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Dynamic and geometric phase accumulation
by Gaussian-type modes in first-order

optical systems

Tatiana Alieva1,* and Martin J. Bastiaans2

1Facultad de Ciencias Físicas, Universidad Complutense de Madrid, Ciudad Universitaria s/n,
Madrid 28040, Spain

2Faculteit Elektrotechniek, Technische Universiteit Eindhoven, Postbus 513, 5600 MB Eindhoven, Netherlands
*Corresponding author: talieva@fis.ucm.es

Received April 15, 2008; revised June 6, 2008; accepted June 19, 2008;
posted June 25, 2008 (Doc. ID 95028); published July 22, 2008

Based on the ray transformation matrix formalism, we propose a simple method for the identification of the
dynamic and geometric parts of the Gouy phase, acquired by an appropriate Gaussian-type beam while
propagating through a first-order optical system. © 2008 Optical Society of America
OCIS codes: 070.2575, 070.2580, 070.2590, 070.3185, 070.4690, 080.2468.
A transversal mode with a Gaussian envelope, under-
going a cycle of transformations while propagating
through a paraxial optical system, accumulates Gouy
phase, usually divided into two parts: A dynamic part
and a geometric part [1–4]. The identification of the
Gouy phase is important in resonator theory [5], in
optical trapping [6], and in possible applications of its
geometric part for quantum computation [7]. The
physical origin of the geometric phase, its calculation
in parametric space [2,3], and its experimental
measurement [4] have been discussed in a series of
publications.

In this Letter we propose a simple method for the
determination of the Gouy phase—and in particular
its dynamic and geometric parts—accumulated by an
appropriate Gaussian-type mode during its propaga-
tion through a first-order optical system. It is based
on the analysis of the eigenvalues of the ray transfor-
mation matrix associated with the first-order optical
system.

Strictly speaking, a coherent beam of light ��r�,
propagating through an optical system described by
an operator R, accumulates a phase shift only if it is
an eigenfunction of R with a unimodular eigenvalue
exp�i��: R���ri���ro�=exp�i����ro�. Therefore we
need to identify a system where phase accumulation
is possible and determine the corresponding beams.

Beam propagation through a lossless first-order op-
tical system is described by the canonical integral
transformation RT [8,9], whose kernel is parameter-
ized by the real symplectic ray transformation matrix
T, which relates the (properly normalized) position
r= �x ,y�t and direction p= �px ,py�t of an incoming ray
to those of the outgoing ray. Using the modified
Iwasawa decomposition [10] the (normalized) ray
transformation matrix T can be written as a product
of three symplectic matrices,

T = � I 0

− G I��S 0

0 S−1�� X Y

− Y X� = TLTSTO, �1�

where the first matrix TL represents a lens described
by the symmetric matrix G=−�CAt+DBt��AAt

t −1
+BB � , the second matrix TS corresponds to a
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scaler described by the positive definite symmetric
matrix S= �AAt+BBt�1/2, and the third matrix TO is
orthogonal and can be described by the unitary
matrix U=X+ iY= �AAt+BBt�−1/2�A+ iB�.

A simple example of Gouy phase accumulation is
the propagation of the well-known Hermite–
Gaussian (HG) modes Hm,n�r�=Hm�x�Hn�y�, where
Hn�x�=21/4�2nn!�−1/2Hn��2�x�exp�−�x2� and Hn�·� de-
note the Hermite polynomials, through the fractional
Fourier transformer (FT) described by the orthogonal
4�4 ray transformation matrix Tf��x ,�y� or, equiva-
lently, by the unitary 2�2 matrix Uf��x ,�y�,

Uf��x,�y� = �exp�i�x� 0

0 exp�i�y�� . �2�

The separable fractional FT with fractional angles �x
and �y of a function f�ri� is defined as

RTf��x,�y��f�ri���ro� =� � Kf
�x,�y�ri,ro�f�ri�dri, �3�

with Kf
�x,�y�ri ,ro�=Kf

�x�xi ,xo�Kf
�y�yi ,yo�, where in optics

the kernel Kf
� is usually chosen such that [11,12]

Kf
��xi,xo�exp�i�/2�

=
exp�i�/2�

�i sin ��1/2 exp�i�
�xi

2 + xo
2�cos � − 2xixo

sin �
� ,

�4�

Kf
0�xi ,xo�=��xi−xo�, and Kf

±��xi ,xo�= � i��xi+xo�. It is
easy to see that for �= ±� /2 the kernel Kf

��xi ,xo� re-
duces to the common direct/inverse FT apart from
the constant factor �±i�−1/2. Note the 4� periodicity in
the fractional angle �.

The HG modes Hm,n are eigenfunctions of the sepa-
rable fractional FT; for the kernel that describes the
propagation of light [see Eqs. (3) and (4)] the eigen-
values read exp	−i��m+ 1

2 ��x+ �n+ 1
2 ��y�
. We note that

the acquired Gouy phase −��m+ 1
2 ��x+ �n+ 1

2 ��y� is de-
fined by the unimodular eigenvalues exp�i�x� and

exp�i�y� of the unitary matrix Uf��x ,�y� [see Eq. (2)].

2008 Optical Society of America



1660 OPTICS LETTERS / Vol. 33, No. 15 / August 1, 2008
A separable fractional FT can be written as the cas-
cade of a symmetric and an antisymmetric one, asso-
ciated with the unitary matrices Uf�	 ,	�=exp�i	�I
and Uf�� ,−��, respectively,

Uf��x,�y� = Uf�	,	�Uf��,− �� = exp�i	�Uf��,− ��,

�5�

where �x=	+� and �y=	−�. Note that
det Uf�� ,−��=1, whereas det Uf�	 ,	�=exp�2i	� is
only unity for 	=k�. The special case of 	 being an
odd integer multiple of � will be discussed later.

The decomposition (5) is crucial for the identifica-
tion of the dynamic and geometric parts of the Gouy
phase. Indeed, during its propagation through a sym-
metric fractional FT, the HG mode Hm,n acquires the
dynamic phase −�m+n+1�	, defined by the sum of
mode indices, whereas in the case of the antisymmet-
ric fractional FT, the accumulated phase—known as
the geometric phase—is proportional to the index
difference −�m−n��.

Based on the dynamic and geometric phase accu-
mulation by HG modes, other sets of orthonormal
modes can be found together with the corresponding
optical systems. It has been shown in [13] that any
real symplectic ray transformation matrix T with
unimodular complex eigenvalues is similar to the
matrix Tf of a separable fractional FT in the sense
that T=MTf��x ,�y�M−1, where M is a real symplectic
ray transformation matrix and can thus be associ-
ated with a certain first-order optical system. The pa-
rameters �x and �y are obtained from the unimodular
eigenvalues exp�±i�x� and exp�±i�y� of the matrix T,
and the matrix M is constructed from the eigenvec-
tors of T.

If the HG mode Hm,n is applied at the input of a
system with ray transformation matrix M, we obtain
the Gaussian-type mode Hm,n

M =RMHm,n at its output.
An explicit form for this mode can be found in [14,15].
The modes Hm,n

M for different m and n (but with the
same M) form a complete orthonormal set. While the
mode Hm,n

M propagates through the system described
by the matrix MTf��x ,�y�M−1, for which system it is
an eigenfunction [14], it accumulates the Gouy
phase −��m+ 1

2 ��x+ �n+ 1
2 ��y�=−�m+n+1�	− �m−n��,

in which we recognize the dynamic phase and the
geometric phase, corresponding to the symmetric
part Uf�	 ,	� and the antisymmetric part Uf�� ,−�� of
the separable fractional FT, respectively; cf. Eq. (5).
Thus we can conclude that if a ray transformation
matrix T has unimodular complex eigenvalues then
its eigenvectors define first M and subsequently the
Gaussian-type modes Hm,n

M , which accumulate the
Gouy phase directly related to the eigenvalues of T.
Linear combinations of the Hm,n

M modes with the
same sum m+n or difference m−n of the indices ac-
quire the same dynamic or geometric phase, respec-
tively, while propagating through the appropriate
system.

Using again the modified Iwasawa decomposition
for the ray transformation matrix M=MLMSMO [see

M
Eq. (1)], we observe that the mode Hm,n differs from
Hm,n
MO only by an appropriate scaling and quadratic-

phase modulation. We can thus limit our consider-
ation to the modes that are generated by canonical
transformations that correspond to orthogonal ray
transformation matrices. Note that any orthogonal
real symplectic matrix is similar to the ray
transformation matrix of a separable fractional FT
and therefore is associated with the unitary matrix
U=U0Uf��x ,�y�U0

−1.
In addition to the symmetric and antisymmetric

fractional FTs there are two other basic transforma-
tions described by orthogonal ray transformation
matrices: The rotator and the gyrator, associated
with the unitary matrices

Ur��� = � cos � sin �

− sin � cos ��, Ug��� = � cos � i sin �

i sin � cos � � ,

�6�

respectively. The rotator satisfies the additivity prop-
erty Ur��1�Ur��2�=Ur��1+�2� and hence Ur

−1���
=Ur�−��, and similar relations hold for the gyrator
Ug��� and for the symmetric and antisymmetric frac-
tional FTs Uf�� ,�� and Uf�� ,−��. We remark that all
these systems have a rotating character: The rotator
performs a rotation in the �x ,y� and �px ,py� planes,
the separable fractional FT in the �x ,px� and �y ,py�
planes (possibly with different angles), and the gyra-
tor in the mixed �x ,py� and �y ,px� planes. Moreover
det Ur���=det Ug���=det Uf�� ,−��=1, and the rotator
and the gyrator are similar to the antisymmetric
fractional FT,

Ur��� = Ug�− �/4�Uf�− �,��Ug��/4�,

Ug��� = Ur�− �/4�Uf��,− ��Ur��/4�. �7�

The helicoidal Laguerre Gaussian (LG) mode
Hm,n

Mg�−�/4� may thus be obtained from the HG mode by
a gyrator transformation with the angle −� /4. It is
an eigenfunction of the rotator Ur��� and therefore
accumulates the geometric phase −�m−n�� while
propagating through the rotator system. Analogously,
the HG mode rotated at −� /4, Hm,n

Mr�−�/4�, is an eigen-
function of the gyrator Ug��� with eigenvalue
exp�−i�m−n���.

From the commutation relation UUf�	 ,	�
=Uf�	 ,	�U we easily conclude that any mode ob-
tained from the HG mode by a canonical integral
transformation associated with an orthogonal ray
transformation matrix accumulates dynamic phase
while propagating through a symmetric fractional
FT.

Several optical systems to realize fractional FTs
have been proposed [11,16]. Based on the matrix for-
malism, flexible optical setups have been designed
[17], with which an antisymmetric fractional FT
RTf��,−��, a gyrator RTg���, and a rotator RTr��� (with
� /2
�
3� /2) can be realized, and which can be
used for controlled geometric phase accumulation.

Let us now consider the transformation described

by the matrix M=−I, which physically produces a
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beam rotation through an angle � in the xy plane.
This case is interesting for two reasons. First, be-
cause not only the generalized Gaussian modes, but
all beams for which f�r�= f�−r� or f�r�=−f�−r�, are
self-reciprocal for this transformation; and second,
because the � rotation can be performed by two prin-
cipally different kinds of systems: One is similar to
the symmetric fractional FT Tf�� ,�� and another one
is similar to the antisymmetric fractional FT
Tf�� ,−��. Although in matrix form these two trans-
formations look the same, they are different in the in-
tegral representation due to the additional factor −1
in the case of the symmetric fractional FT. The propa-
gation through a rotationally symmetric system, for
example a 4-f arrangement with which we realize a
cascade of two �� /2 ,� /2� FTs, leads to dynamic
phase accumulation, whereas the propagation
through a system with astigmatic lenses, with which
we realize a cascade of two antisymmetric
�� /2 ,−� /2� FTs, leads to geometric phase acquire-
ment, and the results have different signs.

If the eigenvalues of the matrix are not unimodular
we can speak about phase accumulation only in a
wide sense, where scaling and quadratic-phase
modulation are present. In this case we permit the
beam to be an eigenfunction of the transformation
described by the orthosymplectic matrix in the
Iwasawa decomposition (1). Thus, after having per-
formed the Iwasawa decomposition (1) for the sys-
tem’s ray transformation matrix we determine the ei-
genvalues of the unitary matrix U that describes the
orthosymplectic part, and represent U in the form
U=exp�i	�U0Uf�� ,−��U0

−1. We can then conclude
that the Gaussian mode Hm,n

U0 �r�, obtained from the
HG mode Hm,n�r� by the canonical integral transfor-
mation parameterized by the matrix U0, accumulates
a dynamic phase −�m+n+1�	 and a geometric phase
−�m−n�� when it propagates through the system
(in a wide sense, since we may have an additional
scaling and/or quadratic-phase modulation).

As an example, we mention the propagation of HG
and LG beams in free space. These beams are actu-
ally the eigenfunctions of the symmetric fractional
Fourier transformation and not of the Fresnel trans-
formation that describes free-space propagation in
the paraxial approximation. However, during free-
space propagation these beams preserve the form of
their intensity distribution and differ from the origi-
nal input beams only by some scaling (i.e., change of
the beam width) and quadratic-phase modulation
(i.e., change of the wavefront’s radius of curvature).
The corresponding ray transformation matrix is
defined by A=D=I, B=sI, and C=0, and thus
G=s�1+s2�−1/2I, S= �1+s2�1/2I, U=exp�i arctan s�I,
where s=�z /w2 with � being the wavelength, z being
the propagation distance, and w being the beam

U�
waist. Then the mode Hm,n accumulates only dy-
namic phase, equal to −�m+n+1�arctan s. The con-
nection between the accumulation of dynamic phase
during propagation of Gaussian modes through an
isotropic first-order optical system and the action of a
symmetric fractional FT was studied in [18].

We can conclude that rotations in phase space are
associated with Gouy phase accumulation. Dynamic
phase is accumulated in symmetric, rotationally in-
variant systems, which are similar to the symmetric
fractional FT. Even the fundamental Gaussian mode
accumulates dynamic phase during its propagation
through such systems. Geometric phase accumula-
tion requires a system with astigmatic elements,
similar to the antisymmetric fractional FT, as well as
mode asymmetry �m�n�. The analysis of the eigen-
values of the ray transformation matrix of a first-
order optical system permits us to identify these two
phase contributions and to determine the self-
reciprocal beams for the corresponding transforma-
tion.
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