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We calculate the one-loop effective potential of a scalar field in a Robertson-Walker background
with scalar metric perturbations. A complete set of orthonormal solutions of the perturbed equations is
obtained by using the adiabatic approximation for comoving observers. After analyzing the problem of
renormalization in inhomogeneous backgrounds, we get the explicit contribution of metric perturbations to
the effective potential. We apply these results to the Standard Model Higgs field and evaluate the effects of
metric perturbations on the Higgs mass and on its vacuum expectation value. Space-time variations are
found, which are proportional to the gravitational slip parameter, with a typical amplitude of the order of
Δϕ=ϕ≃ 10−11 on cosmological scales. We also discuss possible astrophysical signatures in the Solar
System and in the Milky Way that could open new possibilities to explore the symmetry breaking sector of
the electroweak interactions.
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I. INTRODUCTION

The recent discovery [1,2] of a scalar resonance with
mass mH ≃ 125 GeV compatible with the Standard Model
Higgs particle is giving support to the idea that the
symmetry breaking sector (SBS) of the electroweak inter-
actions can be described by a simple model based on a
single electroweak scalar doublet. In the near future, the
Large Hadron Collider (LHC) detectors ATLAS and CMS
will be able to improve the precision on the measurements
not only of the Higgs mass but also of the Higgs branching
ratios [3], thus allowing us to explore also the interactions
of the Higgs particle with the fermionic and gauge sectors.
However, certain fundamental aspects of the SBS, such as
the shape of the symmetry breaking potential, which would
allow us to discriminate the minimal model from other
alternatives, are much more difficult to constrain. As a
matter of fact, because of the small Higgs pair production
cross section, the LHC will not be able to measure the
Higgs self couplings, unless the luminosity is increased far
beyond the design value. In this respect, it would be a
matter of the utmost importance to investigate alternative
ways to probe the SBS and search for new particles,
together with the analysis of Higgs rare decays [4].
Apart from colliders, the other natural scenario in which

the electroweak SBS could be explored is in the field of
cosmology. However current observations are not able to
probe the extremely high redshifts corresponding to the
electroweak phase transition. At late times, the large mass

of the Higgs, compared to typical cosmological energy
scales, makes it extremely difficult to find signals of the
Higgs field from astrophysical observations. However, we
know that although for a scalar field the tree-level potential
is not modified by the space-time metric, quantum fluctua-
tions of any field are sensitive to the background geometry
[5]. Thus, on general grounds, we expect that the universe
expansion [6,7], and what is more interesting from the
observational point of view, metric perturbations will
imprint distinctive signals in the one-loop contribution to
the effective potential. Since this potential determines the
vacuum expectation value (VEV) of the Higgs field, the
fluctuations pattern could also be present in the particle
masses themselves, thus opening the possibility of testing
the Higgs sector from the variation of fundamental
constants.
Two different approaches have been used in the literature

in order to calculate the one-loop effective potential in
curved space-times. On one hand we have the so-called
Schwinger—de Witt expansion [8–10]. This is a covariant
and local expansion of the effective action in derivatives
of the background fields over the mass of the quantum
fluctuation. This expression can be obtained [9] by expand-
ing the background metric around a given space-time
point using coordinates associated to a free-falling observer
(Riemann normal coordinates), and it is therefore only valid
in a normal neighborhood of the expansion point. This
method can be improved by making use of the renormal-
ization group equations [11]. On the other hand, we have
the adiabatic mode expansion which is valid for slowly
varying background metrics. It is not manifestly covariant
but the results are valid globally. This approach has been
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followed in [6,12–14] for homogeneous and isotropic
Robertson-Walker backgrounds, for anisotropic Bianchi I
cosmologies in [15], and in inhomogeneous space-times as
those in which we are interested [16,17]. In [18], the one-
loop effective potential of the Higgs field was calculated on
a Schwarzschild background. The results showed a depend-
ence of the potential on the space-time point which implies
a shift of all the particle masses near the black hole. The
possibility that quantum effects on nontrivial gravitational
background could lead to the violation of local position
invariance has been discussed also in [5].
In this work we will focus on the modification of the

effective potential on cosmological scales, i.e. we would
like to compare the effective potential in space-time points
separated by arbitrary distances, which can be larger than
the curvature radius of spatial sections. Therefore, the
second approach is more appropriate for our purposes.
Unlike [16], we have been able to obtain explicit mode
solutions in the Wentzel-Kramers-Brillouin (WKB)
approximation without adopting the early time approxi-
mation, and without additional Taylor expansions of the
background metric.
This paper is organized as follows. First, we will review

the standard calculation of the effective potential in
Minkowski space-time using canonical quantization and
summing over the Fourier modes. Then we follow the same
approach in perturbed Robertson-Walker backgrounds.
We obtain a complete set of orthonormal mode solutions
and calculate the corresponding homogeneous and inho-
mogeneous contributions to the Higgs effective potential.
We discuss the problem of renormalization and estimate
the variations in the Higgs VEV and mass generated by
metric perturbations. The results show a dependence on
the difference between the two metric scalar potentials
(gravitational slip). Finally, possible observational signa-
tures of the variation induced in the particle masses are
discussed.

II. ONE-LOOP EFFECTIVE POTENTIAL
IN MINKOWSKI SPACE-TIME

In order to present the calculation techniques that will
be used along the paper, firstly we will briefly review
the standard derivation of the scalar one-loop effective
potential in flat space-time using canonical quantization
methods.
Let us consider the action for a scalar field with potential

VðϕÞ:

S½ϕ� ¼
Z

d4x

�
1

2
ημν∂μϕ∂νϕ − VðϕÞ

�
: ð1Þ

The corresponding equations of motion read

□ϕþ V 0ðϕÞ ¼ 0; ð2Þ

where prime denotes the derivative with respect to the
argument. The field ϕ can be decomposed into a
homogeneous ϕ̂ðtÞ and an inhomogeneous component
δϕðt;xÞ i.e.

ϕðt;xÞ ¼ ϕ̂ðtÞ þ δϕðt;xÞ; ð3Þ

where the spatial average of δϕðt;xÞ vanishes. By sub-
stituting back in (2), expanding the potential around the
homogeneous value and averaging over space, we get to the
lowest order:

□ϕ̂þ V 0ðϕ̂Þ þ 1

2
V 000ðϕ̂Þhδϕ2i ¼ 0; ð4Þ

where cubic hδϕ3i and higher-order terms have been
neglected. When quantizing the fluctuation field δϕ, the
combination of the last two terms will give rise to the one-
loop effective potential.
To linear order in δϕ, we get from (2)

□δϕþ V 00ðϕ̂Þδϕ ¼ 0: ð5Þ

If the mass of the δϕ field

m2ðϕ̂Þ ¼ V 00ðϕ̂Þ ð6Þ

is constant, then the fluctuations can be canonically
quantized, so that

δϕðt;xÞ ¼
Z

d3k

ð2πÞ3=2 ffiffiffiffiffiffi
2ω

p ðakeiðkx−ωtÞ þ a†ke
−ðikx−ωtÞÞ;

ð7Þ

with

ω2 ¼ k2 þm2ðϕ̂Þ; ð8Þ

and k2 ¼ k · k, where the creation and annihilation oper-
ators satisfy the standard commutation relations

½ap; a†q� ¼ δð3Þðp − qÞ; ð9Þ

and the annihilation operator defines the vacuum state

apj0i ¼ 0; ∀ p: ð10Þ

Thus, using the expansion in (7) we can compute

h0jδϕ2j0i ¼ 1

4π2

Z
∞

0

dk
k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þm2ðϕ̂Þ
q ; ð11Þ

which is divergent, and can be regularized by using, for
instance, dimensional regularization or a three-momentum
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cutoff. Thus, considering a cutoff Λ, we obtain for the
second term in the effective potential in (4) the regularized
expression

1

2
V 000ðϕ̂Þh0jδϕ2j0ireg ¼

1

8π2
dm2ðϕ̂Þ
dϕ̂

Z
Λ

0

dk
k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þm2ðϕ̂Þ
q

¼ dV1ðϕ̂Þ
dϕ̂

; ð12Þ

with

V1 ¼
1

4π2

Z
Λ

0

dkk2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2ðϕ̂Þ

q
ð13Þ

being the one-loop contribution to the effective potential.
Thus, we can rewrite (4) as follows

□ϕ̂þ V 0
effðϕ̂Þ ¼ 0; ð14Þ

where the effective potential reads

Veffðϕ̂Þ ¼ Vðϕ̂Þ þ V1ðϕ̂Þ: ð15Þ

The cutoff-regularized integral in (13) can be calculated
exactly as

V1ðϕ̂Þ ¼
1

32π2

 
Λð2Λ2 þm2ðϕ̂ÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ2 þm2ðϕ̂Þ

q

þm4ðϕ̂Þ ln
 

mðϕ̂Þ
Λþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ2 þm2ðϕ̂Þ

q
!!

: ð16Þ

Therefore, in Λ → ∞ limit we obtain

V1ðϕ̂Þ ¼
Λ4

16π2
þm2ðϕ̂ÞΛ2

16π2
−
m4ðϕ̂Þ
64π2

ln

�
Λ2

μ2

�

þm4ðϕ̂Þ
64π2

ln
�
m2ðϕ̂Þ
μ2

�
þm4ðϕ̂Þ

64π2

�
1

2
− 2 lnð2Þ

�
þOðΛ−2Þ; ð17Þ

where for convenience we have introduced an arbitrary
scale μ, which plays no role at this stage. We then have
three types of divergences: quartic, quadratic and loga-
rithmic, which can be eliminated by including appropriate
counterterms. Thus, let us consider that the tree-level
potential is of the Higgs form, i.e.

Vðϕ̂Þ ¼ V0 þ
1

2
M2ϕ̂2 þ λ

4
ϕ̂4; ð18Þ

where V0 is a cosmological constant contribution. Hence

m2ðϕ̂Þ ¼ M2 þ 3λϕ̂2: ð19Þ

Thus, the divergent contributions read

V∞ðϕ̂Þ ¼
Λ4

16π2
þM2Λ2

16π2
−

M4

64π2
ln

�
Λ2

μ2

�

þ
�
3λΛ2

16π2
−
6λM2

64π2
ln

�
Λ2

μ2

��
ϕ̂2

−
9λ2

64π2
ln

�
Λ2

μ2

�
ϕ̂4; ð20Þ

which are either constant, quadratic or quartic in ϕ̂. It is
therefore possible to absorb all the divergences by includ-
ing in the effective potential these counterterms as follows

Veffðϕ̂Þ ¼ Vðϕ̂ÞþV1ðϕ̂ÞþΔccþ
1

2
ΔMϕ̂

2þ 1

4
Δλϕ̂

4; ð21Þ

which is equivalent to a redefinition of the tree-level
parameters. In the so-called minimal subtraction MS
schemes, the three counterterms are chosen such that they
exactly cancel the divergent contributions V∞ at a given
μ-scale, so that for the renormalized effective potential we
finally get

Veffðϕ̂Þ ¼ V0 þ
1

2
M2ϕ̂2 þ λ

4
ϕ̂4

þm4ðϕ̂Þ
64π2

�
ln

�
m2ðϕ̂Þ
μ2

�
þ C

�
; ð22Þ

where C is a constant which depends on the renormaliza-
tion scheme. In our case C ¼ 1=2 − 2 lnð2Þ, but notice that
this constant can be absorbed in a μ redefinition.
Notice that the parameters M and λ are defined at the

μ-scale, so that a given variation in μ should be compen-
sated by a change in their values in such a way that the
renormalized effective potential remains unchanged.
Hence, M and λ should depend on the renormalization
scale μ according to (to leading order in λ):

βðλÞ≡ dλ
dðlog μÞ ¼

18λ2

ð4πÞ2 ;

γMðλÞ≡ d logM2

dðlog μÞ ¼ 6λ

ð4πÞ2 : ð23Þ

Notice that the minimum of the effective potential should
be independent of the μ scale. Also a change in the
renormalization scheme is equivalent to a reparametrization
of the mass and coupling constant.
Equivalent results can be obtained by means of dimen-

sional regularization. In that case, the quadratic and quartic
divergences are absent, but the renormalized Veff in theMS
scheme agrees with (70) adopting C ¼ −3=2.
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For the loop expansion to make sense, the one-loop
contribution V1 should be small as compared to the tree-
level potential V.

III. EQUATIONS IN PERTURBED ROBERTSON-
WALKER BACKGROUNDS

We will extend the previous calculation to a flat
Robertson-Walker background including scalar perturba-
tions. Wewill work in the longitudinal gauge and the metric
tensor takes the form

ds2 ¼ a2ðηÞf½1þ 2Φðη;xÞ�dη2 − ½1 − 2Ψðη;xÞ�dx2g;
ð24Þ

where η is the conformal time, and a the scale factor. Here,
Φ and Ψ are the perturbation potentials of the metric.
The action for the scalar field with potential VðϕÞ in

curved space-time reads as follows

S½ϕ� ¼
Z

d4x
ffiffiffi
g

p �
1

2
gμν∂μϕ∂νϕ − VðϕÞ

�
; ð25Þ

and the corresponding equations of motion

□ϕþ V 0ðϕÞ ¼ 0; ð26Þ

up to first order in metric perturbations, can be written as

ϕ00 þ ð2H − Φ0 − 3Ψ0Þϕ0 − ð1þ 2ðΦþΨÞÞ∇2ϕ

− ~∇ϕ · ~∇ðΦ −ΨÞ þ a2ð1þ 2ΦÞV 0ðϕÞ ¼ 0: ð27Þ

Here we have introducedH ¼ a0=a. As in the flat space-
time case presented above, the field ϕ can be decomposed
into a classical solution ϕ̂ðη;xÞ, which can be inhomo-
geneous because of the presence of metric perturbations,
and a quantum fluctuation δϕðη;xÞ, i.e.

ϕðη;xÞ ¼ ϕ̂ðη;xÞ þ δϕðη;xÞ: ð28Þ

The effect of quantum fluctuations on the classical sol-
utions can be taken into account again by expanding the
potential around the classical solution. Thus, the effective
equation of motion for the classical field reads

ϕ̂00 þ ð2H − Φ0 − 3Ψ0Þϕ̂0 − ð1þ 2ðΦþΨÞÞ∇2ϕ̂

− ~∇ ϕ̂ · ~∇ðΦ −ΨÞ

þ a2ð1þ 2ΦÞ
�
V 0ðϕ̂Þ þ 1

2
V 000ðϕ̂Þh0jδϕ2j0i

�
¼ 0; ð29Þ

where again we have used h0jδϕj0i ¼ 0 and neglected
cubic and higher-order terms. Thus, once more, from the
last term we can define the effective potential as

Veffðϕ̂Þ ¼ Vðϕ̂Þ þ V1ðϕ̂Þ; ð30Þ

with

V1
0ðϕ̂Þ ¼ 1

2
V 000ðϕ̂Þh0jδϕ2j0i: ð31Þ

The equation for the fluctuation field δϕ can be obtained by
linearizing (27), and reads

δϕ00 þ ð2H − Φ0 − 3Ψ0Þδϕ0 − ð1þ 2ðΦþΨÞÞ∇2δϕ

− ~∇δϕ · ~∇ðΦ −ΨÞ þ a2ð1þ 2ΦÞV 00ðϕ̂Þδϕ ¼ 0; ð32Þ

where the mass of the δϕ field is again given by

m2ðϕ̂Þ ¼ V 00ðϕ̂Þ; ð33Þ

which can be considered as constant since the classical
field solution at tree level is just a constant field satisfy-
ing V 0ðϕ̂Þ ¼ 0.
In order to obtain the one-loop contribution to the

effective potential V1, we need to quantize the fluctuation
field. Because of the presence of the metric perturbations in
(32), the problem is now much more involved than in flat
space-time, and hence, the solutions cannot be obtained
exactly. However, as we present below, it is possible to
obtain a perturbative expansion of the solutions in metric
perturbations. Moreover, we also show that in the
case in which the mode frequency is larger than the
typical frequency of the temporal or spatial variations
of the background metric, i.e. if ω2 ≫ H2 and
ω2 ≫ f∇2Φ;∇2Ψg, it is possible to consider the standard
adiabatic approximation in order to quantize the fluctua-
tions. Notice that for the Standard Model Higgs field, the
adiabatic approximation can be perfectly adopted during
the whole radiation and matter eras until present, and for all
cosmological and astrophysical scales of interest.

IV. QUANTIZATION OF THE
FIELD FLUCTUATIONS

We will apply the canonical quantization procedure to
the field perturbations δϕ. Thus following the approach in
[17], we need to obtain a complete set of solutions for (32),
which are orthonormal with respect to the curved space-
time version of the standard scalar product [19]:

ðδϕp; δϕqÞ ¼ −i
Z
Σ
½δϕpðxÞ∂μδϕ

�
qðxÞ

− ð∂μδϕpðxÞÞδϕ�
qðxÞ�

ffiffiffiffiffi
gΣ

p
dΣμ; ð34Þ

where dΣμ ¼ nμdΣ, with nμ being a unit timelike vector
directed to the future and orthogonal to the η ¼ const.
hypersurface Σ, i.e.
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dΣμ ¼ d3x

�
1 − Φ
a

; 0; 0; 0

�
; ð35Þ

and to first order in metric perturbations:

ffiffiffiffiffi
gΣ

p ¼ a3ð1 − 3ΨÞ: ð36Þ

Defined in this way, the scalar product does not depend on
the choice of spatial hypersurface Σ.
Thus, we should have

ðδϕp; δϕqÞ ¼ δð3Þðp − qÞ; ð37Þ

so that when quantizing

δϕðη;xÞ ¼
Z

d3kðakδϕkðη;xÞ þ a†kδϕ
�
kðη;xÞÞ; ð38Þ

the corresponding creation and annihilation operators
would satisfy the standard commutation relations:

½ap; a†q� ¼ δð3Þðp − qÞ: ð39Þ

The orthonormal set can be written using the WKB
ansatz:

δϕkðη;xÞ ¼ fkðη;xÞeiθkðη;xÞ; ð40Þ

where fkðη;xÞ evolves slowly with η and x, whereas
θkðη;xÞ is rapidly evolving. As commented above, such
an ansatz is expected to work when the Compton wave-
length of the field is much smaller than the typical
cosmological scales.
Substituting in (32), we get to the leading adiabatic order

Oðθ2Þ:

−θ02k þ ð ~∇θkÞ2ð1þ 2ðΦþΨÞÞ þm2a2ð1þ 2ΦÞ ¼ 0:

ð41Þ

The next to leading term OðθÞ of (32) reads

2f0kθ
0
k þ fkθ00k þ fkθ0kð2H − Φ0 − 3Ψ0Þ

− 2 ~∇fk · ~∇θk − fk∇2θk ¼ 0: ð42Þ

These equations can now be solved perturbatively in metric
perturbations. Thus, to the lowest order (32) reads

δϕð0Þ00 þ 2Hδϕð0Þ0 −∇2δϕð0Þ þ a2m2ðϕ̂Þδϕð0Þ ¼ 0; ð43Þ

where a2m2ðϕ̂Þ only depends on time. It is therefore
possible to find solutions by Fourier transformation in
the spatial coordinates. Thus, the positive frequency sol-
ution with momentum k can be written as

δϕð0Þ
k ðη;xÞ ¼ FkðηÞeik·x−i

R
η
ωðη0Þdη0 ; ð44Þ

with

ω2 ¼ k2 þm2a2; ð45Þ

and

FkðηÞ ¼
1

að2πÞ3=2 ffiffiffiffiffiffi
2ω

p ; ð46Þ

in order to have the correct normalization given in (37).
Hence, the expansion of (40) in metric perturbations can

be performed by expanding the amplitude and phase as
follows

fkðη;xÞ ¼ FkðηÞ þ δfkðη;xÞ

θkðη;xÞ ¼ −
Z

η
ωðη0Þdη0 þ k · xþ δθkðη;xÞ: ð47Þ

Substituting (47) in (41), we obtain (45) to the lowest order
as expected, and to the first order in metric perturbations we
obtain

2ωδθ0k þ 2k2ðΦþΨÞ þ 2k ·∇δθk þ 2m2a2Φ ¼ 0: ð48Þ

On the other hand, substituting in (42) we recover (46) to
the lowest order, whereas to first order in metric perturba-
tions we get

− 2ωδf0k þ 2F0
kδθ

0
k þ Fkδθ

00
k − ω0δfk

− 2ωHδfk þ ωFkΦ0 þ 3ωFkΨ0 þ 2FkHδθ0k
− 2k ·∇δfk − Fk∇2δθk ¼ 0: ð49Þ

V. PERTURBATIVE SOLUTIONS

We are now in the position to figure out how to find
solutions to the perturbative equations (48) and (49). With
that purpose we will perform an additional Fourier trans-
form. Notice that δθ, Φ and Ψ are functions of ðη;xÞ, but
the coefficients in those equations are only functions of
time, so that we can Fourier transform with respect to the
spatial coordinates. Hence (48) can be rewritten as follows

2ω

�
δθ0kðη;pÞ þ i

k · p
ω

δθkðη;pÞ
�

¼ −2ω2Φðη;pÞ − 2k2Ψðη;pÞ; ð50Þ

where

δθkðη;pÞ ¼
1

ð2πÞ3=2
Z

d3xδθkðη;xÞeip·x; ð51Þ
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and similar definitions for Φðη;pÞ, Ψðη;pÞ and δfkðη;pÞ.
Hereafter, we will use k to denote the quantum fluctuation
wave vector, and p for the wave vector of metric perturba-
tions. Notice that strictly speaking, in the presence of
perturbations, k cannot be understood as the comoving
three-momentum of the quantum fluctuations, but simply
as a way to label the different mode solutions. Defining

αkðη;pÞ ¼
k · p
ω

βkðη;pÞ ¼
Z

η

0

αkðη0;pÞdη0

Gkðη;pÞ ¼ −ωΦðη;pÞ − k2

ω
Ψðη;pÞ; ð52Þ

we can rewrite (50) as

δθ0kðη;pÞ þ iαkðη;pÞδθkðη;pÞ ¼ Gkðη;pÞ; ð53Þ

whose solution reads

δθkðη;pÞ ¼ e−iβkðη;pÞ
Z

η

0

eiβkðη0;pÞGkðη0;pÞdη0: ð54Þ

Here we have chosen the integration limits so that the
perturbed phases match the unperturbed ones at η ¼ 0.
On the other hand, Eq. (49) can be rewritten after Fourier
transformation as

2
ffiffiffiffi
ω

p
a

e−iβkðη;pÞðeiβkðη;pÞa ffiffiffiffi
ω

p
δfkðη;pÞÞ0 ¼ FkðηÞHkðη;pÞ;

ð55Þ

where

Hkðη;pÞ ¼ ω

�
−i

αkðη;pÞ
ω

δθkðη;pÞ þΨðη;pÞ
�
3 −

k2

ω2

��0

þ p2δθkðη;pÞ; ð56Þ

so that its solution is given by

δfkðη;pÞ ¼ FkðηÞPkðη;pÞ; ð57Þ

with

Pkðη;pÞ ¼ e−iβkðη;pÞ
�Z

η

0

eiβkðη0;pÞ
Hkðη0;pÞ

2ω
dη0 þDkðpÞ

�
:

ð58Þ

The integration constant DkðpÞ in the last expression is
fixed by the normalization condition (37). In the particular
cases we will consider below in which the gravitational
potentials are time independent, it is given by

DkðpÞ ¼
1

2

�
3 −

k2

ω2
0

�
ΨðpÞ ð59Þ

with ω0 ¼ ωðη ¼ 0Þ.

VI. EFFECTIVE POTENTIAL

Once we have the expressions for the mode solutions to
the perturbative equations, we can proceed to calculate the
one-loop contribution to the effective potential. Let us first
calculate h0jδϕ2ðη;xÞj0i to first order in metric perturba-
tions. Notice that because of the inhomogeneity of the
background, this quantity depends on ðη;xÞ as follows:

h0jδϕ2ðη;xÞj0i ¼
Z

d3kF2
kðηÞ

þ 2

Z
d3kFkðηÞðReδfkðη;xÞ

− FkðηÞImδθðη;xÞÞ
¼ ΔhðηÞ þ Δiðη;xÞ: ð60Þ

The regularized homogeneous contribution given by the
first term in the integral reads

ΔhðηÞ ¼
1

4π2a2

Z
Λ

0

dk
k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þm2a2
p ; ð61Þ

and is analogous to the Minkowskian result, except for the
scale-factor dependence.
The inhomogeneous component Δi can be computed

more easily in momentum space. Thus, since the metric
potentials only depend on p, but not on the momentum
direction, then, the only angular dependence enters in
αðη;pÞ ¼ ðkpx̂=ωÞ with x̂ ¼ cos θ, where we have taken
the kz direction along p. Hence, we can write

Δiðη;pÞ ¼
1

4π2a2

Z
Λ

0

dk
k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þm2a2
p

Z
1

−1
dx̂Pkðη; p; x̂Þ;

ð62Þ
which is actually isotropic and only depends on p.
We can now calculate the one-loop contribution to the

effective potential:

V1 ¼
1

2

Z
dm2h0jδϕ2ðη;xÞj0ireg

¼ Vh
1ðηÞ þ Vi

1ðη;xÞ: ð63Þ
Thus, the homogeneous contribution reads

Vh
1ðηÞ ¼

1

4π2a4

Z
Λ

0

dkk2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ a2m2

p
; ð64Þ

whereas the inhomogeneous one is given in Fourier
space by
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Vi
1ðη;pÞ

¼ 1

8π2a2

Z
dm2

Z
Λ

0

dk
k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þm2a2
p

Z
1

−1
dx̂Pkðη; p; x̂Þ:

ð65Þ

It can be seen that after integrating in x̂ the phase
perturbation δθ does not contribute to the final result.

VII. RENORMALIZATION

Let us now discuss the renormalization procedure in a
nontrivial background geometry. First, we consider the
homogeneous contribution Vh

1 . The momentum integral
in (64) can be done exactly as in (16), and in the Λ → ∞
limit we obtain

Vh
1ðϕ̂Þ ¼

Λ4

16π2a4
þm2ðϕ̂ÞΛ2

16π2a2
−
m4ðϕ̂Þ
64π2

ln

�
Λ2

μ2

�

þm4ðϕ̂Þ
64π2

ln

�
m2ðϕ̂Þa2

μ2

�
þm4ðϕ̂Þ

64π2

�
1

2
− 2 lnð2Þ

�
þOðΛ−2Þ; ð66Þ

where μ is a comoving renormalization scale. Notice that
the quartic and quadratic divergences depend on the scale
factor, whereas the logarithmic divergence is constant.
Notice, however, that the finite terms contain constant
and ln a terms. As a matter of fact, Vh

1 can be interpreted as
the vacuum energy of the scalar field fluctuations in a
Robertson-Walker background. Thus, in order to eliminate
the divergences, it would be necessary to add conserved
counterterms to the energy-momentum tensor. Notice also,
that in dimensional regularization, the absence of quadratic
and quartic divergences implies that the required counter-
terms are scale-factor independent.
Thus, following the minimal subtraction scheme dis-

cussed before, we are left with the renormalized homo-
geneous contribution to the effective potential, i.e.

Vh
effðϕ̂Þ ¼ V0 þ

1

2
M2ϕ̂2 þ λ

4
ϕ̂4

þm4ðϕ̂Þ
64π2

�
ln

�
m2ðϕ̂Þ
μ2ph

�
þ C

�
; ð67Þ

where the physical renormalization scale is given by
μph ¼ μ=a and, as commented above, C is a constant
which depends on the regularization method and the
renormalization scheme. Here, the physical mass M and
coupling constant λ are defined at a given physical scale
μph. In addition, the renormalized energy-momentum
tensor is independent of the renormalization scale μph.
This is again guaranteed by the μph dependence of the mass
and coupling constant given by (23).

Let us now consider the inhomogeneous contribution.
In order to obtain explicit expressions, we adopt the case
of a matter dominated universe in which the gravitational
potentials ΦðpÞ and ΨðpÞ do not depend on time. In this
case, after a lengthy but straightforward calculation we obtain

Vi
effðϕ̂Þ ¼

m2ðϕ̂ÞΛ2

16π2a2
F
�
sinðpηÞ
pη

ðΦþ 3ΨÞ − ðΦþΨÞ
�

þm4ðϕ̂Þ
64π2

ln

�
m2ðϕ̂Þa2

Λ2

�
Rðη;xÞ;þOðΛ−2Þ ð68Þ

with

Rðη;xÞ

¼ F
�
ðΦðpÞ−ΨðpÞÞ

�
1−

1

5

�
cosðpηÞ þ 4

sinðpηÞ
pη

���
:

ð69Þ

Here, F denotes the Fourier transform.
Notice that no quartic divergences are present in the

inhomogeneous component in agreement with [16]. The
quadratic and logarithmic divergences are local in ϕ̂ and
contain the same powers as those in flat space-time, so that
they can be eliminated by adding the same kind of local
counterterms in ϕ̂. The only difference comes from the fact
that the coefficients depend now on the space-time position.
This implies that the required counterterms have also
space-time dependent coefficients. Notice that this renorm-
alization procedure is consistent, since the renormalized
energy-momentum tensor obtained in this way is still
covariantly conserved. After removing the divergences
we get

Vi
effðϕ̂Þ ¼

m4ðϕ̂Þ
64π2

ln

�
m2ðϕ̂Þ
μ2ph

�
Rðη;xÞ

up to finite renormalization constants, which can be
absorbed in the renormalization scale μph. As we are
working at the leading order in the adiabatic expansion,
the divergences do not contain derivatives of the metric
tensor. Subleading contributions are expected to include
divergences with two and four metric derivatives, which
correspond to terms linear and quadratic in curvatures [12].
In the cosmological contexts in which we are interested,
i.e. at late times, those terms can be safely neglected.
Finally, we can write for the total effective potential Veff

the following expression

Veffðϕ̂Þ ¼ Vh
effðϕ̂Þ þ Vi

effðϕ̂Þ ¼ V0 þ
1

2
M2ϕ̂2 þ λ

4
ϕ̂4

þm4ðϕ̂Þ
64π2

ln

�
m2ðϕ̂Þ
μ2ph

�
ð1þRðη;xÞÞ: ð70Þ
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In the case in which we use a constant μph scale, the
homogeneous potential behaves as a cosmological con-
stant. This means that although the calculation of the metric
perturbation correction has been done in the longitudinal
gauge, the Stewart-Walker lemma guarantees that the
effective potential is gauge invariant. Notice that the
effective potential given in (70) only includes Higgs field
fluctuations. Due to the couplings to quarks and gauge
bosons, we would expect additional contributions coming
mainly from W� and Z gauge bosons, and top quarks [20].
In the case of super-Hubble fluctuations pη ≪ 1, the

effective potential reads

Veffðϕ̂Þ ¼ Vh
effðϕ̂Þ þ Vi

effðϕ̂Þ ¼ V0 þ
1

2
M2ϕ̂2 þ λ

4
ϕ̂4

þm4ðϕ̂Þ
64π2

ln

�
m2ðϕ̂Þ
μ2ph

�
½1þOðp2η2Þ�; ð71Þ

i.e. there is no inhomogeneous contribution to leading order
in the super-Hubble limit. This result holds also in the
radiation era. Notice that this is consistent with the fact
that for homogeneous perturbations, i.e. p → 0, we recover
the standard homogeneous expression for the effective
potential.
The fact that the divergences are space-time dependent,

because of the presence of the inhomogeneous background,
implies that the running of the mass and coupling constant
should also depend on the space-time position. Thus,
we get

βðλÞ≡ dλ
dðlog μphÞ

¼ 18λ2

ð4πÞ2 ð1þRðη;xÞÞ;

γMðλÞ≡ d logM2

dðlog μphÞ
¼ 6λ

ð4πÞ2 ð1þRðη;xÞÞ: ð72Þ

The space-time dependence of the beta functions required
for the correct renormalization in this case has been
invoked also in the context of the local renormalization
group related to local Weyl rescaling of the metric when
the coupling constants are also allowed to be space-time
dependent [21].
In the case of a perturbed static universe, i.e. a perturbed

Minkowski metric in which the gravitational potentials
ΦðpÞ and ΨðpÞ do not depend on time, we get the same
result as in the matter dominated universe given in (68),
but with

Rðη;xÞ ¼ F ½ðΦðpÞ −ΨðpÞÞð1 − cosðpηÞÞ�; ð73Þ

i.e. the quartic and quadratic divergences are insensitive
to the universe expansion, whereas the logarithmic terms
change. Also in this case, in the limit p → 0, i.e. taking
the curvature radius of the spatial sections to infinite, the
contributions to R vanish.

VIII. HIGGS VACUUM EXPECTATION VALUE

The minimum of the effective potential

Veff
0ðϕ̂vacÞ ¼ 0 ð74Þ

will determine the vacuum expectation value of the Higgs
field. In our case, the inhomogeneous contribution will
induce a space-time dependence in ϕ̂vac. We will compute
the minimum perturbatively in R. Thus, if we assume

ϕ̂vac ¼ ϕ̂0 þ Δϕ̂; ð75Þ

where ϕ̂0 is the minimum of the potential in the absence of
metric perturbations, i.e.

Vh
eff

0ðϕ̂0Þ ¼ 0; ð76Þ

then

Δϕ̂ ¼ −
Vi
eff

0ðϕ̂0Þ
Vh
eff

00ðϕ̂0Þ
: ð77Þ

In the case of the Higgs potential, M2 < 0, the tree-level
vacuum expectation value is v2 ¼ −M2=λ. The correspond-
ing tree-level Higgs mass is V 00ðvÞ ¼ m2

H ¼ −2M2. Taking
the renormalization scale μph ¼ mH, we find

Δϕ̂
ϕ̂0

¼ −
3λ

32π2
R ¼ −

3

256π2
R; ð78Þ

where λ ¼ m2
H=2v

2. Here we have made use of the fact
that for the resonance observed at the LHC with tree-level
parameters mH ≃ 125 GeV, and v≃ 250 GeV, the Higgs
self-coupling is given by λ≃ 1=8.
Notice that the perturbation R can be written in terms

of the so-called gravitational slip [22] (corresponding to
the Eddington post-Newtonian parameter for local gravity
tests [23])

ϖ ¼ 1 − η ¼ Φ −Ψ
Φ

; ð79Þ

which is small but nonvanishing in standard cosmology due
to the contributions from neutrino diffusion and second
order perturbations. Contributions to the gravitational slip
also appear generically in modified gravity theories [24].
On large scales p≃ 10−4 h=Mpc, the gravitational slip
could reach ϖ ≃ 10−3 [25,26]. Hence, we can estimate
R≃ Φϖ, and therefore

Δϕ
ϕ

≃ 10−3Φϖ: ð80Þ

For typical values of the metric perturbations on
cosmological scales R≃ Φϖ ≃ 10−5ϖ, we expect
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fluctuations in the Higgs vacuum expectation value of the
order

Δϕ
ϕ

≃ 10−8ϖ ≃ 10−11: ð81Þ

In principle, the fluctuations in the Higgs VEV could
lead to large fluctuations in the vacuum energy itself which
could conflict with observations. However as we show
below this is not the case. Let us evaluate the effective
potential (70) at the minimum, i.e. Veffðϕ̂vacÞ. In the loop
expansion, the one-loop contribution V1 has to be evaluated
for the tree-level value of the field ϕ̂vac ≃ v. Accordingly,
taking into account that μ2ph ¼ m2

H ¼ m2ðvÞ, the logarithm
of the one-loop contribution vanishes. This implies that
Vi
effðϕ̂vacÞ ¼ 0 at the one-loop level. On the other hand, by

expanding the remaining terms around ϕ̂0 and using the
fact that Vh

eff
0ðϕ̂0Þ ¼ 0, we see that, to first order in metric

perturbations, Veffðϕ̂vacÞ ¼ VðvÞ, i.e. the renormalized
potential is just a constant at the potential minimum.
Accordingly, taking the constant term of the tree-level
potential as V0 ¼ M4=ð4λÞ, it can be easily seen that
Veffðϕ̂vacÞ ¼ 0, i.e. even though the Higgs VEV depends
on the space-time position, the vacuum energy is just a
constant that can be cancelled by the constant V0 term of
the potential, as in flat space-time.
On the other hand, the Higgs mass m̄2 ¼ V 00

effðϕ̂vacÞ
acquires space-time fluctuations which can be evaluated in
a straightforward way. Writing m̄2 ¼ m2

0 þ Δm2, with
m2

0 ¼ Vh
eff

00ðϕ̂0Þ, we get

Δm2

m2
0

¼ 21λ

32π2
R≃ 21

256π2
R: ð82Þ

Notice also that despite the fact that the VEV is space-time
dependent, the contribution of gradients or time derivatives
are suppressed by Oð∇2=m2Þ with respect to the potential
contribution in the equations of motion (29), thus confirm-
ing the validity of the effective potential approach in
this case.

IX. DISCUSSION AND CONCLUSIONS

The calculation presented in this work is based on the
construction of an explicit set of orthonormal adiabatic
mode solutions of the perturbed Klein-Gordon equation
using comoving coordinates. This set of modes differs from
that obtained by using Riemann normal coordinates, which
locally agree with the flat space-time expressions and
therefore eliminates locally the metric dependence. This
fact explains why the inhomogeneous contributions are not
apparent to the lowest order in the Schwinger—de Witt
approach. In that case, the inhomogeneous contributions to

the effective potential appear only at second order in metric
derivatives.
Regarding the regularization procedure, the inhomo-

geneous contribution of the effective potential was obtained
bymeans of a three-momentum cutoff. Itwould be interesting
to compare these results with those obtained using dimen-
sional regularization. However, the complicated k depend-
ence of the integrands in (65) prevented us from using
standard dimensional regularization expressions in this case.
It is also important to stress that quantum field theory

does not predict the value of any physical (renormalized)
parameters since they can only be obtained from experi-
ments. In this sense, the results of the work presented here
simply suggest a space-time dependence of the Higgs VEV
and of the particle masses. However, the actual variation
can only be obtained from observations. In this respect,
current observational limits on the temporal variation of the
electron mass or on the proton to electron mass ratio [27]
imposes stringent limits on the Higgs VEV variation. Thus,
limits on cosmological scales from high-redshift quasar
absorption spectra imply Δϕ=ϕ≲ 10−6, which is compat-
ible with our estimate given in (81). On the other hand, on
local scales, although there are limits from molecular
clouds spectra in the Milky Way, the most stringent
constraints come for atomic clock experiments on Earth,
which set limits Δϕ=ϕ≲ 10−16 [27]. Taking into account
thatΦ≃ 10−9 on the surface of the Earth, using (80) we can
translate this limit into a limit on the Eddington parameter
on Earth aroundϖ < 10−4. Notice that existing limits onϖ
are based on light deflection by the Sun or on Shapiro time
delay of signals passing also close to the surface of the Sun.
Since the gravitational potential on the surface of the Sun is
much larger, around Φ≃ 10−6, atomic clock experiments
near the Sun would allow one to set more stringent limits,
which could reach ϖ ≲ 10−7. Such limits could improve
the existing ones from Doppler tracking of the Cassini
spacecraft [28], which are around ϖ ≲ 2 × 10−5. Better
sensitivity could be obtained in regions with even stronger
gravitational fields, such as for instance, the Galactic center
near the supermassive black hole. Observations of spectra
from objects in those regions could thus provide an
independent probe of the electroweak symmetry breaking
sector.
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