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In problems of coherence theory [1] we occasionally
have to deal with the difference of correlation functions
[2–6]. In particular, while the sum of two cross-spectral
densities (CSDs) simply accounts for the superposition
of two uncorrelated fields, their difference, generally
speaking, does not have a clear physical meaning and
does not represent another CSD. In fact, its use has
caused discussion [7,8]. The problem of finding condi-
tions under which the difference of two CSDs is a
CSD itself could be tackled by using the theory of repro-
ducing kernel Hilbert spaces [9]. For the sake of simplic-
ity, we shall make use of an alternative approach. On
exploiting recent results of coherence theory [10,11],
we will derive a sufficient condition through which entire
classes of cases can be constructed where the difference
of two CSDs generates a new, genuine CSD. Beyond clar-
ifying an old issue, these results permit new structures of
CSDs to be studied. It is to be noted that an important
first step in solving the problem of our interest has
recently been given by Sahin and Korotkova [5] who con-
sidered the combination with alternate sign of Gaussian
Schell-model CSDs with equal intensity profiles and
different coherence widths.
The CSD [1] at two points ρ1 and ρ2 of a given plane will

be denoted by W�ρ1; ρ2�, omitting the explicit depend-
ence from the temporal frequency. When the two points
coincide, the CSD reduces to the optical intensity
I�ρ� � W�ρ; ρ�. Given two CSDs W 1�ρ1; ρ2� and
W2�ρ1; ρ2�, we shall denote by F�ρ1; ρ2� their difference:

F�ρ1; ρ2� � W1�ρ1; ρ2� −W2�ρ1; ρ2�: (1)

The obvious arithmetic meaning of F is that it represents
the function to be added to W2 to obtain W 1. We wonder
whether F itself can represent a CSD.
To see immediately a class of cases in which F cannot

be a CSD, imagine W 1 and W2 have the factorized
expressions

Wi�ρ1; ρ2� � U�
i �ρ1�Ui�ρ2�; �i � 1; 2�; (2)

where U1 and U2 are arbitrary nonproportional func-
tions. Both functions in Eq. (2) are surely valid CSDs
because they correspond to perfectly coherent fields. Re-
member [1] that a genuine CSD has to be a nonnegative

definite kernel. To check the nonnegativeness of
W1 −W 2, let us take any function g�ρ� orthogonal to
U1 while not orthogonal to U2. Then, on multiplying both
sides of Eq. (1) by g�ρ1�g��ρ2� and integrating with re-
spect to ρ1 and ρ2 we obtain

ZZ
F�ρ1; ρ2�g�ρ1�g��ρ2�d2ρ1d2ρ2 � −

����
Z

U2�ρ�g��ρ�d2ρ
����
2
:

(3)

Now, if F is a CSD the left-hand side is nonnegative. On
the other hand, the right-hand side is negative. Therefore,
F cannot be a CSD.

Without making any hypothesis about the functional
form of W1 and W2, it could be argued that the function
F specified by Eq. (1) gives a genuine CSD if the optical
intensity it predicts is nowhere negative throughout
space. Unfortunately, this is not a sufficient condition.
As a matter of fact, even if this condition is satisfied,
other elements could reveal F not to be a CSD. For ex-
ample, the spectral degree of coherence [1] could exceed
one at certain pairs of points [10].

Now we will establish a sufficient condition in order to
guarantee that the difference of two CSDs is itself a valid
CSD. Let us recall some recent results of coherence
theory. The first is the superposition rule [10], according
to which a functionW�ρ1; ρ2� is a genuine CSD if it can be
expressed in the form

W�ρ1; ρ2� �
Z

p�v�H��ρ1; v�H�ρ2; v�d2v; (4)

where p is a nonnegative function that will be referred to
as the weight function. Further, H is an arbitrary kernel.
Another relevant result is that any valid CSD can be ex-
pressed, in an infinite number of ways, through a repre-
sentation of the form of Eq. (4) [11]. The superposition
rule played a significant role in recent studies of partially
coherent fields [12–22].

Once H is chosen, a whole class of CSDs is obtained
by varying the weight function. All of these CSDs
will be said to belong to that class with respect to the
kernel H.
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It is useful to note the effect of applying a linear inte-
gral transformation to W�ρ1; ρ2�. Let K�ρ; r� be the kernel
of the transformation and compute the transformed func-
tion, say WK �r1; r2�. We obtain

WK �r1;r2��
ZZ

W�ρ1;ρ2�K��ρ1;r1�K�ρ2;r2�d2ρ1d2ρ2: (5)

On expressing W through Eq. (4) we have

WK �r1; r2� �
Z

p�v�H�
K �r1; v�HK �r2; v�d2v; (6)

where HK denotes the kernel obtained from H under the
action of K , namely,

HK �r; v� �
Z

H�ρ; v�K�ρ; r�d2ρ: (7)

Equation (6) shows that ifW is a genuine CSD (and hence
a suitable representation (4) exists) the same occurs for
WK . This generalizes a known result holding when K is a
propagation kernel [13].
A special case of Eq. (4) is obtained when the weight

function is a sequence of delta functions centered at a
given set of points vn, (n � 0; 1;…):

p�v� �
X∞
n�0

pnδ�v − vn�; pn ≥ 0; ∀ n: (8)

Equation (4) then becomes

W�ρ1; ρ2� �
X∞
n�0

pnH��ρ1; vn�H�ρ2; vn�: (9)

In particular, the functions H�ρ; vn� can be the eigenfunc-
tions, and the weights pn the corresponding (nonnega-
tive) eigenvalues of the homogeneous Fredholm
integral equation with kernel given by W�ρ1; ρ2� [1]. In
such a case, Eq. (9) is nothing else than the Mercer’s ex-
pansion of the CSD [1].
On using these results, we can derive the properties of

our interest. The first is that while the process of
subtracting one CSD from another generally leads to a
function that is not a CSD, the converse process is always
possible. In other words, the following proposition
holds true:
Proposition 1. Any CSD can be expressed, in an

infinite number of ways, as the difference of two CSDs
belonging to the same class.
With reference to Eq. (4), the function p�v� can be

written, in an infinite number of ways, as the difference
between two nonnegative functions p1�v� and p2�v� such
that

p�v� � p1�v� − p2�v�: (10)

Consequently, the CSD takes on the form

W�ρ1; ρ2� � W1�ρ1; ρ2� −W2�ρ1; ρ2�; (11)

where

Wj�ρ1; ρ2� �
Z

pj�v�H��ρ1; v�H�ρ2; v�d2v; �j � 1; 2�:
(12)

This proves the proposition.
Finally, we can immediately establish a condition en-

suring that the difference of two CSDs is itself a CSD. We
present it as the following proposition:

Proposition 2. If there exists a kernel with respect to
which two CSDs W 1 and W2 belong to the same class
and have weight functions p1�v� and p2�v� satisfying
the inequality p1 ≥ p2 for any v, thenW1 −W2 is a genu-
ine CSD.

This is the most relevant result of the present Letter. It
allows us to introduce entire new classes of CSDs. In the
following, some classes of CSDs obtained through this
type of difference will be examined. Obvious extensions
of the previous propositions are obtained on replacing p1
and p2 by sums or series of nonnegative functions.

For the sake of simplicity, in the forthcoming examples
we shall refer to cases in which one of the Cartesian co-
ordinates (say y) of the considered points is irrelevant.
Then, the CSD will be a function,W�x1; x2�, of two scalar
variables.

Let us first refer to the so-called Schell-model (SM)
sources. We recall that the CSD is said to be of the
SM type [1] if it has the form

W�x1; x2� � q�x1�q�x2�μ�x1 − x2�; (13)

where q�x� is the square root the optical intensity. The
spectral degree of coherence in Eq. (13), μ, is a function
of x1 − x2 only, i.e., it is shift-invariant. For any SM source
a representation of the form of Eq. (4) is obtained
through a Fourier representation. In fact, on letting

H�x; v� � q�x� exp�2πixv�; p�v� � ~μ�v�; (14)

where the tilde denotes Fourier transform, Eq. (4) leads
at once to Eq. (13). The positiveness condition on p�v� is
transferred to ~μ�v�. Making an appeal to Bochner’s theo-
rem it is proved that, for SM sources, the nonnegative-
ness of p�v� is a necessary condition too [23]. When
we are interested in the difference of two CSDs, the func-
tion p�v� is replaced by p1�v� − p2�v�, which has, of
course, to be nonnegative for any v. Note instead that
q�x� is the same for both terms of the difference.

In Ref. [5], the case in which an infinite number of GSM
CSDs are combined with alternate signs is discussed. In
that case, the intensity profile q2�x� is the same for all
contributions.

Let us pass to different classes of sources. For a very
simple example, we take

H�x; v� � q�x� exp�2πix2v� (15)

with v having proper dimension. Note that, even in this
case, the kernel is of the Fourier type, but now the
exponential exhibits a different dependence on x [13].
The exponential function in Eq. (15) can essentially be
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seen as the expression of a cylindrical wave whose radius
of curvature depends on v. Furthermore, suppose p to be
of the form p�v� � A rect�v∕c�, with A, c > 0, where
rect�t� equals 1 for jtj ≤ 1∕2 and 0 otherwise. On using
Eq. (15), Eq. (4) leads to

W�x1; x2� � Acq�x1�q�x2�sinc�c�x21 − x22��; (16)

where sinc�t� � sin�πt�∕�πt�. This is not a SM CSD
because of the quadratic dependence on x1 and x2 of
the sinc function, which represents the spectral degree
of coherence.
If we now want to devise a CSD as the difference of

two CSDs of the above form, we have, with evident mean-
ing of the symbols,

W�x1; x2� � q�x1�q�x2�fA1c1 sinc�c1�x21 − x22��
− A2c2 sinc�c2�x21 − x22��g; (17)

and the nonnegativeness of the weight function requires
A1 ≥ A2 and c1 ≥ c2.
In Fig. 1 the spectral degree of coherence, μ, associ-

ated to Eq. (17) is shown as a function of x1 for x2 � 0
(dashed line) and x2 � 1.5 (solid line). Two features are
worth noting. First, the single central lobe of μ splits into
two symmetrical lobes when x2 differs from zero.
Second, the lobe width reduces when the midpoint
abscissa grows up, which is due to the dependence
of the sinc functions in Eq. (17) on the quantity
�x21 − x22� � �x1 � x2��x1 − x2�.
The previous examples rely on the Fourier transform.

To see a different type of transformation, let us consider
a kernel of the Laplace form, namely,

H�x; v� � step�x� exp�−vx�; (18)

where step�x� equals 1 for x ≥ 0 and 0 otherwise, which
could be realized through the impulse response of a suit-
able optical system.
Let us further choose a weight function as follows:

p�v� � A step�v� exp�−vL�; (19)

where A and L are positive constants. Evaluating the
corresponding CSD through Eq. (4) we easily obtain

W�x1; x2� �
A step�x1�step�x2�

L� x1 � x2
: (20)

We now consider the difference of two CDSs of the
above form, with suitable parameters, i.e.,

W�x1; x2� � step�x1�step�x2�

×
�

A1

L1 � x1 � x2
−

A2

L2 � x1 � x2

�
: (21)

Such a CSD is obtained by superposing the kernels in
Eq. (18) with a weight given by

p�v� � step�v��A1 exp�−vL1� − A2 exp�−vL2��; (22)

so that the nonnegativeness constraint is satisfied, pro-
vided that A1 ≥ A2 and L1 ≤ L2. In Fig. 2 the spectral de-
gree of coherence is drawn as a function of x1, for several
values of x2.

Let us finally recall that a significant case of the super-
position rule is obtained when H�x; v� is simply a shifted
copy of a basic coherent field [12,15,24,25]. As an exam-
ple, we shall briefly consider the case of GSM sources. It
is known that the associated CSD can be represented
through the superposition of shifted copies of a basic
Gaussian field. Such copies are mutually uncorrelated
and are weighted by a Gaussian function [24]. The kernel
H to be used is itself a Gaussian function, i.e.,

H�x; v� � exp�−α�x − v�2�; (23)

where α is a positive constant, and the weight function is

p�v� � A exp�−γv2� (24)

with A and γ positive parameters. On using the superpo-
sition rule in Eq. (4), after some calculations the CSD
turns out to be [24]

W�x1; x2� � B exp
�
−

x21 � x22
4σ2

−

�x1 − x2�2
2δ2

�
; (25)

2 1 1 2
x1

0.5

0.5

1.0

Fig. 1. Spectral degree of coherence, as a function of x1, cor-
responding to the CSD in Eq. (17), with A1 � A2 � 1, c1 � 3,
c2 � 1, and x2 � 0 (dashed), x2 � 1.5 (solid line).
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Fig. 2. Spectral degree of coherence, as a function of x1, cor-
responding to the CSD in Eq. (21), with A1 � 1.5, A2 � 1,
L1 � 0.1, L2 � 0.2, and x2 � 1 (dotted), 3 (dashed), 5 (solid
line).
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where the following quantities have been introduced:

B � A
��������������

π

γ � 2α

r
;

1

4σ2
� αγ

γ � 2α
;

1

2δ2
� α2

γ � 2α
:

(26)

We are now going to subtract two such CSDs. The non-
negativeness constraint of the resulting CSD is fulfilled if
the corresponding weight function, that is,

p�v� � A1 exp�−γ1v2� − A2 exp�−γ2v2�: (27)

is nonnegative for any v, and this implies A1 ≥ A2
and γ1 ≤ γ2.
A significant result of the present approach has to be

stressed: while W 1 and W2 are of the SM type, the CSD
obtained from their difference is no longer of such type,
because the two intensity profiles are different. This
means that the standard techniques used for determining
its nonnegativeness [23] cannot be used. As an example,
the spectral degree of coherence is drawn in Fig. 3 as a
function of x1, for a typical choice of the parameters, let-
ting x2 � 0, 0.2, 0.4. It is evident that none of these curves
is Gaussianly shaped. Moreover, except for x2 � 0, the
curves of μ are not symmetrical with respect to x1 � x2.
In conclusion, we examined the problem of determin-

ing in which cases the difference of two CSDs furnishes a
valid CSD. The superposition rule allowed us to establish
a sufficient condition for this to occur. This result

establishes a significant tool to study new classes of
CSDs. A few simple examples for fields depending on
only one Cartesian coordinate were given. For brevity,
we limited ourselves to examining the difference of
scalar CSDs in a given plane, but interesting results
can be expected when propagation phenomena are
considered, or when vectorial aspects are taken into
account.
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Fig. 3. Spectral degree of coherence as a function of x1, for the
difference of two CSDs of the GSM type, with α � 10, γ1 � 1,
γ2 � 4, A1 � A2 � 1, and x2 � 0 (dotted), 0.2 (dashed), 0.4
(solid line).
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