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This reply attempts to cast some more light on the achromatic systems composed by wave plates,
in particular to the calculus of the overall retardation and the use of the Jones matrix equivalence
theorem. An equivalent expression for the overall retardation of the system in terms of the trace is also
given. © 2013 Optical Society of America
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1. Introduction

This article is a reply to comment of Zhang [1] about
our previous article [2]. First of all, we would like to
express our gratitude to the author for his interest in
our work. In our paper [2], the main objective was the
design of achromatic retarders using two wave plates
with different birefringence. The optimization of this
achromatic retarder was performed with a merit
function that measured the distance between the
overall retardation and the retardation target, in our
case π∕2 rad. In [1], Zhang shows the correct way to
calculate the retardation using the Jones equiva-
lence theorem [3].

For the optimization we considered that the angle
between the fast axis of the wave plates was ϕ � 0 or
ϕ � π∕2 rad. For this particular case, the overall re-
tardation calculated with Eq. (11) in Ref. [2] is correct
and the achromatic wave retarder obtained is valid.
It is noteworthy that the condition ϕ � 0 or ϕ � π∕2
must be imposed, instead of derived, as we show.

Our work is based on Saha et al. [4]. In that ar-
ticle, the authors calculate the overall retardation
and the azimuth by equaling the matrix product

of the two retarders with the matrix of only one
wave plate,

U �
�

A B
−B� A�

�
� C�Δ;Ψ�; (1)

where

C�Δ;Ψ�

�
�cos Δ

2� i sin Δ
2 cos 2Ψ i sin Δ

2 sin 2Ψ
i sin Δ

2 sin 2Ψ cos Δ
2 − i sin

Δ
2 cos 2Ψ

�
: (2)

Equaling term to term, the relations obtained are

tan2 Δ
2
� jIm�A�j2 � jIm�B�j2

jRe�A�j2 � jRe�B�j2 ; (3)

tan 2Ψ � B − B�

A − A� : (4)

Nevertheless, a system composed of several linear
retarders is not, in general, equivalent to a single
wave plate, as proposed by [4]. Thus, the overall re-
tardation and the azimuth of Eqs. (3) and (4) cannot
be obtained under this hypothesis. Despite this fact,
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Eq. (3) is right, but Eq. (4) is wrong. For that reason,
we tried to obtain the overall retardation via dia-
gonalization of the matrix product [2]. However,
the diagonalization is valid only when ϕ � 0 or
ϕ � π∕2 rad, since the matrix product is diagonal.
Nevertheless, in a general treatment the overall re-
tardation must be calculated using the Jones equiv-
alence theorem, as it is pointed by Zhang [1].

2. Additional Comments on the Calculus with the
Equivalence Theorem

We show several additional comments about our ar-
ticle [2] and the calculus of the overall retardation
and the azimuth,Ψ. Equation (3) can be obtained us-
ing the Jones matrix equivalence theorem:

U � R�ω�C�Δ;Ψ�; (5)

where

R�ω� �
�
cos ω − sin ω
sin ω cos ω

�
: (6)

In addition, the Jones equivalence theorem allows us
to derive another form for the expression in Eq. (3) in
terms of the trace of U:

cos
Δ
2
� TrU

2 cos ω
: (7)

This equation is the correct version of Relation (11)
shown in [2]. However, Eq. (7) is valid for any value of
the azimuth ϕ. The equation obtained by diagonal-
ization of matrix U in Ref. [2] does not take into ac-
count the effect of the rotator, and, therefore, the
term cos ω did not appear. Thus, that expression—
Eq. (11) in Ref. [2]—is valid only when ω � 0 [2]. De-
spite this fact, the retarder proposed in our article is
valid, due to ω � 0 because ϕ � 0 or ϕ � π∕2 rad,
and, thereby, the achromatic wave retarder obtained
is not affected. However, we would clarify that our
retarder is optimal in thickness under the condition
ϕ � 0 or ϕ � π∕2; if other azimuths are considered,
then we can obtain better achromatic retarders.

The azimuth and the angle of the rotator calcu-
lated from Eq. (5) are

tan 2Ψ � Re�A�Im�B� � Re�B�Im�A�
Re�A�Im�A� − Re�B�Im�B� ; (8)

tan ω � −

Re�B�
Re�A� : (9)

Equation (8) shows the right calculus for the azi-
muth, Ψ, and must be derived from the Jones matrix
equivalence theorem, instead of equaling the product
matrix with a matrix of a wave plate, as proposed by
Saha et al. [4]. As an example, let us consider the sys-
tem formed by two wave plates with retardations
δ1 � π∕2, δ2 � 3π∕4 and ϕ � π∕3 rad in order to es-
tablish a comparison between Eqs. (4) and (8). Using
Eq. (8) we obtain Ψ � −0.3569 rad, while when
Eq. (4) is used the azimuth is Ψ � −0.7360 rad. This
significant difference is because Eq. (4) does not take
into account the rotator effect.

3. Conclusions

The Jones equivalence theorem shows how a system
consisting of a set of linear retarders and rotators is
equivalent to a system composed by only two ele-
ments, a rotator and a linear retarder. The applica-
tion of this theorem to a system formed by two wave
plates allows us to calculate the overall retardation
[2]. Using this theorem, a correction to the overall re-
tardation has been performed in terms of the trace of
matrix U. Despite this fact, the achromatic quarter
retarder proposed in [2] is valid because the rotation
effect does not appear when ϕ � 0 or ϕ � π∕2 rad.
Also, in this article we show how the expression of
the azimuth obtained by Saha et al. is calculated
without taking into account the effect of the rotator.
Finally, the right calculus is shown.

We assume the error committed in [2] and we
would like to offer our apologies to the authors of
[4] and [5]. Finally we would like express our grati-
tude to Dr. Zhang for his comments.
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