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The quantization of circular strings in an anti–de Sitter background spacetime is performed, obtaining a
discrete spectrum for the string mass. A comparison with a four-dimensional homogeneous and isotropic
spacetime coupled to a conformal scalar field shows that the string radius and the scale factor have the same
classical solutions and that the quantum theories of these two models are formally equivalent. However, the
physically relevant observables of these two systems have different spectra, although they are related to each
other by a specific one-to-one transformation. We finally obtain a discrete spectrum for the spacetime size of
both systems, which presents a nonvanishing lower bound.@S0556-2821~97!02412-0#

PACS number~s!: 11.25.Db, 04.60.Ds, 04.60.Kz

I. INTRODUCTION

Circular strings in curved backgrounds have been system-
atically studied@1–4#, showing interesting deviations from
their behavior in flat spacetimes. Exact classical solutions
were found in Ref.@1#, a canonical analysis was performed
in Ref. @2#, and a semiclassical quantization was carried out
in Ref. @3#.

One can realize that circular strings in an anti–de Sitter
background classically expand and contract@1# in the same
form as the scale factor of a four-dimensional homogeneous
and isotropic spacetime conformally coupled to a massless
scalar field in the presence of a negative cosmological con-
stant @5#. In the Lorentzian regime, they both expand from
zero to a maximum radius and then recollapse, following the
same geometrical pattern. In the Euclidean regime, two as-
ymptotically large regions of the string world sheet are con-
nected by a throat just as happens in the wormhole minisu-
perspace model of Ref.@5#. One of the aims of this work is to
find out to what extent this equivalence between circular
strings and wormholes survives quantum mechanically.

We perform a proper quantization of circular strings in an
anti–de Sitter background spacetime following the algebraic
quantization program@6#. The same procedure was used for
the study of quantum wormholes in anti–de Sitter spacetime
in Ref. @5#, so that the comparison between these two quan-
tized models can be easily carried out. We will see that,
although the quantum physics in these two systems is not
identical, an equivalence can be nevertheless recovered by
means of a unitary transformation.

In addition, as a result of the quantization process, we will
obtain the mass spectrum of circular strings, whose semiclas-
sical limit had already been found in Refs.@2,3#.

Finally, we will discuss another related analogy between
circular strings and wormholes: the existence of a minimum
length. That a minimum length may appear in string theory
and quantum gravity has been suggested from various points
of view ~see, e.g., Ref.@7#!. Most of them involve semiclas-
sical reasonings. In the models discussed here, the throat size
for both strings and wormholes can actually be quantized.
We will see that the corresponding spectra are discrete and
possess a nonvanishing lower bound.

II. CLASSICAL SOLUTIONS FOR CIRCULAR STRINGS

We will start with the string action~see, for instance, Ref.
@8#!

S52
1

4pa8
E d2sAhhabgmn]aX

m]bX
n, ~2.1!

wheresa5(t,s) are the coordinates,hab is the two-metric
in the world sheet,Xm (m51, . . . ,4) are thecoordinates on
the background target spacetime,gmn is its four-dimensional
metric, anda8 is the inverse string tension.

We now reduce our model by imposing anti–de Sitter
symmetry in target spacetime and considering circular
strings on the equatorial plane. More explicitly, we will con-
sider background spacetimes of the form

ds25sj~r !dt21
1

j~r !
dr21r 2dV2

2 , ~2.2!

where the radial coordinater must be positive,dV2
2 is the

unit metric on the two-sphere, the functionj(r ) has the form

j~r !511lr 2, ~2.3!

s takes the values61 depending on whether the Euclidean
(s511) or Lorentzian (s521) regime is being considered,
the cosmological constant is23l, and

X15t~t!, X25r ~t!, X35u5
p

2
, X45s.

~2.4!

We will work in the gauge

hab5S sN2 0

0 1D . ~2.5!

The conformal gauge is achieved when the lapse function
N is set equal to 1.

Then, denoting the derivative with respect tot by an
overdot, the action takes the canonical form
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S5E dt~pt ṫ1pr ṙ2NH!, ~2.6!

where the Hamiltonian constraintH, which is the only sur-
viving constraint~coming from the fact that the world sheet
metrichab is nondynamical!, is

H5
1

2S a8

j~r !
pt
21sa8j~r !pr

22
r 2

a8D , ~2.7!

pt and pr being the momenta canonically conjugate to the
variablest and r , respectively.

Let us briefly summarize the classical propagation of this
system@1#. The variablet is cyclic and therefore

ṗt50, ~2.8!

so thatpt is a constant of motion. Introducing this result in
the Hamiltonian constraint, together with the expression of
pr in terms of ṙ , we obtain the equation~in the conformal
gaugeN51)

ṙ 21s@a82pt
22r 2j~r !#50, ~2.9!

which can be solved in terms of Jacobian elliptic functions
@9#

r ~t!5rmUcnS A2st

A122m
,mD U . ~2.10!

The parametersm and rm are functions of the constant of
motion pt :

m5
1

2S 12
1

A114a82lpt
2D , rm5A1

l

m

122m
,

~2.11!

rm being the turning point of the potential in Eq.~2.9!. The
absolute value has been taken in order to account for the
physical restrictionr.0. Notice then that Eq.~2.10! is just a
formal solution at the singularityr50.

The equation of motion for the variablet ~again in the
conformal gaugeN51) is

ṫ5a8
pt

j~r !
~2.12!

and its solution is

t~t!5a8ptE
0

t dh

11lr ~h!2

5
2

Al
Am~122m!

12m
PS arccos rrm , m

12m
,mD ,

~2.13!

whereP(f,n,m) is the elliptic integral of the third kind@9#
and it is understood that the function arccos is defined
modulop because of the absolute value in Eq.~2.10!.

As shown in Ref.@1#, inserting this classical solution in
the metric element~2.2! for anti–de Sitter spacetime, we
obtain the world sheet metric

ds25r ~t!2~sdt21ds2!. ~2.14!

In the Lorentzian regime (s521), r (t) is described by
an oscillating Jacobian elliptic function whose period is

T52A122mK~m!, ~2.15!

whereK(m) is the complete elliptic integral of the first kind
@9#. The metric~2.14! describes a circular string that starts
expanding from zero radius~at t52T/2) until it reaches a
maximum radius~at t50) and then recollapses again~at
t51T/2). The same dynamics has been found in Ref.@5#
for the scale factor of a homogeneous and isotropic space-
time conformally coupled to a massless scalar field in the
presence of a negative cosmological constant. In the Euclid-
ean regime, the classical solution describes a world sheet that
is just the two-dimensional analogue of the anti–de Sitter
wormhole solutions also obtained in Ref.@5#.

For vanishing cosmological constant, the classical equa-
tions of motion have the solution

r ~t!5rmucosA2stu, t~t!5a8ptt. ~2.16!

Here,rm
2 5a82pt

2 . Again, we see that this classical behavior
is the same as that of the scale factor of the minisuperspace
model mentioned above~for l50) @5#.

III. QUANTIZATION OF CIRCULAR STRINGS

Starting from the anti–de Sitter case, we now proceed to
quantize circular strings. The formalism for vanishing cos-
mological constant can be attained by taking the limit
l→0.

In the Lorentzian regime, the classical variabler (t) is
periodic with periodT given in Eq.~2.15!, and it then fol-
lows from Eq.~2.13! that the variablet(t) satisfies

t~t1T!5t~t!1t~T!, ~3.1!

where

t~T!5A4m

l

122m

12m
PS m

12m
,mD[T~a8pt!, ~3.2!

the functionP(n,m) being the complete elliptic integral of
the third kind @9#. From this property, we can easily check
that the classical solutionr (t) is periodic in t with period
T. Consequently, 2pt/T can be regarded as an angular vari-
able defined onS1. Besides, the classical solution does not
depend on the sign of it. Then, time reversal symmetry al-
lows us to restrictpt to be positive. We can perform a ca-
nonical change of variables from (t,pt) to (b, j ) defined by

b5
2pt

T~pt!
, j5

1

2pa8
E
0

a8pt
dzT~z![G~pt

2!, ~3.3!
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where, in terms of the modulusm defined in Eq.~2.11!, the
functionG has the form1

G~pt
2!5

1

pa8l

1

A122m
HmPS m

12m
,mD

1@~12m!K~m!2E~m!#J , ~3.4!

E(m) being the complete elliptic integral of the second kind
@9#. One can check that

G~x!;
1

4
a8x when lx→0, ~3.5!

G~x!;
1

2Al
Ax when lx→1`. ~3.6!

Moreover, the functionG(x) is continuous, strictly increas-
ing, and its image is the whole positive real axis, i.e.,
G(R1)5R1. Therefore, the functionG(x) is invertible in
R1, and so is the change of variables from (t,pt) to (b, j ).
Note that bPS1, jPR1, and their Poisson brackets are
$b, j %51, as should happen for action-angle variables.

Then, the first term of the Hamiltonian~2.7!, which con-
tains all the dependence ont andpt , can be written as

a8

2j~r !
pt
25

a8

2j~r !
G21~ j !, ~3.7!

with G21 being the inverse ofG.
Let us now concentrate on the remaining part of the

Hamiltonian constraint. We can employ the following ca-
nonical variables to describe the radial phase space:

h̃5
1

2
j~r !S a8j~r !pr

21
r 2

a8D ~3.8!

and

ũ 5E
rm

r dz

j~z!A2a8 h̃2z2j~z!

5
~122m!3/2

12m
PS arccos rrm , m

12m
,mD , ~3.9!

where the parameterm is given in Eq.~2.11! with pt
2 re-

placed by 2h̃ /a8 and, as before, it is understood that the
function arccos is defined modulop. Note thath̃ is always
positive. Also,r ( ũ , h̃) can be shown to be periodic inũ with

periodT(A2a8 h̃)/A2a8 h̃ and one can see that this period
lies within the interval (0,p) for positive h̃ .

Another canonical transformation provides us with the
angle-action variables for the radial part

u5
2pA2a8 h̃

T~A2a8 h̃ !
ũ , h5

1

2pE0h̃ dz
T~A2a8z!

A2a8z
5GS 2 h̃

a8
D ,

~3.10!

where the functionG(x) is given in Eq. ~3.4!. As corre-
sponds to action-angle variables,uPS1 andhPR1. In terms
of the angle-action variables (b, j ) and (u,h), the Lorentzian
Hamiltonian acquires the expression

H5
a8

2j~r !
@G21~ j !2G21~h!#, ~3.11!

wherer is to be understood as a function ofu andh.
We now introduce anihilation and creation variables for

both pairs of angle-action variables

Ar5Ahe2 iu, Ar
†5Aheiu,

At5Aje2 ib, At
†5Ajeib, ~3.12!

which, as usual, verify$Az ,Az
†%52 i and Āz5Az

† for
z5r ,t; i.e., the set$Ar , Ar

† , At , At
†% is closed under Pois-

son brackets and complex conjugation. With them, we can
construct the step variables

J15
1

A2
Ar
†At

† , J25
1

A2
ArAt , ~3.13!

which, together withj ~or, equivalently,h), form an over-
complete set of classical observables. Indeed, if we take into
account that the only solution to the Hamiltonian constraint
~3.11! is j5h, it is easy to check that they weakly commute
with the Hamiltonian constraint. Again, the set
$ j , J1 , J2% is closed under complex conjugation,

j̄ 5 jPR1, J̄15J2 , ~3.14!

as well as under Poisson brackets, since, on the constraint
surface, they generate the Lie algebra of SO~2,1!:

$J1 ,J2%5 i j , $J1 , j %5 iJ1 , $J2 , j %52 iJ2 .
~3.15!

In order to quantize the system, we need to promote the
classical observables to quantum operators that act on a vec-
tor space. If we introduce the variables

t̃ 5
1

A2
~At1At

†!, r̃ 5
1

A2
~Ar1Ar

†! ~3.16!

and their canonically conjugate momenta, we can choose as
representation space the vector space of complex functions
on R2 spanned by the basis

cnm~ r̃ , t̃ !5wn~ r̃ !wm~ t̃ !, r̃ , t̃PR, ~3.17!

wheren,m are non-negative integers andwn(x) are the nor-
malized harmonic oscillator wave functions. The classical
anihilation and creation variablesAz and Az

† are now pro-
moted to linear operators on this space, with action on the
basiscnm given by

1This function coincides with the functionW(k) found in Ref.@3#
up to a factor 4p.
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Âtcnm5Amcn~m21! , Ât
†cnm5Am11cn~m11! ,

Ârcnm5Anc~n21!m , Âr
†cnm5An11c~n11!m .

~3.18!

We also promote the classical observablesj , h, and J6 to
quantum operatorŝ, ĥ, and Ĵ6 defined as

̂5
1

2
~Ât

†Ât1ÂtÂt
†!, ĥ5

1

2
~Âr

†Âr1Âr Âr
†!,

Ĵ15
1

A2
Ât
†Âr

† , Ĵ25
1

A2
ÂtÂr , ~3.19!

and whose action on the basiscnm is

ĥcnm5~n11/2!cnm ,

̂cnm5~m11/2!cnm ,

Ĵ1cnm5
1

A2
A~n11!~m11!c~n11!~m11! ,

Ĵ2cnm5
1

A2
Anmc~n21!~m21! . ~3.20!

We can choose as the inner product in our representation
space that ofL2(R2), which guarantees that the complex
conjugation relations can be directly translated to adjointness
relations between our operators. Since the functionscnm are
orthonormal with this inner product, they provide a spectral
resolution of the identity in terms of eigenfunctions of̂ and
ĥ. Recalling that the functionG, and henceG21, is continu-
ous, the spectral theorem@10# allows us then to define the
operatorsG21( ̂) andG21(ĥ) in the form

G21~ ĥ!cnm5G21~n11/2!cnm ,

G21~ ̂ !cnm5G21~m11/2!cnm . ~3.21!

Hence, the quantum solutions to the Hamiltonian constraint
form the subspaceVp spanned by the wave functionscnn .
The Hilbert space of physical states is then just the Hilbert
completionHp of Vp with respect to the inner product of
L2(R2).

Finally, from Eq. ~3.20!, it is easy to see that̂ and ĥ
coincide onHp and ̂, and Ĵ6 leave the spaceHp invariant.
Therefore, we conclude that̂ and Ĵ6 are quantum observ-
ables. Furthermore, under commutators, they generate the
Lie algebra of SO~2,1! on the physical spaceHp . Thus,Hp
carries a linear representation of the algebra of physical ob-
servables, which, in addition, can be seen to be irreducible.

IV. MASS SPECTRUM

The momentumpt is a conserved quantity that is associ-
ated with an isometry of anti–de Sitter spacetime. It gener-
ates translations along the timelike Killing direction. Thus,

we can identifypt with the string massM . Indeed, a detailed
calculation, using the embedding of the four-dimensional
anti–de Sitter spacetime in a flat five-dimensional one,
shows that the Casimir of the anti–de Sitter group is given
by C5a8pt

2 . Since we are considering homogeneous and
isotropic configurations, the Casimir will directly give the
dimensionless string mass, i.e.,C5a8M2, and, conse-
quently,

M5pt . ~4.1!

This result coincides with the semiclassical expression@3#

M5
dSclass
dT , ~4.2!

where the action of the classical solution is

Sclass5
2

a8l

1

A122m
@E~m!2~12m!K~m!# ~4.3!

andT is given in Eq.~3.2!. From Eq.~4.1!, we can obtain the
circular string mass spectrum

Mn
25G21~n11/2!. ~4.4!

As we have seen, in the limit of vanishing cosmological
constant,G(x);a8x/4, so that the mass spectrum in this
limit turns out be

a8Mn
2;4~n11/2!1O~l3/2lnl! whenl→0, ~4.5!

which corresponds to the well-known result for flat space-
time, except for the ground state, as the contribution from
nonhomogeneous modes have not been considered here@8#.

We can also expandG21(n11/2) for large values ofn
and fixed nonvanishingl, obtaining the following
asymptotic behavior of the mass spectrum:

a8Mn
2;4a8ln21

32Apa8l

G~ 1
4 !2

n3/21S 4a8l1
128p

G~ 1
4 !4

D n
1O~An!, ~4.6!

whose leading term coincides with that obtained in Ref.@3#.

V. MINIMUM SIZE IN STRINGS AND GRAVITY

The classical solution for the radiusr (t) of a circular
string is entirely equivalent to the classical scale factor of a
homogeneous and isotropic four-dimensional spacetime con-
formally coupled to a massless scalar field, as we have al-
ready pointed out. In view of this geometrical coincidence,
we now address the question of whether an analogous rela-
tion between both systems still holds quantum mechanically.

Actually, there exists an obvious isomorphism between
the Hilbert spaces and the algebras of observables of both
models that preserve the adjointness relations among the ob-
servables~see Ref.@5#!. In this sense, we can say that these
two systems are quantum mechanically equivalent. However,
we will see that observables with direct physical meaning,
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such as the maximum radius of the string and that of the
universe, have different spectra. Thus, the physical features
reduce, in principle, the above equivalence to a formal level.
Despite the physical differences between both models, they
can be nontheless related to each other by a well-defined
transformation mediated by the functionG, given in Eq.
~3.4!. This transformation preserves besides some features of
these systems, as happens to be the case for the existence of
a minimum invariant size@7#.

Let us see in some detail how this minimum size appears.
We will first consider the case of circular strings. We have
seen that the observablep̂t

2 has a discrete spectrum, its ei-

genvalues beingG21(n11/2). From this observablep̂t
2 ~and

using the spectral theorem!, we can construct another observ-
able

R̂5
1

A2l
A~11a82l p̂t

2!1/221, ~5.1!

which also has a discrete spectrum

Rn5
1

A2l
A@11a82lG21~n11/2!#1/221, ~5.2!

which, for l50, reduces toRn5Aa8(n11/2).
We see that the spectrum of the observableR̂ is bounded

from below, its smallest eigenvalue being

R05
1

A2l
A@11a82lG21~1/2!#1/221, ~5.3!

so that the mean value ofR̂ in any stateuc& of the string
must be larger than or equal toR0, i.e., ^cuR̂uc&>R0. From
Eqs. ~2.11! and ~5.1!, we can interpretR̂ as the observable
corresponding to the radius of a circular string at the time of
maximum expansion, which coincides with the turning point
of the potential in Eq.~2.9!. Since it is bounded from below,
we reach the conclusion that this quantity has a minimum
value. In other words, there are no quantum circular strings
with a spacetime size smaller thanR0. It could be argued
that, rather than using the observableR̂, we could have em-
ployed the string coordinate radiusr̂ , which may acquire
smaller values. However, this quantity is not invariant under
time reparametrizations, as can be easily checked. Thus the
radiusr̂ depends on the choice of the time parameter. On the
other hand,R̂ is indeed time reparametrization invariant; i.e.,
it is a true gauge-independent observable.

It is also worth noting that this situation is qualitatively
different from what we find in standard quantum mechanics.
Indeed, the analogue of the minimum length that we have
derived in the case of strings cannot be obtained in standard
quantum mechanics because, in the latter, the position opera-
tor is an observable. This is due to the fact that quantum
mechanics, although can be formulated in a time-
reparametrization-invariant way, has a preferred time param-
eter givena priori and, consequently, we cannot require that
quantum-mechanical observables commute with the genera-
tor of time reparametrizations.

We have also seen that homogeneous and isotropic space-
times filled with conformal matter are described by the same
dynamics as circular strings. Moreover, from the quantiza-
tion carried out in Ref.@5#, we also obtain a discrete spec-
trum for the observableÂ, the analogue of the formerR̂ but
with 2p̂t

2 replaced with the energy operator of the conformal
field and the string parametera8 with Newton’s constant
GN . This spectrum has the same form as in Eq.~5.2! with
the functionG21 replaced with the identity function~times a
factor 8/GN):

An5
1

A2l
A@118GNl~n11/2!#1/221. ~5.4!

Again, it is bounded from below and discrete. The observ-
able Â represents the radius of the universe at the time of
maximum Lorentzian expansion, i.e., what we can regard as
the spacetime size of the universe. The fact that this observ-
ableÂ has a minimum valueA0 means that the smallest size
that the universe can have is not zero, butA0. As happened
in the string case, the observableÂ, rather than the scale
factor â, gives the time-reparametrization-invariant size of
the universe. From the Euclidean point of view,Â represents
the wormhole throat radius, and the fact that^cuÂuc&>A0
implies that tunneling effects in large spacetimes mediated
by wormholes will also have this minimum size.A0 can thus
be regarded as the smallest wormhole throat radius.

Furthermore, this may also have consequences for the low
energy effective physics in a background~flat or anti–de
Sitter! spacetime. In this case, it can be argued that there
exists a minimum uncertainty in the position. Indeed, the
quantum fluctuations of spacetime would have a minimum
spacetime volume of Planck’s order. This would amount to
have an uncertainty in the metric of the same order and,
consequently, in the determination of any spacetime dis-
tance. On the other hand, these spacetime fluctuations would
have associated with them fluctuations of the matter fields
that would give rise to a bare vacuum energy. It has been
proposed that wormholes can effectively drive the cosmo-
logical constant to zero as seen from the low energy point of
view @11# even though, at the more fundamental level, it will
be present at least in the form discussed above.

This scenario is in complete agreement with many other
analyses suggesting the existence of a minimum length@7#.
Here, we have presented a simple example where, starting
from a proper quantum theory, this minimum length appears
naturally.

In this discussion, we have employed a conformal scalar
field as representative of the matter content. Nevertheless,
one could expect that also other fields with a discrete energy
spectrum, e.g., radiation fields, would give rise to a mini-
mum length. Moreover, even in the absence of matter, the
fluctuations of the gravitational field might also induce a
minimum scale.

VI. CONCLUSION

In this work, we have constructed a canonical quantum
theory for circular strings in an anti–de Sitter background.
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As a result, we have obtained its mass spectrum which, in the
limit of large quantum numbers, agrees with the result of
Ref. @3#.

We have also seen that the classical solutions for the
string radius are the same as the classical solutions for the
scale factor of a four-dimensional homogeneous and isotro-
pic spacetime conformally coupled to a massless scalar field
in the presence of a negative cosmological constant and that
their quantum theories are equivalent via a suitable isomor-
phism. Despite the fact that corresponding quantities with
direct physical meaning~such as the string mass and the
conformal matter energy! have different spectra, the under-
lying isomorphism allows us to introduce a specific one-to-
one transformation between these two systems.

Among the physical features that they share, it is worth

noting the existence of a minimum spacetime size which, in
both cases, is a direct consequence of the discrete spectrum
of the mass-energy operator.
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