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Self-imaging of gratings with rough strips
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We analyze the self-imaging process produced by a transmission grating whose strips present two different
roughness levels. This kind of grating periodically modulates the transmitted light owing only to the different
microtopographic properties of the strips. In spite of the fact that the grating is not purely periodic, it produces
a kind of self-image at Talbot distances. These self-images gradually appear as light propagates, but they are
not present just after the grating, as occurs in amplitude or phase gratings. There exists a distance from the
grating, which depends on the stochastic properties of roughness, from which the contrast of the self-images
becomes stable. Important cases are analyzed in detail, such as low- and high-roughness limits. We assume for
the calculations that the grating can be used in a mobile system. Simulations using the Rayleigh–Sommerfeld
regime have been performed, which confirm the validity of the theoretical approach proposed in this work
© 2008 Optical Society of America
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. INTRODUCTION
hen a diffraction grating is illuminated with a mono-

hromatic plane wave, self-images of the grating are
ormed at certain distances after it. This effect, known as
he Talbot effect and discovered by W. F. H. Talbot in
836, is produced when the propagated light beam ac-
uires a periodic modulation of some of its properties
1–3]. Normally amplitude or phase gratings are used,
hich modulate the amplitude or the phase of the inci-
ent light, respectively [4–7]. There are also other possi-
ilities for modulating the incident light, such as polariza-
ion gratings, which modulate the state of polarization
8–10], and gratings whose strips present a different mi-
rotopographic structure [11]. Examples of gratings with
oughness are steel tape gratings used in displacement
easurement systems [12]. In a previous paper we ana-

yzed the far-field diffraction pattern of transmission
ratings whose strips present two different roughness lev-
ls, one of them smooth and the other one rough [13]. The
fficiency of the diffraction orders was shown to depend
n the statistical properties of the roughness.

Another important aspect of diffraction gratings is the
albot effect. Self-images are obtained in the near field at
eriodic distances known as Talbot planes [3]. When the
rating presents a certain roughness, a statistical ap-
roach for determining the intensity distribution after the
rating is required. The Talbot effect for steel tape grat-
ngs has been analyzed previously, showing that the con-
rast of the self-images decreases when the distance be-
ween the grating and the observation plane increases
11,12]. In the present work, the gratings are assumed to
e transmission gratings. Since the grating presents a
ough surface, we determine the mutual intensity func-
ion in the Fresnel regime using the Fresnel approach to
tudy the self-imaging process. We see that the behavior
f the self-images for transmission through rough grat-
1084-7529/08/102390-5/$15.00 © 2
ngs is completely different from that for metallic grat-
ngs. Self-images are not present close to the diffraction
rating but gradually appear as light propagates. From a
iven threshold distance between the grating and the ob-
ervation plane, self-images become stable and present a
onstant contrast. Two important cases, low- and high-
oughness limits, will be analyzed in detail. Finally, the
alidity of this approach is checked by means of numeri-
al simulations based on the Rayleigh–Sommerfeld ap-
roach to diffraction. To perform the numerical imple-
entation, we have used a fast-Fourier-transform-based

irect integration method [14]. Since the results pre-
ented are stochastic, we have computed the intensity dis-
ribution for an ensemble of realizations. The final result
s the average of all the realizations. The results obtained
ith the simulations are in complete agreement with the
resented theory.

. THEORETICAL APPROACH
et us consider a grating formed by strips with two dif-

erent roughness levels, one with a constant height �0
hat, without loss of generality we assume zero, �0=0, and
he other one with a rough surface that presents a ran-
om topography given by ��x�, whose average height is
ull ���x��=0. The transmittance of the rough level is
�x�=exp�ik�n−1���x��, where k=2� /� and n is the refrac-
ive index of glass [15]. Mathematically, this grating can
e described as a sum of two amplitude binary gratings
ith period p (average amplitude levels 0 and 1). The first
rating is

G1�x� = �
l

al exp�iqlx�, �1�

here q=2� /p. The Fourier coefficients of the grating
�x� are a =� sinc�l���, with �=� /p, as defined in Fig. 1.
1 l
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hese strips present a rough topography; thus its trans-
ittance results in G�x�= t�x�G1�x�. The second amplitude

rating, G2�x�=1−G1�x�, is formed by strips with two con-
tant levels, in the same way as G1�x�. The sum of these
wo amplitude gratings [13],

T�x� = 1 − G1�x��1 − t�x��, �2�

escribes the whole structure, which acts stochastically
n the phase of the incident wave. When roughness is
ull, then t�x�=1 and the grating disappears, since the
ransmittance is T�x�=1.

For the general case, the transmission coefficient T�x�
roduces a random change in the phase of the incident
eam when it passes through the rough strips. For sim-
licity and without loss of generality, we consider the one-
imensional problem. In addition, the transmission varia-
ion owed to Fresnel coefficients is not included.

To describe the random topography of the rough strips
normal distribution in heights is assumed, w�z�

exp�−z2 /2�2� /�2��, where z=��x�, and � is the standard
eviation. The characteristic function that describes the
verage transmittance of this distribution results in

�t�x�� =	 w�z�exp�ik�n − 1�z�dz = exp�− g/2�, �3�

here g= �k��n−1��2. We also need the two-dimensional
istribution of heights w���x� ,��x��� at two different
oints z=��x�, z�=��x��. Assuming a Gaussian distribution
ith variance �2 and mean value zero,

w���x�,��x��� =
1

2���1 − C���2

�exp
−
�2�x� − 2C�����x���x�� + �2�x��

2�2�1 − C���2� � ,

�4�

here we also assume that the autocorrelation coefficient
s Gaussian, C���= ���x���x��� / ��2�x��=exp�−�2 /T0

2�, �=x
x�, and T0 the correlation length. As a result, the char-
cteristic function of this distribution is [16]

�t�x�t*�x��� = exp�− g�1 − C����

= exp�− g��
m=0

	 gm

m!
exp
− m

�2

T0
2� . �5�

onsidering plane wave illumination U0�x�=A0, the field
ust after the grating is U1�x�=A0T�x�. Since the topogra-
hy is stochastic, a more useful function is the mutual in-
ensity function, which is defined as J�x ,x��
�U �x�U*�x ��. The normalized mutual intensity function

ig. 1. Diffraction grating proposed in this paper. The strips
resent different microtopographic structures.
1 1 �
s defined as J�x ,x��=J�x ,x�� / �A0�2= �T�x�T*�x���. Consid-
ring that the only stochastic process is produced by the
ough topography and using Eq. (2), the normalized mu-
ual intensity function can be rewritten as

J�x,x�� = 1 + G1�x���t�x�� − 1� + G1
*�x����t*�x��� − 1�

+ G1�x�G1
*�x���1 − �t�x�� − �t*�x��� + �t�x�t*�x����,

�6�

nd substituting Eqs. (3) and (5) into Eq. (6), it simplifies
o

J�x,x�� = 1 − �1 − e−g/2��G1�x� + G1
*�x��� + G1�x�G1

*�x��

�
�1 − 2e−g/2� + e−g �
m=0

	 gm

m!
exp�− m�2/T0

2�� .

�7�

o determine the near-field diffraction pattern, we con-
ider the Fresnel regime. The normalized mutual inten-
ity at a distance z from the grating is [17]

J�x2,x�2,z� =
1

�z 	 J�x1,x�1�exp
 ik

2z
�x�2 − x�1�2�

�exp
−
ik

2z
�x2 − x1�2�dx1dx�1

= �1 − �1 − e−g/2�H�x2,z���1 − �1 − e−g/2�H*�x�2,z��

+ e−g �
m=1

	 gm

m!�l
�
l�

alal�
*

�exp�iq�lx2 − l�x�2��exp
i�l2 − l�2�
z

zT
�

�exp
− m��l − l��qz − k�x2 − x�2��2

�kT0�2 � , �8�

here zT=p2 /� is the Talbot distance and H�x2 ,z�
�lal exp�−i�l2z /zT�exp�ilqx2� is the amplitude produced
y G1�x� at the observation plane. The normalized aver-
ge intensity at a distance z is easily obtained from the
ormalized mutual intensity, �I�x2 ,z��=J�x2 ,x2 ,z�, which
esults in

�I�x2,z�� = �1 − �1 − e−g/2�H�x2,z��2 + e−g �
m=1

	 gm

m!�
l,l�

alal�
*

�exp�i�l − l��qx2� exp
− i��l2 − l�2�
z

zT
�

�exp
− m�l − l��2� z

zC
�2� , �9�

here zC=pT0 /�. The averaging in the intensity is per-
ormed on an ensemble of realizations that are obtained,
or example, when the grating is moved in the direction
arallel to the y axis. To understand the behavior of this
ind of grating, an example of the intensity obtained with
q. (9) is shown in Fig. 2(a). Self-images are not present
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ust after the grating but gradually appear as the light
ropagates. Since the grating produces a modulation only
n the phase of the incident beam, the intensity just after
he grating is the same than just before the grating. In
ig. 2(b), the two terms of the amplitude of Eq. (9) and the
otal amplitude of this intensity distribution are repre-
ented. The amplitude is defined as A�z�=IM�z�−Im�z�,
here IM�z� is the intensity at the center of the smooth

lits and Im�z� is the intensity at the center of the rough
lits. The contrast definition used in all the cases is C�z�
�IM�z�−Im�z�� / �IM�z�+Im�z��. We assumed this contrast
efinition to bring out the inversion of the contrast in the
elf-imaging process. We see that the two terms of Eq. (9)
ancel each other just after the grating. The first term of
q. (9) is the intensity after an amplitude grating defined

ig. 2. (a) Near-field intensity pattern using Eq. (9) for a grat-
ng with period p=20 �m when �=0.25 �m, T0=100 �m, and n
1.5. The wavelength is �=0.68 �m. (b) Amplitude of the self-

mages (solid curve) and terms of Eq. (9): first term (dashed-dot
urve), second term (dashed curve).
s G��x�=1− �1−e−g/2�G1�x�. It is produced by an interfer-
ntial effect among the grating slits. The second term is
roduced by a scattering process of the rough slits that
akes the contrast of the self-images decrease. However,

he second term decreases exponentially. The distance
C=pT0 /� is approximately the distance at which self-
mages appear. When z
zC the last factor of Eq. (9) dis-
ppears except for l= l�. Then, for this limit case the av-
rage intensity results in

�I�x2,z�� = �1 − �1 − e−g/2�H�x2,z��2 + �1 − e−g��. �10�

he effect of roughness in this case is just to produce the
elf-imaging process as if it were an amplitude grating
ith modified Fourier coefficients

. Slight-Roughness Regime
igure 3 presents the self-imaging process for several val-
es of � that cover the most important situations that we
an find. The general case has been explained in the pre-
ious section. Two important cases are those for slight
nd high roughness, which will be analyzed here in detail.
oughness is slight when ��� and as a consequence g
1. Performing a linear series expansion in g, the mean

ntensity distribution in the near field results in

�I�x2,z�� = 1 − g�
l

al cos�lqx2 + l2
z

zT
�

+ g�
l,l�

alal�
* exp�i�l − l��qx2�exp
− �l − l��2� z

zC
�2�

�exp
− i�l2 − l�2�
z

zT
� . �11�

s can be observed, the cosinusoidal term remains along
he z axis. The Talbot effect is produced, but the intensity
s modulated by a multiplicative factor g. On the other
and, the third term decays with z. The contrast of the
elf-images decreases with g. An example of the contrast
roduced considering the slight-roughness regime is
hown in Figure 3(a). Obviously, when roughness is null,
=0, the intensity distribution, �I�x2 ,z��= �A0�2, shows
hat there exists no diffraction grating.

. High-Roughness Regime
hen roughness is high, g
1, then the autocorrelation

unction given in Eq. (5) is approximately �t�x�t*�x���
exp�−�x−x��2 /TF

2�, where TF=T0 /�g=T0 / �k��n−1��.
hen, the average intensity distribution in the near field
esults in

�I�x2,z�� = �1 − H�x2,z��2 + �. �12�

n example of the contrast produced considering this re-
ime is shown in Fig. 3(c).

The first term is the near-field intensity distribution
roduced by a binary amplitude diffraction grating whose
ourier coefficients are those of the grating G2�x�=1
G1�x�, which corresponds to the smooth slits of the grat-

ng. The second term is a constant-intensity factor, which
s produced by the rough strips. This intensity distribu-
ion can be interpreted in the following way. Light that
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asses through the smooth strips interferes as if there
ere only an amplitude grating. Light that passes

hrough the rough strips is scattered in all directions and
ontributes to the intensity as a background level.

. NUMERICAL SIMULATIONS
o corroborate the results obtained with the theoretical
ormalism, we perform several numerical simulations
ased on the Rayleigh–Sommerfeld method for diffraction
4]. In the first place, we need to simulate the topography
f the grating. For the rough strips, we have generated a
tochastic function costructed by the superposition of
aussian functions randomly spaced along the x axis
round a given separation between every two closed

ig. 3. Contrast of the self-images for a grating with param-
ters p=20 �m, n=1.5, l= l�=3, T0=100 �m, and wavelength �
0.68 �m for different values of �. (a) �=0.05 �m, (b) �
0.25 �m, (c) �=1 �m.
eaks. These Gaussian functions have a Gaussian distri-
ution of heights and widths. An example of a grating is
hown in Fig. 4(a).

To determine the near-field diffracted intensity distri-
ution, we have numerically solved the Rayleigh–
ommerfeld diffraction integral using a fast-Fourier-
ransform-based direct integration (FFT-DI) method. The
FT-DI method is accurate and efficient and can be used

or near-field computations [14].
Each simulation corresponds to a realization that can

e assigned, for example, to the movement of the grating
n the direction parallel to the y axis, assuming that the
rating can be used in a mobile device. Since the diffrac-
ion grating is not purely periodic, the intensity distribu-
ion of each realization after the grating presents a cer-
ain variability. As an example, in Fig. 4(b) we show the

ig. 4. (a) Example of a grating with period p=40 �m, refrac-
ive index n=1.5, and roughness parameters �=0.25 �m, T0
1 �m. (b) Near-field intensity pattern produced by this grating.
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ntensity distribution at the near field for just one realiza-
ion. The results obtained in Section 2 correspond to an
veraging process. Next, we need to perform an ensemble
f simulations in order to compare with the average inten-
ity given in Eq. (9). We have performed numerous simu-
ations, and an example of this averaging is shown in
ig. 5(a) for the case of 100 simulations when the
imensional parameters of the grating are p=20 �m,
=0.25 �m, and T0=100 �m, and the wavelength is
=0.68 �m. This average result in Fig. 5(a) can be com-
ared with the theoretical results of Fig. 2. In Fig. 5(b)
he theoretical and numerical contrast are shown for the
ame values of �, T0 p, and �. In both cases the contrast of
he self-images increases when the distance between the
rating and the observation plane increases, the results
eing very similar.

ig. 5. (a) Intensity pattern obtained using the Rayleigh–
ommerfeld formalism taking the average of 100 simulations
ith �=0.25 �m, T0=100 �m, p=20 �m. (b) Contrast compari-
. CONCLUSIONS
description of the near-field diffraction pattern of a

rating formed by strips with two different roughness lev-
ls has been analyzed in this work. Since the topography
f the grating is stochastic, a statistical approach based
n the mutual intensity function is performed. Although
he grating is not purely periodic, self-images in the near
eld are formed. The contrast of the self-images increases
hen the distance between the grating and the observa-

ion plane increases, and it stabilizes at a certain distance
hat depends on the roughness parameters. Slight- and
igh-roughness limits been have also analyzed. Numeri-
al simulations based on the Rayleigh–Sommerfeld
ethod for diffraction are performed, which corroborate

he results obtained with the theoretical formalism.
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