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The spatial impulse response of a single variable-cross-section photoreceptor has been characterized assuming
the incoming radiation to be an initial field propagating under confinement conditions inside the receptor.
By application of Fourier analysis the total transfer function is determined. Both the outer and the inner
segments are characterized as low-pass filters. The dependence of the transfer function on the modal
parameter is analyzed.  1995 Optical Society of America
1. INTRODUCTION

Since the pioneering work of Enoch in 1960, it has been
experimentally established that retinal photoreceptors
exhibit waveguiding properties.1 These studies have
greatly added to our knowledge of the optical proper-
ties of the visual system, for example, in giving a more
detailed interpretation of the Stiles–Crawford effect.2,3

Modeling the behavior of single photoreceptors as the
incident radiation interaction that propagates under con-
finement conditions inside the receptor has resulted in
a large number of important papers during the past few
years (see, for example, Ref. 3). These models are, in
general, developed as an application of waveguide theory
and are therefore within the context of electromagnetic
theory. Specifically, the total power confined inside the
receptor gives, as a first approximation, information on
their efficiency in transmitting the confined energy. An
approximate treatment for the initial field was first es-
tablished by Pask and Barrell.4 Assuming the absence
of scattering in the light–photoreceptor interaction and,
furthermore, that all the energy is confined along the re-
ceptor, the initial field is expressed as a superposition of
discrete bound modes. This procedure is applicable in a
large variety of problems describing a waveguiding phe-
nomenon if one wishes to describe analytically the ini-
tial field falling on the entrance pupil of the waveguide.
Among these problems is the case of a lens–photoreceptor
system, in which an incident luminous signal strikes the
entrance face of the photoreceptor. Previously, we stud-
ied the exact field and derived a formulation similar to
that given by Pask and Barrell. The receptor optical
properties were considered to be close to that of the sur-
rounding medium (a weakly guiding waveguide).5 In
subsequent studies we reformulated the initial field and
obtained the total fraction of power confined within an
absorbing photoreceptor.6 The implications of such an
analysis were studied by consideration of values of the ex-
tinction coefficient for a typical vertebrate photoreceptor.7
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In that analysis we concluded that, for a single-mode re-
ceptor, the shape of the radial distribution for the den-
sity of energy is independent of the waveguide absorption
properties. To ensure the validity of the approximate for-
mulation for the initial field we also analyzed the unique-
ness of the decomposition of the incoming and the total
fields and arrived at a direct and explicit expression
for the fraction of the confined power within the recep-
tor.8 The complexity of the previous formulation can
be simplified by assumption of a linear behavior in the
light–photoreceptor interaction phenomenon.

It is well established that a system may be regarded
as the action of an operator transforming any input func-
tion into a unique output function. If the system obeys
the two basic properties of additivity and homogeneity,
it is called a linear system. The output is then char-
acterized as a superposition integral whose kernel is
designated as the impulse response of the system. This
response represents the response of the system to a
unit impulse.9 As an immediate consequence (assuming
spatial invariance), the Fourier-transform properties for
the convolution operation between the input and the im-
pulse response lead to a description of the phenome-
non in the spatial-frequency domain by defining the
transfer function as the Fourier transform of the impulse
response. In this domain the behavior of the system can
be interpreted as a spatial-frequency filtering process.
Keeping in mind the properties of spatially invariant lin-
ear systems and suitably performing operations in the
integral expression representing the modal field, we can
define a superposition integral whose kernel represents
the action of the system. Thus we can establish an
analogy between the behavior of the modal field striking
the aperture plane of the receptor and the response of
an optical system operating under linearity conditions.10

Analyzing the analytical expression of the kernel leads to
a possible definition of a spatial impulse response for a
space-variant system. In such an analysis the variance
or the lack of reciprocity between the input and the output
1995 Optical Society of America
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can be interpreted as being due to the presence of optical
inhomogeneities in the photoreceptor structure. If we as-
sume that they are homogeneous to a first approximation,
then we can take an average refractive-index distribution
as being close to a step function with radial symmetry (see
Ref. 11 for experimental data). In such a situation, the
photoreceptor would act as an invariant linear system.
The spatial impulse response is related to the capability
of the entrance pupil in diffracting the incident light and
gives information on the modal field distribution for each
propagation mode. The response can also be generalized
to the case of incoherent illumination by definition of an
impulse response as the squared modulus of the coherent
response. We assumed a simple cylindrical geometry for
the photoreceptor. Nevertheless, in reality photorecep-
tors exhibit a much more complex geometry and have to
be considered as waveguides with variable cross section
(tapered). Here we introduce a generalization for the
initial field in a photoreceptor with inner–outer segment
structure (for simplicity we do not consider the ellipsoid).
We present this analysis in Section 2. The formulation
is completed in Section 3, in which the boundary condi-
tions are defined.

Applying the analogies with a cascade linear system,
we define in Section 4 an approximate expression for the
incoherent impulse response of both the inner and the
outer segments. Application of the Fourier transform to
these results gives the corresponding transfer function.
The numerical analysis (Section 5) contains some results
concerning these two functions. These results allow us to
conjecture on the behavior of the single-mode photorecep-
tor as a low-pass filter (at least in the spatial-frequency
bandwidth associated with the spatial-frequency resolu-
tion in the visual system of vertebrates12). However,
small differences are noted between the outer and the
inner segments. We compare the results with previous
studies in which variable cross section and incoherent illu-
mination were not considered.13 We end the paper with
a brief conclusions section.

2. CHARACTERIZATION OF THE
INITIAL FIELD FOR THE CASE
OF A PHOTORECEPTOR WITH
VARIABLE CROSS SECTION
As a general description let us consider an incoming elec-
tromagnetic field Cinsxd under the approximation of a
scalar field striking the entrance face of a waveguide
and propagating inside it. The waveguide is assumed to
have a cylindrical geometry with some arbitrary periodic-
ity along z. The partial differential equation for the field
confined inside the receptor has a solution in the form of
a propagation mode5:

Fsxd  expsibzdCxsx, zd , (1)

x ; sx, y, zd  sx, zd ,

where b is a real value representing the propagation con-
stant inside the waveguide and a is the modal order.
Casx, zd is finite for any sx, zd and vanishes exponen-
tially as jxj ! 1` for a given z and is periodic in z.
Furthermore, we assume that Casx, zd for fixed z and
that fixed a is practically constant inside the waveguide.
Based on this assumption and with the additional con-
dition that the dielectric permittivity ´sxd is equal to ´c

(constant) outside the waveguide, Casx, zd satisfies the
integral equation

Casx, zd  Cinsx, z0d 1
Z z0

0
dz0

Z
V

d2x0Gsx 2 x0, z 2 z0 d

3 k2f´sxd 2 ´cgCasx0, zd . (2)

In Eq. (2), k  2pyl and is the wave vector, with l

being the wavelength of the incident light. z0 repre-
sents the finite-longitudinal dimension of the waveguide.
Gsx 2 x0, z 2 z0 d is a Green’s function5 satisfying the
partial differential equation as a solution in the form of
a punctal source diverging from the origin: ds2dsxddszd.
Also, x and x0 are both two-dimensional vector positions
lying inside the aperture. V is the finite cross section of
the waveguide. Note that ´sxd 2 ´c  0 for points out-
side V. Equation (2) is equivalent to the scalar differ-
ential wave equation, along with the boundary conditions
determined by Cinsxd.

This general formulation is applicable to all problems
involving confinement of electromagnetic radiation. In
the present study it is assumed that the retinal photo-
receptors behave like waveguides exhibiting a specific
cylindrical geometry, and one can establish the formula-
tion given below.

A simple analytic treatment is the analysis of Eq. (2)
for a fixed a value, where V is the constant cross sec-
tion as noted above and ´sxd is the dielectric permittivity
function that varies for any x in the case of an inhomo-
geneous receptor.

However, in real life, photoreceptors have a nonuniform
or variable cross section: a constant cross section Vi for
the inner segment, a gradually variable cross section in
the ellipsoid Vszd, and a constant cross section Vo for the
outer segment (with the area of Vo being smaller than
Vi), as shown in Fig. 1. Here z is the axial direction
of the photoreceptor. To describe the effects of these
different cross sections in the initial field, it is reasonable
to consider, as a first step, only Vi and Vo, omitting in the
mathematical formulation the effect of the gradual cross
section Vszd associated with the ellipsoid, which would
greatly increase the complexity of the problem.

Thus let us assume the case of a photoreceptor as shown
in Fig. 2. There is a direct connection between the inner
and the outer segments exactly at the z0 plane, and the
entrance and the exit pupils of the photoreceptor are at
z  0 and at z  1`, respectively.

In this situation the total field satisfies the following
integral equation for 0 , z , z0 and z0 , z , 1`:

Csx, zd  Cinsx, zd 1
Z

Vi

d2x0
Z z0

0
dz0Gsx 2 x0, z 2 z0 d

3 k2f´sx0 d 2 ´cg ? Csx0, zd

1
Z

Vo

d2x0
Z 1`

z0

dz0Gsx 2 x0, z 2 z0 d

3 k2f´sx0 d 2 ´cg ? Csx0, zd . (3)

We can establish solutions for Eq. (3) that are super-
positions of propagation modes for each segment without
radiation, namely:
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Fig. 1. Model for the aperture plane geometry in a photoreceptor.

Fig. 2. Geometry for the inner–outer segment coupling.
Csx, zd 

8>>>><>>>>:

P
a

ca,i expsiba,izdFa,isxd; 0 # z # z0

inner segmentP
a

ca,o expsiba,ozdFa,osxd; z0 # z # 1`

outer segment

. (4)

In Eq. (4), bi,a and bo,a are propagation constants for
the inner and the outer segments, respectively. The
subindex a denotes the modal order for each propagation
mode. The sums in Eq. (4) are extended in principle to
all the values of a, bi, and b0, such that knc # ba,i # kni

and knc # ba,o # kno (for a given mode). Here ni is the
refractive index of the inner segment, and no is the re-
fractive index of the outer segment. fa,i and fa,o are the
propagation modes for the inner and the outer segments
and are given by Eq. (1).

Inside the inner and the outer segments several modes
are present, as observed experimentally by Enoch.1 The
superposition in Eq. (4) will be defined only for a certain
number of terms. As a first approximation we assume a
single-mode of zero order: a  0, and consequently only
one term of the series has to be considerd.

At this point notice that solutions for the modal fields
Fa,i and Fa,o are equivalent to the following integral
equation:
Fa,isxd  s21y4id
Z

Vi

d2x0H s1d
0 sixa,ijx 2 x0jd

3 k2f´sx0d 2 ´cgFa,isx0 d , (5)

Fa,osxd  s21y4id
Z

Vo

d2x0H s1d
0 sixa,ojx 2 x0jd

3 k2f´sx0 d 2 ´cgFa,osx0 d . (6)

Here H s1d
0 is the outgoing zero-order Hankel function of

the first kind, which is found in all problems of propa-
gation in which a cylindrical geometry is involved. It
is exponentially damped for large jxj, that is, for points
inside each segment that are well separated, because it
depends on ixajx 2 x0j in both the inner and the outer
segments.14 Also,

´ck2  ba,i
2 2 xa,i

2, (7a)

´ck2  ba,o
2 2 xa,o

2. (7b)

The modal parameter associated with the inner seg-
ment (or the outer segment with subindex 0) that is real
for a nonabsorbing structure is given by xa,i. The di-
electric permittivity of the surrounding medium is given
by ´c. k is the propagation constant in free space. The
largest value of xa,i is swycds´i 2 ´cd1/2, where w is the an-
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gular frequency and c is the speed of light. The modal
parameter is proportional to the numerical aperture of
each segment.

3. BOUNDARY CONDITIONS
We assume that the following two equations are satisfied
for any x:P

a

ca,ifexpsibiz0dgFa,isxd 
P
a

ca,ofexpsiboz0dgFa,osxd ,

(8)P
a

ca,ibifexpsibiz0dgFa,isxd 
P
a

ca,obofexpsiboz0dgFa,osxd ,

(9)

with fa,i and fa,o satisfying Eqs. (5) and (6).
By substituting Eq. (8) into Eq. (4) for both 0 # z # z0

and z0 # z # 1` one integrates first over z and then
over the dummy variable lz [longitudinal wave vector in
the z direction (waveguide axis)] contained inside Gsx 2

x0, z 2 z0 d. Then, by using Eqs. (5) and (6), one can see
that important cancellations take place. After these can-
cellations, one can obtain the general form of the initial
field that gives rise to the total field. This expression is
given by

Cinsx, zd  2
X
a

ca,i ? k2
Z

Vi

d2sx0 df´sx0 d 2 ´cg

3 Fa,isx0 d ? f1ys2pd2g
Z

d2sld expfilsx 2 x0 dg

? f1y2ssldg ? h1yfbi 2 ssldgjexpfissldzg

? sss exphiz0fbi 2 ssldgj 2 1ddd 2
X
a

ca,o expsiboz0d

? k2
Z

Vo

d2sx0df´sx0 d 2 ´cgFa,isx0d ? f1ys2pd2g

?
Z

d2l ? expfisz 2 z0dssldg ? f1y2ssldg

? h1yfssld 2 bogj ? expfilsx 2 x0 dg

 Cin,$sx, zd , (10)

where ssld  sk2 2 l2d1/2.
For the region 0 # z # z0,

Csx, zd  2
X
a

ca,ik2
Z

Vi

d2sx0 df´sx0 d 2 ´cgFa,isx0 d

? f1ys2pd2g
Z

d2l expfilsx 2 x0 dg ? f1y2ssldg

3

(
expfizssldg
ssld 2 bi

1
expsiz0bidexpfisz0 2 zdssldg

ssld 1 bi

)

1
X
a

ca,ok2 expsiz0bod
Z

Vo

d2x0f´sx0 d 2 ´cg

3 Fa,osx0 d ? f1ys2pd2g
Z

d2l expfilsx 2 x0 dg

3
expfisz 2 z0dj 2 ssldjg

2ssldfbo 1 ssldg

 Cin,#sx, zd . (11)
For both Eqs. (10) and (11) the scalar differential
equation

s=2 1 k2dCin  0

holds.
It is easy to find the form of Cin for z # 0. Here Cin

and its first derivative with respect to z coincide at z  0
with Cin,#, s≠Cin,#dy≠z, for any x. For brevity we omit
details.

To prove the correctness of Eqs. (10) and (11), let us
analyze the behavior of the initial field Cin at the z0 plane.
This function has to satisfy the boundary conditions

Cin,#sx, z0d  Cin,$sx, z0d , (12)"
≠Cin,#sx, zd

≠z

#
zz0



"
≠Cin,$sx, zd

≠z

#
zz0

. (13)

By substituting Eqs. (10) and (11) into Eqs. (12) and (13),
canceling out terms, and using Eqs. (5) and (6) and then
Eqs. (8) and (9), we can demonstrate that the bound-
ary conditions given by Eqs. (12) and (13) are exactly
satisfied.

4. ANALOGIES BETWEEN THE
MODAL FIELD AND THE RESPONSE
IN A LINEAR SYSTEM
By suitably performing operations on Eqs. (5) and (6) we
can establish certain analogies between the behavior of
the modal field defined above and the response of a linear
system. This calculation leads to a simpler physical in-
terpretation of the excitation field at the entrance pupil of
the inner segment. Then the propagated signal interacts
with the outer segment. We neglect scattering effects at
the inner–outer segment interface and assume that mode
propagation is only along the positive z direction. Under
linearity conditions a phenomenon similar to that which
occurs in a cascade linear system takes place. We as-
sume that the field after propagation along the inner seg-
ment behaves like the input field at the entrance face of
the outer segment. Operating in this fashion, we have
the mathematical framework to define the correspond-
ing total transfer function as the product of the two
transfer functions associated with the inner and the outer
segments.

Let us denote the following formulation (without sub-
scripts i or o, for simplicity) and define similar expressions
for each of the segments under consideration.

Because f´sxd 2 ´cg is different from zero for points
defined inside the aperture, by multiplying both sides of
Eq. (5) or (6) by f´sxd 2 ´cg1/2 we obtain

f´sxd 2 ´cg1/2Fasxd  s21y4id
Z

V

d2x0hf´sxd 2 ´cg1/2

? H s1d
0 sixajx 2 x0jdk2f´sx0 d 2 ´cg1/2j

3 f´sx0 d 2 ´cg1/2Fasx0 d . (14)

We define

Kasx, x0 d  s2k2y4id hf´sxd 2 ´cg1/2

3 H s1d
0 sixajx 2 x0jdf´sx0 d 2 ´cg1/2j , (15)
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gsxd  f´sxd 2 ´cg1/2Fasxd , (16a)

gsx0 d  f´sx0 d 2 ´cg1/2Fasx0 d . (16b)

If we substitute Eqs. (15) and (16) into Eq. (14), the inte-
gral equation characterizing the bound states associated
with the propagation modes becomes, for all points inside
the aperture,

gsxd 
Z

V

d2x0Kasx, x0 dgsx0 d . (17)

The equation given above has a form similar to that de-
scribing the response of a space-variant linear optical
system,15 with the particular feature that it is limited
to the radial dimensions of the segment. Equation (17)
is equivalent to the so-called superposition integral, and
therefore the kernel Kasx, x0 d of this integral behaves like
a transverse impulse response associated with the diffrac-
tion capability of the entrance pupil of each segment.9

The form of the kernel indicates that this impulse re-
sponse depends on both where the impulse was applied sxd
and where one observes the output sx0 d. Consequently,
for each propagation mode, we have the corresponding
impulse response as given by Eq. (15). The formulation
also indicates that the photoreceptor would have a limited
capability for transmitting and processing the incident
energy, with the limitations being related to the radial
dimensions and the optical properties of each structure.

Equation (17) can be simplified as follows. As dis-
cussed by Horowitz,16 individual segments could be as-
sumed to be homogeneous. This is clearly a first-order
approximation inasmuch as each photoreceptor has a com-
plex structure with local inhomogeneities. We use the
measured average values of the refractive index of the
cone inner segment and the cone outer segment (1.39
and 1.385, respectively) that were reported by Sidman.17

If we assume a refractive-index gradient, this would in-
fluence the form of the kernel Kasx, x0 d.18 According to
Eq. (15),

Kasx, x0 d  s2k2y4ids´ 2 ´cdH s1d
0 sixajx 2 x0jd

 Ksx 2 x0 d . (18)

Consequently Eq. (17) becomes

gsxd 
Z

V

d2x0Kasx 2 x0 dgsx0 d . (19)

Equation (19) represents a new form of the superposition
integral, wherein the system behaves like a spatially in-
variant system, with the invariance being due to the de-
pendence of the kernel Kasx 2 x0 d on the difference of
spatial coordinates sx 2 x0 d. The superposition integral
is now a convolution operation between Kasxd and gsxd.
Because the integral in Eq. (19) is zero for all points out-
side the aperture, we can extend the integration limits to
infinity and can write

gsxd 
Z 1`

2`

d2sx0dKa sx 2 x0 dgsx0 dpsx0 d , (20)

where psx0 d is the pupil function associated with each
segment. We can also write Eq. (20) as

gsxd  fgsxdpsxdg p Kasxd . (21)

In the above equation the symbol p denotes convolution.
From Eq. (21) the integral equation corresponding to
the bound states would be analogous to the response of
a transversally space-invariant linear system. The be-
havior of the kernel Kasx 2 x0 d of the integral equation,
which represents the impulse response function, is simply
that of a zero-order Hankel function of the first kind [see
Eq. (18)] with a pure imaginary argument. This behav-
ior is affected by a constant defined in terms of the optical
properties of the segment (e.g., numerical aperture). The
argument of the Hankel function also depends on the val-
ues of the modal parameter xa .

Next we discuss the impulse response and transfer
function of the incoherently illuminated photoreceptor.

According to Eq. (18), for the inner segment we define

jKasx 2 x0 dj2i  sk4y16ds´i 2 ´cdjH s1d
0 sixa,ijx 2 x0jdj2

(22)

as the incoherent impulse response for this section of the
photoreceptor. We can also write a similar expression:

jKasx 2 x0 dj2o  sk4y16ds´o 2 ´cdjH s1d
0 sixa,ojx 2 x0jdj2,

(23)

as the incoherent impulse response for the outer segment.
According to the properties of H s1d

0 , depending on an
imaginary variable, we can write, in general14

jH s1d
0 sixajx 2 x0 dj2  s4yp2djK0s xa jx 2 x0 jdj2, (24)

where K0 is a Kelvin function. The mathematical behav-
ior of its square modulus is that of a damped function with
a singularity at the origin.18

By suitable manipulations of Eq. (24) and by using the
properties of a Kelvin function18 we obtain an approxi-
mate expression:

jH s1d
0 sixajx 2 x0jdj2 ø s2ypjxaj ? jx 2 x0jd

? exps22xajx 2 x0jd ? exps2py2d . (25)

If relation (25) is substituted into Eqs. (22) and (23), we
obtain the approximate formula for analyzing the inco-
herent impulse response for both the inner and the outer
segments. We note that the damping term in relation
(25) will be affected by the values of the modal parameter
considered for each segment. The possible differences,
which in any case can be expected to be small, will arise
from the optical properties of each section, namely, di-
electric permittivity values and numerical aperture for a
fixed average wavelength.

Considering a linear behavior for the system, one would
obtain the total impulse response of the photoreceptor, as
defined for the present model, as a convolution of the im-
pulse response for the inner segment [Eq. (22)] with that
for the outer segment [Eq. (23)]. An important assump-
tion, as noted above, is that the reflection of the propa-
gated signal at the interface between the inner and the
outer segments is ignored. According to the analytical
expression for jH s1d

0 sixajx 2 x0jdj2 as given by relation (25),
the operation is not trivial. A procedure for circumvent-
ing this difficulty would be the formulation of the prob-
lem in the spatial-frequency domain. Additionally, this
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procedure gives a method for analyzing the response of
the photoreceptor in terms of spatial resolution. In this
case the Fourier transform of the convolution operation
is represented as the product of the transfer function as-
sociated with the inner segment times that for the outer
segment. This product defines the total transfer func-
tion of the system. Operating in this fashion, for any
particular arbitrary input f sxd, one can obtain the spec-
trum of the output as the product of the spectrum of f sxd
times the total transfer function of the system. In so do-
ing, one could in principle decompose f sxd as a sum of
discrete bound modes and could operate for each mode.
Because the transformation is linear, one should be able
to reproduce the output as the discrete sum of each modal
response. Under this interpretation, no coupling phe-
nomena are considered.

Applying the Fourier transform in Eqs. (22) and (23)
together with relation (25) leads to the corresponding
transfer function for both segments. Then, by the recip-
rocal procedure, taking the inverse Fourier transform of
the total optical transfer function will give the result for
the total impulse response of the system.

Using this procedure, one calculates the transfer func-
tion of the inner segment to be

F sxi, rd  sk2y2ds1yxidexps2py2ds´i 2 ´cd2

3 f4xi
2 1 s2prd2g21. (26)

In Eq. (26), r is the radial spatial frequency associated
with the spatial coordinate: r  sx 2 x0 d1/2, and the prop-
erties of the Fourier transform have been used to derive
the expression.19 An equation similar to Eq. (26) can be
defined for the outer segment with subindex 0.

Equation (26), along with an analogous expression for
the outer segment, represents the transfer function as-
sociated with the inner–outer segments. At this point
it should be realized that both analyses [Eqs. (22) and
(23) and Eq. (26)] are equivalent. It is clear, neverthe-
less, that the results in the spatial-frequency domain will
give more interesting conclusions regarding the photo-
receptor’s behavior as a signal filtering process as well
as the percentage of attenuation of both low and high
spatial frequencies. This idea is widely applied in vision
research because of the implications of the response of
the visual system to patterns.12 A similar analysis can
be carried out for the case of coherent illumination. For
this case the coherent impulse response is given by Ka.
Both functions could be useful under different conditions.
Stacey and Pask,13 for example, introduced a coherent im-
pulse response by assuming a sinusoidal illumination of
the photoreceptor, which they claim is applicable to the
interpretation of visual acuity tests. We suggest that
both conditions should be considered. In a real-life situ-
ation, the visual system functions under incoherent il-
lumination. The coherent case should be applicable to
some specific tests, as discussed by Stacey and Pask.13

5. NUMERICAL RESULTS
We numerically analyzed Eqs. (22) and (23), together with
Eq. (26). The physical parameters were taken from pub-
lished experimental studies.17,20 The average diameter
of the inner segment is taken to be approximately 2.0 mm,
with an average refractive index of 1.353; the outer seg-
ment (with calyx) has an average diameter of 1.55 mm
and an average refractive index of 1.43; and the sur-
rounding extracellular matrix has a refractive index of
1.34. We calculate the modal-parameter values by con-
sidering the behavior of the photoreceptor to be that of a
single-mode waveguide supporting the set of fundamental
modes. We recall that the modal parameters are defined
in terms of the radius of the waveguide, the refractive in-
dex, and the propagation constants k and b.21

The modal parameter is determined through the cutoff
condition for a set of fundamental modes sa  0d:

V0
2  U0

2 1 W0
2, (27)

with V0  2.405, where

U0  x0 ? R, W0  x0
0 ? R ,

U0  Rsk2n2 2 b0
2d1/2, (28)

where R is the radius of the waveguide; k  2pyl, with
l being the wavelength of the incident light; n is the

Fig. 3. Incoherent spatial impulse response [(a) outer seg-
ment, (b) inner segment] for three wavelengths: solid curve,
lr  680 nm; short-dashed curve, lg  550 nm; long-dashed
curve, lb  460 nm (logarithmic scale for y axis).



V. Lakshminarayanan and M. L. Calvo Vol. 12, No. 10 /October 1995 /J. Opt. Soc. Am. A 2345
Fig. 4. Three-dimensional representation of the three impulse responses shown in Fig. 3. (a), (b): lr  680 nm; (c), (d): lg 
550 nm; (e), (f ): lb  420 nm. Spatial coordinate: r  jx 2 x0 j in micrometers.
refractive index of the waveguide; and b0 is the modulus
of the wave vector inside the waveguide.

If we fix the wavelength, then the range of the defini-
tion for b0 is

knc # b0,i # kni ,

with ni being the refractive index for the inner segment.
An analogous condition holds for the outer segment.

In the present case, for the outer segment we calculate
the following values: xo,0  4.5 3 103 mm21 for an aver-
age wavelength lr  680 nm; xo,0  5.6 3 103 mm21 for
lg  550 nm; and 7.4 3 103 mm21 for the blue wavelength
lb  420 nm. Similarly, for the inner segment, we cal-
culate x0,i  1.7 3 103 mm21 for lr , and 1.68 3 103 mm21

and 2.8 3 103 mm21 for lg and lb, respectively. To de-
fine the interval sx 2 x0 d [see relations (25) and (26)] we
assume that the maximum difference cannot exceed the
total diameter of each segment. In Fig. 3 we show the
one-dimensional impulse response of the two segments for
the three wavelengths under consideration (a logarithmic
scale has been used for the y axis). We observe that the
functions are close to a Gaussian function with a small
bandwidth and that for points .0.8 mm the response is
almost negligible, demonstrating that the signal is packed
near the waveguide axis. This behavior is similar for
the three wavelengths in the inner segment, whereas
in the outer segment the bandwidth decreases from lr
(maximum bandwidth ø1.0 mm) to lb (maximum band-
width ø0.8 mm). The inner segment seems to transmit a
higher percentage of luminous signal (approximately 70%
more than in the outer segment).

We have represented the impulse response as a two-
dimensional function. All the results are shown in Fig. 4
for the three wavelengths lr , lg, and lb under consider-
ation. The similar behavior that we notice in all three
cases (the values for the outer and the inner segments
are normalized with respect to the maximum value of the
inner segment) demonstrates that the photoreceptor be-
haves as a low-pass filter.

Using Eq. (26), we numerically analyzed the transfer
function for the three wavelength values and for fixed
modal parameters x0,o and x0,i. The results are given
in Fig. 5. The cutoff frequency is inversely proportional
to the wavelength for a fixed angular aperture of the pho-
toreceptor. The outer segment exhibits a wider spatial-
frequency range, and it seems to act as a high-pass
filter. This effect is more noticeable for the red wave-
length. Also, for all the frequencies, the outer segment
is processing a higher percentage of energy than the inner
segment (approximately an average of 30% more). The
total spectrum represented in Figs. 5(b), 5(d), and 5(f), re-
spectively, behaves much like that of the inner segment.
The final effect is a reduced-range low-pass filter. As in
the previous numerical example, this result is more ap-
preciable for the red wavelength. The spatial resolution
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of the photoreceptor is determined by the spatial resolu-
tion of the inner segment.

Because the transfer function depends on the modal
parameter, we analyzed its behavior for fixed spatial
frequency. The results are shown in Fig. 6 (top row,
outer segment; bottom row, inner segment; a logarithmic
scale was used for the y axis). The range of values for
the modal parameters given in inverse millimeters was
calculated as follows. For lr  0.68 mm, 676 # xo,0 #

4600 mm21 (outer segment) and 676 # xi,0 # 1700 mm21

(inner segment). For lg  0.55 mm, 240 # xo,0 #

5725 mm21 (outer segment) and 240 # xi,0 # 2160 mm21

(inner segment). For lb, 380 # xo,0 # 7460 mm21 (outer
segment) and 380 # xi,0 # 2790 mm21 (inner segment).
The total function would be obtained by representation of
both functions jointly (results not shown). These func-
Fig. 5. Transfer functions of the inner and the outer segments (top row) and total function (bottom row) for the three wavelengths
(values same as in Fig. 4). (a), (b): lr ; (c), (d): lg; (e), (f ): lb. The values of the modal parameters are fixed (see text for details).
Dashed curve, inner segment; dotted curve, outer segment. cydeg stands for cycles per degree.

Fig. 6. Transfer function versus modal parameter x0. Values for fixed cutoff frequency: (a), (b): lr , 500 mm21; (c), (d): lg ,
140 mm21; (e), (f ): lb, 120 mm21. Top row: outer segment; bottom row: inner segment (logarithmic scale for y axis).
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tions overlap for the entire inner segment range (smaller),
and hence the total variation is closely related to that of
the outer segment. Note, also, that for the red wave-
length, lr, the overlap part of both functions is smaller
than in the case for the lg and the lb wavelengths. De-
pending on the modal parameters, these total transfer
function distributions indicate how the incident signal
creates channels with different percentages of energy as
it propagates from the lower bound of the modal parame-
ter to the upper one (assuming a mechanism by which
these channels could be created by a selective excitation
of modal orders). This effect requires further investiga-
tion. It can also be noted that for the blue wavelength,
lb, a wider range of modal-parameter values is permitted,
so that both the inner and the outer segments cover an
equivalent range of values for the parameters x0.

6. DISCUSSION AND CONCLUSIONS
Based on a formalism for the initial field striking the
aperture pupil of a photoreceptor, we have presented a
generalization, in terms of two integrals, to the case of
a receptor with variable cross section. The receptor is
represented by two sections: the inner and the outer
segments, for which the boundary conditions have been
established. Developing the analogies of this formula-
tion with the response of a linear space-invariant opti-
cal system (homogeneous receptor), we have introduced
an expression for the incoherent spatial impulse response
in terms of a Kelvin function. According to the behavior
of linear invariant systems, the Fourier transform of the
impulse response is the transfer function, and this func-
tion is derived for both the inner and the outer segments.
This function depends on both the modal parameter defin-
ing the waveguiding regime for the segment and the
spatial frequency. A numerical analysis leads to some
specific conclusions in the frequency domain of the be-
havior of the photoreceptor. Both the inner and the
outer segments behave like low-pass filters, although
for the outer segment a wider frequency range is ob-
tained, particularly for the red wavelength. The cut-
off frequency is inversely proportional to the wavelength
value for a fixed angular aperture. Also, for a fixed
spatial-frequency value, the transfer function depends on
the modal parameters defining the number of modes con-
fined in each segment. From these results one is allowed
to conjecture that different channels of energy are cre-
ated for each frequency as modes are excited from the
lower to the upper bound of the modal parameter. Some
differences are observed for three different wavelength
values. Receptors transmitting blue wavelengths exhibit
similar behavior for both segments, which implies that
a similar number of channels of energy associated with
modal parameters will be created. In contrast, for the
red wavelength, receptors would exhibit a much more
noticeable difference between the inner and the outer
segments. These conjectures could lead to some other
interesting conclusions regarding variable-cross-section
receptors. Also, because the total impulse response is
known, the calculation of the autocorrelation and the
power spectrum, for both coherent and incoherent illu-
mination, and the definition of particular output signals
will be the subject of future research.
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