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We analyze the near field behavior of binary amplitude gratings which present a curved profile. This
configuration has an important application in rotary optical encoders. This kind of encoders is used to
measure the angular displacement between two different parts of the devices. To our knowledge, its
behavior in the near field has not been analyzed yet. We have found that Talbot effect is produced but the
period of the self-images and Talbot distances change as we separate from the grating. We have fabricated a
curved grating and have performed the experiment to corroborate the behavior theoretically found. This fact
could be useful in systems that use Talbot effect to measure displacements, since the mechanical tolerances
grow.
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1. Introduction

Due to the long range of applications which involve diffraction
gratings, they represent an interesting and active field of research
since its discovery at the beginning of the 19th century. For example,
they can be found in fields of science as different as photonics,
chemistry, astrophysics, biology, engineering, and also in diverse
applications such as precision optical metrology, telescopes, spectro-
scopes, machine-tool, etc. [1,2]. Specifically, optical encoders repre-
sent an important field of application of diffraction gratings. An
encoder is a device able to measure the displacement or relative
absolute position between two objects. There are magnetic encoders
and optical encoders. Light-diffraction-based optical encoders have
been successfully used in machine-tool motion control, since its
robustness and precision. These devices are commonly formed by an
illumination source, some photo-detectors and two diffraction
gratings, whose relative displacement gives the measurement of the
movement.

In near field, a Fresnel propagation based model is normally used
to describe the behavior of gratings [3]. When a monochromatic plane
wave illuminates a diffraction grating, self-images of the grating
appear at certain distances after it [3,4]. This effect is known as Talbot
self-imaging or Talbot effect and has a crucial role in optical encoders.
In a previous work, the authors analyzed the possibility of control of
the position of the Talbot self-images along the propagations axis by
controlling the character of the grating, in other words, by controlling
its like-phase or like-amplitude behavior [5].

For the ideal case, gratings have been considered as flat or non-
curved surfaces, illuminated by a plane and monochromatic wave.
This model has been progressively improved introducing new
concepts: finite spectral width [6], Gaussian illumination [7], total
incoherence [8] or partially coherent light [9–13]. Also non-ideal
gratings have been studied: as for example, the effects of surface
roughness, [14–17], or surface defects, [18], have been described.
These works took into account only flat surfaces.

Effects of curvature over gratings have been also studied [19–
22], but focused to other applications or points of view. Concave or
cylindrical gratings have been successfully used in spectrometry, in
order to avoid the use of focusing lenses [23,24]. Nevertheless, up to
our knowledge there exists no such a study centered on near field
diffraction of cylindrical gratings. Cylindrical gratings can be used in
annular encoders to measure angular displacements. Our objective
is to reach analytical expressions, which lead us to analyze the
effect of the grating curvature over the diffraction pattern in near
field.

In the present work, we consider a diffraction grating working in
reflective mode. The grating is curved over a cylindrical surface, with
the strips periodically located along the surface. Assuming that
Fresnel approach is valid, the near field propagation of light reflected
by cylindrical grating is analyzed and theoretically predicted. Finally,
experimental results using cylindrical diffraction gratings engraved by
laser ablation are shown, being clear that it is in accordance with
theoretical analysis.
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2. Theoretical approach

Let us consider the scheme shown in Fig. 1, where a monochro-
matic plane wave with amplitude A0 is propagating from right along
the z-axis direction and impinges a diffraction grating. The grating
presents a cylindrical shape. In Fig. 1, (ξ, z) are the coordinates
centered at the point in which the grating crosses the z-axis, P is a
plane perpendicular to the propagation direction placed at the origin
of coordinates, L is the projection of the grating length over the ξ-axis,
δ(θ) is the distance between every point of grating and the plane P,
taking it perpendicularly to the z-axis, and R is the curvature radius of
the grating. The radius is defined positive when the center of
curvature is placed at the left side of the grating.

We consider an amplitude grating working in reflection configu-
ration, since they are normally engraved over steel tapes [14]. To
calculate the diffraction pattern produced by the grating, we use a
partially geometrical approach. At the plane P the wave remains as a
planewave, but from this plane to the grating, every point along the ξ-
axis covers different distances to the curved surface, so it is affected by
different optical paths. From Fig. 1 we calculate the optical path for
every ray at ξ, resulting δ(θ)=R(1−cos θ). Then the phase change for
every point ξ(θ)=R sin θ corresponds to

Δ θð Þ = exp ikR 1− cos θð Þ½ �: ð1Þ

Performing a variable change to Cartesian coordinates, Eq. (1)
results

Δ ξð Þ = exp ikR 1−
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On the other hand, the periodicity of the diffraction grating is no
longer linear but angular. Then, its reflectance can be expressed as a
Fourier series expansion depending on θ,

t θð Þ = ∑
n
anexp iqθnθð Þ; ð3Þ

being an the Fourier coefficients with n integer, qθ=2π /pθ and pθ the
angular period whose relation with the linear period is pθ=p /R.
Fig. 1. Curved grating, showing the parameters involved.
Performing the variable change to Cartesian coordinates, Eq. (3)
results

t ξð Þ = ∑
n
an exp iqθn arcsin
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Considering Eqs. (2) and (4), the field at the plane P, after being
diffracted by the grating is

U1 ξ; z = 0ð Þ = A0 ∑
n
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that is given by the product of the incident field, the reflectance of the
grating and the phase difference corresponding to every ray. Since
light covers twice the distance from the plane P to the grating due the
reflective configuration, δ(θ), the optical path doubles its value.

To calculate the field propagation from the plane P forward, we use
the Fresnel approach,

U2 x; zð Þ = exp ikzð Þffiffiffiffiffiffi
ikz

p ∫
L =2

−L =2

U1 ξ; z = 0ð Þ exp ik x−ξð Þ2
2z

" #
dξ; ð6Þ

where x is coordinate perpendicular to the propagation axis at the
observation planes, λ the illumination wavelength and k=2π /λ. To
solve Eq. (6) we consider that the radius is much larger than the
illuminated length of the grating, RNNL, and perform Taylor expan-
sions in the exponents of Eq. (5). Taking into account only up to
second power in both Taylor expansions, the integral to solve is

U2 x; zð Þ = A0
exp ikzð Þffiffiffiffiffiffi
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Then the field amplitude at near distances results

U2 x; zð Þ = A0
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where erf(γ) is the error function, defined by erf ðγÞ ¼
2=

ffiffiffi
π

p� �
∫γ
0 expð−κ2Þdκ.

To understand better the behavior of the grating, we calculate the
intensity just performing I2(x, z)=U2(x, z)U2⁎(x, z). Thus, it results
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Basically, the effect of curvature is present into the exponential
factors producing a variation on the longitudinal and transversal
periods of the self-images. The other factors are due to that the grating
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length is finite. In Fig. 2a we show the intensity for a grating with
R=50 mm, p=20 μm, L=1mm, λ=.6328 μm and n,n′=−3,−1, 0,
1, 3. The Fourier coefficients of the grating correspond to the plane
grating and are given by an=sinc(nπ/2). The Talbot self-images x-
periodicity varies, increasing in terms of the distance between grating
and observation plane. For visual comparison, the near field
diffraction pattern produced by a grating with the same character-
istics but without curvature (R→∞) is shown in Fig. 2b.

From the first exponential factor of Eq. (9), the transversal period
of the self-images, p̂, depends on the radius and the distance from the
grating in the following way

p̂ = p 1 +
2z
R

� �
: ð10Þ

This transversal period increases linearly along distance from the
grating for a fixed radius. As it was expected, p̂=p for R→∞.
Fig. 2. Analytical self-images for a gratingwith period p=20 μm, illuminated projection of
the grating L=1 mm , illumination wavelength λ=0.6328 μm and taking diffraction
orders n, n′=(−3,−1, 0, 1, 3), a) R=50 mm and b) R→∞.
In Fig. 3 we show the profiles corresponding to the first seven self-
images of Fig. 2a. To observe more clearly the effect, we have
separated between even (Fig. 3a) and odd (Fig. 3b) self-images. As it
can be observed, the period of the self-image increases with the order.

In addition, the Talbot distance variation follows a quadratic
function

ẑT = zT 1 +
2z
R

� �2
: ð11Þ

We show in Fig. 4a the profile along the z-axis for x=0,
corresponding with Fig. 2, the dashed line corresponds to a plane
grating and the solid line to a curved grating with R=50 mm. In
addition, we show in Fig. 4b the position of the self-images in terms of
the order of self-image for the same cases of Fig. 4a. We can observe
that the position of the self-image separates from a straight line
following a quadratic dependence.
Fig. 3. Profile of the first seven self-images corresponding to Fig. 2a, a) even self-images
and b) odd self-images.
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To finally corroborate the consistence of Eq. (9) with previous
results, we carry out the limit for R→∞, which corresponds to plane
grating, resulting

I2 x; zð Þ = I0
4
∑
n;n0
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Fig. 4. a) Profile of the self-imaging process (Fig. 2) for x=0 along the z-axis, plane
grating (dashed line), curved grating (solid line), b) behavior of the Talbot distance, zT,
in terms of the order of self-image, curved grating (R=50 mm) (solid line), and plane
grating (dashed line).

Fig. 5. Scheme of the experimental set-up.
Finally, considering L→∞, the classical expression for Talbot effect
is recovered, [4],

I2 x; zð Þ = I0∑
n;n0
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since erf(γ→∞)→1.

3. Experimental approach

To corroborate the theoretical analysis carried out in the previous
section, we have manufactured a diffraction grating over a flexible
steel substrate using a laser ablation system emitting nanosecond
pulses with a maximum power peak of 2 W at 355 nm. The period of
the grating is p=20 μm. The nature of the substrate allows curving
the grating, giving a cylindrical shape. The radius given to the grating
is R=50 mm. The set-up is shown in Fig. 5, where a collimated light
beam (λ=.6328 μm) reaches the curved grating. Since the grating
acts in reflection configuration, a beam-splitter becomes necessary.
Afterwards, light is captured by a CMOS camera (μ eye, pixel size
6×6 μm) coupled to a microscope objective, which is used to magnify
the fringes. The camera is free to travel along the propagation axis. The
experiment consists of displacing the camera from the grating plane
along the propagation axis, acquiring images of the diffracted
intensity at different planes. The use of a beam-splitter makes
impossible to measure the first Talbot planes but the self-images
behavior can be still observed. In Fig. 6 the experimental measure-
ments for a curved (Fig. 6a) and a plane (Fig. 6b) grating are shown.
We have included into the images two straight lines to observe the
increasing of the period. As can be observed in (Fig. 6a), the curvature
of the grating produces changes into the period of the self-images and
the Talbot distance, as it was found theoretically. On the other hand, in
Fig. 6b both lines are parallel, which reveals that the period of the
fringes does not change for a plane grating. Due to experimental
adjustments, the self-images are not exactly parallel to the x-axis, but
the results corroborate the theoretical analysis.

4. Conclusions

In this work we have analyzed the near field diffraction pattern of
curved diffraction gratings. We have theoretically obtained and

image of Fig.�4
image of Fig.�5


Fig. 6. Experimental intensity distribution after the gratings, p=20 μm, λ=0.6328 μm,
a) R=50 mm and b) R→∞.
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experimentally corroborated that the self-images change their period
in terms of the separation from the grating, and also change the Talbot
distance between self-images increasing.
To verify the theoretical results, we have fabricated a grating and
measured experimentally the self-images when the grating is curved,
comparing the result with the self-images formed when the grating is
plane. The good agreement between theoretical predictions and
experimental results shows that the analytical formalism obtained is
correct.
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