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Here we investigate the axial w quasinormal modes of neutron stars for 18 realistic equations of state,

most of them satisfying the 2M� condition. In particular, we study the influence of the presence of

hyperons and quarks in the core of the neutron stars. We have obtained that w modes can be used to

distinguish between neutron stars with exotic matter and without exotic matter for compact enough stars.

We present phenomenological relations for the frequency and damping times with the compactness of the

neutron star for wI and wII modes showing the differences of the stars with exotic matter in the core. Also,

we obtain a new phenomenological relation between the real part and the imaginary part of the frequency

of the w quasinormal modes, which can be used to estimate the central pressure of the neutron stars.

Finally, we study the low compactness limit configuration of fundamental wII modes, and the influence of

changes in the core-crust transition pressure. To obtain these results we have developed a new method

based on the exterior complex scaling technique with variable angle.
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I. INTRODUCTION

Considerable progress has been made in the last years on
the development of gravitational wave detectors. Large-
scale interferometric gravitational wave detectors, such as
LIGO, GEO, TAMA, and VIRGO, have reached the origi-
nal design sensitivity, and are currently beginning to oper-
ate with frequencies between 1 Hz to 1 kHz. The sensitivity
is continuously being enhanced [1]. First, detections are
expected to happen within the next five years. These ob-
servations are of huge importance because they can be used
to perform stringent tests of general relativity. But also
because gravitational wave detection opens a new window
to observations of the insights of numerous, and probably
also new, astrophysical processes. Possible sources of
gravitational waves are interacting black holes, coalescing
compact binary systems, stellar collapses, and pulsars [2].

Neutron stars are major candidates to detectable
gravitational wave sources because of their rich emission
spectrum, which lays inside the frequency range of current
detectors. A recent review about gravitational waves from
neutron stars can be found in [3]. The study of the signature
of the equation of state on gravitational radiation from
neutron star has been developed in [4–9]. The first direct
search for the gravitational-wave emission associated with
oscillations of fundamental quadrupole mode excited by a
pulsar glitch has been presented in [10].

Neutron stars are found inside pulsars, and are thought
to originate after the collapse of massive star cores.
The supernova explosion causes violent oscillations of
the resulting compact star. Similarly, the coalescence of
compact bodies like white dwarfs leaves behind an oscil-
lating neutron star. The resulting excess of energy that

causes the star to oscillate is radiated in the form of
gravitational radiation [2].
It is well known that although the spectrum of neutron

star oscillations is continuous, general perturbations cause
the star to ring with concrete oscillation frequencies that
dominates over the rest of possible frequencies for a certain
period of time after the perturbation. These resonant fre-
quencies can be studied introducing the concept of quasi-
normal modes, that is, eigenmodes of oscillation, which,
although they do not form a complete set of functions in
which to expand every possible perturbation evolution, are
very useful in the determination of the eigenfrequencies for
which the star tends to oscillate [11–13]. These eigenfre-
quencies are given by a complex number. The real part
gives us the oscillation frequency of the mode, while the
imaginary part gives us the inverse of the damping time.
The quasinormal mode spectrum is quite dependent on the
properties of the star, i.e., the equation of state.
Neutron stars are compact objects of very high density.

Inside of them matter is found at extreme densities
(1015 g=cm3). Current theories predict a layer structure
for the neutron star, essentially composed by the core and
the crust. The properties of the crust are very different from
those of the core, and it is thought that this region has a
solid crystalline structure similar to a metal. Although the
high density matter inside the star has exotic properties, the
resulting relativistic fluid that composes the neutron star
can be described as a perfect fluid. What we need to know
is the equation of state for the neutron star matter; but
beyond the nuclear densities this relation is not well under-
stood. The inner part of the core is very model dependent,
essentially because different populations of particle states
may appear at those densities. The composition is not
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exactly known and several hypotheses exist [14,15]. Along
the core of the star and especially in the core-crust inter-
face, first order phase transitions are expected to be found
in realistic equations of state. These phase transitions result
in small discontinuities in the energy density of the star
matter [14,16].

The measurement of 1:97M� for PSR J1614-2230
imposes a stringent condition on the equations of state,
in particular to those with exotic matter in the core [17].
Recently, several equations of state with exotic matter
in the core satisfying the 2M� condition have been
proposed [18–21].

In order to systematize the study of constraints placed by
astrophysical observations on the nature of neutron star
matter, several parametrizations of high-density equations
of state (EOS) have been introduced: a piecewise poly-
tropic approximation by Jocelyn et al. [22] and Lindblom
spectral decomposition [23]. The advantage of these pa-
rametrizations is that they reduce the total amounts of
parameters which modelize the equation of state to a
more tractable quantity, allowing us to constrain with ob-
servational data the values of the parameters, and also
usually they enhance a numerical integration scheme al-
lowing better precision. Let us note that a very large family
of equations of state can be fitted to these parametrizations
with a very good precision. From a practical or numerical
point of view, another possibility to describe the equation
of state, satisfying local thermodynamic conditions, is a
monotone piecewise cubic Hermite interpolation.

The detection of gravitational radiation from neutron
stars can be a very useful tool to determine the neutron
star equation of state. The extraction of the spectrum
of quasinormal modes (frequency and damping time)
from these signals could give important constrains to
the equation of state, and, in consequence, information
about the behavior of matter at densities beyond nuclear
matter [24–30].

The theoretical study of the quasinormal mode spectrum
considering different models of neutron stars with different
equations of state is then well justified. The necessary
formalism was developed first for quasinormal modes of
black holes by Regge and Wheeler [31] and by Zerilli [32].
Quasinormal modes can be differentiated into polar and
axial modes. In these papers it is found that the equation
describing the quasinormal mode perturbation of the
Schwarzschild metric is essentially a Schrödinger-like
equation: the Regge-Wheeler equation for axial perturba-
tions and the Zerilli equation for polar ones. For black
holes, both types of modes are space-time modes. The
formalism was studied in the context of neutron stars first
by Thorne [33–37], Lindblom [38,39], and then reformu-
lated by Chandrasekhar and Ferrari [40–42], and Kojima
[43]. In neutron stars, axial modes are purely space-time
modes of oscillation (w modes), while polar modes can be
coupled to fluid oscillations (although a branch ofwmodes

can be found also in polar oscillations). In this paper we
will consider only axial modes of oscillation.
The study of the quasinormal modes spectrum is com-

plicated because of several reasons. Quasinormal modes
can only be studied numerically. No analytical solutions
are known for physically acceptable configurations of neu-
tron stars. Another reason is that quasinormal modes are
found as isolated points scattered on the complex plane, so
that usually an exhaustive scan of this plane is necessary in
order to find the complete spectrum. Also the numerical
study is hindered by the very definition of quasinormal
mode itself, that as we will see explicitly in the following
sections, gives rise to diverging functions that oscillate an
infinite number of times towards spatial infinity. These
functions are not well handled numerically.
Several methods have been developed to deal with these

and other difficulties. For a complete review on the meth-
ods see the review by Kokkotas and Schmidt [11].
Chandrasekhar and Ferrari [40–42] used a slowly

damped approximation (Im½!� � Re½!�), which reduces

the system of equations needed to resolve the problem, so

that the damping time of the quasinormal mode can be

given in terms of the real part. This method was also used

in the determination of w modes on polar perturbations of

constant density neutron stars by Kojima et al. [44]. It is

only valid for slowly damped modes, which are present in

highly compact stars, and is not appropriate for realistic

configurations, although it can be used to obtain a first

approximation of the fundamental frequencies.
In an interesting paper [45], Kokkotas studied the axial

spectrum integrating the exterior solution up to a finite

radius, which allows us to impose the outgoing wave be-

havior to the exterior solution. The matching between the

interior and exterior solutions results in the construction of

a Wronskian at the matching surface, which must be zero

when both solutions correspond to a quasinormal mode.
The Wentzel-Kramers-Brillouin method [46] can be

used to approximate the outer solutions provided that no
backscattering is found in the exterior region. This condi-
tion usually is satisfied when the imaginary part of the
mode is small compared with the real part [47].
The phase function can be studied in order to deal with

the oscillatory nature of the perturbation function. Studied

for black holes by Chandrasekhar and Detweiller [48], the

phase function plays a fundamental role in the numerical

approach made by Andersson et al. in [47] and in [49] for

neutron stars. The phase is usually a well-behaved function

if there is not backscattering contamination in the numeri-

cal solution.
The divergence of the outgoing wave solution of the

perturbation equations makes the avoidance of incoming
wave contamination a difficult task. This problemwas dealt
with for black holes by Andersson in [50] by rotating the
radial variable into a complex variable parallel to the anti-
Stokes line. This approach was used for constant density
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neutron stars in [47,49] together with the phase function
approach. More recently, Samuelsson et al. [51] used a
similar complex-radius approach for a constant density
configuration which dealt with the divergence at infinity
by integrating the Bondi-Sachs phase along a fixed path for
the complexified radius parallel to the anti-Stokes line.

Another approach is based on the Leaver continued
fraction method [52], which allows us to impose the out-
going wave behavior on the border of the star as a self-
consistent equation that can be satisfied iteratively [53].
This method has been used successfully with realistic
models of neutron stars [24,26,30]. As commented above,
for fluid modes there is also a branch of wmodes. As these
are purely space-time modes, they do not couple to matter,
and the inverse Cowling approximation can be used to
obtain this part of the spectrum [49].

In this work we present a new approach to calculate
quasinormal modes of realistic neutron stars. We make use
of several well-known techniques, like the use of the phase
for the exterior solution and the use of a complexified
coordinate to deal with the divergence of the outgoing
wave. We also introduce some new techniques not used
before in this context: freedom in the angle of the exterior
complex path of integration, implementation of realistic
equations of state in a piecewise polytrope approximation
or by monotone piecewise cubic Hermite interpolation, use
of the COLSYS package to integrate all the system of
equations at once with proper boundary and junction con-
ditions and possibility of implementation of phase transi-
tion discontinuities. These new techniques allow us to
enhance precision, to obtain more modes in shorter times,
and also to study several realistic equations of state, com-
paring results for different compositions.

In Sec. II we will start presenting the well-known gen-
eral formalism of quasinormal modes. In Sec. III we will
present a study of the junction conditions for a general
matching that can include first-order phase transitions or
surface energy layers. In most of the results of the paper we
will make use of the junction conditions without phase
transitions or energy layers. In Sec. IV we describe the
numerical method we have used to obtain our results,
testing the algorithm to obtain already known modes for
a simple model. In Secs. V, VI, and VII we present our
results, focusing on 18 different equations of state: for pure
nuclear matter (Sly, APR4), mixed hyperon-nuclear matter
(GNH3, H1, H4, BGN1H1,WCS1, WCS2, BHZBM),
hybrid stars (ALF2, ALF4,WSPHS3), hybrid stars with
hyperons and quark color-superconductivity (BS1, BS2,
BS3, BS4), and quark stars (WSPHS1, WSPHS2). In
Sec. VIII we finish the paper with a summary of the
main points of the work.

II. QUASINORMAL MODE FORMALISM

In order to fix the notation we will present a brief review
of the formalism used to describe axial quasinormal

modes. In the following we use geometrized units
(c ¼ 1, G ¼ 1).
We consider a static spherical space-time with metric

ds2 ¼ e2�dt2 � e2�dr2 � r2ðd�2 þ sin 2�d’2Þ. The mat-
ter inside of the star is considered perfect fluid with
stress-energy tensor T�� ¼ ðpþ �Þu�u� � pg��, where
p is the pressure, � is the energy density and u is the
4-velocity. At zero order the equations obtained are well
known. Inside the star we have

dm

dr
¼ 4�r2�; (1)

dp

dr
¼ �ð�þ pÞmþ 4�r3p

ðr� 2mÞr ; (2)

d�

dr
¼ � 1

�þ p

dp

dr
; (3)

where we must provide an equation of state. Outside,
we have the Schwarzschild solution with gravitational
mass M.
Following the original papers [33–43], we make pertur-

bations over this metric, expanding the perturbation in
tensor harmonics, and taking into account only the axial
perturbations. It can be demonstrated that the axial pertur-
bations must satisfy the well-known Regge-Wheeler
equation [32].

d2Zlk

dr2�
þ ½!2 � VðrÞ�Zlk ¼ 0; (4)

where l and k are the spherical harmonic indexes, r� is the
tortoise coordinate

r� ¼
Z r

0
e���dr; (5)

and the eigenfrequency of the axial mode is a complex
number ! ¼ !Re þ i!Im. The potential can be written as

VðrÞ ¼ e2�

r3
½lðlþ 1Þrþ 4�r3ð�þ pÞ � 6m�: (6)

In this work we will consider only the l ¼ 2 case.
Axial oscillations do not modify the energy density or

the pressure of the fluid. Hence, for axial modes, inside the
star only the perturbations on the 4-velocity of the matter
have to be taken into account (Lagrangian displacement).
Note that in general the perturbation function Z is a

complex function. Hence, we have a system of two real
second-order differential equations (one for the real part
ZRe, and another for the imaginary part ZIm).
Z has to satisfy a set of boundary conditions that can be

obtained from the following two requirements [40]: (i) the
perturbation must be regular at the center of the star, and
(ii) the resulting quasinormal mode must be a pure out-
going wave.
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The second requirement imposes the quasinormal
modes to behave as purely outgoing waves at radial infin-
ity. In general a quasinormal mode will be a composition of
incoming and outgoing waves, i.e.,

lim
r�!1Z

in � ei!r� ; lim
r�!1Z

out � e�i!r� : (7)

Note that, while the real part of ! determines the oscil-
lation frequency of the wave, the imaginary part of the
eigenvalue determines the asymptotic behavior of the
quasinormal mode: If we call � ¼ 1=!I, the ingoing and
outgoing modes will behave, respectively, as

lim
r�!1Z

in � e�r�=�; lim
r�!1Z

out � er�=�: (8)

Outgoing quasinormal modes are divergent at radial infin-
ity, while ingoing ones tend exponentially to zero as the
radius grows.

In the next sections we will present our numerical
method, which is able to deal with this problem.

III. JUNCTION CONDITIONS

To determine completely the problem, we must study the
junction conditions between the interior solution and the
exterior solution on the boundary of the star. The junction
conditions between two space-times have been considered
in classical works by Darmois [54], Lichnerowicz [55],
O’Brien and Synge [56], and Israel [57], and, more re-
cently, in [58–60]. In the context of relativistic rotating
stars, it has been considered in [61–63].

We will impose the usual junction conditions. But, in
order to have the possibility to study the influence of small
changes in the core-crust transition pressure, we will in-
clude the more general case in which the star is surrounded
by a surface layer of energy density.

We use Darmois conditions, the intrinsic formulation of
these junction conditions, which imposes certain con-
strains on the continuity of the fundamental forms of the
matching hypersurface S [64].

This surface S is defined by the points where the pres-
sure is null, or more generally, constant. As we have seen
previously the axial oscillations do not modify the pressure
or the density, so the surfaces of constant pressure of the
perturbed star are essentially the same as the surfaces of
constant pressure of the static star.

Let us consider a surface S of constant pressure inside
the star, and a surface layer on top of S described by a
surface stress-energy tensor of a perfect fluid of the follow-
ing form:

T��
S ðRÞ ¼ "u�S ðRÞu�SðRÞ; (9)

where, S is defined by the points where r ¼ const ¼ R, " is
the surface energy density of the fluid moving in S, and
u�S ðRÞ is its velocity. The continuity of the first fundamen-

tal form gives us two conditions: the continuity of �

�int ¼ �ext; (10)

and the continuity of perturbation function Z:

Zlk
int ¼ Zlk

ext: (11)

The second fundamental form conditions impose a jump in
the pressure if " � 0. Let the pressure in the inner part of the
surfaceS, bepint, and in the outer part bepextwithpext < pint.
Making the same steps as with the first fundamental

form, we obtain the following conditions for the zero order
functions:

Mext ¼ Mint þ 4�R2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2Mint

R

s
"� 8�2R3"2; (12)

Mext þ 4�R3pext

R2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2Mext

R

q �Mint þ 4�R3pint

R2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2Mint

R

q ¼ 4�": (13)

In this work we will consider pext ¼ 0. That is, the surface
of star with pressure p ¼ pint is being matched directly to
the empty exterior surface of the star, in which case,Mext is
just the Schwarzschild mass M. If we choose pint as the
core-crust transition pressure, this matching condition is
equivalent to approximating exterior layers of the star to a
surface layer energy density that envelops the core of the
star (surface crust approximation). The Eq. (12) can be
interpreted as giving the total mass of the star to zero order
(Mext), as the addition of three terms, the first one represent-
ing the core mass (Mint � 4�

R
R
0 �r

2dr), the second one

representing the mass of the crust, and the third one being a
negative bounding energy term. The radius of the resulting
configuration will be the radius of the core of the star.
Equation (13) can be seen as a condition for the determi-
nation of the radius of the core of the star when approximat-
ing the crust of the star to a thin surface energy density.
In the surface crust approximation, these relations allow

us to use the core-crust transition pressure pint, as a new
parameter of the resulting configuration.
Up to first order in the perturbative expansion we obtain

junction conditions for the axial functions. Essentially we
obtain the following condition for the derivative of the Z
function:

dZlk

dr

��������ext
¼ e�ext

e�int

dZlk

dr

��������int
þ
�
e�ext

e�int
� 1

�
Zlk

R
: (14)

Together with condition (11) we have enough information
to perform correctly the matching of the perturbation.
Let us note that, the usual treatment without surface

crust approximation is recovered by making in the previous
conditions pint ¼ pext ¼ 0 and " ¼ 0, in which case the
continuity of the metric functions and of their derivatives is
obtained. This is what we do in almost the entire paper
except in the final part of Sec. VII, where the influence
of the changes in the core-crust transition pressure is
analyzed.
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IV. NUMERICAL METHOD

In this section we will explain the numerical method we
use to obtain outgoing quasinormal modes of realistic stars.
We implement this method into different Fortran programs
and routines, making use of the COLSYS package [65] to
solve numerically the differential equations. The advan-
tage of this package is that it allows the utilization of quite
flexible multiboundary conditions, that, as we will see in
the following sections, are important in our method of
quasinormal mode determination. On the other hand,
COLSYS allows us to construct an adaptative mesh of points

depending of the precision wewould like to achieve. In this
manner, the more precision we need on the perturbation
function, the more points COLSYS introduces into the mesh.
The static solution is calculated at the same time as the
perturbation, so the static solution functions will be also
adapted to the precision we require for the Regge-Wheeler
function. COLSYS additionally allows the use of the con-
tinuation method: we can use as an initial guess for a new
numerical solution another numerical solution with pa-
rameters close enough to the parameters of the new
solution.

We will start explaining how the outgoing modes are
determined in the exterior region of the metric.

Quasinormal modes present an oscillating part given by
the real part of the eigenfrequency, that remains towards
infinity, as can be seen in relation (7).

In order to deal with this issue we will follow [50,51],
and we will study the phase function. The phase function
(logarithmic derivative of the Z function),

g ¼ Z0

Z
; (15)

does not oscillate towards asymptotic infinity.
The other important issue we have seen is that quasi-

normal modes diverge towards spatial infinity because of
their pure outgoing wave behavior. This problem can be
treated using the phase function together with a rotation of
the radial coordinate into the complex plane.
This technique of complexification of the integration

variable is called exterior complex scaling [66–68]. An
analytical extension of the g function, which is a function
of r, is made into a g function that is dependent of the
generalized complex coordinate. This new function has no
physical meaning, but the eigen-values obtained by inte-
grating the equation along the extended radius will remain
unaltered.
We parametrize the complex coordinate along a line in

the complex plane. We will take a straight line with an
angle � with respect to the real axis.

r ¼ Rþ ye�i�; (16)

with y 2 ½0;1Þ. The g function has the same limits in the
case of a purely outgoing or a purely ingoing wave than
with the real coordinate. But the mixed waves now depend
on the angle of the path of integration �.
In our method, the angle of the integration path is treated

as a free parameter of the solution. This angle can be
chosen appropriately to increase precision and integration
time, but always remaining in the region where g ! �i!.
This boundary condition imposes to the obtained solution a

TABLE I. Frequency and damping time of the trapped modes (t), the spatial modes and the
interface modes (i), in central density units, for axial l ¼ 2 modes, 2M=R ¼ 0:885.

!Re !Im !Re !Im

(t)0.213 863 87 2:432 045 9� 10�9 1.683 478 76 6:024 371 6� 10�2

(t)0.291 011 53 7:747 252 3� 10�8 1.767 048 36 6:193 009 9� 10�2

(t)0.367 998 64 1:072 527 9� 10�6 1.850 665 83 6:339 002 4� 10�2

(t)0.444 634 93 9:518 752 2� 10�6 1.934 298 17 6:469 996 1� 10�2

(t)0.520 639 03 6:339 319 4� 10�5 2.017 934 47 6:589 768 6� 10�2

0.595 579 00 3:380 600 6� 10�4 2.101 577 98 6:701 936 1� 10�2

0.668 960 67 1:432 266 6� 10�3 2.185 223 98 6:808 051 0� 10�2

0.740 909 53 4:508 007 7� 10�3 2.268 880 71 6:909 887 8� 10�2

0.812 802 72 1:013 574 2� 10�2 2.352 547 74 7:007 604 2� 10�2

0.885 903 97 1:725 926 4� 10�2 2.436 225 99 7:101 810 2� 10�2

0.960 373 07 2:448 019 5� 10�2 (i)1.451 159 09 5:401 141 9� 10�2

1.036 081 10 3:102 748 4� 10�2 (i)1.734 339 05 1:394 506 6� 10�2

1.113 081 52 3:668 522 1� 10�2 (i)2.011 068 06 2:290 268 7� 10�2

1.19147020 4:155 931 3� 10�2 (i)2.293 936 79 3:197 562 5� 10�2

1.271 223 30 4:583 803 1� 10�2 (i)2.579 829 76 4:106 780 2� 10�2

1.352 192 68 4:963 653 2� 10�2 (i)2.866 336 83 5:015 580 9� 10�2

1.434 156 22 5:297 614 4� 10�2 (i)3.152 744 66 5:923 420 4� 10�2

1.516 855 60 5:584 164 1� 10�2 (i)3.437 120 11 6:830 781 3� 10�2

1.600 033 82 5:824 412 1� 10�2
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purely outgoing wave behavior. Exterior complex scaling
with variable angle is widely used in other contexts like
atomic and molecular physics, where it gives excellent
results [69].

The use of the phase and exterior complex scaling with
variable angle allows us to compactify, so we can impose
the outgoing quasinormal mode behavior as a boundary
condition at infinity without using any cutoff for the radial
coordinate.

Inside the star the Regge-Wheeler equation (4) can be
solved without any problem. The perturbation function is
oscillating, but the number of oscillations will be finite
between r ¼ 0 and r ¼ R.

We must provide an equation of state. We implement the
realistic EOS in two different ways: (i) A piecewise poly-
trope approximation, done by Read et al. [22]. In this
approximation the equation of state is approximated by a
polytrope in different density-pressure intervals. For den-
sities below the nuclear density, the SLy equation of state is
considered. (ii) A piecewise monotone cubic Hermite inter-
polation satisfying the local thermodynamic condition [70].

We generate two independent solutions of the Regge-
Wheeler equation inside the star. The junction conditions
(11) and (14) can be written in the form of a determinant
making use of these two solutions together with the exte-
rior phase function. The determinant can be calculated
numerically from the integrated solutions.

We must explore the plane ð!Re; !ImÞ looking for null
determinants. This process can be automated so that the
program looks for minima of the determinant on the plane.

We have made several tests on our method using simpler
equations of state. We successfully reproduce data from
previous works. For example, in Table I we show our
results for a star of constant density and 2M=R ¼ 0:885,
in perfect agreement with [51].

In Figs. 1 and 2 we show an example of calculated
perturbation functions. These functions correspond to
a star of 1:4M�, with Sly equation of state. The quasinormal
mode is the first axial mode wI with frequency
� ¼ 8:034 kHz and damping time � ¼ 29:31 �s. In
Fig. 1we plot the real and imaginary parts of the two interior
solutions for Z vs r. In Fig. 2 we plot the real and imaginary
parts of the calculated phase function outside the star vs the
compactified rotated coordinate x.
In the next sections we will show the results obtained for

realistic equations of state.

V. RESULTS FOR REALISTIC
EQUATIONS OF STATE

In this section we present our results for the axial
quasinormal modes of neutron stars with realistic
equations of state. We consider a wide range of equations
of state in order to study the influence of exotic matter in
the core of the star on the axial quasinormal modes.
Using the parametrization presented by Read et al. [22],

which is implemented in our code, we can study the 34
equations of state they considered. For this paper we have
used, following their notation, SLy, APR4, BGN1H1,
GNH3, H1, H4, ALF2, ALF4.
After the recent measurement of the 1:97M� for the

pulsar PSR J164-2230, several equations of state have
been proposed. These new equations allow the presence
of exotic matter in the core of the neutron star, and the
maximum mass for stable configurations is over this value.
We have considered the following ones: two equations of
state presented by Weissenborn et al. with hyperons in
[20]; we call them WCS1 y WCS2, three EOS presented
by Weissenborn et al. with quark matter in [21]; we call
them WSPHS1, WSPHS2, WSPHS3, four equations of
state presented by Bonanno and Sedrakian in [19]; we
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FIG. 1. Example of the Regge-Wheeler function inside the star
vs radius.

FIG. 2. Example of phase function g outside the star vs the
compactified rotated coordinate x.
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call them BS1, BS2, BS3, BS4, and one EOS presented by
Bednarek et al. in [18]; we call it BHZBM.

In Fig. 3 we plot the 18 equations of statewe have studied
in order to give an idea of the range considered. Let us
describe briefly the characteristics of the equations of state
we have used: For plain npe� nuclear matter, we use

(i) SLy [71] with npe� using a potential method to
obtain the EOS.

(ii) APR4 [72] with npe�, obtained using a variational
method.

For mixed hyperon-nuclear matter we use
(i) GNH3 [73], a relativistic mean-field theory EOS

containing hyperons.
(ii) H1 and H4 [74], two variants of the GNH3 equation

of state.
(iii) BGN1H1 [75], an effective-potential equation of

state including hyperons.
(iv) WCS1 and WCS2 [20], two equations of state with

hyperon matter, using ‘‘model 	!�
’’, and con-
sidering ideal mixing, SU(6) quark model, and the
symmetric-antisymmetric couplings ratio �v ¼ 1
and �v ¼ 0:2, respectively.

(v) BHZBM [18], a nonlinear relativistic mean field
model involving baryon octet coupled to meson fields.

For hybrid stars we use
(i) ALF2 and ALF4 [76], two hybrid EOS with mixed

APR nuclear matter and color-flavor-locked quark
matter.

(ii) WSPHS3 [21], a hybrid star calculated using the
bag model, mixed with NL3 RMF hadronic EOS.

The parameters employed are B1=4
eff ¼ 140 MeV,

a4 ¼ 0:5, and a Gibbs phase transition.
For Hybrid stars with hyperons and quark color super-
conductivity we use

(i) BS1, BS2, BS3, and BS4, [19], four equations of
state calculated using a combination of phenomeno-
logical relativistic hypernuclear density functional
and an effective NJL model of quantum chromody-
namics. The parameters considered are vector cou-
pling GV=GS ¼ 0:6 and quark-hadron transition
density �tr=�0 equal to 2, 3, 3.5, and 4, respectively,
where �0 is the density of nuclear saturation.

For quark stars we use
(i) WSPHS1 and WSPHS2 [21]. The first equation of

state is for unpaired quark matter, and we have

considered the parameters B1=4
eff ¼ 123:7 MeV,

a4 ¼ 0:53. The second equation of state considers
quark matter in the CFL phase (paired). The parame-

ters considered are B1=4
eff ¼ 130:5 MeV, a4 ¼ 0:66,

� ¼ 50 MeV.

A. Nuclear and hyperon matter

We will start studying the impact of hyperon matter on
the quasinormal mode spectrum, comparing with configu-
rations with plain nuclear matter EOS.
In Figs. 4 and 5 we plot the mass-central pressure and

mass-radius relation, respectively. For the study of the
quasinormal modes we have considered only stable con-
figurations below the maximum mass of each equation of
state. It can be seen that the introduction of a hyperon core
changes the mass radius relation and we will see that this
has an imprint on the quasinormal mode spectrum of these
configurations. Note that all the EOS considered are near
or beyond the 1:97M� limit, except the BGN1H1 and H1
equations of state, which are included for comparison. In
the following we will consider only stable configurations

FIG. 3 (color online). Pressure vs density in logarithmic scale
for the 18 equations of state considered, in the high density
region.

FIG. 4 (color online). Mass vs central pressure for the equa-
tions of state considered in Sec. VA. We plot configurations up
to the maximum stable mass. Note that all the EOS have a
maximum mass nearby or beyond 2M�, except H1 and
BGN1H1, which are included for comparison.
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between 1M� and the maximum mass of the particular
equation of state. We will study the fundamental and first
excited wI modes, as well as the fundamental wII mode.

Fundamental wI mode: In Figs. 6 and 7, we plot the
frequency and damping time of the fundamental wI mode
as a function of the central pressure of the star in logarith-
mic scale, for the different equations of state. There is no
significant difference between the two pure nuclear matter
equations of state considered, except for the bigger maxi-
mum mass of the APR4 EOS. On the other hand, we
observe that the presence of hyperon condensates has a
clear impact on the frequencies of the fundamental

w modes. Note that the hyperon core is changing the
frequency relation for high mass configurations, increasing
with the central pressure above�1035 dyn=cm2, where the
hyperon phases are more important due to the high density
of the star core. Essentially, this effect is related to the
softening of the EOS by the introduction of hyperon matter
at the inner regions of the star.
This result is in agreement with a recent work by

Chatterjee and Bandyopadhyay [29].
In order to use future observations of gravitational waves

to estimate the mass and the radius of the neutron star, as
well as to discriminate between different families of equa-
tions of state, we obtain empirical relations between the
frequency and damping time of quasinormal modes and the
compactness of the star, following [4,25,77,78]. In Fig. 8
we present the frequency of the fundamental mode scaled
to the radius of each configuration. It is interesting to note
that even with this scaling, the softest equations of state
that include hyperon matter, H1 and BGN1H1, present a
quite different behavior than the rest of EOS considered.
Nevertheless, as the detection of the recent 2M� pulsar
suggest, these two particular EOS cannot be realized in
nature, so the behavior of the scaled frequency is quite
similar for hyperon matter or plain nuclear matter stars.
A linear fit can be made to each equation of state. We fit

to the following phenomenological relation:

!ðKhzÞ ¼ 1

RðKmÞ
�
A
M

R
þ B

�
: (17)

In Table II we present the fit parameters A, B for each
one of the equations of state studied. For the Sly and for
the APR4 equations very similar results are obtained.

FIG. 5 (color online). Mass vs radius for the equations of state
considered in Sec. VA. Typically, stars with hyperon matter have
bigger radius than nuclear matter stars of the same mass.

FIG. 6 (color online). Frequency of the fundamental wI mode
vs central pressure in logarithmic scale, for the EOS considered
in Sec. VA. While there is no significant difference between the
SLy and the APR4, the hyperon core changes the relation of the
frequency with the central pressure for high densities (pc above
�1035 dyn=cm2).

FIG. 7 (color online). Damping time of the fundamental wI
mode vs central pressure in logarithmic scale, for the EOS
considered in Sec. VA. The behavior is quite similar for all
the equations of state considered. At high density, the lowest
values of the damping time are reached by the H1 and BGN1H1
EOS.
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The empirical parameters for SLy and APR4 are compat-
ible with the empirical relation obtained by Benhar et al.
[78] for six equations of state.

In general, for hyperon matter EOS, we still obtain a
linear relation, but with slightly different parameters, as
can be seen in Table II. As commented before, quite
remarkable is the case of the H1 and BGN1H1, where
the linear relation is almost lost.

Our results show that the introduction of hyperon matter
changes very little the dependence of the frequency with
the compactness. Even for M=R bigger than 0.18, the
difference between equations of state with and without
hyperon matter is quite small. As these empirical relations
depend minimally on the equation of state, they could be
used, applying the technique from [77] to measure the
radius of the neutron star and constrain the equation of
state.

In Fig. 9 we present the damping time of the fundamen-
tal mode scaled to the mass of each configuration. In this
case, the results can be fitted to an empirical quadratic
relation on M=R, as follows

103

�ð�sÞ ¼ 1

MðM�Þ
�
a

�
M

R

�
2 þ b

M

R
þ c

�
: (18)

In Table II we present the fit parameters a, b, and c. Note
that for SLy and APR4 the fits are quite similar, and in
accordance with the results obtained in [78]. All of the
equations of state are well fitted to a quadratic relation with
the compactness. For compactness beyond 0.18 the pres-
ence of hyperon matter slightly changes the dependence of
the scaled damping time with M=R, specially for the
BGN1H1 EOS.
First excited wI mode.—In Figs. 10 and 11 we plot the

scaled frequency and damping time for the first excited wI
modes. We make fits to the empirical relations (17) and
(18). In Table III we present the corresponding empirical
parameters.
Fundamental wII mode.—In Fig. 12 we plot the fre-

quency of the fundamental wII mode scaled with the mass

vs the metric function e2�ðRÞ. It can be seen that for all the
equations of state studied, there is a minimal compactness
below which the wII mode does not exist. The scaled

frequency is quite linear with e2�ðRÞ nearby this minimal
compactness. Our numerical scheme allows us to obtain
explicitly these limit configurations with vanishing real
part of the mode with a precision of the order of 10�5.
The limit configuration has compactness between M=R ¼
0:1044 and M=R ¼ 0:1066, so it is quite independent of
the particular equation of state, and in consequence inde-
pendent of the presence of hyperon matter. For example,
the GNH3 equation of state limit configuration has com-
pactness M=R ¼ 0:1051, and for the BGN1H1, M=R ¼
0:1061, and the SLy has compactness M=R ¼ 0:1056 and
the APR4 compactness M=R ¼ 0:1046. The reason why
the limit configuration is independent of the EOS is be-
cause, for these values of the compactness, the mass of the
stars considered are below 1M�. In these low mass con-
figurations the presence of hyperons at the core is small or
null, depending of the equation of state, and so we are
comparing plain nuclear matter stars with slightly different
EOS at the core.
These limit configurations were conjectured by extrapo-

lation in Wen et al. in [30]. Our results are in agreement
with their extrapolation.

FIG. 8 (color online). Scaled frequency of the fundamental wI
mode vs M=R, for the EOS considered in Sec. VA. Except for
H1 and BGN1H1 EOS, which present a quite different behavior,
all the scaled frequencies can be fitted to a linear relation with
the compactness (17). The fits can be found in Table II.

TABLE II. Fits for the wI0 modes. Parameters A and B correspond to the linear empirical relation for the frequency (17). Parameters
a, b, and c correspond to the quadratic empirical relation for the damping time (18).

wI0 SLy APR4 GNH3 BGN1H1 H1 H4 WCS2 WCS1 BHZBM

A �148:7	 4:5 �164:2	 5:8 �122:1	 1:4 �95:5	 5:4 �89:9	 5:1 �120:6	 1:8 �139:7	 3:6 �107:1	 2:2 �132:8	 3:6

B 119:8	 1:0 122:4	 1:4 116:67	 0:25 111:9	 1:0 113:06	 0:81 115:50	 0:35 117:83	 0:75 112:81	 0:43 117:35	 0:78

�2 0.760 0.039 1.56 0.689 0.260 0.0812 0.430 0.096 0.388

a �1221	 22 �1112	 19 �1444	 23 �1690	 49 �1539	 42 �1385	 47 �1244	 23 �1450	 64 �1401	 41

b 365:1	 9:3 331:1	 9:0 425:4	 8:3 506	 18 448	 13 414	 17 371:4	 9:6 437	 24 418	 17

c 21:63	 0:89 24:16	 0:94 17:87	 0:68 11:2	 1:6 16:6	 1:0 18:2	 1:5 21:4	 0:9 16:2	 2:1 17:9	 1:6

�2 0.050 0.034 0.027 0.084 0.016 0.091 0.044 0.083 0.097

PHENOMENOLOGICAL RELATIONS FOR AXIAL . . . PHYSICAL REVIEW D 87, 104042 (2013)

104042-9



In Fig. 13 we show the damping time of the wII mode
scaled with the mass. Although for low compactness the
damping time is quite independent of the equation of state
and linear in M=R for the reasons mentioned before, for
compactness above 0.18 it is very sensitive to the presence
of hyperon matter, changing completely the linear behav-
ior. The damping time does not vanish in the limit
compactness as the frequency does. On the contrary, it
tends to a limit �.

B. Quark matter

In this subsection wewill present our results for the axial
quasinormal modes of compact stars with quark matter at
the core. We consider the following equations of state:
ALF2, ALF4, WSPHS1-3, BS1-4, already described pre-
viously. In the following figures we will always include the
results for the SLy EOS for comparison.
In Fig. 14 we present the equations of state at the high

density region. In Fig. 15 we present the mass-radius
relation for these equations of state and in Fig. 16 the
mass-central pressure relation. Only stable configurations
below the maximum mass of each equation of state have
been considered. Note that all the equations of state con-
sidered are near or above the 1:97M� limit. We will repeat
the analysis for these new equations, studying the funda-
mental and first excited wI modes, and, finally, the funda-
mental wII mode.
Fundamental wI mode.—In Fig. 17 we plot the fre-

quency of the fundamental wI mode as a function of the
central pressure of the star in logarithmic scale. In Fig. 18
we make a similar plot for the damping time of these
configurations. Note the similitude between the SLy modes
and the ALF4 modes for both the frequency and damping
time. These two equations of state cannot be differentiated
by the observation of the fundamental w mode. This is not
the case if the EOS for hybrid matter is softer, as it happens
for the other EOS considered, which present smaller
frequencies.
In Figs. 17 and 18 we also plot the fundamental mode for

the two pure quark matter EOS considered (WSPHS1 and
WSPHS2). The configurations near the maximum mass
limits of these EOS have much lower frequencies than
the rest of the EOS studied, around 5.5 kHz.

FIG. 9 (color online). Scaled damping time of the funda-
mental wI mode vs M=R, for the EOS considered in Sec. VA.
The scaled damping times can be fitted to a quadratic
relation with the compactness (18). The fits can be found in
Table II.

FIG. 10 (color online). Scaled frequency of the first excited wI
mode vs M=R, for the EOS considered in Sec. VA. In this case
the linear relation (17) is found for all these EOS. If we exclude
the H1 and BN1H1 EOS, the presence of hyperons is not
affecting strongly the scaled frequency. The fits can be found
in Table III.

FIG. 11 (color online). Scaled damping time of the first excited
wI mode vs M=R, for the EOS considered in Sec. VA. The
quadratic relation (18) is valid for every EOS considered. The
empirical parameters are more sensitive to the hyperon core,
especially at high densities. The fits can be found in Table III.
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In these figures we observe that the frequency and
damping times have a clear dependence on the EOS
when represented against the central pressure. All the
EOS with quark matter at the core present a characteristic
behavior, with frequencies below those of the plain nuclear
matter configurations, except the ALF4 EOS, which
mimics the SLy EOS almost entirely.

In Fig. 19 we present the frequency of the fundamental
mode scaled to the radius of each configuration. A linear fit
can be made to each equation of state. We fit to the
phenomenological relation presented in the previous sub-
section, equation (17). In Table IV we present the fit
parameters A, B for each one of the equations of state
studied.

In Fig. 20 we present the damping time of the funda-
mental mode scaled to the mass of each configuration. In
this case, the results can be fitted to the empirical quadratic
relation on M=R, as presented in Eq. (18). In Table IV we
present the fit parameters a, b, and c.

When we represent the scaled frequency and damping
time vs M=R, all the wI0 modes have a similar behavior
and the coincidence is greater for higher compactness. The
only exceptions are WSPHS1-2 EOS (pure quark stars).
Their behavior is clearly differentiated from the rest be-
cause of the different layer structure found at the exterior
of the star.
First excited wI mode.—We present a similar study of

the first excited wI mode. In Figs. 21 and 22 we plot the
scaled frequency and damping time for the first excited wI
mode. The empirical relations (17) and (18), with different
parameters can be found in Table V. Note that the scaled
frequency and damping time is quite similar for every EOS
considered, and the only difference is found for the
WSPHS1-2 EOS at low densities, for the same reasons
than for the fundamental modes.
Fundamental wII mode.—Finally, in Fig. 23 we plot the

frequency of the fundamental wII mode scaled with the

mass vs the metric function e2�ðRÞ. As in the previous
subsection, it can be seen that there is, for all the equations
of state studied, a minimal compactness below which the
wII mode vanishes.

TABLE III. Fits for the wI1 modes. Parameters A and B correspond to the linear empirical relation for the frequency (17). Parameters
a, b, and c correspond to the quadratic empirical relation for the damping time (18).

wI1 SLy APR4 GNH3 BGN1H1 H1 H4 WCS2 WCS1 BHZBM

A �689:5	 5:2 �667:9	 3:9 �736:5	 6:8 �779:4	 6:8 �797	 12 �703:7	 5:5 �684:2	 6:8 �723:5	 7:0 �727:7	 6:2

B 312:5	 1:1 309:35	 0:97 317:2	 1:4 323:3	 1:4 324:4	 0:7 316:2	 1:1 310:5	 1:5 315:3	 1:4 317:5	 1:3

�2 0.997 0.670 0.372 1.986 0.18 0.731 1.564 0.955 1.144

a �1843	 55 �1792	 65 �2062	 25 �1771	 123 �2274	 20 �2020	 71 �1863	 78 �2635	 150 �1854	 79

b 650	 23 646	 30 690:9	 8:9 582	 45 725:8	 6:6 687	 26 656	 32 879	 55 627	 32

c 14:3	 2:2 13:7	 3:2 13:10	 0:73 21:1	 3:9 12:02	 0:51 12:7	 2:3 14	 29 3:1	 4:8 17:4	 3:0

�2 0.311 0.510 0.380 0.393 0.00374 0.209 0.401 0.520 0.361

FIG. 12 (color online). Scaled frequency of the fundamental
wII mode vs e2�ðRÞ, for the EOS considered in Sec. VA. The
frequency vanishes for compactness between M=R ¼ 0:1044
andM=R ¼ 0:1066. For low compactness, there are no or almost
no hyperons in the core of the star, so at this point all the
configurations are basically plain nuclear matter stars.

FIG. 13 (color online). Scaled damping time of the fundamen-
tal wII mode vs M=R, for the EOS considered in Sec. VA. The
damping time does not vanish in the limit compactness as the
frequency does.
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In Fig. 24 we show the damping time of the wII mode
scaled with the mass, where it can be seen that for these
limit configurations it tends to a limit � dependent of the
equation of state. Note that for the hybrid stars considered,
the limit configuration is different depending on the matter
composition of the outer layers. For hybrid stars ALF2,
ALF4 and WSPHS3, the limit configurations have com-
pactness between M=R ¼ 0:1046 and M=R ¼ 0:1060,
similar to hyperon stars. For BS1-4, the limit configura-
tions have compactness M=R ¼ 0:112, and for quark stars
WSPHS1 and WSPHS2, the limit configurations are quite
different and have compactness M=R ¼ 0:126. These dif-
ferences are due to the behavior of the different equations

of state of each configuration at the outer layers of the star.
In fact, note that for quark stars WSPHS1 and WSPHS2
the pressure drops to zero with constant density around
2� 1014 g=cm3.

1. BS equations of state

In order to study the influence of different phases in
the compact star, we study four equations of state,
considered by Bonanno and Sedrakian with the NL3 pa-
rametrization of the Walecka model [19]. These EOS
correspond to hybrid stars with hyperons and quark
color-superconductivity. They usually have four regions,

FIG. 14 (color online). Density vs pressure in logarithmic
scale in the high density region, for the EOS considered in
Sec. VB. Note that hybrid stars present important phase tran-
sitions at high pressures.

FIG. 17 (color online). Frequency of the fundamental wI mode
vs central pressure in logarithmic scale. Hybrid stars tend to have
lower frequencies than plain nuclear matter stars or hyperon
matter. Pure quark stars have the smallest frequencies, below
6 kHz.

FIG. 15 (color online). Mass vs radius relation for the EOS
considered in Sec. VB. All these EOS have maximum mass
nearby or beyond 2M� and radius beyond 10Km.

FIG. 16 (color online). Mass vs central pressure relation, for
the EOS considered in Sec. VB. In this study we consider only
stable configurations between 1M� and the maximum mass of
the particular EOS.
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which are, from the inside to the outside: CFL (quark
matter three-flavor color-flavor-locked), 2SC (quark matter
two-superconducting colors phase), Nþ Hyp (nuclear and
Hyper-nuclear matter), and N (nuclear matter). The extent
of each region depends on the quark-hadron transition
density �tr and the vector coupling constant GV . We study
four equations of state with GV ¼ 0:6GS and �tr ¼ 2�0,
3�0, 3:5�0, 4�0 where �0 is the density of nuclear
saturation.

In Fig. 25 we plot the equations of state in the high
density region. In Fig. 26 we plot the frequency of the
fundamental wI mode as a function of the central pressure
of the star in logarithmic scale. In Fig. 27 we make a
similar plot for the damping time of these configurations.
We can see in Fig. 25 that the BS equations of the state

have phase transitions, where for a given pressure, the
density suffers a finite jump that increases its value (the
EOS become softer). The effect of these phase transitions
is reflected clearly in the frequency and damping time of
the wI0 modes as it can be seen in Figs. 26 and 27.

VI. EMPIRICAL RELATIONS FOR W MODES

In Fig. 28 we present !IM vs !RM for wI0, wI1, and
wII0 modes, for all the equations of state studied. This is a
plot similar to Fig. 4 of [49] for constant density stars. It
can be seen that for the fundamental modes, the scaling
with the mass is quite independent of the equation of state.
Now let us define �!R and �!I (real and imaginary part of

the w modes in units of the central pressure) by the
following relations

�!R ¼ 2�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pcðcm�2Þp 103

c
!ðKhzÞ;

�!I ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pcðcm�2Þp 106

c

1

�ð�sÞ ;
(19)

where c is the speed of light in cm/s. If we plot �!R vs �!I of
wI0, wI1, and wII0 modes for all the equations of state, we
obtain Fig. 29 with three curves, one for each type of
modes. A remarkable feature is that all the wI0 modes of
Fig. 28 can be described by the curve marked wI0 in
Fig. 29, almost independently of the equation of state. A
similar behavior is obtained for wI1 and wII0 modes. One
would expect all the wI0 modes of a given EOS to describe
a curve depending on one parameter (for instance, the
central pressure). And in principle, different equations of
state should describe different curves. It is interesting to
note that this is not the case, since the empirical relation
between �!R and �!I is independent of the equation of state.
Hence, all the modes of the same type are located in the
same curve in Fig. 29, independently of the EOS.
Nevertheless, the parametrization of the curve using the
central pressure depends on the EOS. It is interesting to
note that the only points that separate slightly from the
corresponding line are those of modes for equations of
state WSPHS1 and WSPHS2 of quark stars.
This result allows us to present an empirical relation

between �!R and �!I that seems to be independent of the
equation of the state. As far as we know this has not been
obtained before.
For all the EOS except WSPHS1 and WSPHS2, we

obtain the following:
For the fundamental wI modes, our results of �!I vs �!R

can be fitted to a quadratic relation as follows:

FIG. 18 (color online). Damping time of the fundamental wI
mode vs central pressure in logarithmic scale, for the EOS
considered in Sec. VB. Hybrid stars are found in between the
pure quark matter configurations and the plain nuclear matter
ones.

FIG. 19 (color online). Scaled frequency of the fundamental
wI mode vs M=R, for the EOS considered in Sec. VB. All the
scaled frequencies can be fitted to a linear relation with the
compactness (17), even the ones for WSPHS1-2. The empirical
parameters of hybrid stars are quite different from those of pure
quark stars. The fits can be found in Table IV.

PHENOMENOLOGICAL RELATIONS FOR AXIAL . . . PHYSICAL REVIEW D 87, 104042 (2013)

104042-13



�!I ¼ ð�2:30	 0:13Þ þ ð0:58	 0:16Þ �!R

þ ð0:0165	 0:0004Þ �!2
R; (20)

with �2 ¼ 0:107.
For the first excited wI mode, we obtain the following fit:

�!I ¼ ð�1:22	 0:13Þ þ ð0:485	 0:008Þ �!R

þ ð0:00163	 0:00011Þ �!2
R; (21)

with �2 ¼ 0:170. It is almost linear with �!R.
For the fundamental wII mode, �!R is quadratic with �!I.

We obtain the following fit:

�!R ¼ ð4:21	 0:14Þ þ ð0:173	 0:012Þ �!I

þ ð�0:00524	 0:00020Þ �!2
I ; (22)

with �2 ¼ 0:165.
For quark stars (EOSWSPHS1 andWSPHS2) we obtain

slightly different values for the parameters of the empirical
relation:

For the fundamental wI modes, our results of �!I vs �!R

can be fitted to a quadratic relation as follows:

�!I ¼ ð�2:20	 0:22Þ þ ð0:557	 0:024Þ �!R

þ ð0:0148	 0:0006Þ �!2
R; (23)

with �2 ¼ 0:0220.
For the first excited wI mode, we obtain the following fit:

�!I ¼ ð�1:275	 0:097Þ þ ð0:476	 0:005Þ �!R

þ ð0:0010	 0:00005Þ �!2
R; (24)

with �2 ¼ 0:00902. It is almost linear with �!R.
For the fundamental wII mode, �!R is quadratic with �!I.

We obtain the following fit:

�!R ¼ ð4:32	 0:30Þ þ ð0:198	 0:022Þ �!I

þ ð�0:0051	 0:0004Þ �!2
I ; (25)

with �2 ¼ 0:061.
These relations allow us to obtain �!I if �!R is known.

From a practical point of view, these relations can be used
to simplify the numerical calculations to obtain quasinor-
mal modes for any equation of state, reducing, in our

FIG. 20 (color online). Scaled damping time of the fundamen-
tal wI mode vs M=R, for the EOS considered in Sec. VB. The
scaled damping times can be fitted to a quadratic relation with
the compactness (18). Again, WSPHS1-2 present a different
behavior from the hybrid stars. The fits can be found in Table IV.

FIG. 21 (color online). Scaled frequency of the first excited wI
mode vs M=R, for the EOS considered in Sec. VB. In this case,
all these EOS fit perfectly the linear relation with the compact-
ness (17). The fits can be found in Table V.

TABLE IV. Fits for the wI0 modes. Parameters A and B correspond to the linear empirical relation for the frequency (17). Parameters
a, b, and c correspond to the quadratic empirical relation for the damping time (18).

wI0 ALF2 ALF4 WSPHS1 WSPHS2 WSPHS3 BS1 BS2 BS3 BS4

A �119:0	 3:0 �141:4	 1:2 �56:5	 3:7 �57:95	 3:1 �145:3	 3:4 �102:1	 1:8 �104:3	 1:7 �104:9	 1:4 �104:7	 1:1

B 113:51	 0:59 118:40	 0:25 94:31	 0:75 93:96	 0:65 119:98	 0:66 110:14	 0:32 110:42	 0:31 110:50	 0:25 110:46	 0:20

�2 0.151 0.039 0.182 0.182 0.178 0.0359 0.0343 0.0227 0.0174

a �1290	 42 �1158	 26 �1319	 75 �295	 35 �1147	 24 �1275	 46 �1263	 46 �1266	 43 �1283	 34

b 395	 16 345:3	 9:8 455	 30 445	 14 340:4	 8:7 394	 15 390	 15 391	 14 397	 11

c 18:6	 1:4 23:06	 0:88 9:3	 2:3 10:4	 1:4 23:62	 0:76 18:4	 1:1 18:6	 1:1 18:5	 1:1 18:14	 0:90

�2 0.043 0.028 0.134 0.044 0.017 0.025 0.025 0.023 0.021
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method, the time necessary to find the zeros of the
determinant.

Let us present a possible application of these empirical
relations. Suppose that the frequency !ðKhzÞ and the
damping time �ð�sÞ of the fundamental mode wI0 of a
neutron star are detected. Then, using the Eq. (19) we can
plot a line for �!I vs �!R in Fig. 29 with parameter of the line
pc. The crossing point of this line with the curve marked
wI0, given by the empirical relation (20), gives us an
estimation of the central pressure pc independently of the
equation of state. Now, we can check which equations of
state are compatible with this pc; i.e., which EOS have the
measured wI0 mode near the crossing point for the esti-
mated central pressure. Hence, this method allows us to
estimate the central pressure pc and, in some situations,
discard certain equations of state. Let us mention that using
this pc, we can estimate the mass and the radius of the
star using our calculations for the possible EOS. Note, that
if these data (mass and radius) are measured by other
methods, we would have another filter to impose to the
EOS.

VII. OTHER RESULTS

Finally, we study the effect of core-crust transition pres-
sure variations in the quasinormal mode spectrum using
our model of crust as a surface energy density enveloping
the core. We will consider the SLy equation of state, for
which the core-crust transition is found at density 1:29�
1014 g=cm3. We construct a star of 1:4M� with and without
a surface energy density enveloping the core of the star at
this core-crust transition region. We can compare the dif-
ference in the fundamental w modes between our approxi-
mation of crust as a thin shell enveloping the core, and the
standard calculation. The result is the following: for the
fundamental wI mode, the change in the frequency is
0.07% and the variation in the damping time is �0:02%.
For the fundamental wII mode, the changes are bigger. For
the frequency 0.3% and for the damping time �0:07%.
This indicates that this approximation makes small
changes in the w quasinormal spectrum.
Next, we consider this neutron star with 1:4M� and

surface energy density at the core-crust transition point:
4:8� 1032 dyn=cm2. Fixing the central pressure, we var-
iate the core-crust transition pressure between
1032 dyn=cm2 and 1033 dyn=cm2, and compare with the
modes for the initial configuration. The impact of transition
pressure variations on the frequency is small, between
�0:05% and 0.08% for the fundamental wI mode, and
between �0:24% and 0.35% for the fundamental wII
mode. Similarly, transition pressure variations have a small
impact on the damping time, between 0.02% and�0:035%
for the fundamental wI mode, and between 0.06% and
�0:1% for the fundamental wII mode.

VIII. SUMMARY

In this paper we have studied the axial w quasinormal
modes for 18 equations of state. In particular, we consider
the influence of the presence of exotic matter in the core of
the neutron star.
We have seen that the hyperon core changes the fre-

quency and the damping time of the modes for configura-
tions of high compactness. The frequency increases with
the central pressure above �1035 dyn=cm2, where the
hyperon phases are more important due to the high density
of the star core. This effect is related to the softening of the

FIG. 22 (color online). Scaled damping time of the first excited
wI mode vs M=R, for the EOS considered in Sec. VB. A
quadratic relation with the compactness (18) can be found for
all these EOS. For low compactness WSPHS1-2 configurations
the scaled damping time can be a 10% smaller than for hybrid
stars. The fits can be found in Table V.

TABLE V. Fits for the wI1 modes. Parameters A and B correspond to the linear empirical relation for the frequency (17). Parameters
a, b, and c correspond to the quadratic empirical relation for the damping time (18).

wI1 ALF2 ALF4 WSPHS1 WSPHS2 WSPHS3 BS1 BS2 BS3 BS4

A �715:8	 4:0 �688:7	 6:8 �560	 19 �562	 18 �672:6	 6:7 �685	 19 �694	 10 �689	 11 �681	 11

B 316:98	 0:78 313:5	 1:4 283:0	 4:0 283:3	 3:8 310:0	 1:3 308:9	 3:5 310:4	 2:0 309:7	 2:0 308:3	 2:0

�2 0.258 1.236 5.073 6.203 0.691 1.821 0.6037 0.662 0.921

a �1828	 72 �1857	 110 �2026	 103 �2017	 117 �1870	 79 �1536	 142 �1874	 155 �1897	 205 �1458	 85

b 637	 27 654	 42 780	 40 785	 47 639	 29 549	 50 661	 55 670	 73 524	 32

c 14:7	 2:5 14:2	 3:8 �5:1	 3:9 6:3	 4:5 17:9	 2:5 20:9	 4:3 11:8	 4:7 11:0	 6:3 22:8	 2:9

�2 0.1242 0.510 0.252 0.486 0.187 0.0502 0.0584 0.1167 0.0457
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equation of state at the inner regions of the star. For stars
including quark matter in the core, we obtain a clear
influence of the quark presence on the frequency and
damping time when represented vs central pressure, with
a characteristic behavior for all the EOS with quark matter
in the core.

We have obtained phenomenological relations for the
frequency and damping time with M=R for wI and wII
modes. For some equations of state (for hyperon matter H1

and BGN1H1, and for pure quark stars WSPHS1-2) the
scaling relations are quite different from the rest of the
EOS. For the rest of the EOS considered, the scaled rela-
tions are quite similar, providing useful information that
could be used to measure the radius of a neutron star.
A detailed analysis of four equations of state considered

by Bonanno and Sedrakian allows us to study the influence
of the presence of different phase transitions in the spec-
trum of a compact star.
Another interesting result is the new phenomenological

relation between the real part �!R and the imaginary part �!I

(scaled to the central pressure) of w quasinormal modes,

FIG. 23 (color online). Scaled frequency of the fundamental
wII mode vs e2�ðRÞ, for the EOS considered in Sec. VB. The
frequency vanishes for a compactness that depends on the lower
densities of the equation of state considered, around M=R ¼
0:105 and M=R ¼ 0:110 for hybrid stars. The most different are
the pure quark stars WSPHS1-2, which have the limit at M=R ¼
0:126.

FIG. 24 (color online). Damping time of the fundamental wII
mode vsM=R, for the EOS considered in Sec. VB. The damping
time does not vanish in the limit compactness as the frequency
does.

FIG. 25 (color online). Density vs pressure in logarithmic
scale for the BS EOS for high densities. Note that at high
pressures different phase transitions are taken into account,
affecting the stiffness of the EOS.

FIG. 26 (color online). Frequency of the fundamental wI mode
vs central pressure for the BS equations of state. The phase
transitions that can be seen in the previous figure affects the
frequency curves. These curves branch once the EOS is affected
by the phase transition.
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valid for all the EOS, except, perhaps, for WSPHS1 and
WSPHS2 EOS (quark stars).

The precision of our algorithm allows us to construct
explicitly the universal low compactness limiting configu-
ration aroundM=R ¼ 0:106 for which the fundamental wII
mode vanishes. The existence of this configuration was
conjectured by [30].

Finally, we have studied the influence of changes in the
core-crust transition pressure obtaining that the influence is
very small.

In order to perform this analysis, we developed a new
numerical method to calculatew-axial quasinormal modes.
The use of the phase of the Regge-Wheeler function to-
gether with exterior complex scaling, allow us to impose
the outgoing wave behavior with stringent conditions. We
allow for variable angle in the complex scaling, which
makes it possible to obtain new modes and enhances
precision with respect to previous works.
We present a complete study of the junction conditions

between the exterior and interior solution in a surface of
constant pressure (also including the case p ¼ 0, the
border of the star). The matching conditions can be
written in terms of a determinant whose zeros correspond
to quasinormal modes for the particular integrated
configuration.
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FIG. 28. Adimensional quantities!IM vs!RM for allwmodes
and EOS considered. Note that here we choose c ¼ G ¼ 1, so
the products !RM, !IM are adimensional. It can be seen that
the scaling with the mass is quite independent of the equation of
state, especially for the fundamental modes. The arrow indicates
increasing compactness.

FIG. 29 (color online). �!I vs �!R as defined in Eqs. (19) for all
the w modes and for every equation of state we considered in the
study. Here it can be seen that the scaling with the central
pressure is also quite independent of the equation of state.
This universal relation could be used to estimate, for example,
the central pressure of the star independently of the EOS. The
compactness decreases when increasing �!I.

FIG. 27 (color online). Damping time of the fundamental wI
mode vs central pressure for the BS equations of state. In a
similar way to the frequency, the phase transitions in the
equations of state are clearly reflected in the branching of the
damping time curves.
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