
UNIVERSIDAD COMPLUTENSE DE MADRID 
 

Facultad de Ciencias Físicas 
Departamento de Óptica 

 
 

  
 
 

TESIS DOCTORAL  

 
 

Interacción de plasmones, luz y haces de electrones en la nanoescala 
 
 

MEMORIA PARA OPTAR AL GRADO DE DOCTOR 
 
 

PRESENTADA POR 

 
Ana Asenjo García 

 
 

Director 
 

Francisco Javier García de Abajo 
 
 

Madrid, 2014 
 
 
 
 
 

© Ana Asenjo García, 2014 



U N I V E R S I D A D C O M P L U T E N S E D E M A D R I D

Facultad de Física
Departamento de Óptica

P L A S M O N , L I G H T, A N D E L E C T R O N BE A M

IN T E R A C T I O N S AT T H E NA N O S C A L E

D O C T O R A L T H E S I S

Dissertation submitted by

ANA ASENJO GARCÍA

for the degree of Doctor of Philosophy

Supervisor: P R O F . F R A N C I S C O JA V I E R G A R C Í A D E A B A J O

ICFO - T H E I N S T I T U T E O F P H O T O N I C S C I E N C E S

B A R C E L O N A , J U N E 2014





U N I V E R S I D A D C O M P L U T E N S E D E M A D R I D

Facultad de Física
Departamento de Óptica

IN T E R A C C I Ó N D E P L A S M O N E S , L U Z

Y H A C E S D E E L E C T R O N E S E N L A N A N O E S C A L A

T E S I S D O C T O R A L

Memoria presentada por

ANA ASENJO GARCÍA

para optar al grado de Doctor

Director: P R O F . F R A N C I S C O JA V I E R G A R C Í A D E A B A J O

ICFO - I N S T I T U T O D E C I E N C I A S F O T Ó N I C A S

B A R C E L O N A , J U N I O D E 2014





Esta tesis doctoral se ha realizado en el grupo de Nanofotónica en las siguientes
instituciones:

• ICFO - Instituto de Ciencias Fotónicas (2013-2014),

• CSIC - Instituto de Química-Física "Rocasolano" (2011-2013),

• CSIC - Instituto de Óptica "Daza de Valdés" (2010-2011),

gracias a la financiación de una beca predoctoral del programa FPU del Ministerio
de Educación (Ref. AP2009-1760).





.

A mi hermana y mi abuela

A Héctor, Mishi y Yuki





.

That which I am writing about so tediously,
may be obvious to someone whose mind is less decrepit.

Ludwig Wittgenstein





Acknowledgments

Luckily, during these years I have not been alone, neither in my personal nor my
professional life. There is no doubt that without the people that have walked with me
on this long (and sometimes winding) road, this thesis would not have been brought
to life. I would like to thank all of you in this seemingly tiny in length – but wide in
gratefulness – piece of paper.

En primer lugar, he de agradecer a Javier todo el tiempo que ha invertido en mí.
Esta tesis no merecería tal nombre sin su esfuerzo y compromiso durante todos estos
años. Gracias a su talento y a su amplio rango de intereses he podido trabajar en
temas muy diversos, algo que he apreciado muchísimo. Su pasión por la física y su
dedicación al trabajo me servirán de inspiración allá donde vaya. Con su ejemplo, él
me ha demostrado que afrontar los problemas con optimismo es siempre la mejor
opción, tanto en la física como en la vida.

During my time as a student, I had the opportunity to learn from many people.
I would like to express my gratitude to all my collaborators. In particular, I am
especially grateful to Prof. Laura Na Liu and her group, whose beautiful experiments
(also performed by the group of Prof. Baoquan Ding) greatly improve this thesis. It
was a real pleasure to work with her, and our discussions helped me understand much
better my own work. I would further like to thank Prof. Harald Giessen for hosting
me in my visit to Stuttgart. I also greatly benefited from the visit of Prof. Alexander
Govorov to ICFO, where he generously spent much time with me discussing several
problems. Moreover, I want to thank Prof. Jo Verbeeck and Giulio Guzzinati for
inspiring talks about vortex electron beams.

A lo largo de estos años he tenido el placer de trabajar codo con codo con los miem-
bros del grupo de nanofotónica: Alejandro, Xesús, Christin, Viktor, Suko, Johan, Iván,
Jose, Joel y Juanma. Además de ser una fuente de diversión, también lo han sido de
conocimiento. En concreto, no puedo pasar por alto la gran ayuda que Alejandro me
prestó durante mis primeros años, y le doy las gracias por ello. Agradezco también
a Jose la lectura crítica de esta tesis. Along these years, we had many visitors in our
group and, among them, there was Stéphane-Olivier, which has since then become a
friend, and also helped me proofreading this manuscript.

i



No puedo dejar en el olvido todos los buenos momentos que he pasado con la gente
que me ha acompañado en el CSIC, como Emilio, Marco, Marien, Susana y Luis. Así
mismo, en mi último año en Castelldefels he estado muy bien acompañada ya que
el grupo de Optical Tweezers me adoptó como una más. Muchas gracias a Iñaki,
Mónica, Raúl, Pau y Antonio. También en los primeros tiempos aquí pude disfrutar
de la presencia de Marta y, aunque ya en Stanford, agradezco a Alberto todas las
discusiones que hemos tenido sobre quiralidad a lo largo de estos años. Cuando
llegué a ICFO, Riccardo ya estaba en Londres, pero agradezco mucho sus consejos
tanto para la vida científica como para el diseño de las figuras de los artículos. It
was also a pleasure to attend the meetings of Darrick’s group, which I have sincerely
enjoyed and from which I have learned a lot. Fuera de ICFO mi vida ha sido mucho
mejor al tener la suerte de que Ester sea mi vecina. En ella he encontrado una (buena)
amiga y (no tan buena) compañera de gimnasio: gracias por preocuparte tanto por
mí (y por Petri).

A lo largo de mi vida, ha habido muchos profesores que han influido en mí. Los
primeros fueron Mariano, Lourdes y Carmen. En la universidad, tuve la suerte de
encontrar a Luis Garay, a pesar del sufrimiento que eso conlleva. También quisiera
dar las gracias a Tatiana Alieva por el tiempo que me dedicó y por ser quien me
introdujo en la óptica y en el mundo de la investigación.

A pesar de que quizás la sección de agradecimientos de una tesis doctoral no sea
la mejor ocasión para agradecer a mis amigos su amistad, al menos me da la opor-
tunidad de hacerlo. Muchas gracias Usue e Irene, por aguantarme desde tiempos
inmemoriales. Gracias también a Marta, Paloma, María y Ángela. I would also like to
thank Sohee and Sojin, for being able to maintain a friendship 10.000 km away. Por
supuesto, no puedo olvidar a mi álter ego coreano Yu Kyoung: qué te voy a decir que
no sepas ya.

Finalmente, quiero agradecer a mi familia su apoyo: a mi abuela y a mi tía, por tantos
domingos en los que me han alimentado y he disfrutado con ellas; a mis tíos Miguel
y Luisa, por ayudarme cuando llegué a Madrid y en todos los años posteriores; a
mis padres, porque me dejaron ir y elegir mi camino, aunque la situación no era la
mejor, y por ser un ejemplo de trabajo y honradez; a mi hermana, por aguantarme
cuando he sido egoísta. No entiendo cómo puedes estar más orgullosa de mí que de
ti misma.

Gracias Héctor, por cuidar de Yuki y Mishi mejor que yo, y por todo lo que me has
hecho reír.

Sin duda, mirando atrás, veo que he sido muy afortunada.

ii



Contents

List of Figures v

List of Acronyms vii

Abstract 1

Resumen 7

1 Introduction 13
1.1 Classical electrodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.2 Chirality and circular dichroism . . . . . . . . . . . . . . . . . . . . . . . . 16
1.3 Electromagnetic fields in metals . . . . . . . . . . . . . . . . . . . . . . . . 19
1.4 Electron beam interactions with metals . . . . . . . . . . . . . . . . . . . . 25

1.4.1 Electron beams and light fields . . . . . . . . . . . . . . . . . . . . 30

2 Stimulated light emission and scattering by rotating particles 33
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.2 Physical model and dynamical properties . . . . . . . . . . . . . . . . . . 35
2.3 Connection to actual particles . . . . . . . . . . . . . . . . . . . . . . . . . 43
2.4 Stimulated emission and light amplification . . . . . . . . . . . . . . . . . 44
2.5 Particle heating and acceleration time . . . . . . . . . . . . . . . . . . . . 45
2.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3 Chiral interactions between light and matter 51
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.2 Experimental methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.3 Theory and modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.3.1 Dipole-dipole interaction . . . . . . . . . . . . . . . . . . . . . . . . 55
3.3.2 Multiple scattering multipolar calculation . . . . . . . . . . . . . 58

3.4 Agreement between experimental and theoretical results . . . . . . . . . 59
3.5 The role of plasmonic coupling . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.6 Other systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

iii



3.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4 Chiral interactions between electron vortex beams and matter 67
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.2 Generalized expression for the transition probability . . . . . . . . . . . 69
4.3 Chiral plasmonic cluster . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.3.1 Transition from a plane wave to a vortex . . . . . . . . . . . . . . 73
4.3.2 Transition from a gaussian beam to a vortex . . . . . . . . . . . . 84

4.4 Chiral molecule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5 Electron energy-gain spectroscopy 91
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
5.2 Outline of the theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.3 Energy-gain spectroscopy . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
5.4 Unified analytical quantum model for EELS, EEGS, and CL . . . . . . . 102
5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

Conclusions 109

Appendices

A Optical torques and forces acting on a small particle 115

B Polarizability tensor and light extinction cross-section of a chiral
molecule 121

C Electromagnetic Green tensors of clusters and chiral molecules 127

D Derivation of EELS, EEGS, and CL probabilities 131

List of publications and contributions to conferences 137

Bibliography 141

iv



List of Figures

1.1 Sketch of the optical properties of a chiral structure. . . . . . . . . . . . 18
1.2 Dispersion relation of a surface plasmon. . . . . . . . . . . . . . . . . . . 22
1.3 Comparison between the extinction cross-section and EELS probability. 29
1.4 Sketch of electron energy loss and gain spectra. . . . . . . . . . . . . . . 31

2.1 Illuminated rod-like particle rotating around a transversal direction . . 36
2.2 Dynamical properties of a rotating rod illuminated by LCP light . . . . 39
2.3 Dynamical properties of a rotating rod for linearly polarized light . . . 42
2.4 Stimulated light emission in rotating particles. . . . . . . . . . . . . . . . 45
2.5 Temperature of a gold sphere and a carbon nanotube as a function of

the incident light intensity. . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
2.6 Time needed to accelerate a gold sphere and a carbon nanotube to a

rotational velocity Ω = 1 MHz as a function of the light intensity . . . . 47

3.1 Schematic illustration of the DNA origami experiment. . . . . . . . . . . 54
3.2 Agarose gel image and TEM images of the structures. . . . . . . . . . . . 56
3.3 Theoretical LCP light extinction cross-section and CD spectra for the

left-handed structure. Measured extinction for the clusters. . . . . . . . 59
3.4 Measured and calculated CD spectra. . . . . . . . . . . . . . . . . . . . . . 60
3.5 Influence of the size and separation on the CD spectra. . . . . . . . . . . 62
3.6 Influence of the incidence direction on the CD. . . . . . . . . . . . . . . . 63

4.1 Multipolar vs dipolar response of a cluster . . . . . . . . . . . . . . . . . . 71
4.2 Sketch of the proposed setup. Energy-loss cross-section spectra. . . . . 74
4.3 Dichroism in the spectrally resolved inelastic cross-section. Extrinsic

dichroism displayed by the trimer. Normalized dichroism for different
electron energies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.4 Influence of different parameters on the dichroism. . . . . . . . . . . . . 79
4.5 Retarded and non-retarded dichroism. Non-retarded torque. . . . . . . 83
4.6 Dichroism for a focused electron beam. . . . . . . . . . . . . . . . . . . . . 85

v



4.7 Universal curves for the partial inelastic cross-section and dichroism
of a model point structure characterized by a chiral excitation. . . . . . 87

4.8 Partial inelastic cross-section and normalized dichroism for an α-helix. 89

5.1 Extinction cross-section and induced electric field intensity of a nanoshell. 97
5.2 Occupation probability of different multiphoton exchange channels. . . 99
5.3 Probability of multiphoton emission and absorption as a function of

both the incoming light wavelength and net number of exchanged
photons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.4 Electron energy loss and gain spectra for an electron passing close to
a silver nanoshell. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.5 Diagrams for all processes involving the creation of one plasmon, up
to second order. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

vi



List of Acronyms

CD Circular dichroism

CL Cathodoluminescence

CP Circularly polarized

EEGS Electron energy-gain spectroscopy

EELS Electron energy-loss spectroscopy

FWHM Full width at half maximum

IR Infrared

LCP Left circularly polarized

LSP Localized surface plasmon

MESME Multipole elastic scattering of multiple expansions

OAM Orbital angular momentum

RCP Right circularly polarized

SPP Surface plasmon polariton

TEM Transmission electron microscope

UV Ultraviolet

3D Three-dimensional

vii





Abstract

With the exception of gravitational forces, the interaction between light and matter is
responsible for almost all physical phenomena that we routinely experience. Electro-
magnetic fields permeate all our surroundings, and give rise to far-reaching events
that range from the cosmic radiation of the early universe to vacuum forces suffered
by atoms. In fact, the mysteries of these interactions have fascinated humankind
since ancient times, and there is no doubt that light has played a fundamental role in
most of the greatest milestones in the history of science, ranging from the invention
of both the microscope and the telescope to the theory of relativity. Remarkably, light
does not only enable us to actually see the world, but also to manipulate it. Electro-
magnetic fields carry energy and information, and thanks to their control, we are
able to perform what are now considered as mundane tasks, such as browsing the
web using a computer powered by a solar cell.

As Richard Feynman pointed out in his acclaimed talk There is plenty of room at the
bottom, the manipulation of the interplay between light and matter at small scales
opens up doors to many exotic phenomena. These interactions vary strongly depend-
ing on the characteristic dimensions of matter. Actually, many intriguing behaviors
are unveiled when the light wavelength matches the size of a given object. Since
the wavelength of visible light is ∼ 400− 700 nm, our interest is primarily focused
on the study of nanostructured materials. The considerable improvement of fabri-
cation techniques over the last decades has made possible to achieve an impressive
degree of miniaturization, resulting in a plethora of nanoparticles that exhibit optical
properties that differ strongly from those found in bulk media. Among the many
materials that have been considered for controlling and engineering light fields at
the nanoscale, metals play a major role. The collective oscillations of their conduction
electrons, the so-called plasmonic excitations, are of paramount importance in the
field of nanophotonics. Essentially, metallic particles confine light to tiny spaces and
produce intense field enhancement. Besides its fundamental interest, plasmonics has
strikingly diverse implications in technology. It finds applications in areas such as
photovoltaics, biomolecular sensing, and medicine.
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The present thesis is devoted to the study of the interactions between plasmon-
supporting metallic nanostructures, light, and electron beams.

As well as energy and information, light fields also carry linear and angular momenta.
They are thus able to exert forces and torques upon objects. In particular, it has been
demonstrated that circularly polarized light – which carries spin angular momentum
– can be employed to rotate both macroscopic and nanoscopic bodies. This raises
fundamental questions such as how the physical properties of a particle are modified
when subject to extreme rotation velocities, or whether it is possible to cool down
the rotational degrees of freedom of a microparticle in a cavity.

The first part of this thesis is concentrated on the analysis of the optical response of
metallic nanoparticles that are rotating in vacuum and exposed to external illumi-
nation. To that purpose, we develop a simple theory inspired in the Drude-Lorentz
model, in which we describe a rod-like particle as a harmonic oscillator, with a driv-
ing force due to an external circularly-polarized light field, and a damping term that
accounts for intrinsic losses. Moreover, Abraham-Lorentz force is also included, in
order to allow for radiative damping. From the equation of motion, one is able to
derive analytical expressions for the mechanical torque that light exerts on the parti-
cle, the absorbed power, and the scattering cross-sections. Interestingly, a rotational
Doppler shift arises in the scattered light: the particle produces inelastic scattering
at frequencies separated from that of the incoming light by twice the rotation fre-
quency. Actually, this same phenomenon has been observed in rotational Raman
scattering, and has also been proposed as an accurate method to estimate the ro-
tational velocities of spinning objects. The parameters of the proposed toy-model
can be straightforwardly connected to those of actual particles, such as metallic rods
or spheres, through the expression for the dipolar polarizability. Remarkably, due
to the inclusion of radiation damping, the resulting polarizability is radiatively cor-
rect and, therefore, our description is valid for absorbing as well as non-absorbing
nanoparticles.

We further show that the system becomes superradiant under certain conditions.
Specifically, if the particle’s rotational frequency is higher than that of the external
field, and both the light polarization vector and the nanostructure rotate in the same
direction, the incoming light is amplified. Although the phenomenon of stimulated
emission is customarily treated within a quantum framework, we here demonstrate
that it arises as well in this classical system. This superradiance is due to a conversion
of the rotational energy into radiation, accompanied by a subsequent decrease of
the rotational speed, as is shown by a detailed analysis of the expressions for the
mechanical and extinction cross-sections, which become negative.

With the aim of demonstrating the experimental feasibility of achieving high rota-
tional frequencies, we calculate the necessary field intensities required for spinning
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several kinds of nanoparticles by means of circularly polarized light. Besides, we also
compute the equilibrium temperature reached by these structures upon illumination.
In particular, the theoretical predictions for small gold spheres and single-walled car-
bon nanotubes are quite optimistic: the particles reach an equilibrium temperature
below that of melting for light intensities that cause them to reach a significantly
high spinning rate in a very short time.

As happens with rotating particles, the interaction of circularly polarized light with
chiral matter is also non-symmetrical: the absorption and scattering rates of light are
slightly different depending on the handedness of the structure. The lack of mirror
symmetry, known as chirality, is a pervasive feature of biological molecules, such as
proteins, glucids, and nucleic acids. As a matter of fact, it is imperative to determine
whether chiral pharmacological compounds are left- or right-handed since their be-
haviors might be entirely different due to the interaction with these biomolecules.
Despite the relevance of adequately sorting different enantiomers according to their
chiral nature, this is not an easy job, as they behave identically under structural spec-
troscopic techniques. Luckily, this property can be revealed by employing circularly
polarized light but, nevertheless, produces a very faint effect.

In recent years, there has been a great interest on chiral plasmonic nanostructures.
Due to plasmonic coupling, chiral effects might be very much enhanced in compari-
son to those of biological molecules. In the second part of this work we investigate
plasmonic chiral tetramers, which break mirror symmetry due to the spatial arrange-
ment of their components. Despite the theoretical character of this thesis, the study
of these structures has been developed in close collaboration with the experimental
groups of Prof. Laura Na Liu and Prof. Baoquan Ding, with the aim of providing some
insight into their measurements. In particular, we calculate the circular dichroism
(this is, the difference between the absorption of left- and right-circularly polarized
light) generated by these structures and compare our calculations with experimental
results. The clusters are composed of four gold nanospheres that are functionalized
with DNA strands and assembled employing a rigid DNA origami template to provide
stability. They are synthesized in a water-based solution and they are thus randomly
oriented. The DNA-based fabrication method constitutes a novel bottom-up approach
for the generation of nanostructures, with several advantages with respect to more
traditional top-down techniques such as lithography. It is, in fact, a mass-production
method of chiral clusters with nanometer accuracy due to the site-specific binding of
nucleic acids.

In order to compute the light absorption cross-section of the structures, we em-
ploy two different procedures. First, we model the spheres as point dipoles with a
frequency-dependent polarizability and study their optical response in a self-consistent
and semi-analytical manner. We then compare this tutorial approach with a com-
pletely numerical calculation that includes their full multipolar responses. This latter
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method is more accurate and is, therefore, subsequently applied to interpret the ex-
perimental results. We take into account the random orientation of the clusters by
performing an average over light incidence directions. The agreement between the
experimental and numerical results is very satisfactory. There are, however, some
minor discrepancies in the magnitude of the signal. The primary reason for this
small disparity is the experimental uncertainty about the clusters’ concentration in
the solution. Besides, it can also be due to the high sensitivity of the dichroism to
slight variations on the sphere diameters and separations, which can be reasonably
expected to arise in the experiment, but are not incorporated into the simulations.
The dichroism spectra show a characteristic pattern, whose sign is reversed for the
clusters of opposite handedness. As a control experiment, a trimer is also synthesized
and, as expected, displays null dichroism due to the lack of chirality. In fact, four is the
minimum number of achiral particles needed to constitute a chiral cluster. To further
analyze the role of plasmonic coupling, we demonstrate that the dichroism reduces
considerably when the spheres’ diameters decrease or the separation between them
increases, since the near-field interaction is critical to the chiral response.

One legitimate question is whether chiral matter displays dichroism when interacting
with light that carries orbital angular momentum. As opposed to spin, associated
with the polarization, orbital angular momentum is related to the spatial structure of
light fields, which possess an azimuthal phase dependence and a helical wavefront.
This problem has received much interest recently and it has been demonstrated, both
theoretically and experimentally, that although optical vortex beams exert forces and
torques on matter, they do not engage in dichroic activity. The third part of the present
work deals in fact with this issue but from a different and novel point of view. Instead
of using light, we propose to employ vortex electron beams, and study the energy
lost by these electrons upon interaction with chiral matter.

The invention of electron microscopes in the thirties was a scientific breakthrough.
Suddenly, structures of tiny proportions, which were not resolved by optical micro-
scopes, could be observed. Surprisingly, plasmons were first revealed in an experi-
ment involving electron bombardment of a metallic film. Since then, electron beams
have been extensively used to probe the optical properties of metallic nanostructures,
employing the well-known technique of electron energy-loss spectroscopy. Vortex
electron beams were experimentally generated in an electron microscope only a few
years ago, and they are characterized by a helical wave-function. Specifically, we
define a new kind of dichroism that can be computed as the difference in the energy
loss suffered by different orbital angular components of the electron upon inelastic
interaction with a chiral structure. In particular, we analyze two different samples: a
silver tetramer and a biomolecule.

The silver cluster consists of nanospheres described in the dipolar approximation,
which interact with each other in vacuum. One can describe the full electromagnetic
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response of the whole cluster via its Green tensor. We predict a large dichroism
that can reach up to ten percent of the loss signal. This remarkably large value is
principally due to the relatively low losses of silver. We calculate the energy loss for
two different incoming electron wave-functions, a plane-wave and a focused beam.
The latter would be useful to resolve chiral modes with sub-nanometer accuracy,
something that is not possible with light. Moreover, electron beams would also be
able to excite dark modes, which are plasmonic modes that cannot be accessed by
optical means.

In the non-retarded limit, when the speed of light is considered to be infinite and the
interactions are instantaneous, it is possible to decompose the total energy loss and
dichroism as a sum of the contributions of the plasmonic eigenmodes of the cluster.
Within this formalism, we predict that all of them generate a dichroic signal which
gives rise to the complex response displayed by the structure. Moreover, one is able
to calculate the forces and torques exerted upon the cluster by each of the different
angular momentum components of the vortex beam. As expected, the conservation
of linear and angular momenta is confirmed.

Although there has been a remarkable interest in chiral plasmonic nanostructures
in the recent years, the main goal of circular dichroism spectroscopy is to be able to
determine the handedness of a single molecule. To that purpose, we study the inter-
action between electron vortex beams and point-like molecules, which are described
by non-orthogonal electric and magnetic dipoles – a configuration that breaks mirror
symmetry. We derive a universal scaling law for the dichroism exhibited by any kind
of structure that can be characterized by finite crossed electric and magnetic polariz-
abilities. Moreover, we also focus on a specific biomolecule: the α-helix, a common
secondary structure of proteins. The interaction between electron vortex beams and
biomolecules opens up the door to chemical and pharmaceutical applications.

One of the great advantages of using electrons as a probing source is their high spatial
accuracy, due to their short de Broglie wavelength. Nowadays, electron microscopes
reach sub-angstrom resolution, whereas optical microscopes are diffraction limited
and, in the best-case scenario, are able to resolve around ten nanometers. Never-
theless, the energy resolution of electron microscopes is far from that achieved with
optical tools. This is mainly due to the broad spectral width of electron beams and
the limited resolution of the spectrometer. Currently, one of the main objectives of the
electron microscopy community is to improve this seemingly low energy resolution.
This is by no means a simple task, and many options, such as the use of monochro-
mators, have been explored although the elusive energy resolution of light-based
microscopes is still not within reach.

In this context, the final section of the thesis is devoted to proposing a new spec-
troscopy technique that combines the great spatial accuracy of electrons with the
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high energy resolution of light. This method is based upon the analysis of the energy
gains and stimulated losses that the electron experiences when interacting with an
illuminated nanostructure. Due to the evanescent nature of the surface modes of a
metallic particle, the electron is able to emit or absorb photons, a physical process that
is forbidden in free space due to energy-momentum conservation. Electron energy
losses and gains have been already observed in a pioneering experiment a few years
ago, in which an electron beam was sent in coincidence with a light pulse to the vicin-
ity of two distinct samples: a silver wire, and a carbon nanotube. However, although it
constituted a remarkable proof-of-principle, the experimental results did not provide
any information about the optical response of the probed nanostructures.

Hence, we suggest that the spectral response of the sample can be observed by vary-
ing the frequency of the incoming light. In particular, we study metallic nanoshells
consisting of a silica core and a gold or silver coating, which display sharp resonant
features in the near infrared. We calculate the probability of energy gains and losses
as a function of the incoming light frequency and intensity, for both pulsed and
continuous-wave illumination. As the frequency of the light starts to match that of
the plasmonic resonance, the elastic component of the electron wave-function begins
to depopulate and the amplitude of the inelastic channels increase. For low inten-
sities, this depopulation reaches a maximum at the near-field resonance frequency.
Interestingly, the extinction cross-section resonant peak is blue-shifted a few nanome-
ters with respect to the maximum depletion of the elastic electron component. This
is a manifestation of the fact that the coupling between photons and electrons is
mediated by the near-field, which is dominated by the surface modes. On the other
hand, for higher intensities, a non-trivial interplay between different multiphoton
channels takes over and gives rise to oscillations in the electron probability.

Remarkably, we predict substantial energy gains and losses for light intensities below
the melting threshold of the particles, even under continuous-wave illumination. Due
to the less lossy character of silver compared to gold nanoshells, the field enhance-
ment produced by these nanostructures is higher, leading to the generation of multi-
photon events at lower intensities. This allows one to speculate with the feasibility
of experimental confirmations of our predictions in the near future. Finally, in order
to place the energy gain probabilities into perspective, we compare them with those
of more traditional spectroscopic techniques, such as energy-loss or cathodolumines-
cence (in which the plasmons created by the electron decay radiatively, generating
light). To that purpose, we develop a unified analytical quantum model valid at low
light intensities. This perturbative approach treats the aforementioned spectroscopies
on equal footing and provides further insight about the fundamental processes on
which they rely.
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Resumen

Salvo por la fuerza gravitatoria, la interacción entre luz y materia es responsable
de la mayoría de los fenómenos físicos que experimentamos cotidianamente. Los
campos electromagnéticos nos rodean, dando lugar a un amplio abanico de efectos
que van desde la radiación cósmica del universo primitivo a las fuerzas de vacío
que perciben los átomos. Los misterios de estas interacciones han fascinado a la
humanidad desde la antigüedad, y no hay duda de que la luz ha jugado un papel
fundamental en la mayoría de los grandes hitos de la historia de la ciencia, desde la
invención del microscopio a la teoría de la relatividad. La luz no sólo nos permite
ver el mundo, sino también manipularlo. Los campos electromagnéticos transportan
energía e información, y gracias a su control somos capaces de realizar complejas
tareas ahora consideradas mundanas, como navegar por la web desde un ordenador
cuya energía es suministrada por una placa solar.

Tal y como Richard Feynman señaló en su famosa charla Hay mucho espacio al fondo,1

la manipulación de las interacciones entre luz y materia a pequeña escala abre las
puertas a un nuevo mundo. De hecho, éstas varían dramáticamente en función de
las dimensiones características de la materia y los campos electromagnéticos, y pro-
ducen fenómenos exóticos cuando ambas coinciden. Dado que la longitud de onda
de la luz visible es ∼ 400− 700 nanómetros, son los materiales nanostructurados
los que capturan nuestro interés. Debido a la considerable mejora de las técnicas
de fabricación en las últimas décadas, se ha logrado un impresionante grado de
miniaturización. Esto ha dado lugar a la generación de una plétora de nanoestruc-
turas que exhiben propiedades ópticas que difieren ostensiblemente de las que se
encuentran en los materiales a grandes escalas. Entre los muchos medios que se han
estudiado con el fin de controlar los campos de luz en la nanoescala, los metales
juegan un papel fundamental. Las oscilaciones colectivas de sus electrones de con-
ducción, llamadas excitaciones plasmónicas, son de vital importancia en el campo
de la nanofotónica. En esencia, las nanopartículas metálicas son capaces de confinar
la luz en espacios extraordinariamente pequeños y de incrementar la intensidad del
campo incidente. Además de su interés para la ciencia básica, la plasmónica tiene un

1El título original es There is plenty of room at the bottom.

7



gran potencial tecnológico, con múltiples aplicaciones en áreas tan diversas como la
energía fotovoltaica, la medicina o la detección molecular.

Esta tesis está dedicada al estudio de las interacciones entre nanoestructuras plas-
mónicas, luz y haces de electrones.

Además de energía e información, los campos electromagnéticos también poseen
momento lineal y angular. Por tanto, son capaces de ejercer fuerzas y torques. En
concreto, se ha demostrado que la luz circularmente polarizada – que tiene momento
angular de espín – puede ser empleada para rotar estructuras tanto macroscópicas
como nanoscópicas. Este hecho plantea cuestiones fundamentales tales como la
modificación de las propiedades físicas de una partícula cuando está sometida a
velocidades de rotación extremas, o la posibilidad de enfriar los grados de libertad
de rotación de una micropartícula en una cavidad.

La primera parte de esta tesis se centra en el estudio de la respuesta óptica de
nanopartículas metálicas que giran en el vacío expuestas a iluminación externa. De-
sarrollamos una teoría sencilla inspirada en el modelo de Drude-Lorentz, en la que se
describe una partícula alargada como un oscilador armónico forzado por un campo
de luz circularmente polarizada y con un término de amortiguamiento que representa
las pérdidas intrínsecas. Por otra parte, también se incluye la fuerza de Abraham-
Lorentz, con el fin de tener en cuenta la amortiguación debida a la radiación. A
partir de la ecuación de movimiento, derivamos expresiones analíticas para el torque
mecánico ejercido por la luz sobre la partícula, la potencia absorbida y las secciones
eficaces de esparcimiento (scattering). Analizamos la aparición de un desplazamiento
Doppler rotacional en la frecuencia de la luz dispersada. En la literatura, este fenó-
meno es conocido en el contexto de la espectroscopía Raman rotacional. Así mismo,
también se ha propuesto como un método preciso para estimar velocidades de giro.
Los parámetros de nuestro modelo pueden relacionarse fácilmente con los emplea-
dos para caracterizar partículas metálicas reales, tales como cilindros alargados o
esferas, a través de la expresión para la polarizabilidad dipolar. Cabe destacar la
validez de nuestra descripción para tratar nanoparticulas tanto absorbentes como no
absorbentes, gracias a la inclusión de la amortiguación por radiación.

Sorprendentemente, el campo externo se amplifica cuando la frecuencia rotacional
es mayor que la de éste, y el vector de polarización de la luz y la nanoestructura
giran en la misma dirección. A pesar de que el fenómeno de la emisión estimulada es
tratado habitualmente dentro de un marco cuántico, emerge también en este sistema
clásico. Esta superradiancia se debe a la conversión de la energía de rotación en
radiación, y está acompañada de una disminución de la velocidad rotacional, como
se desprende de un análisis detallado de las expresiones para las secciones eficaces
mecánica y de extinción, que son negativas.

Con el objetivo de demostrar la viabilidad experimental de alcanzar altas frecuen-
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cias de giro, calculamos la intensidad de luz necesaria para rotar distintos tipos de
nanopartículas mediante luz circularmente polarizada. Además, también analizamos
la temperatura de equilibrio alcanzada por estas estructuras debido a la absorción de
dicha radiación. Las predicciones teóricas para pequeñas esferas de oro y nanotubos
de carbono son optimistas: para intensidades de luz asociadas a altas aceleraciones,
las partículas alcanzan una temperatura inferior a la de fusión del material.

Como sucede en el caso de partículas en rotación, la interacción de la luz circular-
mente polarizada con materia quiral también es asimétrica: las tasas de absorción
y esparcimiento de luz son ligeramente diferentes dependiendo de la quiralidad de
la estructura. La falta de simetría especular, también llamada quiralidad, es una ca-
racterística muy común en las moléculas biológicas. Es extremadamente importante
clasificar adecuadamente los diferentes enantiómeros según su naturaleza quiral. Sin
embargo, ésta no es tarea fácil puesto que se comportan de forma idéntica al ser
estudiados con técnicas estructurales. Afortunadamente, esta propiedad se revela en
experimentos con luz circularmente polarizada, a pesar de que típicamente produce
un efecto muy débil en la medida.

En los últimos años se ha despertado un gran interés por las nanoestructuras metáli-
cas quirales. Debido al acoplamiento plasmónico, los efectos quirales pueden ser con-
siderables en comparación con los observados en moléculas biológicas. La segunda
parte de este manuscrito está dedicada a la investigación de tetrámeros quirales
plasmónicos, que rompen la simetría especular debido a la disposición espacial de
sus componentes. Específicamente, calculamos el dicroísmo circular (esto es, la dife-
rencia entre la absorción de luz circularmente polarizada a izquierdas y a derechas)
producido por estas estructuras y comparamos nuestras predicciones con resultados
experimentales. 1 En concreto, los tetrámeros están formadas por cuatro nanoesferas
de oro funcionalizadas con hebras de ADN y ensambladas mediante una lámina rígida
de origami de ADN para proporcionar estabilidad. Estas moléculas plasmónicas se
sintetizan en una disolución de base acuosa y están por tanto orientadas al azar. La
técnica de fabricación basada en el ADN constituye un nuevo enfoque para la gene-
ración ascendente (bottom-up) de nanoestructuras, con varias ventajas con respecto
a los enfoques descendentes (top-down) más tradicionales, como la litografía. De
hecho, es una técnica de producción en masa de partículas quirales con una precisión
nanométrica debido a la especificidad de los ácidos nucleicos.

Para el cálculo de la absorción de luz por parte de las estructuras empleamos dos
métodos diferentes. En primer lugar, modelamos las esferas como dipolos puntuales
con una polarizabilidad dependiente de la frecuencia y analizamos su respuesta óp-
tica de una manera autoconsistente y semianalítica. A continuación, comparamos

1A pesar del carácter inminentemente teórico de esta tesis, el estudio de estas estructuras se ha desar-
rollado en colaboración con los grupos experimentales de los Prof. Laura Na Liu y Baoquan Ding.
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este enfoque de carácter más tutorial con un cálculo completamente numérico que
tiene en cuenta la respuesta multipolar. Este último método es más preciso y es el
empleado posteriormente para analizar los resultados experimentales. En ambos ca-
sos, a fin de tener en cuenta la orientación aleatoria de las partículas, realizamos un
promedio sobre las direcciones de incidencia de la luz. Los espectros de dicroísmo
muestran una señal característica, cuyo signo se invierte para las estructuras de
quiralidad opuesta. La concordancia entre los resultados experimentales y numéricos
es muy satisfactoria, aún habiendo, sin embargo, algunas discrepancias menores en
la magnitud de la señal. La razón principal de esta pequeña disparidad es la incer-
tidumbre experimental acerca de la concentración de partículas en la disolución.
También puede ser debida a la alta sensibilidad del dicroísmo a ligeras variaciones
en los tamaños y separaciones de las esferas, que no se tienen en cuenta en las
simulaciones. Como experimento de control, se sintetiza también un trímero, que
muestra nulo dicroísmo debido a la falta de quiralidad. De hecho, cuatro es el número
mínimo de partículas aquirales necesarias para constituir un grupo quiral. Con el
objetivo de analizar el papel del acoplamiento plasmónico, demostramos que el di-
croísmo disminuye considerablemente cuando los diámetros de las esferas se reducen
o la separación entre ellas aumenta, ya que la interacción debida al campo cercano
(near-field) es fundamental para la respuesta quiral.

Cabe preguntarse si una estructura quiral muestra dicroísmo al interactuar con luz
que posee momento angular orbital. A diferencia del intrínseco, asociado a la pola-
rización, el momento angular orbital está relacionado con la estructura espacial de
los haces de luz. Dichos haces poseen una fase con una dependencia acimutal, que
se traduce en un frente de onda helicoidal. Esta cuestión ha suscitado un notable
interés recientemente y se ha demostrado, tanto teórica como experimentalmente,
que a pesar de que los vórtices ópticos ejercen fuerzas y torques sobre la materia, no
involucran actividad dicroica. La tercera parte de este manuscrito trata sobre este
tema, pero desde un punto de vista diferente y novedoso: en lugar de utilizar luz,
proponemos emplear vórtices de electrones y estudiar la energía perdida por estos
en la interacción con materia quiral.

La invención de los microscopios electrónicos en los años treinta del pasado siglo
supuso un gran avance científico. De pronto, estructuras diminutas que no podían ob-
servarse con microscopios ópticos pudieron ser estudiadas. De hecho, los plasmones
fueron detectados por primera vez en un experimento en el que se lanzaban elec-
trones hacia una película metálica. Desde entonces, estas partículas cargadas se han
empleado intensivamente para investigar las propiedades ópticas de nanoestructuras
metálicas, mediante la técnica de espectroscopia de pérdida de energía (EELS, de
sus siglas en inglés). Por otro lado, los vórtices de electrones –caracterizados por
una función de onda helicoidal– se generaron experimentalmente hace tan sólo unos
pocos años.
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En esta tesis definimos un nuevo tipo de dicroísmo que se puede calcular como la dife-
rencia de las pérdidas de energía que sufren las diferentes componentes de momento
orbital angular tras la interacción inelástica con una muestra quiral. En particular,
estudiamos dos muestras diferentes: un tetrámero de plata y una molécula biológica.
La estructura de plata está formada por nanoesferas descritas en la aproximación
dipolar y que interactúan entre ellas en el vacío. Describimos la respuesta electro-
magnética del conjunto a través de su tensor de Green. Predecimos un alto dicroísmo,
que puede alcanzar hasta el diez por ciento de la señal de pérdida. Este valor es tan
prominente debido, principalmente, a la alta conductividad de la plata. Calculamos
la pérdida de energía para dos tipos distintos de funciones de onda incidentes: un
haz extenso y otro enfocado. Este último es útil para analizar modos quirales con
una precisión sub-nanométrica, algo que no es posible con luz. Por otra parte, los
electrones también son capaces de excitar modos oscuros (oscilaciones plasmónicas
que no pueden ser excitadas por medios ópticos).

En el límite sin retardo, cuando la velocidad de la luz es infinita y las interacciones
son instantáneas, es posible descomponer la pérdida de energía y dicroísmo total
como la suma de las contribuciones de los modos propios de la estructura. Dentro
de este formalismo, predecimos que todos ellos generan una señal dicroica que da
lugar a la compleja respuesta mostrada por la estructura. Por otra parte, calculamos
las fuerzas y torques ejercidos sobre el tetrámero por cada una de las componentes
de momento angular del vórtice. Como era de esperar, confirmamos la conservación
del momento lineal y angular.

A pesar del notable interés acerca de las nanoestructuras plasmónicas quirales en
los últimos años, el objetivo principal de la espectroscopia de dicroísmo circular es
determinar la quiralidad de una única molécula. Con este propósito, estudiamos la
interacción entre vórtices de electrones y moléculas, que describimos como dipolos
eléctricos y magnéticos no ortogonales – una configuración que rompe la simetría
especular. Derivamos una ley de escala universal para el dicroísmo exhibido por
cualquier tipo de estructura que pueda ser caracterizada por polarizabilidades eléc-
tricas y magnéticas cruzadas no nulas. Adicionalmente, también nos centramos en
una biomolécula específica: la α-hélice, una estructura secundaria común de las pro-
teínas. La interacción entre los vórtices y las biomoléculas puede tener aplicaciones
químicas y farmacéuticas.

Una de las grandes ventajas del uso de electrones es su alta resolución espacial, de-
bido a su corta longitud de onda de de Broglie. Hoy en día, los microscopios electróni-
cos alcanzan resoluciones por debajo del angstrom, mientras que los microscopios
ópticos están limitados por la difracción y, en el mejor de los casos, su resolución es
de alrededor de una decena de nanómetros. Sin embargo, la resolución en energías
de los microscopios electrónicos se encuentra muy alejada de la de los ópticos.
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En este contexto, la parte final de esta tesis está dedicada a la propuesta de una
nueva técnica de espectroscopía que aúne la gran precisión espacial de los electrones
con la alta resolución en energías de la luz. Este método se basa en el análisis de
las ganancias y pérdidas estimuladas de energía que los electrones experimentan al
interaccionar con una nanoestructura iluminada. Debido a la naturaleza evanescente
de los modos de superficie de una partícula metálica, el electrón es capaz de emitir
o absorber fotones, un proceso físico que está prohibido en el espacio libre debido a
la conservación simultánea de energía y momento. Este fenómeno fue observado en
un experimento pionero, en el que un haz de electrones interaccionó con un hilo de
plata y un nanotubo de carbono en coincidencia con un pulso de luz. Sin embargo,
los resultados experimentales no proporcionaron ninguna información acerca de la
respuesta óptica de las nanoestructuras sondeadas.

En cambio, nosotros sugerimos que es posible analizar la respuesta espectral de la
muestra mediante la variación de la frecuencia de la luz incidente. En concreto, es-
tudiamos esferas con recubrimiento metálico (de oro y plata) y núcleo de óxido de
silicio, que son resonantes en el infrarrojo cercano. Estimamos la probabilidad de
ganancias y pérdidas de energía en función de la longitud de onda y la intensidad
de la luz incidente, tanto en el caso de iluminación pulsada como continua. Cuando
la frecuencia de la luz se aproxima a la de la resonancia plasmónica, la componente
elástica de la función de onda del electrón comienza a despoblarse y la amplitud de
los canales inelásticos aumenta. Para intensidades bajas, esta despoblación alcanza
un máximo a la frecuencia de resonancia asociada al campo cercano. Curiosamente,
la longitud de onda a la que la sección eficaz de extinción es máxima no coincide
exactamente con la frecuencia a la que ocurre la mayor despoblación de la compo-
nente elástica del electrón. Esto es debido a que el acoplamiento entre fotones y
electrones está mediado por el campo cercano, dominado por los plasmones de la
nanoestructura.

Sorprendentemente, predecimos ganancias y pérdidas de energía sustanciales con
intensidades de luz por debajo del umbral de fusión de las partículas, incluso con
iluminación continua. Debido al carácter menos absorbente de la plata con respecto
al oro, el aumento del campo inducido por las nanopartículas de plata es mayor, lo
que conlleva la generación de eventos multifotónicos a intensidades más bajas. Por
último, con el fin de dar cierta perspectiva a las probabilidades de ganancia obtenidas,
las comparamos con las asociadas a técnicas espectroscópicas más tradicionales, tales
como la pérdida de energía o la catodoluminiscencia (en la que los plasmones creados
por los electrones decaen generando luz). Para tal fin, desarrollamos un modelo
cuántico analítico y unificado, válido a bajas intensidades de luz. Esta aproximación
perturbativa trata las espectroscopias mencionadas en igualdad de condiciones y
proporciona una mayor comprensión acerca de los procesos físicos en los que se
fundamentan.
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La Nature est un temple où de vivants piliers
Laissent parfois sortir de confuses paroles;
L’homme y passe à travers des forêts de symboles
Qui l’observent avec des regards familiers.

Charles Baudelaire[1]

1
Introduction

In this chapter we provide a succinct introduction to the fundamental concepts that
constitute the physical foundations of this thesis. In particular, we briefly review basic
equations for electromagnetic fields, chiral interactions between light and matter, the
behavior of electromagnetic fields in metals, and the interaction of electron beams
with metallic structures.
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1. I N T R O D U C T I O N

1.1 Classical electrodynamics

Maxwell’s equations

We first start by reviewing Maxwell’s equations,[2] which govern the dynamics of
electromagnetic fields. The classical description of light depicts electromagnetic fields
as waves that fulfill the following macroscopic expressions: 1

∇ ·D (r, t) = 4πρ (r, t), (1.1a)

∇ ·B (r, t) = 0, (1.1b)

∇× E (r, t) =−
1

c

∂

∂ t
B (r, t), (1.1c)

∇×H (r, t) =
1

c

�

∂

∂ t
D (r, t) + 4π j (r, t)

�

, (1.1d)

where E and H denote the electric and magnetic fields, respectively; D is the electric
displacement; and B represents the magnetic induction. The sources of the fields
are electric charges and their associated currents, which are represented by the local
densities ρ and j, respectively.

Maxwell’s equations must be complemented by other expressions that relate the
response of matter to electromagnetic fields, the so-called constitutive equations. For
a linear, isotropic, homogeneous, and non-magnetic medium, these read

D (r, t) =

∫

dr′d t ′ε(r− r′, t − t ′)E (r′, t ′),

H (r, t) = B (r, t),

where ε is the dielectric function. This thesis deals with the optical response of metal-
lic nanoparticles of characteristic sizes larger than the electron Fermi wavelength
(∼ 0.5 nm in gold and silver). Therefore, the dielectric function is regarded as local
(this is, we drop the spatial dependence on the position). On the other hand, metals
exhibit strong temporal dispersion at optical frequencies, which needs to be taken
into consideration. Thus, it is convenient to know the spectral behavior of the fields,
which can be obtained by writing them in terms of different frequency components
as

E (r, t) =
1

2π

∫ ∞

−∞
dω E (r,ω) e−iωt .

1These equations are written in the Gaussian system of units, which is employed throughout this thesis.
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1.1 Classical electrodynamics

The condition of reality of the fields imposes that

E (r,−ω) = E∗ (r,ω),

and the same holds for the dielectric function. Hence, the spectral components of the
fields follow Maxwell’s equations in the frequency domain:

∇ ·D (r,ω) = 4πρ (r,ω),
∇ ·B (r,ω) = 0,

∇× E (r,ω) = ikB (r,ω),

∇×H (r,ω) =−ikD (r,ω) +
4π

c
j (r,ω),

where k =ω/c is the light wave-vector. Besides, the constitutive equations are simply
written as

D (r,ω) = ε(ω)E (r,ω),
H (r,ω) = B (r,ω),

where the frequency-dependent response of the medium to electromagnetic fields is
fully contained in ε(ω). The specific expression of the dielectric function of metals
will be given in an upcoming section.

Linear and angular momenta of the electromagnetic field

The physical consistency of Maxwell’s equations guarantees the conservation of
charge, as expressed by the continuity equation

∂

∂ t
ρ(r, t) +∇ · j (r, t) = 0.

Moreover, the energy and the linear and angular momenta are also conserved. For
the sake of simplicity, we shall write these quantities for the free electromagnetic
field. They read:[3]

Energy density W =
1

8π

�

|E (r, t)|2 + |H (r, t)|2
�

Linear momentum density P=
1

4πc
[E (r, t)×H (r, t)]

Angular momentum density J= r× P=
1

4πc
r× [E (r, t)×H (r, t)]
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1. I N T R O D U C T I O N

These expressions are directly worked out from Eqs. (1.1). They can also be derived
by observing the invariance of the Lagrangian of the electromagnetic field under
certain infinitesimal transformations.[4] Specifically, symmetry under time displace-
ments accounts for the conservation of energy, and linear and angular momenta are
related to the invariance under space translations and rotations, respectively.

Due to the conservation of linear and angular momenta, the interaction of electro-
magnetic fields with matter results in the exertion of mechanical forces and torques,
respectively. Actually, almost five hundred years ago, Johannes Kepler suggested that
comet tails originate from the radiation pressure exerted by light coming from the
sun. Nowadays, optical forces are crucial tools in nanotechnology. For instance, the
many applications of optical tweezers (focused laser gradient-force traps, developed
by Ashkin in 1970[5]) range from manipulating viruses and bacteria[6,7] to studying
non-equilibrium thermodynamic properties of mesoscopic systems.[8,9]

This thesis pays special attention to the angular momentum of light, which is com-
prised of two different contributions. The spin component is connected to circular
polarization, whereas the orbital part is associated with helical phase fronts of the
fields.[10] A century ago, Poynting[11] inferred that a circularly-polarized beam carries
angular momentum. This prediction was demonstrated by Beth[12] twenty years later.
Since then, the angular momentum properties have been exploited in many different
ways, such as in the detection of the rotational motion of a spinning body,[13,14] the
characterization of light radiated by distant exoplanets[15] or for encoding quantum
information.[16–18] Besides, circularly polarized light is crucial to determine chiral
properties of matter, which will be discussed hereafter.

1.2 Chirality and circular dichroism

As mentioned in the previous section, symmetries play a fundamental role in physics.
Until the second half of the 20th century, it was believed that all laws of nature
conserved parity or, in other words, that a given experiment would yield the same
outcome when reflected on a mirror. 1 Except for weak interactions,[20,21] the other
fundamental forces of nature –strong interactions, gravitation, and electromagnetism–
are invariant under spatial inversion (parity operation). 2

1The discovery that weak interactions violate the conservation of parity was quite shocking for most
of the physics community. However, Dirac was not very surprised. He adduced that the laws of physics
should be invariant under transformations that could be regarded as the sum of infinitesimal increments
(translations and rotations), but not discrete ones, like reflections or inversions.[19]

2The CPT Theorem states that all laws of physics (including weak forces) are invariant with respect to
the product of charge conjugation, parity, and time reversal operations. Hitherto, there is no experimental
evidence of the violation of this theorem.
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1.2 Chirality and circular dichroism

Operator Space Parity Time Reversal

Hamiltonian + +

Angular momentum + –

Electric field – +

Magnetic field + –

Electric dipole – +

Magnetic dipole + –

Table 1.1: Transformation properties of some basic physical observables under parity
and time reversal operations. The symbol + stands for even and − denotes odd.

Of course, this does not mean that every electromagnetic interaction should be achi-
ral. In fact, mirror-symmetry breaking (chiral) structures are ubiquitous in nature.
Not only our hands are not superimposable onto their mirror image, but most bio-
logical molecules, such as proteins or glucids, exhibit two different spatial flavors.
These enantiomers are often present in only one of their two possible configura-
tions. This selectivity is called homochirality and its origin and purpose still remain
a mystery.[22]

Although chiral structures are indistinguishable under many physical or chemical
experiments, they behave differently when probed with chiral sources. When inter-
acting with chiral matter, the polarization plane of linearly polarized light – which
is a superposition of LCP and RCP light – rotates. This phenomenon is called optical
activity, and it was already discovered in the 18th century.[23,24] The measurement
of this quantity over a whole range of light wavelengths gives rise to the so-called
optical rotatory dispersion. Moreover, the difference in the absorption of left- and
right-circularly polarized light by a chiral medium receives the name of circular
dichroism. Both quantities are extremely connected, since they are Kramers-Kronig
transforms[25] of each other. Precisely, the study of CD is the prevalent method to
characterize chiral samples.

Now, we would like to give a brief explanation of the necessary conditions that
are needed for a molecule to be chiral. We describe the molecule as possessing both
electric, p, and magnetic, m, dipoles. 1 The interaction Hamiltonian that characterizes
the coupling between the molecule and the electromagnetic radiation is based on the
Power–Zienau–Woolley[26] multipolar representation and yields

Hint =−p · E−m ·H,

1Details about the electric and magnetic moments of chiral molecules are given in Appendix B.
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1. I N T R O D U C T I O N
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Figure 1.1: Sketch of the optical properties of a chiral structure (see more details
in the main text). (a) LCP light absorption cross-section. (b) Circular dichroism,
computed as the difference in the absorption of LCP and RCP light. The structure
exhibits two resonances with opposite chiroptical behavior (blue and orange curves).
The total extinction and CD are represented by the red curve.

where E and H are the electric and magnetic fields at the position of the molecule,
respectively. Rosenfeld[27,28] demonstrated that, for a specific transition between
different electronic states, the circular dichroism can be expressed in terms of the
scalar product of the electric and magnetic dipoles as

CD∝ Im{p ·m}. (1.3)

The same expression is obtained when considering a classical interaction between
electric and magnetic dipoles and the fields. It is then clear that chiral response is
only manifested when the dipoles are non-orthogonal. In a heuristic manner, one
could argue that the dichroism appears because the electric dipole displaces the
electronic charges and, simultaneously, the magnetic dipole induces a current loop
that, in conjunction, give rise to a specific handedness or helical arrangement of the
molecule’s charge distribution.

On the other hand, technically speaking, chiral systems are defined as those that sup-
port time-even pseudoscalar observables (scalar quantities that change sign under
parity operation). 1 Taking into account the behavior of electric and magnetic fields
under space inversion in Table 1.1, it can be easily seen that Eq. (1.3) represents one

1For more details, the reader is referred to Refs.[29,30]
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1.3 Electromagnetic fields in metals

of such physical quantities. Furthermore, circularly polarized photons are character-
ized by their helicity,[31] which is also a time-even pseudoscalar. This is precisely the
reason why CP light chiral influence is employed to probe chiral matter.

Figure 1.1 shows typical light extinction and CD spectra of an arbitrary chiral struc-
ture with two resonances. Both of them contribute with a Lorentzian curve to the CD,
which arises due to the frequency dependence of the electric and magnetic dipoles.
The scalar product of Eq. (1.3) has been chosen to have opposite sign in each of
the resonant features and the CD spectrum has a bisignated character, which is very
commonly encountered in biological molecules.[29,30] Typically, biomolecules absorb
light in the UV region, but dichroic behavior can be extended toward the visible by
using metallic nanostructures.[32,33]

1.3 Electromagnetic fields in metals

The electromagnetic response of metals is governed by conduction electrons. In the
jellium approximation, the effect of the ion lattice is neglected and electrons can be
considered to form a high density liquid (∼ 1023 electrons per cm3). Electrons’ en-
ergy levels form a continuum distribution and even minuscule nanoparticles (down
to a few nanometers) can be classically characterized by an effective dielectric func-
tion.

Electrons interact with each other via long-range Coulomb forces. However, in the
spirit of Landau’s Fermi liquid theory,[34–36] many of the physical properties of metals
can be predicted by relying on the idea of independent-particle behavior. In partic-
ular, sophisticated fully microscopic calculations yield the same expression for the
dielectric permittivity as that obtained within the simple Drude-Sommerfeld model.
This dielectric function is given by the well-known expression[37]

εm = εb −
ω2

p

ω(ω+ iγ)
, (1.4)

where the interband transitions are taken into account by adding a background per-
mittivity εb (which is constant in the range of interest), the losses are characterized
by γ, and

ωp = e
p

4πn/me (1.5)

is the plasma frequency of the metal. In the above expression me and e are the
electron mass and charge, respectively, and n is the electronic density. The plasma
frequency is a crucial parameter in the response of metals to light:
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1. I N T R O D U C T I O N

• For frequencies above ωp/
p
εb, metals behave like dielectrics and allow the

propagation of light (εm > 0).

• For frequencies below ωp/
p
εb, electrons are able to screen the radiation.

Therefore, metals do not tolerate the penetration of light and display a highly
reflective behavior (εm < 0).

Many-body effects in the electron plasma lead to the existence of collective charge
density waves, called plasmons, which dictate the optical response at high frequen-
cies. Depending on the boundary conditions, plasmons have different nature and
behavior.

Bulk plasmons

Collective oscillations of electron plasma in the bulk of metals are called bulk or
volume plasmons. These oscillatory eigenmodes trivially satisfy Maxwell’s equations
in the absence of any external source by imposing three conditions: null magnetic
field, longitudinal electric field (∇× E = 0), and zero permittivity. As dictated by
Eq. (1.4), the frequency of these excitations is precisely the plasma frequency. Due
to the transverse character of electromagnetic radiation and the high frequencies of
bulk plasmons (typically ∼ 5− 15 eV), these modes are not exploited in photonics.
Nevertheless, they can be generated by swift electrons.[38] Shortly after the discovery
of volume plasmons by electron bombardment, Ritchie proposed to study the effect
of boundaries on the generation of collective excitations[39] and only two years later
surface plasmons were first observed in electron energy-loss experiments.[40]

Surface plasmon polaritons

Surface plasmon polaritons are propagating solutions of Maxwell’s equations at the
interface of metals and dielectrics. Unlike bulk plasmons, surface plasmons are of
transverse nature (∇ · E= 0) and are related to non-zero magnetic fields in both the
metal and the dielectric regions. The electromagnetic field at the boundary between
two media obeys the continuity relations

r̂× (Em − Ed) = 0, (1.6a)

r̂ · (Dm −Dd) = 4πρs, (1.6b)

r̂× (Hm −Hd) =
4π

c
js, (1.6c)

r̂ · (Bm −Bd) = 0. (1.6d)
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1.3 Electromagnetic fields in metals

where ρs and js are the external surface charge and current densities, respectively.
Surface plasmon polaritons are homogeneous solutions of the wave equation for the
electric field

∇×∇× E (r,ω)− k2ε (r,ω)E (r,ω) = 0,

imposing the boundary conditions of Eqs. (1.6) in the absence of external sources
(ρs, js = 0). There are two kinds of waves that satisfy the above expressions: trans-
verse magnetic (p) modes and transverse electric (s) modes, whose magnetic and
electric fields, respectively, are orthogonal to the propagation direction. However, a
careful analysis shows that transverse electric waves are not surface modes and prop-
agate in the bulk.[41] Therefore, surface plasmon polaritons are p-polarized waves.
Denoting by εm and εd the dielectric function of the metal and dielectric regions,
SPPs satisfy the following dispersion relation:

kspp =
ω

c

r

εmεd

εm + εd
, (1.7)

where kspp is the wave-vector along the propagation direction. On the other hand,
the normal component of the wave-vector in each of the interfaces is

k⊥, j =
ω

c

È

ε2
j

εm + εd
, (1.8)

where j = m, d. Surface plasmon polaritons posses propagating character along
the surface (Re{kSPP} 6= 0) and are evanescent – with an exponential decay – in
the perpendicular direction (Im{k⊥, j} > 0). These conditions impose the following
restrictions on the allowed value of the dielectric function of the metal:

εm + εd < 0,

εm · εd < 0,

which are fulfilled below ωp/
p
εb, as shown by Eq. (1.4).

Figure 1.2 shows the relation dispersion of an SPP, as given by Eq. (1.7). The plas-
mon propagates at an interface between vacuum (εd = 1) and a Drude metal with
negligible losses (γ = 0) and a background permittivity of εb = 9.5, which is a typ-
ical value used to fit tabulated data for gold.[42] According to the figure, there are
two different modes of distinct nature. The one above the so-called surface plasmon
frequency ωs = ωp/

p

εb + 1 is a Brewster mode: it is not bounded to the interface
(Re{k⊥, j} 6= 0) and, therefore, it is not a surface mode. In contrast, the mode be-
low ωs propagates along the surface with a dispersion relation below the light cone
which demonstrates its non-radiative nature. As the frequency approaches ωs, the
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Figure 1.2: Dispersion relation of surface plasmon polaritons [red curve, see Eq.
(1.7)] at the interface between vacuum and a Drude metal with negligible losses (γ=
0) and background permittivity taken to fit tabulated data of gold (εb = 9.5).[42] The
orange curve depicts the light line and the blue curve corresponds to the maximum
energy transfer from an electron moving with velocity v' 0.55c. Inset: Sketch of the
electric (red) and magnetic (blue) fields of the SPP at the interface. The symbols −
and + represent regions of high and low electron density, respectively.
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1.3 Electromagnetic fields in metals

group velocity tends to zero and the mode develops into an electrostatic excitation
(becoming a solution of Laplace equation for an interface).[43] Since the SPP lies
below the light cone, it is not possible to directly excite surface modes with light
fields without special phase-matching techniques.[44] Nevertheless, as we will see
in the following section, electron beams can excite SPPs. The blue curve in Fig. 1.2
depicts the maximum energy transfer from such a beam.

So far, the analysis of the dispersion of SPPs has been performed without taking
into account ohmic losses. However, metals at optical frequencies are lossy materials.
Damping affects the lifetime of the modes in a fundamental way: they are no longer
well-defined excitations (eigenmodes), and they decay after a certain time. Losses
limit both the propagation distance of SPPs and their degree of confinement to the
interface. Typically, at optical frequencies, the propagation distance of SPPs is around
tens of micrometers and the decay across the interface is ∼ 25 nm into the metallic
region and hundreds of nanometers into the vacuum.

Localized surface plasmons

Plasmons can also be supported by other metallic systems, without the requirement
of translational invariance. In particular, plasmons exist in confining structures such
as small particles of different geometries. These modes are constrained to the dimen-
sions of the particle that supports them and are therefore called localized surface
plasmons. LSPs couple directly to radiation, producing light absorption and scatter-
ing.

Solving Maxwell’s equations for arbitrary geometries is a highly complex problem
that often involves numerical computation. Nevertheless, an exact solution exists for
spherically symmetric particles. It was first obtained by Gustav Mie in the early 20th
century and it is nowadays known as Mie scattering theory.[45] This solution is based
on expanding the internal and scattered fields as an infinite sum of vector harmonics
around the center of the spherical structure.

In particular, the extinction cross-section (that includes both absorption and scatter-
ing processes) of a homogeneous sphere of radius a placed in vacuum reads[46,47]

σex t =
λ2

2π

∞
∑

l=1

(2l + 1)
�

Im
¦

tE
l

©

+ Im
¦

tM
l

©�

,

23
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in terms of the corresponding electric and magnetic Mie coefficients[48]

tE
l =

εm jl(ρm)
�

jl(ρd) +ρd j′l (ρd)
�

− jl(ρd)
�

jl(ρm) +ρm j′l (ρm)
�

ih(1)l (ρd)
�

jl(ρm) +ρm j′l (ρm)
�

− εm jl(ρm)
h

ih(1)l (ρd) +ρd ih(1)
′

l (ρd)
i , (1.9a)

tM
l =

ρd j′l (ρd) jl(ρm)−ρm jl(ρd) j′l (ρm)

ρmi h(1)l (ρd) j′l (ρm)−ρd i h(1)
′

l (ρd) jl(ρm)
, (1.9b)

where l is the multipolar order, εm is the metal dielectric function inside the particle,
and the primes indicate differentiation of the spherical Bessel and Hankel functions
jl and h(1)l with respect to their arguments: ρd = ka and ρm =

p
εmρd .

The poles of these coefficients give rise to different multipolar LSP resonances: dipolar
(l=1), quadrupolar (l=2), hexapolar (l=3), etcetera. Incidentally, Mie theory predicts
the existence of not only electric but also magnetic resonances. The latter result in
very small extinction cross-sections at optical frequencies, but the magnetic response
of the sphere might be relevant at far-IR regions.[49]

The extinction cross-section can also be defined in terms of the multipolar polariz-
abilities

αE,M
l =

3

2k3 tE,M
l . (1.10)

In the non-retarded (electrostatic) limit, the electric polarizability of order l reduces
to

α= a2l+1 l(εm − 1)
l(εm + 1) + 1

.

Inserting Drude dielectric function [see Eq. (1.4)] into the above equation, one is
able to determine that electric multipolar resonances show up at frequencies

ω=ωp

È

l

l(εb + 1) + 1
. (1.11)

The previous expressions can be also derived by realizing that Maxwell’s equations
reduce to Poisson’s equation in the electrostatic limit, since the electric and magnetic
fields are uncoupled. As in the planar surface case, the latter does not produce plas-
mons in this regime, whereas the former leads to resonances at the frequencies given
by Eq. (1.11). Remarkably, for very large l, the surface charge oscillations are not
sensitive to the curvature of the structure and the resonance frequency evolves into
that of SPPs (ωs =ωp/

p

εb + 1).

For small enough spheres, the electric field inside them is constant, and their optical
response is dominated by the dipolar mode (l = 1). The quasistatic polarizability is
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1.4 Electron beam interactions with metals

then

α= a3 εm − 1

εm + 2
, (1.12)

which, for metals described by Drude’s dielectric function, presents a resonance at
ωp/

p

εb + 2 (which for gold and silver, lies in the visible regime). However, the
above expression violates the optical theorem since light scattering is not taken into
account. This can be corrected by including the particle interaction with its own
radiated field.[50]

Spherical nanoshells also admit an analytical fully retarded solution of Maxwell’s
equations and their optical response depends on the thickness of the metallic coating
that surrounds their core. In fact, slight variations of the crust radius imply large dis-
placements of the resonance frequency, thus making nanoshells great hosts for easily-
tunable LSPs. Other nanostructures, such as rods, also provide a fine tuning of their
optical behavior by modifying the aspect ratio between their two main axis.

LSPs are of crucial importance in nanophotonics as they allow subwavelength con-
finement and enhancement of electromagnetic fields. Besides their fundamental in-
terest, these features are responsible for the many applications that LSPs have in
nanotechnology, ranging from quantum optics[51–54] and photovoltaic devices[55,56]

to molecular sensing[57–59] or biomedicine.[60–62]

1.4 Electron beam interactions with metals

Light is only one of the many sources employed to study the physical properties of
matter. In fact, techniques based upon particle scattering are precious components
of physicists’ toolkits. More than a century ago, Rutherford performed a pioneering
experiment in which α−particles were launched towards a thin gold foil.[63] The
collected data showed that the formerly prevailing plum pudding model was not
correct and led him to suggest a groundbreaking theory of the atomic structure. Some
decades later, neutrons were first used in diffraction experiments in order to observe
the structure of ice and the arrangement of magnetic moments in solids.[64]

As we will see hereafter, electron beams are perfect candidates to characterize the
optical properties of metals. Actually, plasmons were first revealed as energy loss
features in the spectra of electrons reflected from metallic surfaces.[40] Since then,
electron beams have become an important tool to yield information on these plasma
oscillations.[65,66] More recently, EELS has been extensively used to map plasmons in
metallic nanostructures,[67,68] and it is thus helping to develop new applications of
these collective modes.
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1. I N T R O D U C T I O N

Let’s first start by giving an intuitive idea of why electrons are such good plasmonic
probes. Within a classical formalism, a swift electron that moves in a homogeneous
medium of permittivity ε describing a straight-line trajectory given by re(t) = vt
(with velocity v= vẑ 1) carries a charge density which reads

ρ (r, t) =−eδ(r− vt).

This moving charge creates a current density which reduces to

j (r,ω) = ρ (r,ω)v=−eδ(R) eiω
v
(z−z0) ẑ (1.13)

in the frequency domain, where the notation r = (R, z) has been employed due to
the cylindrical symmetry of the problem. From Maxwell’s equations, the electric field
created by the electron current yields

E (r,ω) =
i

εω

∫

d3r′G (r, r′,ω) · j (r′,ω),

where

G (r,ω) =
�

εk21+∇⊗∇
� ei

p
εkr

r

is the electromagnetic Green tensor of the medium. Plugging Eq. (1.13) into the
expression for the field, we find

E (r,ω) =
2eω

γεv2 eiω
v

z
�

i

γ
K0

�

ωR

γv

�

ẑ− K1

�

ωR

γv

�

R̂
�

, (1.14)

where γ= 1/
p

1− εv2/c2 is the Lorentz factor, and K0,1 are modified Bessel functions
of the second kind. A careful look into this expression reveals an exponential decay of
the electric field at large distances in both the parallel and orthogonal directions to the
trajectory. More importantly, the electron field has transversal as well as longitudinal
components (in contrast to the transverse nature of plane waves). This is precisely
the reason why electrons are able to excite both bulk and surface plasmons.

One can now consider the interaction between a plasmonic nanoparticle placed in
vacuum (ε = 1) and an electron beam that passes close by. The Coulomb field of
the swift electron repels the surface charges on the nanoparticle inducing charge
density waves. As the electron interacts for a very short time with the sample (less
than a femtosecond for a 100 keV electron traveling close to a 20-nm sphere), it can
be regarded as a highly focused white light source.[69] Therefore, by measuring the

1Throughout this thesis, the magnitude of an arbitrary vector x is indicated simply as x .
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1.4 Electron beam interactions with metals

energy lost by the electron upon interaction, it is possible to spectrally map a wide
range of excitations of the sample.

Certainly, due to energy-momentum conservation, there is a maximum allowed en-
ergy and momentum transfer from the electron to the excitations in the medium.[68]

In the non-recoil approximation, an exchange of momentum q implies an energy
transfer

ω=
1

2ħh
mev

2 −
1

2ħhme
|mev−ħhq|2 = q · v−

ħhq2

2me
' q · v, (1.15)

where the dot product results from taking into account all possible relative orien-
tations between v and q. In particular, the blue curve in Fig. 1.2 represents the
maximum energy and momentum transfer from a 100 keV electron (v ' 0.55c) to
a medium that supports SPPs. The electron couples to all the modes below that line
and, specifically, to the surface plasmon (red curve).

There are several ways to calculate the energy lost by an electron upon interaction
with a sample, depending on whether or not we include retardation effects or the
quantum nature of the electron and the target. One of the options is to compute it as
the work exerted by an electric field upon a moving charge

∆E =−
∫

d t

∫

dr j (r, t) · Eind (r, t),

where Eind is the electric field induced by the current density, that acts back on the
electron. In the frequency domain, this can be written as

∆E =

∫ ∞

0

dωħhωΓ(ω),

where the energy-loss probability reads

Γ(ω) =−
1

πħhω

∫

dr Re
¦

j∗(r,ω) · Eind(r,ω)
©

=
1

πħhω2

∫

dr

∫

dr′ Im
�

j∗(r,ω) · G (r, r′,ω) · j(r′,ω)
	

.

Therefore, the full electromagnetic response of the medium is collected in the Green
tensor, and the electron is characterized by its current density.

As in the calculation of light extinction by arbitrary structures, analytical expressions
for the energy-loss probability are only known for specific geometries. Nevertheless,
the simple case of an electron interacting with a spherical particle admits a solution
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in terms of Mie coefficients [given by Eqs. (1.9)].[70,71] The red curve in Fig. 1.3 (a)
shows the electron energy loss suffered by a 100 keV electron passing 1 nm away
from the surface of a 20-nm sphere. The dielectric function of the sphere follows
Eq. (1.4) with ωp = 8.89 eV, γ = 0.071 eV and εb = 1. These are typical values
taken to fit tabulated data for gold,[42] but neglecting interband transitions in order
to show high-energy multipolar resonances that would otherwise be hindered. Light
extinction cross-section and cathodoluminescence (light emission induced by electron
excitation) probability are also displayed in blue and orange curves, respectively. Non-
dipolar modes do not couple to light (i. e., they are dark for sufficiently small particles)
and do not appear as resonant features in the light extinction and CL spectra. On
the contrary, the energy-loss spectrum reveals all multipolar excitations.[72,73] Due
to the small dimensions of the sphere, the resonances can be accurately predicted by
Eq. (1.11) and high order peaks’ frequencies saturate towards the surface plasmon
value ωs =ωp/

p
2.

Besides the ability to unveil dark plasmonic modes, electron beams also provide
information about the spatial distribution of the excitations. The left column of
Fig. 1.3 (b) displays EELS maps associated with different resonant energies. 1 The
right column shows the induced surface charges generated when the electron passes
close to the particle. In fact, the charge patterns allows one to determine whether a
given resonance corresponds to a specific multipolar excitation.

It is unquestionable that electrons’ capacity to access near fields makes TEMs great
tools to spatially probe surface plasmons. Nowadays, the resolution of electron mi-
croscopes is down to ∼ 1�A,[76] just a factor of ∼ 40 larger than the de Broglie
wavelength at typical electron-beam energies ∼ 200 keV. This resolution is extremely
high when compared to that of optical microscopes, which is diffraction limited.[77]

The energy resolution of TEMs is also improving. For example, plasmons have been
recently mapped in silver nanowires with an impressive energy resolution < 0.1eV
relying on a new generation of transmission electron microscopes that are equipped
with electron monochromators.[78] However, it is still limited by the spectral width of
the electron beams, the energy response of the spectrometer, and the zero-loss peak
(generated by the electrons that have not undergone inelastic scattering).

As a final comment, we should remark that electrons do not only yield informa-
tion about the low-loss region – from 0.5 to 50 eV, where plasmonic excitations
appear– but also provide important knowledge of core excitations – from 50 eV to
several keV. High energy features reveal electronic and chemical properties of the
samples.[79–81]

1EELS maps are generated by calculating the energy loss of the electron at different positions employing
boundary element method.[74,75]
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Figure 1.3: (a) Comparison between the extinction cross-section (blue curve) and
EELS and CL probabilities (red and orange curves, respectively) for a metal sphere
whose dielectric function follows Eq. (1.4) with εb = 1, ωp = 8.89 eV, and γ =
0.071 eV (Drude parameters for gold, neglecting interband transitions). The diameter
of the sphere is a = 20 nm and the 100-keV electron is passing at 1 nm from the
surface. (b) Energy-loss maps (left) and induced surface charge (right) at the energies
of different multipolar resonances, in arbitrary units. The black dot in the left plots
depicts the electron trajectory for which the surface charge is calculated.
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1.4.1 Electron beams and light fields

In free space, net emission or absorption of photons by electrons are forbidden pro-
cesses, as can be seen from Eq. (1.15), since the velocity of the latter is always
smaller than the speed of the former. However, electrons’ interaction with matter shall
give rise to the emission of light. The paradigmatic example of this phenomenon is
Cherenkov radiation,[82] generated by electrons that travel faster than light in a given
medium (v> c/

p
ε). Generation of radiation might occur when an electron crosses

a metal surface, since the cancellation of its image charge induces an effective dipole
that subsequently radiates.[83,84] One further example of light emission by electrons
is diffraction radiation, which arises when the electron travels near nanostructured
interfaces,[85] such as metallic gratings.[86,87]

All the above processes are examples of cathodoluminescence. In particular, SPP
cathodoluminescence has been observed by outcoupling propagating plasmons in
metallic thin films using gratings.[88–90] In the case of metallic nanoparticles, light
emission is generated by radiative decay of plasmons, due to their finite life-time.
Although much weaker than EELS signal, CL also benefits from a high spatial resolu-
tion provided by electrons.[91–93] However, not all plasmonic modes decay radiatively
– only bright ones do – and CL spectra typically present less resonant features than
EELS spectra. This phenomenon is clearly shown in Fig. 1.3 (a), where only the
dipolar mode displays a significant CL probability.

Electron energy-gain spectroscopy

So far we have analyzed the emission of radiation by electrons. The question then
arises: is it possible to reverse the process? Is it possible for electrons to absorb a
photon, gaining energy? Actually, energy gains by electrons are not unknown. Nearly
half a century ago, an experiment was performed in which electrons absorbed ther-
mal phonons of a LiF sample[94] (recently, this process has been mapped with atomic
resolution in SrTiO3

[95]). A few years later, energy-gains were observed to be pro-
duced by absorption of surface plasmons previously generated by other electrons in
an intense beam.[96]

Due to the energy-momentum mismatch, electrons are not able to absorb photons
in free space. Nevertheless, illuminated nanostructured materials take the role of
couplers: electron beams would absorb laser-generated plasmons in the vicinity of the
structures, since the evanescent components provide enough momentum. Figure 1.4
represents a sketch of the process and the resulting energy spectrum. When the
laser is off, the spectrum displays two peaks: one corresponds to electrons that have
not lost any energy, centered at ω = 0, and the other represents the excitation of a
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Figure 1.4: Sketch of EEGS. (a) A swift electron interacts with the plasmons of an
illuminated nanoparticle. (b) Electron energy loss and gain spectra showing charac-
teristic peaks at the laser frequency when the particle is illuminated.

Spatial resolution Energy resolution

Optical microscope Diffraction-limited ∼ meV

Electron microscope ∼ 1�A ∼ 0.1 eV

EEGS-based microscope ∼ 1�A ∼ meV

Table 1.2: Comparison between different microscopy techniques.

plasmon in the nanostructure. When the laser is turned on, two symmetrical peaks
appear at the laser frequency, due to gains and stimulated losses of an evanescent
photon.

Remarkably, EEGS combines both the spatial resolution of electron beams and the
energy resolution of the photons, which is only limited by the spectral width of the
external illumination. The advantages of EEGS-based microscopy are summarized in
Table 1.2. The energy resolution of this technique would be much higher than that
displayed by regular EELS-based TEMs. Of course, the low-energy excitations would
still be hindered by the zero-loss peak, but higher-energy modes would be resolved
with excellent accuracy. Moreover, the use of pulsed laser beams would add temporal
control over the excitations.

However, EEGS requires a state-of-the-art electron microscope with integrated optics,
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which is extremely challenging. A pioneering experiment was performed by Ahmed
Zewail’s group only a few years ago,[97] which demonstrated the feasibility of ob-
serving laser-induced energy gains. Some other experiments have been carried out
afterwards,[98,99] yielding promising results.
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The final result, the physical truth, interests me, almost regardless
of who finds it first. It would be enough if only I had the strength
to understand it!

Yakov B. Zel’dovich

2
Stimulated light emission

and scattering by rotating particles

The rotational dynamics of particles subject to external illumination produces light
amplification and inelastic scattering at high rotation velocities. Light emission at
frequencies shifted with respect to the incident light by twice the rotation frequency
dominates over elastic scattering within a wide range of light and rotation frequencies.
Remarkably, net amplification of the incident light is produced in this classical system
via stimulated emission. Large optically induced acceleration rates are predicted
in vacuum accompanied by moderate heating of the particle, thus supporting the
possibility of observing these effects under extreme rotation conditions.
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2.1 Introduction

Every interaction between light and matter implies an exchange of momentum. De-
spite its minuteness, this transfer is responsible for observable phenomena ranging
from the formation of comet tails to the trapping[5,100] and cooling[101] of small par-
ticles down to single atoms. As discussed in the previous chapter, light carries both
linear and angular momenta. The linear momentum of a photon of frequency ω is
a vector which points in the propagation direction and whose magnitude is simply
ħhω/c, where ħh is the reduced Planck constant and c is the speed of light. From the two
contributions of different physical origin to the angular momentum, it is the intrinsic
one that plays a crucial role in the present chapter. The spin angular momentum is
related to the chirality of the two circular polarization states (the so-called helicity):
its magnitude is ħh and is oriented either parallel or anti-parallel to the propagation
direction.

Due to the conservation of angular momentum, light might exert mechanical torques
on matter. In a pioneering experiment, Beth showed that optical spin can induce
rotation in birefringent plates illuminated by CP light.[12] This effect has been sub-
sequently confirmed on the macro-,[102] micro-,[103] and nanoscales.[104,105] On the
other hand, angular orbital momentum has also been widely used to produce vortex-
like motion of microparticles.[106] Additionally, under certain configurations, particles
undergo rotation even when illuminated by linearly polarized plane waves (i.e., light
without net angular momentum); for instance, helical-shaped particles[107] or elon-
gated structures that spin if the incident polarization is rotated.[108]

The interaction of light with rotating particles raises fundamental questions, such as
the possibility of cooling the rotational degrees of freedom down to the quantum
regime. On the opposite side, the material response of particles rotating at extreme
velocities can be largely influenced by spinning forces, eventually leading to cen-
trifugal explosion. In particular, recent experimental results demonstrate rotational
velocities up to 5 MHz for microparticles in vacuum.[109] Moreover, even the kine-
matic change between lab and rotating frames is known to produce frequency shifts
in the light emitted by rotating particles.[110–113] These effects might occur in cosmic
dust irradiated by polarized light over enormous periods of time. Particle trapping in
vacuum[114] may provide a suitable framework to analyze these phenomena.

In this chapter, we study the electromagnetic torque and scattering properties of
rotating particles subject to external illumination. The chapter is divided in four sec-
tions. First, we show the physical model that describes a rotating induced dipole and
we derive critical expressions such as the mechanical torque, the absorbed power,
and the scattering cross-sections for a rod-like particle. We observe that, as in rota-
tional Raman scattering,[13] the particle produces inelastic scattering at frequencies
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separated from the incoming light by twice the rotation frequency. Also, at large
spinning velocities, inelastic scattering is stronger than elastic scattering. The second
section shows how to connect the properties of this toy-model with those of actual
particles, characterized by a given polarizability, like metallic rods or spheres. In the
third section, we demonstrate that net amplification of the incident light takes place
via stimulated emission. We base this conclusion on analytical expressions derived
for the mechanical and extinction cross-sections, from which a complex resonant
interplay between the light frequency and the particle rotation frequency is observed.
Feasible experimental conditions for the observation of light amplification are dis-
cussed. Finally, we overview how long does it take to accelerate a particle up to a
given rotational frequency and discuss whether this is possible without reaching the
melting point of the material. We show remarkably high rotational frequencies for
both a gold nanosphere and a carbon nanotube.

2.2 Physical model and dynamical properties

In this first section we introduce a toy-model in order to describe a spinning particle
illuminated by a monochromatic electromagnetic field. This simplified physical sys-
tem allows one to understand the crucial physics involved in the interaction as well
as to predict surprising behaviors like inelastic light scattering or stimulated emission.

Oscillator model for a spinning particle

For the sake of simplicity, we consider a spinning rod, whose optical response can be
modeled with an effective spring consisting of a point particle of mass m and charge
Q oscillating around a fixed charge −Q with natural frequency ω0 and damping rate
γ. The point-particle motion of the charge is constrained to the longitudinal direction
of the rod ρ̂, which is rotating with frequency Ω around a direction ẑ perpendicular
to ρ̂ (see Fig. 2.1), so that the instantaneous position of this charge can be written
as

r(t) = ρ(t)ρ̂, (2.1)

where ρ(t) is the distance to the central charge. The force equation of motion is then
given by

mr̈=−mω2
0ρρ̂−mγρ̇ρ̂+QE+mτ

...
r + F reactϕ̂. (2.2)

In the above equation, the terms on the right-hand side are (from left to right):
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Figure 2.1: Sketch of a rod-like particle rotating with frequency Ω around a transver-
sal direction (z axis). (a) An incident light plane wave of frequencyω illuminates the
rod along a direction normal to its axis, thus producing an electromagnetic torque M
and scattered light of frequencies ω and ω± 2Ω. For LCP light, as considered in the
figure, only the ω− 2Ω inelastic component is emitted. (b) Physical analogy of the
rotating dipole: a charge Q rotates with frequency Ω around a static charge −Q. The
moving charge oscillates along the rod axis.

• the restoring force;

• the intrinsic (non-radiative) friction;

• the external field force;

• the Abraham-Lorentz force, which includes radiation damping proportional
to τ = 2Q2/3mc3.[3,115] The oscillating charge, due to its accelerated motion,
emits radiation and, therefore, loses energy and momentum. Within the for-
malism of non-relativistic classical electrodynamics, the easiest way to account
for radiation reaction is via this self-force. In fact, the inclusion of this term
guarantees the conservation of energy, and gives rise to a radiatively correct
expression for the polarizability [see Eq. (2.14)];

• the particle reaction force F react, taken to cancel other azimuthal components
in order to constrain the motion of the point charge along the rotating ρ̂ axis,

F react = (mr̈−QE−mτ
...
r ) · ϕ̂. (2.3)

In what follows, we make two approximations that simplify the calculations and do
not alter the validity of the model. First, the transversal polarization of the rod is con-
sidered to be negligible. Second, the magnetic component of the force is overlooked
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(although it could lead to a small precession), since the charge velocity is assumed
to be small compared to the speed of light.

The radial and azimuthal unit vectors depend on time as ρ̂ = x̂ cosΩt + ŷ sinΩt and
ϕ̂ =−x̂ sinΩt + ŷ cosΩt, respectively. Inserting Eq. (2.1) into Eq. (2.2) and noticing
that ˙̂ρ = Ωϕ̂ and ˙̂ϕ =−Ωρ̂, the radial equation of motion reduces to

m
�

ω2
0ρ−Ω

2ρ+ ρ̈+ γρ̇−τ
...
ρ + 3τΩ2ρ̇

�

=QE · ρ̂, (2.4)

whereas the azimuthal equation is trivially satisfied by our choice of F react.

The external monochromatic electric field is a plane wave, written as

E= (Ex x̂+ Ey ŷ)e−iωt + c.c.,

where c.c. stands for complex conjugate. The inhomogeneous solution of Eq. (2.4)
corresponding to this incident field is

ρ(t) =
Q

2m

�

E+
d+

e−iω+ t +
E−
d−

e−iω− t + c.c.
�

, (2.5)

where
ω± =ω±Ω,

E± = Ex ± iEy ,

and
d± =ω

2
0 −Ω

2 −ω±(ω± + iγ)− iτω±(ω
2
± + 3Ω2).

Due to the rotational motion, the natural oscillation frequency ω0 is split into two
shifted frequencies ω± by the effect of a finite Ω.

Electromagnetic torque and mechanical cross-section

The torque M that the light exerts on the particle is directed along ẑ and originates
in the reaction force according to M = −F reactρ. Inserting Eqs. (2.3) and (2.5) into
this expression and retaining only time-independent terms (i.e., the time-averaged
contribution), we find

M =
Q2

2m

�

−
�

γω+ +τω
3
++

� |E+|2

|d+|2
+
�

γω− +τω
3
−−

� |E−|2

|d−|2

�

, (2.6)

where ω++ =ω+ 2Ω and ω−− =ω− 2Ω. The γ terms in the above equation origi-
nate in photon absorption by the particle, whereas the τ terms describe a radiative
reaction torque similar to what happens in rotating dipoles.[116] The torque predicted
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by Eq. (2.6) presents resonant features signaled by the zeros of d±. In small absorb-
ing particles, for which the τ radiation terms can be neglected compared to the γ
absorption terms, this condition reduces to the ellipses

Ω2 + (ω±Ω)2 =ω2
0, (2.7)

as is clear in Fig. 2.2(a) for LCP incident light, corresponding to the lower sign
in the above expression. The figure actually represents the cross-section towards
mechanical work, given by

σmech = MΩ/I (2.8)

=
πQ2Ω

mc

�

−
�

γω+ +τω
3
++

� |E+/E|2

|d+|2
+
�

γω− +τω
3
−−

� |E−/E|2

|d−|2

�

,

where I = (c/2π)|E|2 is the external light intensity and |E|2 = |Ex |2 + |Ey |2.

A careful analysis of this expression unveils interesting physical features depending
on the rotation and illumination frequencies:

• ω = Ω : For equal light and rotational frequencies, the particle sees a frozen
incident field, and the torque is therefore zero [it vanishes along the ω = Ω
line in Fig. 2.2(a)].

• ω> Ω : For slower rotation, the torque is positive, pointing to a net transfer
of momentum from the light field to the particle.

• ω< Ω : For faster rotation, both the torque and the mechanical cross-section
become negative, even when the light and the particle rotate in the same direc-
tion (Ω > ω > 0). This suggests that the incident light is actually braking the
particle by effectively producing stimulated photon emission with contributions
proportional to the ohmic and radiative losses (terms in γ and τ, respectively).
This process is studied in more detail in Section 2.4.

Absorption, scattering and extinction cross-sections

The particle dissipates energy via light absorption by the material of which it is made.
The absorption power is calculated in terms of the dissipative force and yields,

Pabs =
�

mγρ̇ρ̂
�

· ṙ

Light also exerts a mechanical torque on the particle resulting in a power transfer
given by Pmech = MΩ. Besides, the total (mechanical plus absorption) work exerted
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Figure 2.2: Dynamical properties of a rod illuminated by LCP light of frequency ω
and rotating at frequency Ω, both normalized to the excitation resonance frequency
of the rod ω0. (a) Mechanical cross-section MΩ/I , where M is the electromagnetic
torque and I is the light intensity. (b) Absorption cross-section. (c) Elastic scattering
cross-section. (d) Inelastic scattering cross-section (emission at frequency ω− 2Ω).
The particle is described by a rotating harmonic oscillator with intrinsic damping rate
γ= 0.1ω0. The color scale is in units of Q2γ/mcω2

0 in (a)-(b) and Q2τ/mc in (c)-(d),
assuming γ� τω2

0, and it is saturated at the limits specified in the legend.
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by the external light on the particle per unit time has to include the self-field scattered
by the particle in order to account for radiation damping, and it is then

P = (QE+mτ
...
r ) · ṙ.

The time-averaged absorption power is found to reduce to

Pabs = P − Pmech

=
γQ2

2m

�

ω2
+

|E+|2

|d+|2
+ω2

−
|E−|2

|d−|2

�

.

This result can be divided by the external light intensity to obtain the absorption
cross-section

σabs =
πγQ2

mc

�

ω2
+

|E+/E|2

|d+|2
+ω2

−
|E−/E|2

|d−|2

�

. (2.9)

It is reassuring to observe that our model predicts the absorption cross-section to be
proportional to the intrinsic friction rate γ.

In order to obtain the scattering cross-sections, the dipole moment must be calculated.
In the rest frame, the dipole induced in the rotating particle is written as

p= Qρρ̂ =
Q2

4m

¨

��

E+
d+
+

E−
d−

�

e−iωt +
E+
d+

e−iω++ t +
E−
d−

e−iω−− t
�

x̂ (2.10)

−i
��

E+
d+
−

E−
d−

�

e−iωt −
E+
d+

e−iω++ t +
E−
d−

e−iω−− t
�

ŷ+ c.c.

«

.

This expression contains terms of frequencies ω, ω+ 2Ω, and ω− 2Ω, and allows
to obtain the scattering cross-sections associated with these spectral components. In
particular, the elastic cross-section, corresponding to the field re-radiated at frequency
ω, is

σω =
πQ4ω4

3m2c4

�

|E+/E|2

|d+|2
+
|E−/E|2

|d−|2

�

, (2.11)

as obtained from the time-averaged integral of the far-field Poynting vector (that is,
the integral of the squared far-field amplitude) divided by the external field inten-
sity. Interestingly, the rotational motion produces inelastic scattering components at
frequencies ω± 2Ω[13] of cross-sections

σω±2Ω =
πQ4(ω± 2Ω)4

3m2c4

|E±/E|2

|d±|2
. (2.12)
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This is closely related to the rotational frequency shift observed from rotating emit-
ters.[110,113] The quantities σω±2Ω describe the effective area of the particles to in-
elastically scatter the incident light. Numerical results are given in Fig. 2.2 for LCP
incident light (|E+/E|2 = 0 and |E−/E|2 = 2). The partial cross-sections are also
resonant under the condition of Eq. (2.7). In particular, light absorption [Fig. 2.2(b)]
produces a positive transfer of intrinsic angular momentum from each absorbed pho-
ton to the particle (∝ σabs I). Elastic scattering scattering [Fig. 2.2(c)] dominates the
Ω∼ω region and, specifically, at ω= Ω, the particle does not absorb any radiation
at all, only scatters it.

For RCP light, we obtain similar results, with the ellipsoids of M , σabs, and σω re-
flected with respect to theω= 0 axis. For linear polarization (|E+/E|2 = |E−/E|2 = 1),
the right and left circularly polarized components of the incident light produce inelas-
tic emission at frequencies ω+ 2Ω and ω− 2Ω, respectively, as shown in Fig. 2.3(d)-
(e). The torque and absorbed power are the superposition of the contributions origi-
nating from these two components. As expected, these terms add up in the absorption
but they cancel each other in the torque at Ω = 0.

Finally, the optical theorem allows us to use the ω component of the induced dipole
p [Eq. (2.10)] to obtain the total extinction cross-section

σext =
2πω

c|E|2
〈p · E〉=

πQ2ω

mc

�

ω+
�

γ+τ(ω2
+ + 3Ω2)

� |E+/E|2

|d+|2
(2.13)

+ω−
�

γ+τ(ω2
− + 3Ω2)

� |E−/E|2

|d−|2

�

,

where 〈...〉 denotes time average. The total balance of power must be zero, leading
to the condition

σext = σmech +σabs +σω +σω+2Ω +σω−2Ω.

This is indeed satisfied by Eqs. (2.8), (2.9), (2.11) and (2.12), which corroborates
the consistency of the model.

It is important to stress that two remarkable effects emerge at large rotation velocities
(|Ω|> |ω|):

• inelastic emission (at frequencyω−Ω for LCP light) becomes a leading process.

• like the mechanical cross-section, the total extinction cross-section can be nega-
tive (e.g., for Ω>ω> 0 and LCP light), thus confirming a net stimulated light
emission, whereby mechanical motion is converted into photons (see Section
2.4).
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Figure 2.3: Dynamical properties of a rotating rod for linearly polarized incident
light in the same conditions as Fig. 2.2. (a) Mechanical cross-section. (b) Absorption
cross-section. (c) Elastic scattering cross-section. (d) Inelastic scattering cross-section
at frequency ω+ 2Ω. (e) Inelastic scattering cross-section at frequency ω− 2Ω.
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2.3 Connection to actual particles

This section is devoted to establishing a relation between the parameters of the pre-
vious model and the properties of actual particles by means of their polarizability.
Additionally, we extend the theory in order to be able to deal with isotropic parti-
cles.

The parameters Q2/m, ω0, and γ can be easily adjusted to fit the polarizability of
a particle at rest (Ω = 0). Computing the induced dipole p [Eq. (2.10)] from our
model, we find p= αE, where

α=
Q2

m

1

ω2
0 −ω(ω+ iγ)− iτω3

, (2.14)

is the polarizability. Due to the inclusion of the Abraham-Lorentz force in the equation
of motion [Eq. (2.2)], this expression satisfies the property Im{−α−1} = 2ω3/3c3

in the absence of internal friction (γ= 0), as expected from the optical theorem for
non-absorbing particles.[47]

This static polarizability permits determining a connection between our simple os-
cillator model and actual physical parameters of real nanoparticles. For a metallic
ellipsoid of volume V described by a Drude dielectric function of bulk plasmon fre-
quencyωp and damping rate γ, the electrostatic polarizability, corrected for radiative
losses,[117] reduces to the above expression with Q2/m=ω2

pV/4π and ω0 =ωp
p

L,

where L is the depolarization factor that depends on the aspect ratio.[48] In particular,
for a sphere of radius R, this reduces to ω0 =ωp/

p
3 and Q2/m=ω2

0R3.

Now, the question is whether it is possible to extend our formalism in order to deal
with isotropic particles. From an analysis based upon Maxwell’s stress tensor[3,41]

(see Appendix A), at low Ω and within the dipole approximation, we find

M/|E|2 = Im{α‖ +α⊥} − (4ω3/3c3)Re{α‖α∗⊥}

for the torque produced by LCP light on a rod under the conditions of Fig. 2.1,
where α‖ and α⊥ are the polarizabilities along directions parallel and perpendicular
to the rod, respectively. This torque vanishes for non-absorbing spheres in virtue
of the optical theorem. In contrast, non-absorbing rods (α‖ 6= α⊥) experience a net
torque because the term inω3/c3 cannot compensate the first one. This indicates that
the torque acting on small lossy spheres, in which absorption (the γ term) governs
Im{−α−1}, can be approximated with our formalism as twice the torque acting on a
rod, but using the above identification of model parameters. Just to give a better idea
of the order of magnitude of the mechanical and absorption cross-sections for a Drude
sphere, the units in the color scale of Fig. 2.2(a)-(b) are Q2γ/mcω2

0 = R3/(c/γ), with
typical values of c/γ∼ 1µm in noble metals.
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2.4 Stimulated emission and light amplification

In this section we analyze the physical mechanisms that lead to stimulated emission of
radiation by this purely classical system. It is clear from Eq. (2.13) that the extinction
cross-section can take negative values when the light and the particle rotate in the
same direction (e.g., for E+ = 0 and Ω> 0), provided the particle rotates faster than
the light frequency (Ω>ω). We show in Fig. 2.4 the partial cross-sections of rotating
rods in the limits of high, (a), and low, (b), ohmic losses. The negative extinction
represents an increase in the amplitude of the incident beam after interaction with
the rotating particle. Stimulated emission takes place at ω < Ω by transferring
mechanical energy from the particle to the incident beam (coherently added photons),
similar to what happens in lossy rotating cylinders,[118,119] but the effect persists even
without dissipation.

Actually, stimulated emission by spinning particles is an example of rotational superra-
diance. This phenomenon was first predicted by Zel’dovich[118] and Starobinskii,[120]

who anticipated amplification of light by Kerr black holes, and subsequently extended
to the non-rotating case, becoming known as Hawking radiation.[121] The recently
reported rotational friction[122] can be understood as the spontaneous-emission coun-
terpart of the stimulated emission under discussion.

Moreover, we speculate with the possibility of constructing a laser in which an inci-
dent CP light beam is exponentially building up as it encounters rotating particles
along its path. Particle rotation can be sustained by external means (e.g., either me-
chanically for radio waves or via optical pumping at higher frequencies), so that the
system acts as a transducer that converts the externally supplied energy into coher-
ent radiation. This scheme is robust because it is insensitive to finite distributions of
particle size and rotation velocity, as long as the latter exceeds the light frequency. In
a more sophisticated arrangement, we envision an electromagnetic cavity containing
such an amplifying medium, in which the radiation is making several passes before
leaving the cavity (e.g., in a parallel mirror configuration). The seed in this system
can be provided either by external illumination or by intrinsic spontaneous emission
within the system.[123]

Incidentally, lasing and light amplification effects can be potentially achievable within
various windows of the electromagnetic spectrum. For example, one can rely on me-
chanically or magnetically induced motion up to radio frequencies lower than 1 MHz.
Light-driven rotation of nanoparticles levitated in vacuum could be used for higher
frequencies in the GHz regime before the particles break apart. Molecular rotators
could also be employed up to THz frequencies, in a process resembling the rotational
Raman effect. These regimes can be accompanied by intrinsic resonance frequencies
of the rotating bodies relying on LC circuits at low frequencies or physically equiva-
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Figure 2.4: Stimulated light emission in rotating particles. The plots show the spectral
dependence of the partial cross-sections for (a) dissipative (γ� τω2

0) and (b) non-
dissipative (γ� τω2

0) rods rotating with frequency Ω = 2ω0. The shaded areas for
negative extinction (σext < 0) give the excess of photons added to the incident beam
as a result of the interaction with the particle.

lent excitations such as Mie resonances, plasmons, and optical phonons.

Additionally, dust clouds in cosmic environments provide a plausible scenario for
electromagnetic amplification since they are formed by microparticles that are ex-
posed to the effect of neighboring light sources (e.g., stars and galaxies), which are
circularly polarized in some cases. This illumination acts over enormous periods of
time (millions of years), thus potentially inducing large rotation in the particles in
the range of GHz before they are destroyed by centrifugal explosion. Therefore, am-
plification can be expected up to GHz frequencies, compatible with the low-end of
the cosmic microwave background.

2.5 Particle heating and acceleration time

Controlling a particle’s speed and handedness of rotation in a simple and accurate
way opens up a whole range of applications that go from generating light at shifted
frequencies ω± 2Ω to measuring the torsional properties of biological molecules by
attaching them to a spinning body.[124] However, we first need to analyze how large
are the light intensities required for acquiring high rotational frequencies and predict
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Figure 2.5: Equilibrium temperature of a 20-nm gold sphere and a 6× 6 10-nm-long
single-wall carbon nanotube as a function of incident CP light intensity. The particles
are rotating in vacuum at an external temperature T0 = 300 K. The gold and carbon
melting points are indicated by dashed lines. The light frequency isω= 2π×1014 Hz
(wavelength ∼ 3µm).

whether a given particle can stand them without melting.

Particle heating

For constant incident light intensity, light absorption leads to heating of the particle
until it reaches an equilibrium temperature Teq above the temperature of the sur-
rounding vacuum T0. This equilibrium is established when the absorbed power σabs I
equals the radiative cooling rate Prad. The radiated power is calculated by means of
the fluctuation-dissipation theorem,[122] and yields

P rad =
4ħh

3πc3

∫ ∞

−∞
dωω4 Im{α(ω−)}[neq(ω−)− n0(ω)], (2.15)

where neq and n0 are the Bose-Einstein distributions at temperature Teq and T0,
respectively. In the Drude approximation for a metal sphere and neglecting the effect
of Ω, which only enters at large velocities, we have Prad ∝ T 6

eq − T 6
0 , which leads

to

T 6
eq = T 6

0 + Cσabs I ,
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2.5 Particle heating and acceleration time

where C is a constant that depends on the material properties. This is represented
in Fig. 2.5 for a 10-nm carbon nanotube (green curve) for which the polarizability
has been obtained in the discrete-dipole approximation.[68] There are two different
regimes in the dependence of Teq on light intensity: at low I , the particle is nearly
at the vacuum temperature, but when the intensity increases, the particle heats up,
asymptotically approaching a I1/6 power law. A similar behavior is observed for a gold
nanosphere (red curve), characterized by a tabulated dielectric function,[42,122] and
incorporating the effect of magnetic polarization to both the absorption and emission
processes [for the latter, we add an identical term to Eq. (2.15) but substituting the
electric polarizability by the magnetic one].

Acceleration time

We now compute the required time to accelerate a particle up to a given rotational
frequency. As shown by Eq. (2.6), the sign of the torque depends on the polarization
of the incoming light and it is therefore possible to either speed up (LCP light) or
slow down (RCP light) a spinning body just by changing the handedness of the
illuminating field. The acceleration time is calculated from Newton’s second law,
M = IΩ̇, where I is the moment of inertia.
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Figure 2.6: Time needed to accelerate a 20-nm gold sphere and a 6× 6 10-nm-long
single-wall carbon nanotube to a rotational velocity Ω = 1MHz as a function of
incident CP light intensity. The gold nanosphere melts at high intensities represented
by the dotted line. The light frequency is ω = 2π× 1014 Hz (wavelength ∼ 3µm),
and the external temperature is T0 = 300K.
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The time needed to accelerate a carbon nanotube and a gold nanosphere to 1 MHz
is represented in Fig. 2.6 as a function of LCP light intensity, as calculated with the
torque of Eq. (2.6). Since the carbon nanotube is lighter and less conducting than the
gold nanoparticle, it is more rapidly accelerated. At the same time, its equilibrium
temperature is higher, thus becoming a very good candidate for high-speed centrifugal
experiments. The time scales approximately as ∝ R2ω2

0Ω/γωI under the condition
γω � ω2

0, and it plunges well under 0.01 s for light intensities below the melting
threshold. This suggests the possibility of achieving extreme rotation velocities in
optically trapped nanoparticles, and eventually producing centrifugal explosion, thus
introducing an unprecedented physical scenario (this should happen close to the
point at which the centrifugal energy reaches the surface-tension energy, which in a
20-nm liquid gold particle occurs at Ω∼ 3GHz).

2.6 Conclusions

In the first part of this chapter, we have presented a self-consistent oscillator model
that captures the dipolar optical response of rotating rod-like particles. We have ob-
tained analytical expressions for crucial dynamical properties such as the torque, the
absorption, and scattering cross-sections as a function of the incoming light frequency,
that emerges in a non-trivial way in the equations. We have predicted exotic phenom-
ena such as strong inelastic scattering, at frequencies shifted by twice the rotation
frequency, depending on the light polarization. In the following section, we have
made a connection between the parameters of this toy-model and the optical prop-
erties of real particles. We have demonstrated that our theory adequately describes
the behavior of absorbing as well as non-absorbing particles due to the inclusion of
radiation reaction through the Abraham-Lorentz force, yielding a radiatively correct
expression for the polarizability. Besides, it can be extended to deal with isotropic
absorbing particles.

Most notably, we have explored the possibility of realizing a laser running on a clas-
sical system by exploiting our prediction of light amplification by particles rotating
faster than the light frequency. There are several avenues towards potentially practi-
cal implementations of these systems, such as, for example, (1) a diluted gas of linear
molecules driven to THz rotational frequencies by CP light and acting as the active
medium of a laser operating in that demanded frequency range; (2) an extension of
these ideas to acoustic lasing based on a similar classical interaction with subwave-
length particles rotating faster than the sound frequency; (3) microwave waveguide
setups such as those used to monitor rotational frequency shifts;[102] (4) dust clouds
in cosmic environments exposed to polarized light, in which radio wave amplification
might be taking place.
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2.6 Conclusions

In the last part of the chapter, we have demonstrated the feasibility of achieving
very high rotational frequencies without melting the particles. This could be a po-
tential mechanism for particle accelerators by liberating the rotational energy as
translational energy in the emitted byproducts. Also, light-induced torques raise the
possibility of optically driven nano-machines. For example, the induced rotation of
particles in a fluid can be used to control turbulence flow and transport.
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L’ univers est un ensemble dissymétrique, et je suis persuadé que
la vie, telle qu’elle se manifeste à nous, est fonction de la
dissymétrie de l’univers ou des conséquences qu’elle entraîne.

Louis Pasteur

3
Chiral interactions

between light and matter

Motivated by the chiral architectures of biological molecules, we study plasmonic
tetramers composed of identical gold nanospheres assembled using DNA structural
technology. 1 These clusters exhibit strong circular dichroism in the visible regime.
We compare experimental and theoretical results, which are in good agreement, and
analyze the crucial role of plasmonic coupling between particles in the dichroic
signal.

1All measurements presented throughout this chapter were performed by the groups of Prof. Laura Na
Liu in the Max-Planck-Institute for Intelligent Systems (Stuttgart, Germany) and Prof. Baoquan Ding in
the National Center for Nanoscience and Technology (Beijing, China).
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3.1 Introduction

Many biologically active structures are chiral and, actually, different enantiomers may
display dramatically divergent behaviors. For instance, depending on their handed-
ness, drugs made of chiral molecules might have strikingly distinct pharmacological
effects, as was painfully manifested during the thalidomide crisis.[125] Evidently, op-
tical chirality occurs at the region where the molecules present resonant features. In
particular, biomolecules exhibit CD response mainly in the UV, which hinders their
potential applicability. By designing artificial plasmonic molecules it is possible to
obtain a strong CD signal in the visible and infrared regimes,[126,127] thus paving the
way towards the generation of chirality-sensitive optoelectronic devices or biosen-
sors.[128] Many three-dimensional plasmonic chiral structures have been created by
top-down[129–132] approaches, such as by direct laser writing[129] or electron-beam
lithography.[130] Inspired by biomolecules, several geometries and configurations
have been explored: gold spirals, twisted gammadions, and split-ring resonators that
bear resemblance to DNA helices.

However, these techniques are not suitable for mass production of chiral clusters,
and the synthesized structures usually reside on two-dimensional substrates. This
is why the bottom-up approach[33,133] has arisen as a disruptive innovation in the
fabrication field, thanks to the efforts of biochemists to generate 3D geometries of
metal nanoparticles. For instance, peptide amphiphile supramolecules have been
employed as scaffolds for building chiral gold nanostructures.[134] Besides, helical
chains formed by metallic spheres have been generated using DNA templates.[33,135]

Moreover, α-helices have served as well as inspiration to design smart artificial plas-
monic nanostructures. In this molecule, four different substituents (COOH, R, NH2,
and H) are bonded to a tetravalent carbon atom, which forms a stereogenic center.
This tetrahedral molecule imprints a “twist” character to their electronic clouds and
generates a chiral response in the interaction with CP light. In a cutting edge ex-
periment, Mastroianni et al. attempted to build a plasmonic analogue of a natural
chiral molecule.[136] They generated a tetrahedron by assembling four different gold
nanoparticles monofunctionalized with single strands of DNA and taking advantage
of programmable DNA hybridization. However, the resulting clusters did not exhibit
any dichroic response due to both the floppiness of single-stranded DNA and the
weak plasmonic coupling between the nanoparticles.

In this chapter, we demonstrate that circular dichroism can be generated with artifi-
cial plasmonic chiral nanostructures. In the first part, the experimental methods are
reviewed. We show how four identical gold nanospheres are organized at their desig-
nated binding sites on a rigid DNA origami template[137–141] with nanometer spatial
accuracy. In the following section, we provide details on the calculation of both ligth
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3.2 Experimental methods

extinction and CD spectra. We discuss the results obtained by using a dipole-dipole
interaction model with those calculated considering the full multipolar response of
the cluster. We then compare the theoretical predictions with the experimental data,
finding very good agreement. Finally, the role of plasmonic coupling is studied and
other feasible structures are proposed.

3.2 Experimental methods

The experimental scheme is illustrated in Figure 3.1. First, the rectangular DNA
origami is formed by annealing the M13 scaffold strand, capture strands, and helper
strands in a ratio of 1:5:10 from 90 ºC to room temperature. The product is purified
with a filter device to remove the extra helper and capture stands. The dimensions of
the origami are ∼ 90× 60× 2 nm. DNA capture strands (shown in different colors)
are placed at four precise locations and are carefully engineered to contain specific
bases sequences. Three binding sites are designed on the top surface of the DNA
template and the fourth one is located on the opposite side, in order to accurately
organize four gold nanoparticles.

Each of the gold nanoparticles are assembled to the DNA origami by identical-
sequence capture strands located at each binding site. In order to avoid nonspecific
binding, the sequences of the capture strands corresponding to different binding spots
are all distinct from each other. Then, the purified DNA origami and the nanospheres
functionalized with corresponding complementary DNA strands are mixed and an-
nealed from 43ºC to 23ºC for 24 hours. Ensuing DNA hybridization, the nanoparticles
are assembled on the DNA template forming chiral left- and right-handed tetramers.
As a control experiment, an achiral structure (consisting of only three nanospheres)
is also built.

Afterwards, the annealed product is analyzed by agarose gel electrophoresis, as dis-
played in Fig. 3.2(a). Lane 1 corresponds to the M13 strand and lane 2 contains
the rectangular DNA origami. Lane 3 shows the DNA modified gold nanoparticles.
Lanes 4 and 5 contain the left- and right-handed clusters, respectively, and lane 6 cor-
responds to the achiral structures. White-dashed lines highlight bands of the target
structures. These bands are subsequently sliced and extracted by electroelution with
dialysis tubing membranes.

Figure 3.2 shows TEM images of left-(b) and right-handed (c) clusters, respectively.
Stereographic TEM imaging is performed at different cluster orientations to obtain ge-
ometrical information of the structures. The schematic plots in the insets, constructed
by taking into account the tilting angle, clearly show their chiral character.
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Left-handed structure Right-handed structure

Figure 3.1: Schematic illustration of the experiment. A long scaffold single DNA
strand (M13) hybridizes with helper and capture strands to form a rectangular DNA
origami template with well-defined binding sites. The capture strands are extended
from four binding sites, three on the top surface and one on the bottom surface
of the origami template. The binding sites with different DNA sequences are illus-
trated using red, yellow, green, and blue colors. Gold nanoparticles functionalized
with corresponding complementary DNA strands are assembled at the predesignated
locations on the origami template through DNA hybridization, forming left- and
right-handed structures.
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3.3 Theory and modeling

Finally, in order to characterize the chiral response of the clusters, extinction and
CD measurements are carried out with a quartz cuvette (0.5 cm path length) using
a J-810 Circular Dichroism Spectrometer. All plasmonic structures in this study are
dispersed in a TAE/Mg2+ water-based buffer during optical measurements.

3.3 Theory and modeling

In order to compare the theoretical results with the experimental data, we need to
calculate the extinction cross-sections for left- and right-circularly polarized light,
from which we obtain the CD spectra. Since the orientations of the chiral assem-
blies in the solution are totally random, we carry out an average over the angles of
light incidence (or equivalently, over all possible assembly orientations for fixed light
incidence). The dichroic signal (in millidegrees) is

CD (mdeg)=
45NA

π
〈σL −σR〉Ω(cm2) · c(M) · l(cm).

In the above expression, c = 0.3 nM is the chiral assembly concentration, l= 0.5 cm
is the optical path length, σL and σR are the extinction cross-sections for the left and
right circularly polarized light, respectively, and 〈...〉Ω denotes the average over the
solid angle of the tetramer orientations. This average is approximated by

〈σL,R〉Ω '
1

4π

2π2

NθNϕ

∑

i, j

σL,R(θi ,ϕ j) sinθi ,

where the polar and azimuthal angles are in the ranges of θi ∈ [0,π) and ϕ j ∈ [0, 2π)
in Nθ and Nϕ steps, respectively. In what follows, we present two different ways
of calculating the extinction cross-section: a tutorial semi-analytical dipole-dipole
interaction calculation and a multipolar, fully numerical one.

3.3.1 Dipole-dipole interaction

We first carry out a semi-analytical calculation in which the particles are considered
to behave as electric dipoles. The extinction of light by a particle cluster is just the
sum of the extinction produced by all the particles conforming it:

σ =
∑

j

σ j ,
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Left-handed structure

Right-handed structure

(b)

(c)

1 2 3 4 5 6
(a)

Figure 3.2: Agarose gel image and TEM images of the left- and right-handed struc-
tures. (a) Ethidium bromide-stained agarose gel image of the products at different
experimental stages. Lane 1: M13. Lane 2: rectangular DNA origami. Lane 3: DNA-
modified gold nanoparticles. Lane 4: left-handed clusters. Lane 5: right-handed clus-
ters. Lane 6: achiral clusters. The target products are contained in the bands that
are highlighted using white dashed lines. (b,c) Left: Overview TEM image of several
left- (b) and right-handed (c) structures. Right: TEM images of an individual left-
handed structure at different titling angles, which are well matched by the schematic
illustrations shown as insets. The scale bars are 50 nm.
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3.3 Theory and modeling

where σ j is the extinction cross-section of particle j. By the optical theorem, it
yields

σ j =
4πk

p
εh |Eext

j |
2 Im

n

p j · (Eext
j )
∗
o

,

where εh is the permittivity of the host medium, k = ω/c is the light wave-vector,
and Eext

j = Eext(r j ,ω) is the external electric field at the position of the particle j. The
particles are described as self-consistent dipoles which read

p j = α
�

Eext
j +

1

εh

∑

j′ 6= j

G 0
j j′ · p j′

�

, (3.1)

where α is the polarizability,

G 0
j j′ = G

0(r j − r j′ ,ω) =
�

q21+∇ j ⊗∇ j

� eiq|r j−r j′ |

|r j − r j′ |

is the Green tensor of the host medium, and q =pεhk. The sum in Eq. (3.1) stems
from the field produced at r j by dipoles other than j. In matrix notation, with matrix
indices running over the three Cartesian directions for each and all of the particles j,
Eq. (3.1) can be recast as

p=
1

α−1 −G 0/εh
· Eext.

Finally, the extinction cross-section reads

σ =
4πk

p
εh |Eext|2

Im
�

(Eext)∗ ·
1

α−1 −G 0/εh
· Eext

�

. (3.2)

As we already showed in Section 1.3, the polarizability of spheres admits a closed-
form expression readily available from Mie scattering theory,[45,47]

α=
3

2

1
p
εhk3 tE

1 , (3.3)

in terms of the corresponding dipolar Mie coefficients, which in a medium of permit-
tivity εh read

tE
1 =

−εh j1(ρh)
�

ρm j1(ρm)
�′ + εm j1(ρm)

�

ρh j1(ρh)
�′

εhh(+)1 (ρh)
�

ρm j1(ρm)
�′ − εm j1(ρm)

h

ρhh(+)1 (ρh)
i′ , (3.4)

57



3. C H I R A L I N T E R A C T I O N S B E T W E E N L I G H T A N D M AT T E R

where εm is the metal dielectric function of the particle, ρm =
p
εmkR, ρh =

p
εhkR,

R is the radius, h(+)1 = ih(1)1 , and the primes indicate differentiation of the spherical
Bessel and Hankel functions j1 and h(+)1 with respect to their arguments.

For the calculations, the dielectric function of gold (εm) is taken from tabulated
optical data.[42] The chiral assembly is in water (εh = 1.77), and we ignore the
presence of DNA in the solution. This is a safe assumption for several reasons: DNA
occupies a small volume, its dielectric constant is non-resonant (it absorbs light in
the UV region[28]), and has small contrast with water.

3.3.2 Multiple scattering multipolar calculation

In the numerical simulation, rather than relying on just dipoles, we use a full multipo-
lar expansion of the electromagnetic field around each nanoparticle in the tetramer.
The self-consistent interaction among these multipoles allows us to calculate the ex-
tinction cross-sections for left- and right-circularly polarized light, respectively, from
which we obtain the CD spectra. A multiple elastic scattering of multipolar expansions
(MESME) code is used for this purpose.[142,143] Within this formalism, the incoming
electromagnetic field is first decomposed into multipoles around each nanoparticle.
Then, the field is obtained in terms of the scattering matrices of the bodies and finally,
multiple scattering is performed until convergence is reached.

Figure 3.3(a) compares the results for LCP light extinction and dichroism (see inset)
for the left-handed cluster for both dipole-dipole and full calculations. In order to
perform the angular average, we have chosen Nθ = 50 and Nϕ = 100, covering 5,000
different orientations.

The dipolar approximation is qualitatively valid when the ratio between the spheres
separation and their radii is larger than ∼3.[144,145] Although the exact diameter
and separation of the nanoparticles are not known, it is possible to estimate their
average values by comparing the calculated results to the extinction cross-section
spectra of the chiral assemblies and the dip-peak positions in the CD spectra obtained
from the experiment. The experimental results are consistent with the calculated
results when 20-nm nanoparticles and a 8-nm inter-particle separation are employed
in MESME calculations. Larger particles lead to a spectral redshift relative to the
experimental data in both the extinction cross-section and the CD spectra. Although
the ratio between the separation distance and the radius is slightly smaller (2.8) than
the validity region of the dipole-dipole model, the results for the extinction cross-
section are in very good agreement with those obtained taking into account the full
multipolar response. However, despite the small size of the spheres compared to the
light wavelength, the high-order multipoles play an important role to fully describe
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3.4 Agreement between experimental and theoretical results
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Figure 3.3: (a) Theoretical LCP light extinction cross-section and CD spectra (see in-
set) for the left-handed cluster, for multipolar (MESME) and dipolar calculations [fol-
lowing Eq. (3.2)]. (b) Measured and calculated LCP light extinction for the tetramers.
For the calculations, the structure is considered to consist of 20-nm gold nanospheres
with a surface-to-surface separation of 8 nm.

the dichroic spectrum [see inset of 3.3(b)]. Therefore, all the following calculations
are performed using MESME.

3.4 Agreement between experimental and theoretical
results

Experimental UV-visible extinction spectra of the left- and right-handed chiral assem-
blies are shown by red and (dashed) blue lines in Fig. 3.3(b), respectively. The two
spectra nearly coincide with each other. The figure also displays the theoretical curves
obtained using MESME, for 20-nm spheres with 8-nm interparticle distance. The cal-
culated resonance frequency matches that obtained experimentally. Nevertheless, the
experimental curve is broader than the theoretical one due to the probably large
dispersions in both the size and inter-particle separation distances in the tetramers
of the experiment, which are not considered in the calculations.

Figure 3.4 shows the measured (a) and theoretical (b) CD spectra for left- and right-
handed assemblies (red and blue lines, respectively). The left-handed cluster displays
a characteristic bisignate peak-dip dichroic profile. The spectrum flips when the hand-
edness is reversed, presenting a bisignate dip-peak CD signal for right-handed sam-
ples. Incidentally, the spectral response associated with chiral plasmonic tetramers
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Figure 3.4: Measured (a) and calculated (b) CD spectra of the achiral, right-, and
left-handed structures. The orange line in (a) represents the CD signal of DNA-
functionalized spheres. For the calculations, the structure is regarded as a 20-nm
gold nanoparticle assembly with a particle spacing of 8 nm.

generated by electron-beam lithography is remarkably different, as these structures
stand still on the substrate and, therefore, exhibit preferential response to circularly
polarized light upon forward or backward illumination conditions.[132] In contrast,
our chiral assemblies are oriented along all possible directions with respect to the
incident light as they freely move in an aqueous solution. As expected, the trimer
does not exhibit any CD response, as shown by the black line in Fig. 3.4. Since
trimer structures have an inversion center, they are not chiral. In fact, four is the
minimum number of identical spherical nanoparticles that allows obtaining 3D chi-
rality.[32,146,147]

It shall be emphasized that the chiral response of the clusters is due to the strong
plasmonic resonant coupling between the metallic nanoparticles in each individual
assembly. As was already stated in Section 1.2, chiral molecules are described by
non-orthogonal electric and magnetic dipoles, resulting in a helical distribution of
their charges. In the case of tetramers, it is their 3D geometrical configuration the
one responsible for their dichroic behavior, as it generates a "corkscrew” character on
the plasmon modes, introducing a twist of specific handedness into the propagation
of light. In fact, although their CD spectra is qualitatively explained by assuming that
each sphere behaves as an electric dipole, the collective response of all of them can
be understood in terms of the appearance of global, effective, non-orthogonal electric
and magnetic dipoles that characterize the assembly as a whole.
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3.5 The role of plasmonic coupling

Theory agrees qualitatively well with experiment, although the measured CD am-
plitudes are smaller than those predicted by the calculations. The main reason for
this discrepancy lies in the assessment of the concentration of the chiral plasmonic
tetramers, which cannot be directly determined from the experiment. The actual
concentration is lower than the nominal one (c = 0.3 nM), as indicated by the fact
that the chiral assemblies were only part of the final products [see the bands in
lanes 4 and 5 of Fig. 3.2(a)]. Additionally, the CD response is very sensitive to im-
perfections of the samples, such as the slight size and separation variations in the
individual assemblies, which contribute to the lower amplitude and broader profile
of the measured CD signal.

In order to demonstrate that the circular dichroism here reported is mostly coming
from the chiral arrangement of the tetramers, we have to rule out other possible
origin – the DNA’s own dichroic response. Surprisingly, it has been demonstrated
that natural chiral molecules attached to nonchiral plasmonic particles may induce
CD at optical wavelengths.[146,148,149] As a control experiment, the CD spectrum of
DNA-modified individual gold nanospheres is measured [see orange curve in Fig.
3.4]. The signal is negligible within the wavelength range of interest and, therefore,
we can positively claim that the dichroic response observed in our experiments is due
to the plasmonic resonant coupling of the four gold nanoparticles arranged in a 3D
chiral tetramer.

3.5 The role of plasmonic coupling

In this section, we analyze the importance of the plasmonic near-field coupling on
the dichroic signal and discuss possible sources that explain the larger CD obtained
in the calculations with respect to the measured data.

As shown in Fig. 3.5, decreasing the particle size and increasing the inter-particle
distance can lead to a dramatic reduction of the CD signal because of the weak-
ened interaction among the nanoparticles. For a chiral assembly formed by 20-nm
spheres separated by 8 nm, the rotation of the field vector along the assembly at
the wavelength of maximum dichroism is ∼ 30º. When the field propagates along
larger assemblies, the degree of rotation increases, and therefore the CD is also more
pronounced.

Furthermore, other important factor that contributes to explain the smaller exper-
imental signal with respect to the theoretical prediction is the uncertainty in the
relative positions of the nanoparticles in the individual chiral assemblies. As shown
by Kuzyk et al.,[33] the CD bisignate pattern is robust against this source of disorder
in a helical configuration, but it might have a more substantial effect in tetramers
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Figure 3.5: Influence of the size and separation of the nanoparticles on the CD spectra.
The calculations are carried out for the left-handed tetramer that is shown in the inset.
(a) CD for different nanospheres’ diameters and a fixed separation of 8 nm. (b) CD
for different separation distances and a fixed nanospheres’ diameter of 20 nm.

with a smaller number of particles (i.e., uncertainties in the position of any of the
particles are more relevant to the response of the entire cluster).

Under illumination with different light polarizations or incident angles, the plasmonic
modes of the chiral assembly display different excitation intensities. This effect is an-
alyzed in Fig. 3.6. The red curve represents the difference between the extinction
cross-sections for left- and right-circularly polarized light averaged over all assembly
orientations, as discussed above. The green and orange curves correspond to the in-
cidence directions indicated in the inset. Interestingly, it is also possible to obtain an
angular averaged curve within < 1% error relative to the red curve just by averaging
the six spectra obtained from the six different incidence configurations, which are
along three orthogonal directions, as shown in the inset.[147] Obviously, the magni-
tude of the CD signal for specific directions of incidence is larger than the average.
Also, sign changes of the spectrum signal may occur, due to the angle-dependent rel-
ative excitation amplitudes of the different modes. The orientation average washes
out these features, giving rise to the characteristic bisignated signal.
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Figure 3.6: Influence of the incidence direction on the CD. The orange and green
curves correspond to the results under the specific light incidence directions shown
by the arrows in the inset. The red curve is the average over the spectra obtained
from the six different incidence configurations. For the calculations, the structure is
considered to be an assembly of 20-nm gold nanoparticles with a particle spacing of
8 nm.

3.6 Other systems

Bottom-up techniques based on DNA origami structural technology might play a
major role in the assembly of smart, 3D chiral plasmonic nanostructures. For the
gold tetramers here presented, the difference between the extinction cross-sections
of the left and right circularly polarized light is actually very small. The normalized
dichroism at the maximum of the CD signal is

〈σL −σR〉Ω
〈σL +σR〉Ω

' 0.1% (3.5)

Luckily, such a small difference produces experimentally resolvable dichroism. Nev-
ertheless, one may resort to other configurations in order to increase this ratio. One
approach would be to use silver instead of gold as the nanoparticles’ material. The
lower losses of this metal, and subsequent stronger near-field coupling, would yield
a much higher signal than that of gold. Besides, the employment of different metals
would extend the spectral range of CD response to other energies (for instance, silver
clusters would display CD at higher energies than those here reported).

Another exciting possibility consists in modifying the geometry of the building blocks
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of the cluster. It has been demonstrated that larger structures such as gold nanorods[150]

provide a very high near-field enhancement that, in turn, generates strong CD signals.
Furthermore, reconfigurable plasmonic structures based on gold nanospheres[151]

and nanorods[152] have been designed via DNA-controlled conformational changes.
Moreover, exotic scenarios might arise from the interplay between the chirality due
to the geometrical arrangement of the particles and the DNA’s own dichroic re-
sponse.[153]

Very recently, 3D DNA polyhedra of sizes of one-tenth of a bacterium have been
generated.[154] This promising advances in DNA self-assembly techniques allows one
to speculate with building increasingly complex chiral metamolecules.

3.7 Conclusions

In this chapter, we have dealt with plasmonic tetramers that successfully resemble
molecular models. These chiral clusters display strong CD response in the visible
regime due to plasmonic resonant coupling.

In the first part of the chapter, we have reviewed the experimental methods. When
compared with top-down techniques, structural DNA technology provides great flex-
ibility for engineering 3D plasmonic nanostructures. Additionally, this method is
scalable and can be used for mass production of chiral clusters. The following sec-
tion has been devoted to the theoretical calculation of the extinction cross-section of
light by these nanostructures. Two different approaches have been presented: one
that relies in a semi-analytical dipole-dipole interaction calculation and a numerical
simulation that considers the full multipolar response of the whole cluster. We have
then compared the numerical results with the data obtained from the experiments
and found a very good agreement. Finally, we have analyzed the role of the plas-
monic coupling in the CD signal and suggested other chiral systems with interesting
properties.

Chiral sensing emerges as the most appealing application of these structures. For
instance, due to the high sensitivity of the CD signal to the spatial configuration, a
structural modification resulting from the bending of the strands that are used to link
the gold nanoparticles to the DNA origami platform could be automatically detected,
even in real time.

From a more general point of view, we envision large-scale production of smart ar-
tificial plasmonic nanostructures based on concepts and configurations translated
from biology and molecular chemistry. It would be possible to synthesize chiral meta-
molecules with a growing degree of architectural complexity. Due to the high spatial
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accuracy provided by the specifity of the DNA, it would be possible to build nanostruc-
tures that mimic complex natural biological systems, but with highly tunable spectral
features.
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Alice crossing to the mirror world. Illustration by John Tenniel,
from the book "Through the looking glass", by Lewis Carroll.[155]

4
Chiral interactions between electron

vortex beams and matter

We study the interaction of chiral matter with a new kind of chiral source: vortex
electron beams. We demonstrate large dichroism in the electron energy-loss spectra
after inelastic scattering from staircase plasmonic nanostructures and biomolecules.
We illustrate this phenomenon with calculations for chiral and nonchiral clusters of
silver spheres using both focused and extended electron beams, which exhibit ∼ 10 %
difference between channels of opposite angular momentum. Besides its fundamental
interest, this remarkably high dichroism suggests a way of spatially resolving chiral
optical excitations, including dark plasmons. We also predict a dichroic response
when probing a chiral biomolecule, which suggests the use of these electron beams
for resolving different enantiomers.
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4.1 Introduction

Vortex electron beams have been theoretically anticipated as propagating solutions
of the Schrödinger equation in free space.[156] Since this prediction, a lot of experi-
mental work has been carried out in order to generate these vortices in transmission
electron microscopes. In particular, they have been recently produced by passing elec-
tron beams through different types of phase masks[157–160] in order to select specific
values of the orbital angular momentum. Following a previous suggestion,[156,161]

electron vortices have been additionally created by exploiting the interaction between
an electron beam and an effective magnetic monopole consisting in a magnetized
needle.[162]

These advances have stimulated innovative ways of using electron beams to interact
with nanostructured materials. For instance, electron vortices possess a magnetic mo-
ment proportional to their OAM that might make them excellent probes of core-level
magnetic transitions. Recently, many works have analyzed the range of applicability
of these vortices for performing magnetic chiral dichroism.[163–165] A similar effect
has been proposed for mapping plasmons in nanostructures.[166] Additionally, the
interaction with a longitudinal magnetic field has been predicted to produce Faraday
rotation on the electron vortices.[167] This configuration has been further suggested
as a way to observe the Aharonov-Bohm effect[168] and Landau states[168] as well as
the Gouy phase for quantum matter waves and Zeeman-Larmor rotation.[169] Chiral
electron beams have even been postulated as suitable tools for inducing mechanical
rotation of nanoparticles,[170,171] thus opening the path to study friction and mechan-
ical motion of nanostructures with an unprecedented spatial control given by the
smaller dimensions of the electron beams compared to light or sound waves.

Besides all these promising properties, electron vortex beams can be used to character-
ize the response of chiral structures. Traditionally, circularly polarized light has been
used to probe chiral samples, as they produce polarization-dependent absorption
cross-sections (as has been shown in the previous chapter). However, OAM dichroism
cannot be observed when employing optical Laguerre-Gauss beams,[172–176] clearly
revealing that chiral light-matter coupling is exclusively mediated by the intrinsic
angular momentum of light. In contrast, electrons can engage not only in mechanical
but also chiral transfer of OAM with matter.[174]

In this chapter, we demonstrate the exchange of OAM between vortex electron
beams and two different samples of chiral nature: plasmonic nanostructures and
biomolecules. In the first section, we provide a general framework to deal with swift
electrons that interact with structures whose optical response is characterized by
their electromagnetic Green tensor.
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In the following section, this expression is applied to deal with plasmonic tetramers,
for both extended and focused incoming electron beams. We predict large differ-
ences (∼ 10%) in the intensity of opposite OAM components of electrons that are
inelastically scattered from these chiral clusters formed by closely arranged silver
nanospheres. Besides, we analyze the contribution of the different plasmonic modes
to the loss signal and study the forces and torques exerted on the structure by the
electron vortex.

In the final section, we concentrate on the interaction of vortex electron beams with
chiral biomolecules, characterized by non-orthogonal electric and magnetic dipoles.
We also predict significant dichroism in the electron energy-loss signal produced by
α-helix molecules and demonstrate that, for high-energy electrons, the dichroic signal
is comparable to that obtained by probing them with circularly polarized light.

4.2 Generalized expression for the transition
probability

In this section we derive an expression for the probability that an electron prepared
in an incident state i undergoes inelastic transitions to final states f , accompa-
nied by a net transfer of OAM and energy to a chiral sample. The transition rate
reads[68]

dΓ f i

d t
=

∫

dω
dΓ f i(ω)

d t
,

where

dΓ f i(ω)

d t
=

2ħhe2

ω2m2
e

∫

d3r d3r′ψ f (r)ψ
∗
f (r
′)[∇ψ∗i (r)] · Im{G (r, r′,ω)} · [∇ψi(r

′)]

×δ(ε f − εi +ω) (4.1)

is the spectrally resolved rate, ħhεi and ħhε f are the initial and final electron energies,
and G (r, r′,ω) is the electromagnetic Green tensor, which contains the fully retarded
response of the sample. 1

Swift electrons in a TEM are well described by a plane wave along the propagation

1Derivations for the expressions regarding the electromagnetic response of chiral samples are provided
in the appendices. In particular, the polarizability tensors of chiral materials are given in Appendix B, and
their associated Green tensors are presented in Appendix C.
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direction ẑ,

ψi, f (r) =
1
p

L
eipzi, f zψi, f⊥(R), (4.2)

where L is the quantization length along that direction, and the dependence on
transversal coordinates R = (x , y) is taken into account in the transversal wave-
function ψi, f⊥(R).

In what follows, we consider beams of small divergence angle, so that the transver-
sal momentum components P associated with ψ⊥ are small compared with pz (i.e.,
|pz | � |P|). We sum over final plane-wave states and separate this sum into longitu-
dinal and transversal components as

∑

f

→
L

2π

∫

dpz f

∑

f⊥

.

The low-kinetic energies of the transversal motion allows us to approximate the
frequency transfer by

ω= εi − ε f ≈ qzv

within the non-recoil approximation, where qz = pzi− pz f is the wave-vector transfer
and v is the electron velocity (i. e. v = 0.55 c for 100-keV electrons). Then, the pz f
integral is performed using the δ function of Eq. (4.1), yielding

∫

dpz f ei(pz f −pzi)(z−z′)δ(ε f − εi +ω) =
1

v
e−iqz(z−z′).

We further neglect the gradient of the electron wave function along the transversal di-
rection and divide by the electron beam current v/L in order to obtain the probability
per electron. We find

Γ(ω) =
∑

f⊥

∫

d2R d2R′ψ f⊥(R)ψ
∗
i⊥(R)ψ

∗
f⊥(R

′)ψi⊥(R
′)h(R,R′,ω), (4.3)

with

h(R,R′,ω) =
e2

πħhω2

∫

dz dz′ e−iqz(z−z′) Im
�

Gzz(r, r′,ω)
	

, (4.4)

where we have dropped the initial-state subindex i. In the following sections we
will derive explicit expressions for specific initial wave-functions (described by ψi⊥ )
interacting with different samples of chiral matter (characterized by the Green tensor
Gzz).
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Figure 4.1: Left circularly polarized light extinction cross-section, (a), dichroism, (b),
and normalized dichroism, (c), as a function of photon enegy for the cluster shown
in the inset of (a) and two different surface-to-surface distances d. Light propagates
along the direction of the blue arrow. Continuous (broken) curves correspond to
multipolar (dipolar) calculations. The clusters consist of 30-nm silver spheres.

4.3 Chiral plasmonic cluster

In this section we study how electrons interact with plasmons in chiral clusters formed
by non-mirror-symmetric geometrical arrangements of metallic spherical nanoparti-
cles.[33,129] In particular, we address the cases of a staircase tetramer and its mirror
image, along with a non-chiral planar trimer. For simplicity, the particles are assumed
to be small enough as to describe them through a scalar electric Mie polarizability
α(ω) [see Eq. (3.3)].

As we have argued in the previous chapter, due to multipolar contributions at short
inter-particle separations, the validity of the dipolar approximation might be ques-
tionable. We show that it is qualitatively correct by examining light extinction cross-
sections and circular dichroism spectra, for which we perform converged electro-
magnetic simulations with full inclusion of all multiples up to a high order using
a multiple elastic scattering of multipolar expansions (MESME) approach.[143] In
particular, regarding 30-nm silver spheres (with a tabulated permittivity[42]), Fig. 4.1
shows that for surface-to-surface distances of only 5 nm (black curves) the agree-
ment between multipolar and dipolar calculations is qualitatively reasonable and
becomes quantitatively good for separations of 10 nm (red cuves). Therefore, pre-
suming a dipolar behavior of the particles turns out to be a good approximation for
the 30-nm silver spheres separated by 5-nm gaps that we examine throughout this
section.

Plugging the expression for the Green tensor of a cluster of small spheres derived in
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Appendix C [Eq. (C.7)], Eq. (4.4) becomes

h(R,R′,ω) =
e2

πħhω2

∫

dz dz′ e−iqz(z−z′) (4.5)

×
∑

j, j′
Im
¦�

ẑ · G 0(r− r j ,ω)
�

·α| j j′ ·
�

ẑ · G 0(r′ − r j′ ,ω)
�©

,

where

α| =
1

α−1 −G 0 (4.6)

is a generalized polarizability matrix describing the response of the sample (see
Appendix B),G 0

j j′ = G
0(r j−r j′ ,ω) describes the retarded interaction between particle

dipoles at positions r j and r j′ , and G 0(r− r j ,ω) is the vacuum Green tensor given by
Eq. (C.3). In the above expression, we use matrix notation with indices running over
the three Cartesian directions for each and all of the spheres. The evaluation of the z
and z′ integrals involves

∫

dz eiqzz ẑ · G 0(r− r j ,ω) = 2

�

ω2

c2 ẑ+∇ j∂z j

�

eiqzz j K0

�

qz |R−R j |
γ

�

= 2i
q2

z

γ
eiqzz j

�

(R−R j)

|R−R j |
K1

�

qz |R−R j |
γ

�

+ ẑ
i

γ
K0

�

qz |R−R j |
γ

��

,

where γ = 1/
p

1− (v/c)2 is the Lorentz factor and K0 and K1 are modified Bessel
functions of the second kind.

Finally, we find the probability that an electron undergoes a transition between ψi⊥
and ψ f⊥ transversal states to have the form

Γ(ω) =
4e2q2

z

πħhv2γ2

∑

f⊥

Im
�

N+ ·α| ·N
	

, (4.7)

where the spatial components of the electromagnetic matrix element N associated
with particle j are given by

N j = eiqzz j

∫

d2Rψ∗f⊥(R)ψi⊥(R)

�

(R−R j)

|R−R j |
K1

�

qz |R−R j |
γ

�

+ ẑ
i

γ
K0

�

qz |R−R j |
γ

��

.

(4.8)

In the following subsections, we present numerical results obtained by evaluating
these expressions for either incident electron plane waves (uniform ψi⊥) or Gaussian
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beams (ψi⊥ ∝ e−R2/∆2
). We analyze transitions to a vortex electron carrying a defi-

nite amount of OAM ħhm f , characterized by an orbital momentum number m f and
transversal wave vector Pf , such as

ψ f⊥(R)∝ eim f ϕJm f
(Pf R),

where Jm f
is a Bessel function of the first kind.

4.3.1 Transition from a plane wave to a vortex

Inspired by the concept of circular dichroism in optics, we define dichroism in elec-
tron energy-loss spectroscopy as the difference in the loss probability of electron
vortices with opposite OAM (e.g., ±ħh). We envision an experiment in which the
orbital number m f can be pre(post)-selected by means of a OAM analyzer placed
before (after) the sample. Although the design and fabrication of OAM analyzers
still pose a tremendous experimental challenge, excellent progress has been recently
made[160,177–179] in this direction. For simplicity, we study incident beams without
a net OAM interacting with chiral samples and resolved in OAM components by a
post-selection analyzer, although the present work can be trivially extended to deal
with pre-selection analyzers.

In particular, we first consider a 100-keV plane-wave electron passing through a
chiral sample and subsequently entering a OAM analyzer, which deflects different m f
components along different outgoing directions [see Fig. 4.2(a)]. Energy loss spectra
are recorded for several m f ’s through an angle-resolved spectrometer. In the Fourier
plane, the transmitted m f =±1,±2 signals display a characteristic annular pattern,
in contrast to the more intense m f = 0 disk-like angular map.

Explicit expression for the cross-section

For an electron plane wave propagating along the direction z, we can write the initial
wave function as

ψi⊥(R) =
1
p

A
,

where A is the quantization area in the x − y transversal plane. We now consider a
complete orthonormal basis set of transversal plane waves labeled by wave vectors
P f , which can be decomposed as

ψ f⊥(R) =
1
p

A
eiP f ·R =

1
p

A

∞
∑

m f =−∞
im f eim f (ϕ−ϕP f

)Jm f
(Pf R)
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Figure 4.2: (a) Sketch of the system: a 100-keV electron plane wave impinges into
a cluster (left-handed tetramer) consisting of four 30-nm silver spheres separated
by 5-nm gaps. The electron is subsequently passing through a OAM analyzer that
splits it into different orbital angular momentum components m f along different
transmission directions. These components are independently energy-analyzed by an
angle-resolved spectrometer. The angular distribution of different m f components
are represented at the bottom for a 3.5 eV energy loss. For visualization purposes,
the intensities of the m f =±1 and m f =±2 components are multiplied by factors of
5 and 10, respectively. (b) Energy-loss cross-section spectra under the conditions of
(a).
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in terms of Bessel functions Jm, using polar coordinates R= (R,ϕ) and P f = (Pf ,ϕP f
).

As we are only interested in transitions to a given component of final angular mo-
mentum m f , it is convenient to use the complete set of final states

ψ f⊥(R) =
1
p

A
im f eim f ϕJm f

(Pf R), (4.9)

in which each state is characterized by a particular choice of Pf and m f . With this final
state representation, the components of vector N [given by Eq. (4.8)] become

N j =
(−i)m f

A
eiqzz j

∫

d2R e−im f ϕJm f
(Pf R)

×
�

(R−R j)

|R−R j |
K1

�

qz |R−R j |
γ

�

+ ẑ
i

γ
K0

�

qz |R−R j |
γ

��

.

The angular integral of the z component of this vector reduces to
∫

dϕ e−im f ϕK0

�

qz |R−R j |
γ

�

= 2π e−im f ϕ j Im f

�

qzR<
γ

�

Km f

�

qzR>
γ

�

,

where R< = min{R, R j}, R> = max{R, R j}, and Im and Km are modified Bessel func-
tions. Likewise, the remaining transversal components involve
∫

dϕ e−im f ϕ
(R−R j)

|R−R j |
K1

�

qz |R−R j |
γ

�

= 2πe−im f ϕ j

×







Im f

�

qzR
γ

�

K ′m f

�

qzR j

γ

�

R̂ j − im f
γ

qzR j
Im f

�

qzR
γ

�

Km f

�

qzR j

γ

�

ϕ̂ j , (R≤ R j)

Km f

�

qzR
γ

�

I ′m f

�

qzR j

γ

�

R̂ j − im f
γ

qzR j
Km f

�

qzR
γ

�

Im f

�

qzR j

γ

�

ϕ̂ j , (R> R j)

where (R j ,ϕ j) are the polar coordinates of R j . For the incident plane wave under con-
sideration, it is useful to define the loss cross-section, which we separate in different
frequency-loss components as

σm f
=

∫ ∞

0

dωσm f
(ω).

We obtain the cross-section as the transition probability per electron multiplied by
the transversal area A, that is, σm f

(ω) = AΓ(ω). A more convenient expression is
derived by summing over final transversal wave vectors P f using the customary
prescription

∑

f⊥

→
A

(2π)2

∫ ∞

0

Pf dPf

∫ 2π

0

dϕ f =
A

2π

∫ ∞

0

Pf dPf ,
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which leads to

σm f
(ω) =

8e2q2
z

ħhv2γ2

∫ ∞

0

Pf dPf Im
�

M+ ·
1

α−1 −G 0 ·M
�

, (4.10)

where the components of vector M are

M j =eiqzz j e−im f ϕ j ×
��

g1 K ′m f

�qzR j

γ

�

+ g2 I ′m f

�qzR j

γ

��

R̂ j (4.11)

+
�

g1 Km f

�qzR j

γ

�

+ g2 Im f

�qzR j

γ

��

i

�

−m f γ

R jqz
ϕ̂ j +

1

γ
ẑ j

�

�

.

Here, we have defined

g1 =

∫ R j

0

R dR Jm f
(Pf R) Im f

�

qzR

γ

�

, (4.12a)

g2 =

∫ ∞

R j

R dR Jm f
(Pf R) Km f

�

qzR

γ

�

. (4.12b)

Dichroism for different enantiomeric clusters

The spectrally resolved cross-section exhibits complex features with several peaks,
corresponding to the excitation of plasmons in the cluster [Fig. 4.2(b)]. The m f =±1
spectra show slightly different intensity for each of the spectral features. This prompts
us to define the absolute and relative degrees of dichroism associated with the orbital
number m f as σm f

−σ−m f
and (σm f

−σ−m f
)/(σm f

+σ−m f
), respectively. For the

clusters under consideration, these quantities decrease with increasing m f [see Fig.
4.2(b)].

Figure 4.3 displays the m f = 1 dichroism produced by different clusters. The relative
electron dichroism reaches up to ∼ 10%, which is remarkably high compared with
typical values in its optical counterpart.[29,30] As expected, the effect changes sign
upon mirror reflection of the sample, while a cluster formed by only three particles
lying on a plane normal to the beam does not produce dichroism at all, as it is not
seen as chiral by the electron. In contrast, a net dichroism effect is observed for
the trimer by tilting it [Fig. 4.3(c)], so that the electron sees again a staircase-like
structure along the direction of electron propagation. In optics, this phenomenon is
known as extrinsic dichroism, which is produced when oriented non-chiral molecules
form a chiral triad with the light wave vector.[180–182] This is precisely what happens
when the normal of the plane that contains the cluster is tilted with respect to the
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Figure 4.3: (a) Dichroism between m f =±1 components in the spectrally resolved in-
elastic cross-section of 100-keV electrons for different clusters of 30-nm silver spheres
with gaps of 5-nm (see insets). The planar trimer does not exhibit any dichroism.
(b) Same as (a), normalized to the sum of m f = ±1 cross-sections. (c) Extrinsic
dichroism displayed by the trimer when it is tilted with respect to the direction of
electron propagation. (d) Partial m f = ±1 inelastic cross-sections normalized to
the m f = 0 transmitted beam component for different electron energies in the left-
handed tetramer. The inset shows the maximum of this ratio (left, red curve) and the
energy loss at which this happens (right, blue curve) as a function of electron energy.
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electron incidence direction, and once more, the effect changes sign upon mirror
reflection of the sample. However, this apparent chirality is erased when averaging
over all cluster orientations.

Remarkably, the fraction of inelastically scattered electrons that transfer OAM is actu-
ally large. Figure 4.3(d) compares the m f =±1 and m f = 0 components. For 100-keV
electrons, σ1 ' 0.75σ0 at ω∼ 3.5 eV, pointing out the significant contribution of the
chiral components to the total energy loss.

Influence of relevant parameters on electron dichroism

In the previous chapter we showed that optical dichroism is very sensitive to the
distribution of sizes and separations between the particles in the clusters. As expected,
these parameters also play an important role in determining the strength of the chiral
coupling to the electron.

In particular, the dependence on the material, size, and separation between particles
is analyzed in Figs. 4.4(a)-(c). The dichroism for silver spheres is remarkably large
compared to that of gold particles [Fig. 4.4(a)] because silver is a less lossy material.
Both the EELS intensity and the dichroism increase with particle size [Fig. 4.4(c)],
but the latter is reduced with particle separation [Fig. 4.4(b)]. This is in agreement
with the intuitive idea that larger structures can transfer a bigger amount of angular
momentum, provided the coupling between spheres is sufficiently strong (i.e., close
interaction between the spheres is required to sustain a strong chiral plasmon that
extends over the entire cluster).

The coupling to different chiral modes of the sample is also strongly affected by
the relative position and alignment between the cluster and the center of the vortex
generator [Fig. 4.4(d)]. More precisely, the origin of electron OAM (i.e., the origin
of azimuthal angles ϕ) is referred to the center of OAM analyzer. If the planes of
the sample and the analyzer are taken to be conjugated in the electron optics setup,
with a 1:10 demagnification factor for the latter, relative alignment requires micron-
scale displacements of the analyzer to produce nanometer-scale displacements at the
conjugated sample plane.

Mode decomposition in the non-retarded limit

It is fair to wonder whether all plasmonic modes contribute to the dichroic response
displayed by the chiral tetramers. In the non-retarded limit (c→∞), we can decom-
pose the energy loss experienced by the electron into a sum of all these modes and
determine their individual contributions.
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Figure 4.4: (a-c) Influence of cluster material (a), particle size (b), and separation
between particles (c), on the dichroism produced on a plane-wave electron upon
interation with a staircase chiral tetramer arrangement of spheres [see inset in (a)].
(d) Dichroism for different positions of the OAM analyzer relative to the tetramer.
Each spectral curve corresponds to a position of the analyzer center as indicated by
a dot of the same color in the inset. The following default parameters are assumed,
unless otherwise specified (see legends): 100-keV electrons, 15-nm particle radius,
and 35-nm center-to-center particle spacing. In (a-c) the analyzer is at the position
of the electron arrow of the inset to (a), which corresponds to the dark blue dot of
the inset to (d).
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In this regime, Eq. (4.1) reduces to[68]

dΓ(ω)
d t

=
2e2

ħh

∑

f

∫

d3r d3r′ψ f (r)ψ
∗
i (r)ψ

∗
f (r
′)ψi(r

′) Im
�

−W ind(r, r′,ω)
	

(4.13)

×δ(ε f − εi +ω),

where the coupling to the sample is mediated by the electrostatic screened interaction
W ind, which is defined as the electric potential induced at r by an external point
charge at r′. For a cluster composed of n particles, it is given by

W ind(r, r′,ω) =−S(r)+ ·
1

α−1(ω)−G 0 · S(r
′), (4.14)

where the components of vector S run over the three Cartesian directions for each
and all of the spheres j and read

S j(r) =
r− r j

|r− r j |3
=−∇ j

1

|r− r j |
.

Equation (4.14) can be derived in a similar way as its retarded counterpart (see
Appendix C). Likewise, the non-retarded Green tensor G 0 is given by the k→ 0 limit
of Eq. (C.2). As G 0 is real and symmetric, its eigenvectors form an orthonormal basis
set, each of them defining a mode of the system. The energy loss suffered by the
electron can then be separated as the sum of the contributions from the resulting 3n
modes. Using matrix notation

G 0 pl = µlpl ,

where pl and µl are the real eigenvector and eigenvalue of mode l, Eq. (4.14) can be
recast into

W ind(r, r′,ω) =−
∑

l

S(r)+ · pl
1

α−1(ω)−µl
p+l · S(r

′).

After some algebra, the loss probability reduces to

Γ(ω) =
e2

πħhv2

∑

l






Im
�

1

α−1(ω)−µl

�

∑

f⊥

|Nl |2






,

where

Nl =

∫

d3r eiqzzψ∗f⊥(R)ψi⊥(R) p+l · S(r)

=−
1

π

∑

j

pl, j · ∇ j

∫

d2R

∫

d2Q
e−iQ·(R−R j)

Q2 + q2
z

ψ∗f⊥(R)ψi⊥(R).

80



4.3 Chiral plasmonic cluster

Finally, for a transition from an incident plane wave to a m f vortex beam, the inelastic
cross-section reads

σm f
(ω) =

8e2

ħhv2

∑

l









Im
�

1

α−1(ω)−µl

�
∫ ∞

0

Pf dPf
h

P2
f + q2

z

i2 |Ml(Pf )|2









,

where

Ml(Pf ) =
∑

j

pl, j · ∇ j

h

e−im f ϕ j eiqzz j Jm f
(Pf R j)

i

.

We compare retarded and non-retarded calculations in Fig. 4.5(a). Incidentaly, all
of the modes contribute to both the energy loss and the dichroism, thus resulting in
a non-trivial dichroic signal that cannot be ascribed in general to specific dominant
modes [see Fig. 4.5(b,c)]. Since the non-retarded theory is qualitatively correct, we
endorse it in next section to analyze the transfer of mechanical angular momentum
to the sample.

Mechanical transfer of linear and angular momentum to the sample

Due to conservation of angular momentum, the OAM transferred by the electron pro-
duces a mechanical torque on the cluster, which can be separated into two different
contributions: intrinsic torque acting on each individual particle and extrinsic torque
acting on the cluster as a whole, relative to the origin of electron OAM. Additionally,
cathodoluminesce emission might take a net amount of angular momentum that
needs to be included in this balance.

As we show below, neglecting retardation (and therefore, cathodoluminescence), the
increase in mechanical angular momentum (intrinsic plus extrinsic) produced by
the self-consistent electromagnetic field resulting from interaction with the electron
exactly accounts for the electron momentum transfer.

The torque and force exerted by the electron on the cluster can be calculated from
the Maxwell’s stress tensor (see Appendix A). In what follows, we summarize the
resulting expressions for a non-monochromatic external field (like the one produced
by an electron). The torque contains both extrinsic and intrisic contributions:

τ(ω) =
∑

j

τi
j(ω) +τ

e
j(ω).
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The intrinsic torque acting on particle j, which makes that particle spin around its
axes, reduces to

τi
j(ω) =

1

π

�

Re
n

p j × E∗j
o

+
2k3

3
Im
n

p j × p∗j
o

�

,

whereas the extrinsic component, which contributes to rotations of the cluster as a
whole, is

τe
j(ω) = r j × F j(ω),

where the force on particle j is written as

F j(ω) =
1

π

∑

β=x ,y,z

Re
n

p j,β∇E∗j,β
o

.

In these expressions, the field reads

E j(ω) = α
−1
∑

j‘

�

1

α−1 −G 0

�

j j′
· Eext

j′ ,

where Eext
j′ is the external field of the electron.

Since radiation corrections can be neglected in the non-retarded limit, the transfer
of linear momentum along z has to precisely coincide with the time-integral of the
force in that direction. A detailed balance expression can be written in frequency
components as

Fz(ω) =
ħhω
v
Γ(ω).

Additionally, the angular momentum transfer to the cluster, obtained from the integral
of τ(ω) over the entire frequency spectrum, should be the opposite of the orbital
momentum gained by the electron. Taking into account that the incident electron
has no orbital angular momentum, conservation of the z component leads to

τz(ω) =−ħhmΓ(ω).

It is not difficult to analytically corroborate the above expressions for a single parti-
cle. However, for clusters consisting of several particles, the algebra becomes rather
involved, but we have numerically verified them up to the computer numerical preci-
sion.

As shown in Fig. 4.5(d), the extrinsic torque dominates the transfer to this particular
chiral cluster. Nevertheless, the relative contributions of the intrinsic and extrinsic
torques are very dependent on geometry, and their relative weight might be modified
for different arrangements.
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Figure 4.5: (a) Retarded and non-retarded dichroism for the cluster shown in the
inset. (b,c) Non-retarded calculation of the inelastic cross-section (b), and the dichro-
ism (c). The black curve corresponds to the total result, while the contributions of
individual plasmon modes are shown in different colors. The insets in (c) illustrate
the dipole orientations for two of these modes. The incident electron is a plane wave
of 100-keV energy, while the cluster is made of 30-nm silver spheres separated by
5-nm gaps. (d) Total, extrinsic, and intrinsic z-component of the non-retarded torque.
We consider transitions from the incident plane wave to a m= 1 vortex in all cases.
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4.3.2 Transition from a gaussian beam to a vortex

In this section, we propose to rely on the excellent spatial resolution of electron
microscopes for visualizing optical near fields[67,68,183] in order to study the chirality
associated with each of the observed plasmon features. The incident transversally
focused beam is well represented by a Gaussian wave function

ψi⊥(R) =
1
p
π∆

e−R2/∆2
,

where the full width at half maximum of the beam is 2
p

ln 2∆≈ 1.4∆. We analyze
again the final vortex states of Eq. (4.9) and concentrate on a specific final angular
momentum number m f . Following the same procedure as before, we find that the
loss probability reduces to

Γm f
(ω) =

8e2q2
z

πħh∆2v2γ2

∫ ∞

0

Pf dPf Im
�

M+ ·
1

α−1 −G 0 ·M
�

, (4.15)

where vector M is still given by Eq. (4.11) with an appropriate redefinition of func-
tions

g1 =

∫ R j

0

R dR Jm f
(Pf R) Im f

�

qzR

γ

�

e−R2/∆2
,

g2 =

∫ ∞

R j

R dR Jm f
(Pf R) Km f

�

qzR

γ

�

e−R2/∆2
.

We show some calculated spectra for incident Gaussian beams of different FWHM
and m f = 1 in Fig. 4.6(a,b). Selected maps of the EELS intensity (upper plots) and
the dichroism (lower plots) as a function of beam position reveal that both of these
quantities are enhanced at the particle gaps [Fig. 4.6(c,d)]. However, the dichroic
signal is more delocalized and changes sign when moving from the gaps to other
neighboring regions of the cluster. The net orbital angular momentum transfer is thus
rather sensitive to the position of the beam relative to the sample, since different
plasmonic modes are more efficiently excited.

Remarkably, we find the relative degree of dichroism to display a sign and magnitude
that are rather independent on the Gaussian focusing ∆, although the absolute effect
quickly vanishes for beams that are much narrower than the size of the plasmon
modes.
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Figure 4.6: Dichroism for a focused electron beam. (a,b) Absolute (a) and relative
(b) degrees of dichroism for Gaussian beams of exp(−R2/∆2) profile with different
values of∆. The position and orientation of the beam relative to the sample is shown
in the inset of (c). (c,d) Energy loss probability (upper density plots) and dichroism
(lower plots) distributions as a function of beam position for FWHM= 1 nm and two
different loss energies, corresponding to features A and B in (b). The electron energy
is 100 keV. The cluster is made of 30-nm silver spheres separated by 5-nm gaps.
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4.4 Chiral molecule

In the previous sections we have dealt with a chiral cluster that breaks parity sym-
metry due to a particular geometrical arrangement of spherical particles. However,
it is also possible to break mirror symmetry by combining non-orthogonal electric
(polar vector) and magnetic (axial vector) dipoles in one point of the space. This is
precisely how chiral molecules are characterized.[28] In particular, the polarizability
tensor of these molecules contains electric (αEE), magnetic (αMM), and magneto-
electric (αME = −αT

EM, due to reciprocity[184]) components that are reunited in the
matrix

α| =
�

αEE αEM
αME αMM

�

,

and whose specific expressions are given in Appendix B.

It can be demonstrated that, as in the optical case, electron dichroism arises from the
off-diagonal elements. The energy-loss probability for a chiral molecule placed at the
position r0 with respect to the origin of the electron vortex can be obtained from Eqs.
(4.3) and (4.4), in which the Green tensor is now given by Eq. (C.11) (see Appendix
C). We find

h(R,R′,ω) =
e2

πħhω2

∫

dz dz′ e−iqz(z−z′) Im
�

T+(r− r0,ω) ·α| · T(r0 − r′,ω)
	

,

where T(r0 − r′,ω) is a vector obtained by projecting the electric-electric induced
Green tensor on the ẑ direction. Specifically,

T(r0 − r′,ω) =



























x̂ · G 0
EE(r0 − r′,ω) · ẑ

ŷ · G 0
EE(r0 − r′,ω) · ẑ

ẑ · G 0
EE(r0 − r′,ω) · ẑ

x̂ · G 0
M E(r0 − r′,ω) · ẑ

ŷ · G 0
M E(r0 − r′,ω) · ẑ

ẑ · G 0
M E(r0 − r′,ω) · ẑ



























.

Following an almost identical derivation as the one in the previous section, and
considering the symmetries of the free-space Green functions, we obtain a formally
identical expression as Eq. (4.7) for the loss probability:

Γ(ω) =
4e2q2

z

πħhv2γ2

∑

f⊥

Im
�

N+ ·α| ·N
	

, (4.16)
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Figure 4.7: (a) Normalized maximum of the partial inelastic cross-section σ1and (b)
dichroism |σ1−σ−1| for a randomly oriented model point structure characterized by
a chiral excitation of frequency ω0, width γ0, and associated electric and magnetic
dipole moments p and m [see inset to (b)]. The cross-section and dichroism spectra
follow a Lorentzian profile [see inset to (a)]. The origin of OAM is displaced a
distance R0 with respect to the structure. The vertical axes are normalized to yield
universal curves that only depend on the electron energy (see legend) and ω0R0/vγ.

where the electromagnetic matrix element N = [NEE , NM E] has both electric and
crossed magnetic-electric components:

NEE =

∫

d2Rψ∗f⊥(R)ψi⊥(R)
�

(R−R0)
|R−R0|

K1

�

qz |R−R0|
γ

�

+ ẑ
i

γ
K0

�

qz |R−R0|
γ

��

,

(4.17a)

NM E =
v

c

∫

d2Rψ∗f⊥(R)ψi⊥(R) K1

�

qz |R−R0|
γ

�

(ϕ̂− ϕ̂0). (4.17b)

Interestingly, the magnetic-electric crossed term is proportional to the ratio between
the electron and light velocities, therefore suggesting that high-energy electrons are
best suited to study chiral molecules.

In particular, for the plane-wave to vortex beam transition, the loss cross-section is
formally equivalent to that obtained for the cluster of spheres,

σm f
(ω) =

8e2q2
z

ħhv2γ2

∫ ∞

0

Pf dPf Im
�

M+ ·α| ·M
	

,

but here the polarizability corresponds to the chiral molecule and the components of

87



4. C H I R A L I N T E R A C T I O N S B E T W E E N E L E C T R O N V O R T E X B E A M S A N D M AT T E R

vector M= [MEE , MM E] are
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Here, g1 and g2 are defined in Eqs. (4.12).

Model point structure

In Fig. 4.7 we study σ1 (left panels) and the dichroism |σ1 − σ−1| (right panels)
as a function of energy loss for a model point structure. It is assumed to be ran-
domly oriented and placed a distance R0 apart from the origin of OAM. The model
structure has a single chiral resonance of frequency ω0, spectral width γ0, and associ-
ated electric and magnetic dipole moments p and m, respectively. The maxima of σ1
and |σ1 −σ−1| are normalized to yield the universal curves shown in Fig. 4.7(a,b),
which only depend on electron energy and ω0R0/vγ. These results can be applied to
molecules and metamolecules[184] by simply plugging their corresponding spectral
parameters. It is common to have |m| � |p|, so that the cross-section is roughly
proportional to |p|2, whereas the dichroism scales as |m ·p|. Interestingly, the dichro-
ism diverges logarithmically with decreasing R0, thus suggesting a possible approach
towards ultrasensitive detection of chirality consisting in lowering R0 by employing
a highly demagnified OAM analyzer.

Specific biomolecule: α-helix

Results for the α-helix are presented in Fig. 4.8 using the parameters shown in Ta-
ble 4.1 to model its resonances and taking R0 = 1nm. The polarizability of this
common secondary structure of proteins in the 190-220 nm spectral region is dom-
inated by three main UV resonances, each of them contributing with a Lorentizian
term like in Eqs. (B.4).

The magnetic dipole associated with each resonance is considered to be parallel to
the electric one, as only that component of m produces dichroism. The orientation
of these dipoles relative to the molecule long axis are given in the polarization
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Band ħhω0 (eV) ħhγ0 (eV) Polarization reg (nm) r0 (nm)

1 6.53 0.5 π→ π∗, ⊥ 0.048 0.12

2 5.96 0.4 π→ π∗, ‖ 0.022 -0.22

3 5.64 0.4 n→ π∗, ‖ 0.01 -0.82

Table 4.1: Absorption bands of the α-helix, as fitted from Johnson and Tinoco.[185,186]
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Figure 4.8: Partial inelastic cross-section (a) and normalized dichroism (b) for an
α-helix, parametrized as described in Table 4.1. The optical dichroism with circularly
polarized light is shown for reference. Different electron energies are represented
with the same color code throughout the figure.

entry of the table. The results are obtained for random orientations of the molecule,
over which the energy losses are averaged using a sufficiently large number of Euler
angles.

The universal curves obtained for the model structure provide a reasonable descrip-
tion of the spectra related to each of the α−helix resonances. Interestingly, the ob-
served dichroism has a similar magnitude and profile as the optical dichroism that
is obtained by replacing σ±1 by the extinction cross-section of right (+1) and left
(−1) circularly polarized light [see Fig. 4.8(b)]. In practice, electron dichroism could
be measured in molecular ensembles, which we predict to produce loss intensities
comparable with those measured for nanoparticle plasmons[68] when the electrons
are passing ∼ 1 nm apart from a few tens of molecules.
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4.5 Conclusions

In this chapter, we have studied the feasibility of obtaining chiral interactions between
vortex electron beams and chiral matter. In particular, we have discussed the case
of plasmonic tetramers and biomolecules. We have demonstrated that, unlike light,
electrons can engage in dichroic transfer of orbital angular momentum. Besides, since
the interaction is mediated by the near-field, electrons can unveil chiral dark modes,
which cannot be detected by optical means.

The first part of the chapter has been devoted to establishing a theoretical framework
that describes the interaction between vortex electrons and chiral media. Then, we
have focused on chiral plasmonic clusters, for which we have predicted large trans-
fers of orbital angular momentum and a remarkably high degree of dichroism in
the inelastic interaction. The dichroic spectrum changes sign when mirror imaging
the sample, and it disappears in systems that have mirror symmetry with respect to
a plane perpendicular to the beam direction. The analysis of the dichroism in the
non-retarded limit has demonstrated that all of the modes have a non-negligible con-
tribution to the chiral signal. We have also calculated the torque and force exerted by
the electron on the cluster, thus opening a pathway towards a new spectroscopy tech-
nique that probes both intrinsic and extrinsic rotational degrees of freedom.

Afterwards, we have analyzed the losses and dichroism of focused electron beams.
Due to the sub-nanometer spatial resolution of electron microscopes, this can become
a useful tool to map different chiral modes in plasmonic structures, which are impor-
tant elements of chiral metamaterials. Moreover, we have shown that the strength of
the dichroism is strongly dependent on the degree of focusing of the electron beam,
and it is maximized when the beam size is comparable to the extension of the probed
chiral mode.

Finally, in the last section of this chapter, we have demonstrated that electron vortex
beams can resolve the handedness of chiral biomolecules. We have also provided a
tutorial description that includes universal curves for model point structures. This
might provide a fertile ground for applications in biological and pharmaceutical
studies.
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To the electron – may it never be of any use to anybody!

Toast at J. J. Thompson’s Cavendish Laboratory

5
Electron energy-gain spectroscopy

Electron microscopes play an instrumental role in areas as diverse as cell biology and
nanophotonics. Electron energy-loss spectroscopy has proved to be extremely useful
for mapping plasmonic excitations with high spatial resolution, although the energy
resolution is still poor compared with optical techniques. A strategy to overcome
this problem consists in examining energy gains rather than losses experienced by
the electron when the sample is subject to external laser irradiation. The so-called
electron energy-gain spectroscopy should provide an unprecedented combination of
both energy and space resolution.
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5.1 Introduction

Nowadays, electron microscopes benefit from an impressive sub-angstrom spatial
resolution.[76,187,188] Certainly, they have become vital tools for providing extremely
detailed images of nanoscopic structures. Moreover, the analysis of energy losses ex-
perienced by the electrons upon interaction with the samples adds further details on
the chemical composition, electronic structure, and of course, on the optical response
of the latter.[189]

Recent experiments performed on a new generation of transmission electron mi-
croscopes that are equipped with electron monochromators[78] show an impressive
energy resolution (< 0.1 eV). However, the zero-loss peak imposes a clear limit to this
resolution, which is not still sufficient to characterize fine spectral features commonly
encountered in nanostructures. An alternative method that combines the spatial
resolution of electron beams and the energy resolution of optical probes has been
suggested based on the analysis of energy gains experienced by the electrons.[190,191]

In this so-called electron energy-gain spectroscopy, electrons that have absorbed en-
ergy from an external light source appear on the negative side of the energy-loss
spectrum, and the area under an energy gain peak reflects the response of the sam-
ple at the illuminating frequency, thus increasing the energy resolution, which is no
longer limited by the width of the electron zero-loss peak.

In this context, a crucial advance towards the experimental realization of EEGS has
been accomplished in recent years. The group of Prof. Ahmed Zewail was able to
observe multiple energy gains and losses in pulsed electrons in coincidence with
pulsed laser irradiation.[97,99] In their pioneering experiment, they managed to ob-
tain images of silver nanowires and carbon nanotubes by analyzing the part of the
electron spectrum related to energy gains. The authors also reported time-resolved
measurements obtained by modifying the arrival times and relative delay between
electron and photon pulses. The multiple energy transfers between the electrons and
the samples are now well understood[192–194] and, moreover, the electrons have been
shown to undergo a complex evolution involving multiple energy exchanges on the
sub-femtosecond time scale.[192]

In this chapter, we explore multiple energy losses and gains undergone by swift elec-
trons interacting with resonant evanescent light fields. The first section is devoted
to provide a theoretical framework that allows one to calculate the probability of
multiphoton events. The final expressions will be thoroughly used in the remain-
ing part of the chapter. In particular, the second section addresses the proposal of a
new spectroscopy technique based upon varying the incoming light frequency and
studying the subsequent energy jumps of the electron. We predict remarkably high
gain probabilities in the range of a percentage when the electrons are passing near
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a resonant plasmonic structure under continuous-wave illumination conditions with
moderate laser intensities. Additionally, we observe an intriguing fine structure in the
dependence of the gain and loss probabilities on the light wavelength, which reveals
a complex interplay between multiple plasmon-electron interactions. These results
constitute a solid basis for the development of a new spectroscopy technique based
upon the analysis of energy gains, capable of rendering information on the optical
properties of the sampled resonant nanostructures. We illustrate this concept for
noble-metal nanoshells. We conclude this chapter with the development of a simple
model to describe EELS, EEGS, and CL in a unified quantum treatment that pro-
vides further intuition into the physical mechanisms underlying these spectroscopic
techniques.

5.2 Outline of the theory

In this section, we provide theoretical insight about the energy gains and losses
experienced by the electron.[192] We employ a semiclassical model in which the
quantum mechanical evolution of the electron is solved including its interaction with
the external laser field, which is treated classically. 1

Electron-light interaction

We consider a swift electron moving in the ẑ-direction at high velocities. We write
the electron-light interaction Hamiltonian as the sum of two different terms, one
proportional to the emission and the other to the absorption of one photon, as

HI(z, t) =−
eħh

meω

�

Ez(z, t)− E∗z (z, t)
� ∂

∂ z
, (5.1)

where we have approximated E · ∇ ∼ Ez∂z . This is indeed a good estimation since
the electron momentum along the trajectory is large compared to that associated
with the transversal direction, due to the small customary apertures in TEMs (around
few milliradians[195]). Therefore, one can then safely neglect the degrees of freedom
related to momentum components perpendicular to the beam trajectory.

In the above equation, ω is the central light frequency, and the electric field parallel
to the electron beam is described by a temporal Gaussian wave-packet

Ez(z, t) = Ez(z) exp
h

−iωt − (t +τ)2/∆2
p

i

, (5.2)

1The classical description of the electromagnetic field is well justified when the light pulse contains a
large number of photons, as here considered.
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where ∼ 2∆p is the light pulse duration and τ is the delay between the arrivals of
the photon and electron pulses at the position of the sample. The pulse is assumed
to be spectrally narrow (i.e. ω >> ∆ω ∼ ∆−1

p ), and the dispersion in the response
of the sample over the pulse width can be overlooked.

Electron wave-function

The wave-function of the unperturbed incident electron, with momentum along the
ẑ−direction ħhk0, is written as ψ0(z, t) =ψG

k0
(z, t), where

ψG
k (z, t) = ℵk exp

�

ikz− iεk t −
�

t − z/vk
�2
/∆2

e

�

(5.3)

is a Gaussian electron pulse characterized by the following parameters:

• temporal duration ∼ 2∆e,

• normalization constant |ℵk|2 = (
p

π/2∆evk)−1, which is introduced aiming for
having only one electron per pulse,

• relativistic electron energy ħhεk = c
p

ħh2k2 +m2
e c2, and corresponding group

velocity vk = ∂ εk/∂ k (vk ∼ 0.7c for the 200-keV electrons here studied).

The self-consistent electron wave-function resulting from the interaction is readily
given by the Lippmann-Schwinger equation as[196,197]

ψ(z, t) =ψ0(z, t) +

∫

dz′d t ′ G(z− z′, t − t ′) HI(z
′, t ′)ψ(z′, t ′), (5.4)

where

G(z− z′, t − t ′)≈−
i

2πħh

∫

dk exp
�

ik|z− z′| − iεk(t − t ′)
�

, (5.5)

is the one-dimensional electron Green function corresponding to propagation along ẑ.
We solve Eq. (5.4) by writing the wave-function as a sum over different perturbation
orders as

ψ(z, t) =
∞
∑

N=0

(G ·HI)
Nψ0 ≡

∞
∑

N=0

ψN (z, t), (5.6)

where the dot expresses the convolution operator. The scattering order N represents
the number of emission and absorption events sustained by the electron. Precisely,
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at an order of scattering N , the electron has gained or lost |L| ≤ N real photons. We
now expand ψN in terms of Gaussian waves ψG

kL
as

ψN (z, t) =
N
∑

L=−N

ψG
kL
(z, t) F N

L (z) e−N (t−z/vkL+τ)
2/∆2

p , (5.7)

where the exponential factor arises from an N−order intensity decrease at the time
of interaction and kL is the electron wave-vector after exchanging L real photons. In
the non-recoil approximation, kL = k0+ Lω/v. We find an explicit expression for the
expansion coefficients F N

L (z) by induction, using Eqs. (5.1)-(5.7) to write

ψN+1(z, t) =G ·HI ψN = (5.8)

=
ie

meω

N
∑

L=−N

ℵkL

∫

dz′
∫

d t ′
�

Ez(z
′) I+ −E ∗z (z

′) I−
�

×
�

ikL +
∂

∂ z′

�

F N
L (z

′) e−(t
′−z′/vkL )

2/∆2
e e−N (t ′−z′/vkL+τ)

2/∆2
p e−(t

′+τ)2/∆2
p ,

where

I± =

∫

dk

2π
eik|z−z′| eikLz′ e−iεk(t−t ′) e−iεkL t ′ e∓iωt ′ .

Since the wavelength of a 200-keV electron is only 2π/k0 ≈ 2.5pm, the function
I± oscillates fast with z′ > z compared to the remaining factors in the integrand
of Eq. (5.8). For instance, light fields are nearly constant over distances of several
nanometers. Therefore, the contribution of I± to Eq. (5.8) is non-negligible only for
z > z′, which is the region at which the oscillations of wave-vectors k and kL are
relatively compensated. It is then possible to write

I± ≈ exp[i(kL±1z− εkL±1
t ∓ iωz′/v)] θ(z− z′) δ[z− z′ − vkL±1

(t − t ′)].

Hence, one is able to easily perform the t ′ integral of Eq. (5.8) by employing the delta
function, and to write ψN+1 as in Eq. (5.7), substituting N by N + 1. The resulting
functions F N+1

L are subject to the recursion relation

F N+1
L (z) =

e

mevω

∫ z

−∞
dz′
�

Ez(z
′) e−iωz′/v

�

i
∂

∂ z′
− kL

�

F N
L−1(z

′)

−E ∗z (z
′) eiωz′/v

�

i
∂

∂ z′
− kL

�

F N
L+1(z

′)

�

, (5.9)

where the starting value is F0
0 = 1 and we define F N

L = 0 for |L|> N .
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Probability of energy gains and losses

From the time-integral of the electron current (Im{ψ∗∂zψ}), one can readily calculate
the probability (PL) that the electron finishes up with momentum centered around
kL = k0+ Lω/v, so that it has emitted (L < 0) or gained (L > 0) an amount of energy
corresponding to |L| photons. The time-integral is performed outside the interaction
region, where Ez ' 0 and the functions of Eq. (5.9) converge to constant values CN

L .
Then, one finds

PL =
∞
∑

N=|L|

∞
∑

N ′=|L|

CN
L

�

CN ′
L

�∗
exp
�

− (N+N ′)(τ/∆p)
2

1+[(N+N ′)/2](∆e/∆p)
2

�

q

1+ N+N ′

2

�

∆e/∆p

�2
. (5.10)

Remarkably, we notice that the multiphoton probabilities depend on the pulse du-
rations and delay only through the ratios τ/∆p and ∆e/∆p. Clearly, a delay in the
arrival of photon and electron pulses is translated into a decrease in the effective
interaction strength and therefore, it acts as an eraser of the multiphoton probabili-
ties.

5.3 Energy-gain spectroscopy

In this section, a new spectroscopy technique based upon energy gains experienced
by the electron is proposed. We focus on the light-frequency dependence of the
multiphoton exchange probabilities and discuss the interaction with a plasmonic
sample, as we intend to analyze the suitability of EEGS to yield information on its
optical response.

Description of the proposed experimental scheme

We consider nanoshells consisting of a silica core (ε= 2) coated with either 5 nm of
gold or 4 nm of silver. The full diameter of the particle is 100 nm in all cases. The
choice of metal thickness is made to feature a spectrally isolated dipole plasmon
around 700-800 nm light wavelength. Upon illumination with the laser external field
Eex t , we approximate the induced electric field in that spectral region by its dominant
dipolar component

E(r,ω) = [k2p+ (p · ∇)∇]
eikr

r
, (5.11)
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Figure 5.1: (a) Scheme of the system under consideration: a 200-keV electron passes
10-nm away from the surface of a 100-nm nanoshell composed of a silica core coated
with a layer of either 5-nm gold (red curves) or 4-nm silver (blue curves). (b) Optical
extinction cross-section of the nanoshells. (c) Induced electric field intensity along
the ẑ direction as a function of distance along the electron trajectory upon irradiation
with light of wavelength λ=762 nm for gold and 745 nm for silver. Solid curves:
contribution of the dipole plasmon. Broken curves: full multipolar calculation (nearly
indistinguishable from the dipolar contribution).

where k = ω/c is the light wave-vector and p = α(ω)Eex t is the induced dipole
moment. Here, we incorporate retardation effects in the polarizability α(ω) by ex-
pressing it in terms of the dipolar Mie coefficient as α(ω) = 3tE

1/2k3, where tE
1

finds a closed-form analytical expression for spherical shells.[143,198] We use a mea-
sured frequency-dependent dielectric function for silver and gold[42] to represent the
response of the metallic coating of the nanoshells.

Figure 5.1(a) depicts a sketch of the system, for which we assume co-parallel elec-
tron and laser beams. Under this configuration, the electron is only sensitive to the
induced field, as the incident field is normal to the electron velocity and losses/gains
are mediated by the electric field along the beam direction. Similar results are ob-
tained for other light incidence directions and polarization conditions, and although
the particle-mediated light-electron coupling strength depends on these parameters,
our qualitative conclusions remain unchanged. The coupling strength can be intu-
itively understood by examining the z-component of the electric field produced by
the induced dipole. The extinction cross-section of the nanoshells,

σext(ω) = 4πkIm{α(ω)},

is displayed by solid curves in Fig. 5.1(b) and shows a prominent near-infrared plas-
mon that is isolated from other modes of the system (cf. solid and dashed curves,
with the latter obtained with inclusion of all multipoles;[143] notice that both calcu-
lations are in excellent agreement, except for the ∼ 580nm quadrupolar plasmon
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of silver, which is obviously absent from the dipolar results). We shall recall that
only the component of the electric field along z contributes to the photon-electron
coupling (i.e., only the induced field contributes). Figure 5.1(c) shows the magnitude
of the induced field for illumination at the peak plasmon frequency, which exhibits
a clear enhancement with respect to the incident field. Silver nanoshells have larger
on-resonance extinction and induced field, which translate into higher multiphoton
probabilities, as will be shown hereafter.

Discussion of the multiphoton probabilities

The occupation probability of the electron states changes dramatically by varying the
frequency of the incoming light. When the frequency approaches the dipole plasmon
resonance of the particle, the near-field intensity is enhanced, and therefore, the
interaction with the electron is stronger. We show in Fig. 5.2(a) that the electron is
mostly in the elastic or zero-loss channel for low intensities. For higher intensities,
this channel is increasingly depleted and shows a dip at the plasmon frequency. This
depletion is accompanied by a complex dynamics that results in a sizable population
of electron inelastic channels, as shown in Fig. 5.2(b), which oscillates with frequency
as a result of interference between multiple plasmon loss and gain processes.

We must stress that the intensity of the external field needed to produce these effects
is orders of magnitude lower than that disclosed in previous works,[97,192,193] thanks
to the mediation of the particle plasmons, which act as optical amplifiers. In particular,
Fig. 5.2(a) shows small but noticeable depletion of the zero-loss channel even for
peak laser intensities as low as 108- 109 Wm−2.

Incidentally, there is a small shift between near and far field resonance frequencies,
as previously reported for light scattering from nanoparticles.[199,200] This is clear
from Fig. 5.2, where the gray dotted line, representing the plasmon frequency as
obtained from the extinction cross-section (far-field), is blue-shifted a few nanometers
with respect to the maximum depletion of the elastic electron component. This is a
manifestation of the fact that the coupling between photons and electrons is mediated
by the near field, which is dominated by evanescent components.

The occupation probability depends on the ratio between the photon and the elec-
tron pulse durations (see Fig. 5.3). In the limit of continuous-wave illumination (i.e.,
when the electron pulse is much shorter than the light pulse), the elastic signal is de-
pleted at low intensities compared to the depletion for pulsed illumination, which can
be intuitively understood from the stronger interaction associated with continuous
plasmon excitation (cf. for example the higher depopulation of the elastic channel for
continuous and pulsed illumination in Fig. 5.3). In comparison with gold, the silver
nanoshell produces higher depletion of the elastic channel at lower intensities, com-
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Figure 5.2: Occupation probability of different multiphoton exchange channels as a
function of incoming light wavelength for the silver nanoshell considered in Fig. 5.1.
(a) Depletion of the elastic channel (L=0) for different intensities under continuous
(dashed curves) and pulsed (solid curves) light irradiation. (b) Probabilities of the
L = 0− 2 channels for a laser intensity of 1011 Wm−2. The electron energy is 200
keV and its impact parameter relative to the particle surface is 10 nm. The electron
and laser pulse durations in the solid curves of both panels are ∆e = ∆p = 200 fs.
The gray dashed lines show the resonance plasmon wavelength.
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Figure 5.3: Probability of multiphoton emission (L<0) and absorption (L>0) as a
function of incoming light wavelength for the net number of exchanged photons L.
Each column corresponds to a different level of external light intensity (see upper
labels). We present results for (a) a gold nanoshell with ∆e = ∆p = 200 fs, (b-c) a
silver nanoshell with (b) ∆e = ∆p = 200 fs and (c) continuous wave illumination.
The electron energy is 200 keV and its impact parameter relative to the particle
surface is 10 nm.
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patible with continuous-wave illumination, and below the damage threshold of the
samples. Although quite small to be observable in the density plots, non-negligible
multiphoton events appear for intensities as low as ∼ 109 Wm−2.

Comparison of EELS and EEGS spectra

In order to place the above EEGS probabilities in perspective, it is useful to compare
them with those of more traditional electron spectroscopies, such as EELS. We show
in Fig. 5.4 calculated EEGS and EELS spectra for the same silver nanoshell as in
Fig. 5.1.
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Figure 5.4: Electron energy loss (a) and gain (b) spectra for a 200-keV electron
passing 10 nm away from a silver nanoshell. The integral of the EELS probability
over the dipole plasmon peak yields PEELS = 4.5× 10−3, which should be compared
with the EEGS probability shown in (b) for different incoming light frequencies
under continuous wave illumination. The full solution of Eq. (5.10) (solid curves) is
in excellent agreement with the analytical expression of Eq. (5.12) (broken curves)
in (b) (nearly indistinguishable).

The probability of exciting one plasmon in EELS is comparable to the probability of
gaining or losing (due to stimulation) one photon in EEGS when the nanoshell is
illuminated with intensities as low as 108 Wm−2, below the damage threshold of the
materials involved, thus indicating that this effect is measurable using continuous-
wave illumination. Under such low laser-intensity irradiation, single-photon processes
dominate the electron-light scattering. Therefore, EEGS probability can be calculated
at first order in perturbation theory [or, equivalently, by computing the term F1

1 taking

101



5. E L E C T R O N E N E R G Y- G A I N S P E C T R O S C O P Y

z→∞ in Eq. (5.9)], yielding

P1(ω) =
� e

ħhω

�2
�

�

�

�

�

∫ ∞

−∞
dz e−iω

v
z Ez(R0, z,ω)

�

�

�

�

�

2

.

A closed-form expression can be derived for dipolar scatterers, which are character-
ized by the field described by Eq. (5.11). Then, the probability reduces to

P1(ω) =
�

2eω

ħhv2γ

�2

|α(ω)|2
�

�

�Eex t · R̂0

�

�

2
K2

1

�

ωR0

vγ

�

+
|Eex t

z |
2

γ2 K2
0

�

ωR0

vγ

�

�

, (5.12)

where R0 is the impact parameter [see Fig. 5.1(a)], K0 and K1 are modified Bessel
functions, and γ = 1/

p

1− v2/c2 is the relativistic Lorentz contraction factor. Inci-
dentally, Fig. 5.4(b) shows excellent agreement between the full numerical results
of Eq. (5.10) and the analytical expression resulting from considering only single-
photon absorption (i.e., employing the equation above), with only small deviations
at high intensities originating in nonlinear multiphoton inelastic scattering.

5.4 Unified analytical quantum model for EELS, EEGS,
and CL

Finally, in this section, we formulate a simple quantum model that unifies the de-
scription of every electron-based spectroscopies (EELS, EEGS, and CL) and provides
further insight into the mechanisms that underlie the energy and momentum ex-
changes between photons, plasmons, and fast electrons. For simplicity, we consider
the sample to be a plasmon-supporting small particle.

We describe photons and plasmons in terms of their annihilation (creation) operators
ai and bl (a†

i and b†
l ), where i and l label different modes of frequencies ωi and

ω̃pl , respectively. We consider degenerate plasmons and include their inelastic decay
rate Γpl as an imaginary part in ω̃pl = ωpl − iΓpl/2, in the spirit of the quantum
jump approximation.[201,202] Likewise, c†

k (ck) creates (annihilates) a fast electron
of energy ħhεk and momentum ħhkẑ. We neglect the dynamics of the electron along
directions perpendicular to ẑ, which, as already stated, is a safe assumption for typical
electron beams with small divergence angles. The Hamiltonian of this system is
written as

H = H0 +Hint , (5.13)
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where

H0 = ħh
∑

k

εkc†
kck +ħh

∑

i

ωia
†
i ai +ħh

∑

l

ω̃pl b
†
l bl (5.14)

is the non-interacting part, whereas the interaction Hamiltonian consists of just two
components, Hint = Hph−pl + He−pl , because electrons and photons do not directly
couple in free space. The photon-plasmon coupling Hamiltonian

Hph−pl =−p · E (5.15)

is expressed in terms of the particle dipole operator

p=
∑

l

dl

�

b†
l + bl

�

=
∑

l

dl x̂ l

�

b†
l + bl

�

(5.16)

and the quantized electromagnetic field

E= E+ + E− = i
∑

i

r

2πħhωi

V
ε̂i

�

ai − a†
i

�

, (5.17)

where V is the mode quantization volume, ε̂i is the polarization vector, and the
particle is assumed to be at r= 0. We adopt the rotating wave approximation, which
allows us to write

Hph−pl =−i
∑

i,l

gil

�

b†
l ai − bl a

†
i

�

, (5.18)

with real coupling coefficients

gil =

r

2πħhωi

V
dl
�

x̂ l · ε̂i
�

. (5.19)

The electron-plasmon interaction Hamiltonian is

He−pl =
∑

k,k′,l

�

gk′kl c
†
k′ ck b†

l + g∗k′kl c
†
kck′ bl

�

, (5.20)

where gkk′ l are complex coupling constants given by (see Appendix D)

gk′kl =
2e

γ2 L
dl x̂ l ·

�

−γ|k′ − k|K1

�

|k′ − k|R0

γ

�

R̂0 + i(k′ − k)K0

�

|k′ − k|R0

γ

�

ẑ

�

.

(5.21)
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In the above expression, L is the electron quantization length along the beam direc-
tion, and R0 is the impact parameter of the beam relative to the particle [see Fig.
5.1(a)].

The states of the system encompass the tensorial product of electron, photon, and
plasmon states. In the initial state, the electron has energy εk0

, the light mode i of
the illuminating laser has a population of Ni >> 1 photons, and no plasmons are
excited:

|k0Ni0l〉= |k0〉 ⊗ |Ni〉 ⊗ |0l〉 .

For low irradiation intensities, the interactions can be treated as perturbations and
we solve the evolution up to second order. In this picture, higher order processes
involving multiple plasmon excitation produce stimulated emission effects, which are
discussed later in this section. At first order in perturbation theory [see Fig. 5.5(a)],
two processes are possible: extinction of light by the nanoshell and electron energy
loss. At second order, the processes that involve the creation of only one plasmon
are CL and EEGS. For the system sketched in Fig. 5.1(a), the probabilities per unit of
transferred energy for EELS, EEGS,and CL are

ΓEELS(ω) =
4e2ω2

πħh2v4γ2

�

K2
1

�

ωR0

vγ

�

+
1

γ2 K2
0

�

ωR0

vγ

��

Im{α(ω)}, (5.22)

ΓEEGS(ω) =
8πe2ω2

ħh3v4cγ2
I0 K2

1

�

ωR0

vγ

�

|α(ωi)|2δ(ω−ωi), (5.23)

ΓC L(ω) =
8e2ω5

3πħh2c3v4γ2

�

K2
1

�

ωR0

vγ

�

+
1

γ2 K2
0

�

ωR0

vγ

��

|α(ω)|2, (5.24)

which agree with previous results obtained from dielectric theory.[68,191] In particular,
the energy integral of ΓEEGS yields the already anticipated result for the gain proba-
bility of an electron upon interaction with a dipolar scatterer given by Eq. (5.12). In
the above equations,

α(ω) =
d2

ħh
1

ω̃pl −ω

is the particle polarizability,ωi is the incoming light frequency, and I0 = (c/2π)|Eex t |2
is the light intensity, which as expected, only appears in the photon-assisted pro-
cess.

In the above, we have discussed rather elementary phenomena in a diagramatic
fashion. This basic academic approach can nonetheless be applied to actual exper-
iments, as we can regard the particle and its plasmons as an intermediate coupler
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Figure 5.5: (a) Diagrams for all processes involving the creation of one plasmon,
up to second order. (b) Electron energy-loss spectra for a 200-keV electron passing
10 nm away from a silver nanoshell, for different incoming light wavelengths under
continuous-wave illumination. The light intensity is 108 Wm−2.
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between the incident photons and the electron, so that a factor proportional to the
large number of incident photons Ni (i.e., I0) pops up in Eq. (5.23). Alternatively, we
could have described the laser by a coherent photon state, which excites a coherent
plasmon with multiple occupancy.

The inverse process of EEGS, stimulated photon emission into state i, mediated by
particle plasmons, has exactly the same probability, but now multiplied by Ni + 1
instead of Ni . For large Ni , the stimulated EELS (SEELS) probability is approximately
given by Eq. (5.23) (i.e., Ni + 1 ≈ Ni). Incidentally, EEGS, SEELS, and CL are inti-
mately related to the Einstein coefficients for absorption, stimulated emission and
spontaneous emission, respectively.[203] For the single plasmon mode under consid-
eration, the absorption and stimulated emission coefficients are identical, and so are
the EEGS and SEELS matrix elements in the limit of large photon numbers.

Figure 5.5(b) shows calculated energy-loss spectra for a silver nanoshell under the
conditions of Fig. 5.1(a) based upon Eqs. (5.22)-(5.24), taking into account the
SEELS contribution just discussed. The δ function in the latter is slightly broadened
for clarity (the actual width of this peak will be essentially limited by both the laser
width and the resolution of the energy analyser). Several photon energies around
the plasmon peak have been considered, giving rise to substantial contributions
comparable to the regular EELS intensity when the light is tuned to the plasmon
energy.

5.5 Conclusions

In this chapter, we have studied the interaction of swift electrons with intense induced
light fields in nanostructures. The first section has been devoted to reviewing a
theoretical formalism in order to analyze multiphoton events experienced by the
electron.

The following section has described a new spectroscopy technique, based on varying
the external light frequency. In particular, we have shown that the interaction be-
tween electrons and illuminated plasmon-supporting nanostructures provides useful
information on the sample, with great potential to combine unprecedented space-,
energy-, and time-resolutions in a single spectral microscopy technique. Remarkably,
the plasmonic enhancement of the induced field leads to large energy gain (and stim-
ulated loss) probabilities using moderate levels of incident light intensity compatible
with continuous wave illumination without damaging the samples. Although we have
focused on nanoshells because of the tutorial character of the dipolar model, similar
conclusions can be also drawn for metallic nanorods, whose plasmons can be tuned
by changing their aspect ratio. Actually, the lowest-order dipolar mode of a rod is
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expected to also produce significant field enhancement that can yield even stronger
EEGS signals under continuous-wave illumination conditions.

Finally, we have developed a simple quantum model in order to describe EELS, EEGS,
and CL on an equal footing. This formalism provides further intuition into the physical
mechanisms underlying these processes.

Electron energy-gain-based microscopy and spectroscopy provide a fertile ground
for groundbreaking studies of both the sample’s optical response and the temporal
evolution of electron pulses interacting with it. Interestingly, EEGS resolution could
be extended towards the atomic scale and it could also be employed to characterize
biological molecules or even cells. Besides, it could be used to investigate nonlinear
optical behaviors. Furthermore, ultrashort photon pulses might be employed to study
the time evolution of plasmons. A decrease in the pulse duration of the electron
would allow one to investigate the complex evolution that it sustains upon interaction
with evanescent light fields. In particular, we envision new experiments that might
reveal coherent interference between different electron wave-function components.
For instance, interference might arise when illuminating the sample with two-color
light, where the absorption of two photons of the fundamental frequency or only
one photon corresponding to the second harmonic would result in the same energy
gain. In fact, the interesting possibility of interfering losses stimulated by external
illumination and inelastic losses has been recently discussed.[204]
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In science, it is not speed that is the most important. It is the
dedication, the commitment, the interest and the will to know
something and to understand it — these are the things that come
first.

Eugene Wigner

Conclusions

The interaction between light, matter, and electron beams gives rise to many fas-
cinating phenomena, some of them still not well understood. In this context, the
aim of this thesis is twofold: first, to provide theoretical insight about some funda-
mental issues; second, to propose or confirm experimental work that might lead to
technological applications.

In a nutshell, the central results of this thesis are the following:

• Description of the interaction between rotating particles and light.

In Chapter 2, we have derived a theoretical framework that explains how the
rotation of a spinning metallic nanoparticle affects its optical response. We
have first built a toy-model that is subsequently extended in order to deal
with realistic systems. Due to the rotation, the body scatters light inelastically,
constituting an example of rotational Doppler shift.

Moreover, when the frequency of rotation is higher than that of the incoming
light, the system becomes superradiant and generates stimulated emission.
Although this concept is typically related to quantum physics and population
inversion in atoms or molecules, we have demonstrated that a purely classical
system also exhibits this behavior. In particular, the stimulated emission is due
to a decrease in the rotation velocity of the spinning particle.

Finally, we have studied the experimental feasibility of such system. According
to our calculations, under proper light illumination, the particle acquires re-
markable spinning velocities without melting, which opens the door to future
experimental realizations.
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• Calculation of the dichroism displayed by synthetic plasmonic chiral nanos-
tructures.

Chapter 3 is devoted to providing theoretical insight into experimental results
on the dichroism produced by plasmonic chiral tetramers assembled by means
of DNA origami. To this purpose, we employed a simple semi-analytical model
based upon dipolar interaction between the particles as well as a fully numer-
ical computation that considers all multipolar contributions. The agreement
between calculated and experimental data is extremely satisfactory. We have
also analyzed the role of plasmonic coupling between the gold spheres that
conform the cluster, demonstrating that smaller particle sizes and larger sepa-
rations lead to fainter CD signals.

In this experimental collaboration, we have demonstrated that DNA origami
assembling provides an avenue towards mass-production of chiral clusters with
nanometer accuracy, and revealed that plasmonic field enhancement is critical
for achieving strong dichroism.

• Demonstration of the feasibility of chiral interactions between matter and
vortex electron beams.

In Chapter 4, we have calculated the energy losses experienced by electron
vortex beams when interacting with chiral structures. These beams carry orbital
angular momentum and, in contrast to optical vortices, can engage in dichroic
activity with chiral matter. In particular, we have estimated that the dichroism
can reach very high values for silver chiral clusters, reaching up to 10% of
the inelastic signal. Furthermore, we have also examined the chiral interaction
between these vortex and biomolecules, which are described by non-orthogonal
electric and magnetic dipoles.

Due to the spatial resolution of electron beams, this chiral spectroscopy tech-
nique would provide unprecedented spatial information about chiral plasmonic
modes. It would also be possible to observe chiral dark modes, which are not
accessible by optical means. Although the realization of the proposed experi-
ment is far from being trivial, this work paves the way towards a new electron
spectroscopy with chiral sensitivity.

• Proposal of a new spectroscopy technique based on photon-induced elec-
tron energy gains and losses.

In the last chapter of this thesis, we have provided a detailed theory that ex-
plains the energy gain and loss events sustained by electrons passing near
illuminated nanostructures. In particular, we have calculated the probability
of these multiphoton events at different light frequencies, and formulated spe-
cific predictions that we understand as the basis of a new spectroscopy with

110



C O N C L U S I O N S

nanometer resolution. Energy gain features have been predicted to be observ-
able under continuous wave illumination without damaging the sample. This
technique holds great potential for investigating ultrafast screening dynamics
and non-linear optical response at the nanometer scale.

The so-called electron energy-gain spectroscopy should provide an unprece-
dented combination of energy and space resolution, combined with temporal
control provided by the light pulse.

To conclude, we expect that this work contributes to further enrich the already excit-
ing field of nanophotonics. Notwithstanding most of the work presented here covers
theoretical results, we have also kept in mind experimental realizations together with
our collaborators and, moreover, tried to provide new avenues towards the improve-
ment of both light- and electron-based spectroscopies.
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A
Optical torques and forces
acting on a small particle

The expressions for the torque and force are obtained from the conservation of
linear and angular momentum, respectively, and completely stipulated by Maxwell’s
stress tensor. In this appendix, we derive analytical expressions for a small particle
considered to behave as an electric dipole, placed in vacuum, and illuminated by a
monochromatic field.

A.1 Torque

The torque is calculated by computing the flux of the angular-momentum pseu-
dotensor across a spherical surface S of radius r that surrounds the object. The
time-averaged torque is

〈M 〉=−
∫

S

〈T (r, t)× r 〉 · r̂ dS,
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where 〈 ... 〉 denotes time average, r̂ =
�

cosϕ sinθ , sinϕ sinθ , cosθ
�

is the vector
normal to the surface, and Maxwell’s stress tensor reads

T(r, t) =
1

4π

�

E(r, t)⊗ E(r, t) +H(r, t)⊗H(r, t)−
1

2

�

|E(r, t)|2 + |H(r, t)|2
�

1

�

.

The electric, E(r, t), and magnetic, H(r, t), fields entering the above equations are
the total self-consistent ones, which include both the external as well as the scattered
fields, and are assumed to be monochromatic (with frequency ω):

E(r, t) = E(r) e−iωt + E∗(r) eiωt , (A.1a)

H(r, t) = H(r) e−iωt +H∗(r) eiωt . (A.1b)

After performing the prescribed time average of Maxwell stress tensor, we find

〈M 〉=−
r3

2π

∫

dΩ Re
�

[E∗(r)× r̂][E(r) · r̂] + [H∗(r)× r̂][H(r) · r̂]
	

.

From now on, we denote the external fields as {Ee(r),He(r)} and the scattered ones
as {Es(r),Hs(r)}. Within the dipolar approximation, and for a particle placed at the
origin, the external fields are

Ee(r) = Ee + r(r̂ · ∇)Ee, (A.2a)

He(r) = He + r(r̂ · ∇)He. (A.2b)

where r = |r|, and {Ee,He} are the fields at the particle’s position (the origin). The
second term yields a zero contribution to the torque. However, it has to be taken into
account in the calculation of the force in the following section.

The scattered electric and magnetic fields produced by an electric dipole p placed at
the origin are

Es(r) =
eikr

r3

¦

[(kr)2 + ikr − 1]p− [(kr)2 + 3ikr − 3] r̂ (r̂ · p)
©

, (A.3a)

Hs(r) =
eikr

r2 ik (−ik+ 1) (r̂× p), (A.3b)

where k = ω/c. The resulting expression for the torque can be then expressed as a
sum of three different components,

〈M 〉= 〈Me,e 〉+ 〈Me,s 〉+ 〈Ms,s 〉,

where Me,e and Ms,s involve only the external and scattered fields, respectively, and
Me,s arises from the interference between the external and the scattered fields. The
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first term results in a null contribution. The second term is

〈Me,s 〉=−
r3

2π

∫

dΩ Re
¦

[E∗s (r)× r̂][Ee · r̂] + [E∗e × r̂][Es(r) · r̂]
©

=

=−
1

2π
Re

¨
∫

dΩ [(kr)2 − ikr − 1] (p∗ × r̂) (Ee · r̂)
«

+

−
1

π
Re

¨
∫

dΩ (1− ikr) (r̂ · p) (E∗e × r̂)

«

.

Since the integration surface is arbitrary, we choose to evaluate the fields in the far
field (kr → 0). The angular integrals yield

∫

dΩ (p∗ × r̂) (Ee · r̂) =
4π

3
p∗ × Ee,

∫

dΩ (E∗e × r̂) (p · r̂) =
4π

3
E∗e × p,

and, therefore, the torque arising from the interference between the external and the
scattered fields is given by the cross product of the induced dipole and the external
field at the position of the particle:

〈Me,s 〉= 2 Re
�

p∗ × Ee
	

. (A.4)

The final term, which comprises the interference of the scattered field with itself,
reads

〈Ms,s 〉=−
r3

2π

∫

dΩ Re
¦

[E∗s (r)× r̂][Es(r) · r̂]
©

=

=−
1

πr3 Re

¨

[(kr)2 − ikr − 1] (1− ikr)

∫

dΩ (p∗ × r̂)(r̂ · p)
«

.

Since
∫

dΩ (p∗ × r̂) (r̂ · p) =
4π

3
p∗ × p,

the radiative component of the torque yields

〈Ms,s 〉=−
4k3

3
Im
�

p∗ × p
	

. (A.5)

Finally, recasting the results of Eqs. (A.4) and (A.5), the optical torque acting on a
dipolar particle is

〈M 〉= 2
h

Re
¦

p× E∗e
©

+
2k3

3
Im
�

p× p∗
	

i

.
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A.2 Force

The force acting on a body is calculated by computing the flux of Maxwell’s stress
tensor across a spherical surface S of radius r that surrounds it. The time-averaged
force is

〈F 〉=
∫

S

〈T (r, t) 〉 · n(r) dS

=
r2

2π

∫

dΩ Re
�

E∗(r) [E(r) · r̂] +H∗(r)[H(r) · r̂]−
1

2

�

|E(r)|2 + |H(r)|2
�

r̂
�

.

As in the previous section, it is possible to separate different contributions to the force
depending on their origin. The terms involving only external or induced fields result
on a null force. Solely the term that includes the interference between the external
and scattered fields gives rise to a non-zero force given by

〈Fe,s 〉=
r2

2π

∫

dΩ Re
�

E∗e(r) [Es(r) · r̂] + E∗s (r) [Ee(r) · r̂] +H∗e(r) [Hs(r) · r̂]

+H∗s (r) [He(r) · r̂]− E∗e(r) · Es(r) r̂−H∗e(r) ·Hs(r) r̂
	

.

Plugging Eqs. (A.2) into the above expression, the terms that produce a non-zero
force are

〈Fe,s 〉=
r2

2π

∫

dΩ Re
�

H∗s (r) (He · r̂)−H∗s (r) ·He r̂
	

+
r3

2π

∫

dΩ Re
�

[Es(r) · r̂] (r̂ · ∇)E∗e + E∗s (r) (r̂ · ∇) (Ee · r̂)− E∗s (r) · (r̂ · ∇)Ee r̂
	

.

We now follow the same steps as in the previous section. The calculation of the above
integrals implies a more involved algebra than that of the previous section and, for
the sake of brevity, only final results are shown. These are:
∫

dΩ
�

H∗s (r) (He · r̂)−H∗s (r) ·He r̂
	

=−i
8πk

3r2 (He × p∗),
∫

dΩ [Es(r) · r̂] (r̂ · ∇) E∗e =
8π

3r3 (p · ∇) E∗e ,

∫

dΩ E∗s (r) (r̂ · ∇) (Ee · r̂) =
4π

5r3



−
2

3
p∗(∇ · Ee) + (p

∗ · ∇)Ee +
∑

j

p∗j∇Ee, j



 ,

∫

dΩ E∗s (r) · (r̂ · ∇)Ee r̂=
4π

5r3



p∗(∇ · Ee) + (p
∗ · ∇)Ee −

2

3

∑

j

p∗j∇Ee, j



 ,
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where j = {x , y, z} and the sums run over Cartesian components.

Gathering all the previous expressions, the optical force reads

〈F 〉=
2

3
Re
n

2 (p · ∇)E∗e − p∗(∇ · Ee) +
∑

j

p∗j∇Ee, j

o

−
4k

3
Im{p∗ ×He}.

Since He =−
i
k
∇× Ee, this reduces to

〈F 〉=
2

3
Re
n

2 (p · ∇)E∗e + 2p× (∇× E∗e)− p(∇ · E∗e) +
∑

j

p j∇E∗e, j

o

,

or, in index notation and using Einstein summation convention,

〈 Fi 〉=
2

3
Re
�

2 p j∂ j E
∗
e,i + 2εi jk p jεklm∂l E

∗
e,m − pi∂ j E

∗
e, j + p j∂i E

∗
e, j

	

,

where εi jk is the Levi-Civita tensor, which satisfies εi jkεklm = δilδ jm − δimδ jl . As a
result,

〈 Fi 〉= 2 Re
�

p j∂i E
∗
e, j

	

−
2

3
Re
�

pi∂ j E
∗
e, j

	

.

The integration volume is a source-free region. Then, ∇ · Ee = 0 and, finally, the
optical force is

〈F 〉= 2Re
n
∑

j

p j∇E∗j
o

.
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B
Polarizability tensor and light extinction

cross-section of a chiral molecule

In this appendix, we derive expressions for the electric and magnetic polarizabilities
of a chiral molecule. Besides, we obtain an equation for the light extinction cross-
section by a molecule characterized by this polarizability tensor.

B.1 Polarizability tensor

We consider transitions between the ground |g〉 and excited |e〉 quantum states of
the molecule, with resonant frequency ω0 = εe − εg , where εe and εg are the excited
and ground state energies, respectively. The system Hamiltonian H consists of a free
term and an interaction term

Hint =−p · E (t)−m ·H (t),

where E (t) and H (t) correspond to the external classical electromagnetic field at
the position of the molecule, which for simplicity we consider to be monochro-
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matic,

E (t) = E e−iωt + E∗ eiωt ,

H (t) = H e−iωt +H∗ eiωt .

Our results can be trivially extended to polychromatic fields. The molecule wave-
function is a superposition of ground and excited states,

|ψ(t)〉= cg(t) e−iεg t |g〉+ ce(t) e−iεe t |e〉 .

Inserting this expresssion in Schrödinger’s equation, iħh∂t |ψ(t)〉= H |ψ(t)〉, the coef-
ficients cg,e(t) are found to satisfy the expressions

ċg(t) =
i

ħh
ce(t)

�

pge · E+mge ·H
�

e−i(ω+ω0)t +
i

ħh
ce(t)

�

pge · E∗ +mge ·H∗
�

ei(ω−ω0)t ,

ċe(t) =
i

ħh
cg(t)

�

peg · E+meg ·H
�

e−i(ω−ω0)t +
i

ħh
cg(t)

�

peg · E∗ +meg ·H∗
�

ei(ω+ω0)t ,

where

peg = 〈e|p|g〉=−e 〈e|r|g〉 ,

meg = 〈e|m|g〉=−
e

2mec
〈e|L|g〉=

ieħh
2mec

〈e|r×∇|g〉 , (B.1)

are the electric and magnetic transition matrix elements. The linear response polariz-
abilities are obtained from first-order perturbation theory (setting cg = 1 and ce = 0
in the right-hand side of the above equations). The amplitude of the excited state
reduces to

ce(t) =−
1

ħh
peg · E+meg ·H
ω−ω0 + iγ0/2

e−i(ω−ω0)t +
1

ħh
peg · E∗ +meg ·H∗

ω+ω0 − iγ0/2
ei(ω+ω0)t ,

where γ0 is an effective decay rate. The expected values of the electric and magnetic
dipoles are then

〈p〉=−
1

ħh
peg · E pge +meg ·H pge

ω−ω0 + iγ0/2
e−iωt +

1

ħh
peg · E∗ pge +meg ·H∗ pge

ω+ω0 − iγ0/2
eiωt + c.c.,

〈m〉=−
1

ħh
peg · E mge +meg ·H mge

ω−ω0 + iγ0/2
e−iωt +

1

ħh
peg · E∗ mge +meg ·H∗ mge

ω+ω0 − iγ0/2
eiωt + c.c.,

where c.c. stands for complex conjugate.

We now define the polarizability components from the expression

p=
�

αEE(ω)E+αEM (ω)H
�

e−iωt + c.c., (B.2a)
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m=
�

αM E(ω)E+αM M (ω)H
�

e−iωt + c.c. (B.2b)

Taking into account the hermiticity of p and m, we finally obtain the 6×6 generalized
polarizability matrix

α| =
�

αEE αEM
αM E αM M

�

, (B.3)

where

αEE(ω) =
1

ħh

�

1

ω0 −ω− iγ0/2
+

1

ω0 +ω+ iγ0/2

�

pge ⊗ peg , (B.4a)

αM M (ω) =
1

ħh

�

1

ω0 −ω− iγ0/2
+

1

ω0 +ω+ iγ0/2

�

mge ⊗meg , (B.4b)

αEM (ω) =
1

ħh

�

1

ω0 −ω− iγ0/2
−

1

ω0 +ω+ iγ0/2

�

pge ⊗meg , (B.4c)

αM E(ω) =−αT
EM (ω). (B.4d)

Notice that the dichroic response originates in the crossed electric-magnetic terms
αEM and αM E . Therefore, only non-orthogonal electric and magnetic dipoles produce
chirality. It is thus convenient to express the dipole elements in terms of the strength
of the electric dipole and the projection of the magnetic dipole over the electric
one,[146]

|pge|= erge,

(pge ·meg)/|pge|=−
ieω0reg r0

2c
.

B.2 Extinction cross-section

Extinction of light by a particle can occur in two different ways, either by absorption
or by scattering. The rate at which a particle absorbs and scatters energy is computed
from the flux of the time-averaged Poynting vector through a surface S that encloses
the particle, and is given by[46]

W ex t =−
∫

S

〈Se,s 〉 · r̂ dS,
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where Se,s arises from the interference between the external and the scattered fields
and, for a monochromatic wave, reads

〈Se,s 〉=
c

2π
Re
�

Ee(r)×H∗s (r) + Es(r)×H∗e(r)
	

.

For a plane wave, the extinction cross-section is simply σex t = W ex t/I , where the
light intensity is I = c|Ee|2/2π. As in Appendix A, we denote the external fields as
{Ee(r),He(r)} and the scattered ones as {Es(r),Hs(r)}. The extinction cross-section is
then

σex t(ω) =−
1

|Ee|2

∫

S

Re
�

Ee(r)×H∗s (r) + Es(r)×H∗e(r)
	

· r̂ dS

=−
1

|Ee|2

∫

S

Re
�

Ee(r) · [H∗s (r)× r̂] +He(r) · [r̂× E∗s (r)]
	

dS.

Within the dipolar approximation, we can perform a Taylor expansion on the external
fields as in Eq. (A.2). Therefore,

σex t(ω) =−
r2

|Ee|2

∫

dΩRe
�

Ee · [H∗s (r)× r̂] +He · [r̂× E∗s (r)]
	

(B.5)

−
r3

|Ee|2

∫

dΩRe
�

(r̂ · ∇)Ee · [H∗s (r)× r̂] + (r̂ · ∇)He · [r̂× E∗s (r)]
	

,

where the scattered fields generated by an electric and a magnetic dipole yield

Es(r) =
eikr

r3

¦

[(kr)2 + ikr − 1]p− [(kr)2 + 3ikr − 3] r̂ (r̂ · p)
©

−
eikr

r2 ik (1− ikr) (r̂×m),

Hs(r) =
eikr

r3

¦

[(kr)2 + ikr − 1]m− [(kr)2 + 3ikr − 3] r̂ (r̂ ·m)
©

+
eikr

r2 ik (1− ikr) (r̂× p),

124



A P P E N D I X B

and k = ω/c. Plugging the above expressions into Eq. (B.5), the resulting angular
integrals are:

∫

dΩ Re
�

Ee · [H∗s (r)× r̂]
	

=−
8πk

3r2 Im{p · E∗e},
∫

dΩ Re
�

He · [r̂× E∗s (r)]
	

=−
8πk

3r2 Im{m ·H∗e},
∫

dΩ Re
�

(r̂ · ∇)Ee · [H∗s (r)× r̂]
	

=−
4πk

3r2 Im{m ·H∗e},
∫

dΩ Re
�

(r̂ · ∇)H∗e · [r̂× Es(r)]
	

=−
4πk

3r2 Im{p · E∗e}.

Finally, gathering all the above terms, the extinction cross-section of the molecule
reduces to

σex t(ω) =
4πk

|Ee|2
Im
¦

p · E∗e +m ·H∗e
©

.

125





C
Electromagnetic Green tensors of

clusters and chiral molecules

We derive an expression for the Green tensor of a cluster consisting of small particles
that can be described by their dipolar response. Moreover, we obtain the Green tensor
of a medium that contains a chiral molecule, characterized by non-orthogonal electric
and magnetic dipoles.

C.1 Electromagnetic Green tensor of a small-particle
cluster

The electromagnetic Green tensor G describes the response of a structure to external
sources. More precisely, we define it in frequency spaceω through the relation

E (r,ω) =
i

ω

∫

d3r′G (r, r′,ω) · j (r′,ω) (C.1)

between an external current density j (r,ω) and the electric field that it generates.
We intend to obtain a general expression for G in the presence of small particles
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placed at positions r j , in vacuum, and described through their common polarizability
α(ω).

First, we note that the current associated with an individual dipole p j at position r j
is −iωp jδ(r− r j), so that according to Eq. (C.1) the electric field produced by that
dipole reduces to

G 0(r− r j ,ω) · p j , (C.2)

where we have defined

G 0(r,ω) =
�

k21+∇⊗∇
� eikr

r
(C.3)

as the vacuum Green tensor. For a particle cluster, we can write the self-consistent
dipole at particle j in response to an externally applied field Eext

j = Eext(r j ,ω)
as

p j = α
�

Eext
j +

∑

j′ 6= j

G 0
j j′ · p j′

�

, (C.4)

where we have taken into account the field produced at r j by dipoles other than j
and

G 0
j j′ = G

0(r j − r j′ ,ω).

In matrix notation, with matrix indices running over the three Cartesian directions
for each and all of the particles j, Eq. (C.4) can be recast as

p=
1

α−1 −G 0 · E
ext. (C.5)

Now, considering the external field

Eext
j =

i

ω

∫

d3rG 0(r j − r,ω) · j(r,ω) (C.6)

produced by current j (r,ω), calculating the self-consistently induced dipoles from
Eq. (C.4), and summing the dipole fields given by Eq. (C.2), we finally obtain an
expression identical to Eq. (C.1) with

G (r, r′,ω) =
∑

j j′
G 0(r− r j ,ω) ·

�

1

α−1 −G 0

�

j j′
· G 0(r j′ − r′,ω). (C.7)
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C.2 Green tensor of a chiral molecules

We now derive the electromagnetic Green tensor in the presence of a chiral particle
(e.g., the molecule considered in Appendix B). Generalizing Eq. (C.1), we write the
response of the particle to electric and magnetic external current densities, jE and jM ,
as

E(r,ω) =
i

ω

∫

d3r′GEE(r, r′,ω) · jE(r
′,ω) +

i

ω

∫

d3r′GEM (r, r′,ω) · jM (r
′,ω),

H(r,ω) =
i

ω

∫

d3r′GM E(r, r′,ω) · jE(r
′,ω) +

i

ω

∫

d3r′GM M (r, r′,ω) · jM (r
′,ω).

The currents associated with individual electric and magnetic dipoles, p and m, placed
at position r0 are

jE(r,ω) =−iω p δ(r− r0),
jM (r,ω) =−iωm δ(r− r0),

so that the electric and magnetic fields produced by these dipoles reduce to

E(r,ω) = G 0
EE(r− r0,ω) · p+G 0

EM (r− r0,ω) ·m, (C.8a)

H(r,ω) = G 0
M E(r− r0,ω) · p+G 0

M M (r− r0,ω) ·m, (C.8b)

where

G 0
EE(r− r0,ω) = G 0

M M (r− r0,ω) = G 0(r− r0,ω),

G 0
EM (r− r0,ω) =−G 0

M E(r− r0,ω) =−
1

ik
∇×G 0(r− r0,ω), (C.9)

and G 0(r, r′,ω) is the vacuum Green tensor defined by Eq. (C.3).

We can now write the dipoles induced by an external field using the polarizability as
defined by Eqs. (B.2), which can be combined with Eqs. (C.8) to write the induced
electric and magnetic fields as





E(r,ω)

H(r,ω)



=
i

ω

∫

d3r′G (r, r′,ω) ·





jE(r
′,ω)

jM (r
′,ω)



 . (C.10)
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Finally, the induced Green tensor is a 6× 6 matrix,

G (r, r′,ω) = (C.11)

=





GEE(r, r′,ω) GEM (r, r′,ω)

GM E(r, r′,ω) GM M (r, r′,ω)





=





G 0
EE(r− r0,ω) G 0

EM (r− r0,ω)

G 0
M E(r− r0,ω) G 0

M M (r− r0,ω)



 ·α| ·





G 0
EE(r0 − r′,ω) G 0

EM (r0 − r′,ω)

G 0
M E(r0 − r′,ω) G 0

M M (r0 − r′,ω)



 ,

(C.12)

where α| is the polarizability tensor defined by Eq. (B.3)
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D
Derivation of EELS, EEGS,

and CL probabilities

In this appendix, we provide a detailed calculations for the expressions of the last
section of Chapter 5.

D.1 Electron-plasmon coupling

The electron-plasmon coupling constants are derived by using a model Hamiltonian
consisting of a free part

H0 = ħh
∑

l

ω̃pl b
†
l bl +ħh

∑

k

εk |k〉 〈k| ,

where |k〉 represents an electron of momentum ħhkẑ and energy ħhεk, and an electron-
plasmon interaction term

He−pl =−p · Ec ,

where p =
∑

l dl(b
+
l + bl) x̂ l is the particle dipole operator and Ec is the electron

Coulomb field. Given that relativistic electron velocities are typically employed in
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electron microscopes (e.g., v ≈ 0.7 c for 200 keV electrons), we include retarda-
tion corrections in what follows. In the electron rest frame (primed quantities), the
Coulomb field reduces to

E′c(r
′) = e∇′

1

r ′

at the particle position r′. We now change to the lab frame through the customary
transformation R′ =−R, z′ =−γz, ER = γER′ , and Ez = E′z , which leads to

Ec =−e
�

γ∇R,
1

γ
∂z

�

1

|(R,γz)|
.

In Fourier space, the Hamiltonian becomes

He−pl =−
∑

k,k′,l

dl(b
+
l + bl) x̂ l · 〈k′ | Ec | k〉 |k′〉 〈k| ,

where

〈k′ | Ec | k〉=
∫

drdr′ 〈k′ | r ′〉 〈r ′ | Ec | r〉 〈r | k〉 .

Using a suitable electron wave function[68] 〈r | k〉 = L−1/2ϕ⊥(R)eikz , where L is
the quantization length along ẑ, approximating |ϕ⊥(R)|2 ≈ δ(R − R0) for a well
focused electron, and considering the momentum representation of the Coulomb
interaction

1

r
=

1

π

∫

dqz K0(|qz |R) eiqzz ,

we find

〈k′ | Ec | k〉=−
2e

γ2 L

�

−γ|qz |K1

� |qz |R0

γ

�

R̂0 + iqzK0

� |qz |R0

γ

�

ẑ
�

with qz = k′ − k, and from here,

He−pl =
2e

γ2 L

∑

k,k′,l

dl(b
+
l + bl) x̂ l ·

�

−γ|qz |K1

� |qz |R0

γ

�

R̂0 + iqzK0

� |qz |R0

γ

�

ẑ
�

|k′〉 〈k| .

(D.1)

Finally, comparing Eqs. (5.20) and (D.1), and using the correspondence c+k′ |φ〉 ←→
|k′〉 and 〈φ| ck ←→ 〈k|, where 〈φ| is the electron vacuum state, we readily obtain
Eq. (5.21).
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D.2 Derivation of EELS, EEGS, and CL probabilities

Starting from the Hamiltonian model of Eqs. (5.13)-(5.21), we provide here detailed
derivations of the probabilities given by Eqs. (5.22)-(5.24).

D.2.1 First order processes

Light extinction

This process is mediated by Hph−pl and the final state corresponds to one lost photon
and one excited plasmon in mode l: |k0 (N − 1)i 1l〉. The transition rate from the
initial state to all possible final states with an excited plasmon is given by

Γex t =
2π

ħh2

∑

l

| 〈k0(N − 1)i1l |Hph−pl |k0Ni0l〉 |2δ(ω̃pl −ωi)

=
2π

ħh2 N
∑

l

|gil |2δ(ω̃pl −ωi)

=
4π2Nωi

ħhV

∑

l

|dl( x̂ l · εi)|2δ(ω̃pl −ωi)

=
4d2πNωi

3ħhV
Im

¨

1

ω̃pl −ωi

«

,

where we have assumed a spherically symmetric particle [dl = d and
∑

l

�

ε̂i · x̂ l
�2 =

1]. We have implicitly defined δ(ω̃pl − ωi) = (1/π)Im{
1

ω̃pl−ωi
}, and the imagi-

nary part comes from ω̃pl through the plasmon width Γpl . Now, computing the
light intensity as I0 = (c/2π) 〈E−E+〉 = cħhωiN/V ,[203] we find the extinction cross-
section

σex t(ω) =
ħhωiΓex t

I0
=

4πωi

c
Im

¨

d2

ħh
1

ω̃pl −ωi

«

,

which corresponds to an effective polarizability given by

α(ωi) =
d2

ħh
1

ω̃pl −ωi
.

This expression is used in the following sections.
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Electron energy loss

This process is mediated by He−pl and the final state corresponds to an electron that
has lost energy εk0

− εk > 0 to excite the plasmon mode l: |kNi1l〉. The probability
of losing the energy of one plasmon is given by

PEELS =
2π

ħh2

L

v

∑

l

| 〈kNi1l |He−pl |k0Ni0l〉 |2δ(εk − εk0
+ ω̃pl)

=
2π

ħh2

L

v

∑

l

|gkk0 l |2δ(εk − εk0
+ ω̃pl)

=
8e2d2

ħh2vLγ2
|k− k0|2

�

K2
1

� |k− k0|R0

γ

�

+
1

γ2 K2
0

� |k− k0|R0

γ

��

Im

¨

1

εk − εk0
+ ω̃pl

«

,

where the transition rate has been multiplied by the interaction time L/v and we
again consider a spherical particle. From here, we find the EELS probability per unit
of energy loss ħhω as

ΓEELS(ω) =
1

ħh

∑

k

PEELSδ(εk − εk0
+ω).

Finally, using the prescription
∑

k → (L/2π)
∫

dk and working in the non-recoil
approximation [i.e., εk − εk0

≈ (k− k0)v], we obtain Eq. (5.22) for the EELS proba-
bility.

D.2.2 Second order processes

Electron energy gain

This corresponds to the process [see Fig. 5.5(a)]

|k0 Ni 0l〉
Hph−pl
−−−→ |k0 (N − 1)i 1l〉

He−pl
−−→ |k (N − 1)i 0l〉 ,

the probability of which is given by

PEEGS =
2π

ħh4

L

v

�

�

�

�

�

∑

l

〈k(N − 1)i0l |He−pl |k0(N − 1)i1l〉 〈k0(N − 1)i1l |Hph−pl |k0Ni0l〉
ωi − ω̃pl

�

�

�

�

�

2

×δ(εk − εk0
−ωi).
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Noticing that

〈k (N − 1)i 0l |He−pl |k0 (N − 1)i 1l〉= gkk0 l ,

〈k0 (N − 1)i 1l |Hph−pl |k0 Ni 0l〉=−i
p

N gil ,

and taking into account the light incidence and polarization conditions [see Fig.
5.1(a)], we find

PEEGS =
2πN L

ħh4v

�

�

�

�

�

∑

l gil gkk0 l

ωi − ω̃pl

�

�

�

�

�

2

δ(εk − εk0
−ωi)

=
16π2d4e2

ħh4vLcγ2
I0 |k− k0|2K2

1

� |k− k0|R0

γ

�

1

|ωi − ω̃pl |2
δ(εk − εk0

−ωi)

=
16π2e2

ħh2vLcγ2
I0 |k− k0|2K2

1

� |k− k0|R0

γ

�

|α(ωi)|2δ(εk − εk0
−ωi).

Finally, Eq. (5.23) directly follows from evaluating the EEGS probability per unit of
transferred energy, ΓEEGS(ω) = ħh−1

∑

k PEEGSδ(εk − εk0
−ω).

Cathodoluminescence

The electron loses energy and excites a plasmon that afterwards radiates to all possi-
ble light modes. The corresponding CL process [see Fig. 5.5(a)]

|k0 Ni 0l〉
He−pl
−−→ |k Ni 1l〉

Hph−pl
−−−→ |k Ni 1 j 0l〉

has probability

PC L =
2π

ħh4

L

v

∑

j

�

�

�

�

�

∑

l

〈kNi1 j0l |Hph−pl |kNi1l〉 〈kNi1l |He−pl |k0Ni0l〉
εk0
− εk − ω̃pl

�

�

�

�

�

2

δ(εk − εk0
+ω j).

Proceeding as above, with:

〈k Ni 1 j 0l |Hph−pl |k Ni 1l〉= ig jl ,

〈k Ni 1l |He−pl |k0 Ni 0l〉= gkk0 l ,

we obtain

PC L =
2πL

ħh4v

∑

j

�

�

�

�

�

∑

l g jl gkk0 l

εk0
− εk − ω̃pl

�

�

�

�

�

2

δ(εk − εk0
+ω j).
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The sum over all the possible radiated modes j involves summing over both polar-
izations σ j and wave-vectors k j = k j(sinθ cosϕ, sinθ sinϕ, cosθ ). Choosing the two
independent linear polarization vectors as θ̂ and ϕ̂ and taking R̂0 = x̂ , we find

∑

σ j

�

�

�

�

�

∑

l

g jl gkk0 l

�

�

�

�

�

2

=
8πd4e2ħhω j

V L2γ2 |k− k0|2
�

K2
1

� |k− k0|R0

γ

�

(sin2ϕ+ cos2 θ cos2ϕ)

+
1

γ2 K2
0

� |k− k0|R0

γ

�

sin2 θ

�

,

and from here, using the customary prescription
∑

k j
−→ (V/(2π)3c3)

∫

dΩ
∫

ω2
j dω j ,

we obtain

PC L =
16d4e2

3ħh3vLc3γ2

�

�

�

�

�

k− k0

εk0
− εk − ω̃pl

�

�

�

�

�

2

(εk0
− εk)

3

×
�

K2
1

� |k− k0|R0

γ

�

+
1

γ2 K2
0

� |k− k0|R0

γ

��

.

Finally, Eq. (5.24) is directly given by substituting this expression in the spectrally
resolved CL probability, ΓC L(ω) = ħh−1

∑

k PC Lδ(εk − εk0
+ω).
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