one should clearly distinguish the difference between two
underlying physical concepts. In this paper a volume
aperiodic inhomogeneous nonplanar grating is analyzed
in the transmission regime. In Ref. 25 a canonical grat-
ing structure consisting of a sinusoidal reactance plane
is studied in the reflection regime. As this structure is
not of the volume type, Bragg resonance effects are not
involved in the evolution of the anomalies. As one can
expect and as is shown in Ref. 25, blazing effects should
be considered as the cause of the anomalous behavior in
that case. Nevertheless, the beam-splitting phenomena
presented in the present section and the beam cross-
section-modification effect predicted by Zhang and Tamir
are formally identical. In relation to the Pendellösung
effect, the recent work of Christodoulides and Carvalho28

analyzing Gaussian-beam diffraction in photorefractive
crystals is noteworthy. It is shown therein that the
Gaussian beam tends in some particular conditions to
self-focusing collapse, leading to spatial compression and
soliton formation.

Figure 7 shows the influence of the grating modu-
lation amplitude e

0
r1 on the transverse distribution of
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Fig. 8. Intensity jC1j2 as a function of holographic medium
thickness T for various values of wavelength shift dl and for
two off-axis points (chromatic dephasing). T is in wavelength
sld units. Numerical parameters: e

0
r1  0.05, e0

r  2.25,
t  0.01 m, l  0.5 mm, d  0.1 m. Curves: a, y  1022 m,
dl  10 nm; b, y  1022 m, dl  100 nm; c, y  1022 m,
dl  200 nm; d, y  2 3 1022 m, dl  5 nm; e, y  2 3 1022 m,
dl  20 nm; f, y  2 3 1022 m, dl  50 nm.

Fig. 9. Transverse distribution of intensity jC1j2 at the output
plane x  d 1 T of the hologram for various values of medium
thickness T and wavelength shift dl (chromatic dephasing).
Numerical parameters: e

0
r1  0.025, e0

r  2.25, t  0.01 m,
l  0.5 mm, d  0.1 m. Curves: a, T  200l, dl  10 nm;
b, T  200l, dl  50 nm; c, T  100l, dl  20 nm; d, T  100l,
dl  200 nm; e, T  55l, dl  50 nm; f, T  55l, dl  100 nm.

intensity jC1j2 for relatively large values of the holo-
graphic emulsion thickness and of the off-Bragg angle
(T  70l, d  0.14 rad). It is observed that high recon-
struction fidelity is accompanied by a decrease in diffrac-
tion efficiency (Fig. 7, curve a) and, conversely, that high
diffraction efficiency sø1d in the on-axis area leads to a
beam-narrowing effect and hence to a deterioration in re-
construction fidelity (Fig. 7, curve b). The velocity of the
evolution of the splitting effect increases with e

0
r1 as a

consequence of the decreasing coupling length and the
increasing difference between the coupling frequency in
the off-axis zone and in the on-axis one.

Figures 8 and 9 show the longitudinal and the trans-
verse evolution of intensity jC1j2 for chromatic deviation
from the Bragg condition. It can be deduced that as
distance from the on-axis area increases, the influence
of chromatic deviation on the coupling process becomes
crucial. One observes the decrease in both maximum
diffraction efficiency and coupling length (Fig. 8, curves
d, e, and f) if chromatic dephasing is introduced. On the
other hand, as one moves toward the on-axis area, a re-
duction of the influence of chromatic dephasing on the
coupling is observed (Fig. 8, curves a, b, and c). Quasi-
achromatic behavior is predicted for the paraxial zone
(Fig. 9). It is interesting to note that a virtually achro-
matic coupling for dl as large as 100 nm is expected for a
hologram aperture similar to the Gaussian-beam diame-
ter if appropriate values of e

0
r1 and T are selected. In this

case achromatism can be observed simultaneously with
both high diffraction efficiency and good reconstruction
fidelity (Fig. 9, curves e and f). Decreasing amplitude of
the sidelobes is observed for higher values of B.

The achromatic response of the central area is consis-
tent with the low value of the Klein–Cook parameter Q
in the paraxial domain. Naturally, owing to the dubi-
ous volume character of the grating in that area, prob-
lems caused by implementation of the two-mode theory
in the model arise. Therefore a rigorous treatment of
the problem would require the inclusion of the higher-
order waves into the theory. Nevertheless, in employing
the two-wave approach, one can obtain good qualitative
insight into the wave-front conversion process even for
low-Q areas of the grating. Bearing in mind the limita-
tions of the two-wave framework, one should handle with
care the quantitative predictions for an absolute diffrac-
tion efficiency when low-Q zones of the hologram are to
be analyzed.

4. CONCLUSIONS
The theoretical model for the on-axis wave-front conver-
sion process between a Gaussian beam with a cylindrical
phase function and a plane wave was derived for an off-
Bragg reconstruction geometry. The model is based on
the two-wave first-order coupled-wave-theory framework.
The aperiodic nonplanar inhomogeneous character of the
volume-type holographic grating precludes the applica-
tion of the modal, rigorous coupled-wave, or multiple-
scattering theories in this case. Analytical solutions are
derived for amplitudes of two space harmonics of the field
inside the inhomogeneous medium.

The Pendellösung (beam-splitting) effect and the angle-
amplification effect are predicted. The Pendellösung
structure appears as a result of the transverse gradient
in the value of the coupling parameter, which induces
different coupling frequencies for the paraxial and the
off-axis fields. The effect imposes several restrictions on
the upper limit of the medium thickness T and the per-
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mittivity modulation amplitude e
0
r1 if good reconstruction

fidelity is desired.
The angle-amplification effect, having the same physi-

cal cause as the beam-splitting phenomenon, can be of
great practical importance. One can indeed optimize an
initially low value of the amplification coefficient smd by
designing specific angle-amplification HOE’s. Such de-
vices can be used for improving resolution and dynamical
range in some metrological applications, and always when
an increase in angle variation is desired. In particular,
applications in autocollimating techniques, moiré inter-
ferometry, acousto-optic deflectors, and HOE’s with angu-
lar multiplexing are of interest. Both the Pendellösung
and the angle-amplification effect have their counterparts
in neutron diffraction in crystals.

A virtually achromatic behavior is observed for the
paraxial area and in some cases for the entire hologram
aperture. The phenomenon probably originates in the
low value of Klein–Cook parameter Q in the on-axis zone.

The model predicts that high diffraction efficiency is
achievable even for relatively large deviations from the
Bragg condition, always with special care taken in the se-
lection of some parameters se0

r1, T d. The deterioration in
reconstruction fidelity owing to the splitting effect occurs
when a thick holographic medium with high refractive-
index modulation capabilities is used. An extension of
the experimental implementations of Pendellösung and
angle-amplification effects is under study.
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