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Moderador
Notas de la presentación
Thank you Mister Chairman, good morning ladies and gentlemen. I’m going to present to you the results of a study entitled: quantifying uncertainties in seismic tomography.
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Moderador
Notas de la presentación
The outline of this presentation is the following: First I introduce the context of the study and the reflection tomography problem, that means the methodology we use to recover the model of the subsurface from seismic data. Then, I will describe two ways to access uncertainties on the solution model in the linearized framework. Finally, I will show you a Global inversion method to obtain a solution modelBut, first of all, introduction.
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The reflection tomography problem 

 Forward problem:  
ray tracing 
           

 Inverse problem:   
minimizing the 
misfits between 
observed and                             
calculated 
traveltimes 

forward problem inverse 
sources 
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Moderador
Notas de la presentación
Reflection tomography is an inverse problem that aims at determining a velocity model from seismic data. These seismic data are traveltime data associated with reflections of seismic waves in the subsurface.These data are modeled by the forward problem based on a ray tracing. For each source of the acquisition survey we record the seismic responses on every  receivers. All these times constitue our data.The inverse problem consists in comparing the observed traveltimes and the traveltimes computed by the forward operator.Now, I ‘m going to be more specific on the choice of our models.
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 Modelisation: 
– Model: 2D model parameterization based on b-spline functions 

• interfaces: z(x), x(z) 
• velocities: v(x), v(x)+k.z 

 
 
 

– Acquisition survey:  
• sources: S=(xs,0)  
• receivers: R=(xr,0)  

 

 
 Data: traveltimes modeled by the forward problem based 

on a ray tracing 
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Moderador
Notas de la presentación
The chosen model representation is a blocky velocity model. The velocity distribution is discribed by velocity blocks delimited by interfaces. The model is thus composed of two kinds of parameters: parameters discribing the velocity variations within the layers  and parameters describing the geometry of the interfaces delimiting the velocity  blocks.These two kinds of parameters are discribed by 2D B-spline functions for interfaces and 2D or 3D B-spline functions for velocity variations. The acquisition survey is composed by sources and receivers that allow to model our data. These traveltimes data are computed by the forward problem based on a ray tracing. How does work this ray tracing algorithm?.
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 Ray tracing for specified ray signature : 
– source (S) and receiver (R) fixed 
– ray signature known (signature = reflectors where the waves reflect) 

 Fermat’s principle: 
• analytic traveltime formula within layer (P = impact point of the ray) 

 
 
 
 

• Fermat’s principle: ( C = trajectory between S and R) 

 

Ray tracing algorithm 

(in particular) 

Moderador
Notas de la presentación
The ray tracing alogorithm is a ray tracing for a specified ray signature, that is to say the list of the reflectors where the seismic waves reflect. For this algorithm the source (S) and the receiver (R) are fixed. The ray satisfy the Fermat’s principle:With the analytic traveltime formula within layer “t = ….” where P impact point of the ray, the Fermat’s principle stipulate that the traveltime associated to a  trajectory between a source S and  a receiver R must be stationnary. And in particular we have the following relation.
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Ray tracing: an optimization problem 
A ray is a trajectory that satisfies Fermat ’s principle 

for a given signature 

S=(xs,0) R=(xr,0) 

P1 

P2 

P3 

V1 

V2 

Int2 

t=t(P1,P2,P3) t = minimize t(S,R ) P1,P2,P3 

x(km) 

Moderador
Notas de la presentación
So, a ray is a trajectory that satisfies Fermat’s principle for a given signature.This ray tracing algorithm can be seen as an optimization problem: the traveltime data is the time that minimize the trajectory between a source S and a receiver R.We have to specify now the inverse problem associated to this forward problem.



SIAM Conference on Mathematical & Computational Issues in the Geosciences, 2005 

The reflection tomography problem:  
an inverse problem 

 Search a model which 
– fits traveltime data for given uncertainties on the data  
– and fits a priori information 

 The least square method 
 

 
 
with         the a priori covariance operator in the data space 
       the a priori covariance operator in the model space 
 
This classical approach give the estimate    

Moderador
Notas de la presentación
The inverse problem is reflection tomography.Reflection tomography consists in searching a model that  fits the traveltime data for given uncertainties on the data and fits the a priori information : besides, regularization and other geological and geophysical information can be taken into account in the inversion process.For this purpose, a natural formulation of this problem is the least square formulation. We minimize an objective function which is composed of 2 terms. The first term measures the mismatches between the observed traveltime data and the traveltime data calculated with a forward modeling operator T.The second term is an a priori term. CD represents the a priori covariance operator in the data space and CM the a priori covariance operator in the model space.This classical approach give the estimate mest.
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Moderador
Notas de la presentación
Back to the purpose of this presentation: uncertainty analysis on the solution model of reflection tomography.
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Uncertainty analysis on the solution model 

 Linearized approach: 
– Jacobian matrix: 

 
 
 
 
 

– Acceptable models =   mest + δm  with: Jδm small in the error bar,      
            δm in the model space. 

 Motivations: 
– find error bars on the model parameters  

 

Moderador
Notas de la presentación
To perform our linearized uncertainty analysis we have chosen to use the jacobien matrix. The expression of this matrix is the following where v reprensents the velocity and z1 to zn the interface parameters.In this approach the space of acceptable is define as following: the set of mest+ deltam with Jdeltam small in the error bar and deltam in the model space.Our main motivations are to find error bars on the model parameters.
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Uncertainty analysis: two approaches 

 We propose two methods to access the uncertainties 
– Linear programming method 
– Classical stochastic approach 

 
 

 
 

Moderador
Notas de la presentación
We propose here two methods to access uncertainties: the first one is the linear programming method, and the second one allows to compute uncertainties via the classical stochastic approach.
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Linear programming method 

 Solve the linear programming problem   
 
 
 
 
 

where: 
– δt=0.003(s),  
– δ m= (δ mv, δ mz) avec δmv = min(|vm-0.8|,|3-vm|) et δmz = δ z/2 

 

 

Under the constraints 

(Dantzig, 1963) 

Moderador
Notas de la presentación
The first proposed method to quantify uncertainties is the linear programming method.Its principle is the following: we minimize  a function under constraints on m and Jm.In our application delta t is equal to 0.003 (s) and delta m which composed by a deltamv and a deltamz is equal to this minimum for the velocity if we consider a velocity between 0.8 and 3 km/s and to delta z dived by 2 for the interface.This method allows us to obtain error bars on the model parameters.
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Stochastic approach 

 Solve the stochastic inverse problem 
 
 
 
 
 
where: 
 
 
 
with  
  δt=0.003(s),  
  δ m= (δ mv, δ mz) avec δmv = min(|vm-0.8|,|3-vm|) et δmz = δ z/2  

 

(Franklin, 1970) 

Moderador
Notas de la presentación
The second approach to quantify uncertainties consists in solving the stochastic inverse problem in order to obtain the estimate of m.We compute the a posteriori covariance matrix in the model  space where the a priori covariance operator in the data space CD  corresponds to this diagonal matrix and CM the a priori covariance operator in the model space corresponds to this diagonal matrix. This choice is linked to the fact that for a  uniform probability function the variance of a random variable between minus  delta t and plus delta t for example is equal to the squared of delta t on 3.In our application delta t is equal to 0.003 (s) and delta m which composed by a deltamv and a deltamz is equal to this minimum for the velocity if we consider a velocity between 0.8 and 3 km/s and to delta z dived by 2 for the interface.This method allows us to have access to a range of likely models. 
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Stochastic approach 

 Linearized framework: analysis of the a posteriori 
covariance matrix 

 
             

 
–                     uncertainties on the inverted parameters 

 
–                    correlation between the uncertainties 

 

Moderador
Notas de la presentación
This classical stochastic approach to quantify uncertainties consists in the analysis of the a posteriori covariance matrix associated with the linearized problem around the solution. This approach is only valid in the vicinity of the solution model, the size of the vicinity depending on the non linearity of the forward map.This expression is the expression of the a posteriori covariance matrix.  The square roots of its diagonal terms represent the uncertainties on the parameters describing the model. The off-diagonal terms are the correlations between these uncertainties.BUT this a posteriori covariance matrix is a huge matrix: its computation is expensive for 3D problems.
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Application on a 2D synthetic model 
x(km) 

x(km) 

V=2.89(km/s) 

sources 

 Acquisition survey: 
– 20 sources 

(∆xs=200m) 
– 24x20 receivers 

(offset=50m) 
 data: 

– 980 traveltimes 
data 

– uncertainty 3ms 

 model: 
– 1 layer 

– 10 interface 
parameters 

– 1 constant velocity  

Moderador
Notas de la presentación
We are going now to illustrate the two previous approaches to quantify uncertainties on a simple synthetic example.The acquisition survey is compposed by twenty sources with a step betwenn two sources of two hundred meters and by 24 receivers for each sources with an offset of fifty meters that is to say a distance of fifty meters between a source an a receiver.From this 2D synthetic model we model by ray tracing 980 (nine hundred eighty ) traveltime data.We add to these traveltimes data an uncertainty of 3ms .This model is composed 11 parameters, 10 for the interfaces and 1 for the velocities.Endeed, the model is described by 1 layer. We focus on 1 interface and 1 constant velocity of 2.89 km/S.
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Uncertainty analysis on the solution model 

v    26.40 m/s
p1    374.99 m
p2    113.93 m
p3    17.05 m
p4    42.72 m
p5    19.68 m
p6    24.75 m
p7    14.81 m
p8    193.19 m
p9    374.99 m
p10    374.99 m

Linear programming 

Boundaries 

of the model 

Velocity: 
V=2.89(km/s) 

INTERFACE 

VELOCITY 

Moderador
Notas de la presentación
The results of the linear programming method are listed in the following table.The values are the error bars computed by the linear programming method.The uncertainty on velocity  is about: ±26.40m/s for a velocity equal to 2.89km/s. So the velocity is varying between 2.86km/s et 2.91 km/s.We can also notice the bad determination of interface parameters  located at the boundaries of the model: these zones correspond to area that are not well illuminated by the rays. Everywhere else we have an uncertainty of few meters.
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Uncertainty analysis on the solution model 
Linear programming 

x(km) 

V=2.89(km/s) 

Moderador
Notas de la presentación
These error bars furnished by the linear programming method give the range of acceptable models represented here. 
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Uncertainty analysis on the solution model 

v     3.3 m/s
p1     304.3 m
p2    69.2 m
p3     1.9 m
p4     6.9 m
p5     2.3 m
p6    3.2 m
p7     1.8 m
p8     167.7 m
p9     579.8 m
p10     645.4 m

Stochastic inverse 

Boundaries 

of the model 

Velocity: 
V=2.89(km/s) 

INTERFACE 

VELOCITY 

Moderador
Notas de la presentación
The results of the stochastic inverse approach  are listed in the following table.The values  are the standard deviations  that is to say the square roots of the diagonal terms of the a posteriori covariance matrix. We find the same tendencies that for the linear programming method: a  bad determination of interface parameters  located at the boundaries of the model that  correspond to area that are not well illuminated by the rays. The uncertainty on velocity  is well determine with this approach: ±3.3m/s for a velocity equal to 2.89km/s. Everywhere else we have an uncertainty of few meters.More generally the uncertainies computed by this approach are lower than those from linear programming method.
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Uncertainty analysis on the solution model 
Stochastic inverse 

x(km) 

V=2.89(km/s) 

Moderador
Notas de la presentación
The corresponding range of acceptable models is  represented here. 
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Comparison of the two approaches 

 Results obtained by the two methods are similar 
 
 

Linear programming 
Stochastic inverse 

x(km) 

V=2.89(km/s) 

Moderador
Notas de la presentación
The results obtained by the two methods are similar : we have superimposed here the results obtained by the two methods (in red from linear programming and in green fron stochastic inverse) This superimposition  shows the equivalence of the linear programming method and stochastic inverse approach. 
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Comparison of the two approaches 

 Results obtained by the two methods are similar 
 

 Linear programming method is more expensive but as 
informative as classical stochastic approach 
 

 However, these two approaches may furnish 
uncertainties on the model parameters : error bars 
 
 

Moderador
Notas de la presentación
Moreover, the linear programming method is more expensive but as informative as classical stochastic approach However, these two approaches may furnish uncertainties on the model parameters : error bars.
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Moderador
Notas de la presentación
Now  I am going to present to you a global inversion model that allows us to find a model that fits the data with the expected accuracy.
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Global inversion 

 Global Optimization Method: 
 
– We choose a classical optimization method (e.g.: Levenberg-

Marquardt, Genetic, …) 
 

– Our algorithm improve the initial condition to this method using 
Recursive Linear Search. 
 

– Reference: “Simulation Numérique” Mohammadi B. & Saiac J.H. , 
Dunod, 2001 

Moderador
Notas de la presentación
This Global Optimization Method consists in:First, choosing a classical optimization method (e.g.: Levenberg-Marquardt, Genetic, …) Secondly, our algorithm improve the initial condition to this method using Recursive Linear Search.Finally, more details on this optimization methods can be found in this  reference: “Simulation Numérique” Mohammadi B. & Saiac J.H. , Dunod, 2001
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Global Inversion Results 

Initial model 
Global inversion 

x(km) 

V=2.89(km/s) 
V=2.75(km/s) 

Moderador
Notas de la presentación
We have represented here the results of the global inversion method in red and of the linear programmiong method in blue.The idea here is to show if this model belongs to the range of admissible models given by the uncertainty analysis.
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Global Inversion Results 

x(km) 

V=2.89(km/s) 
V=2.75(km/s) 

Linear programming 
Stochastic inverse 
Global inversion 

σvPL = +/- 26.40 m/s 

σvIS = +/- 3.3 m/s 

Moderador
Notas de la presentación
The answer is YES.If we superimpose the results furnished by the uncertainty analysis to this global inversion result, we observe that the model obtain by the global inversion is in the range of likely model given by the uncertainty analysis for the interface and the velocity too.So this model is an acceptable model.
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Global Inversion Convergence 

Iterations 
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Moderador
Notas de la presentación
To conclude this presentation,
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Conclusions 

 We propose two methods to access a posteriori 
uncertainties: 
– Linear programming method 
– Classical stochastic approach 

 
 The two approaches of uncertainty analysis furnish 

similar results in the linearized framework . 
 

 These two approaches to quantify uncertainties may be 
applied to others inverse problems 
 

 

Moderador
Notas de la presentación
 We have proposed  two methods to access a posteriori uncertaintiesLinear programming methodClassical stochastic approachThe two approaches of uncertainty analysis furnish similar results in the linearized framework .Note that these two approaches to quantify uncertainties may  be applied to other  inverse problems
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Conclusions 

 Linearized approach explores only the vicinity of the 
solution model 
 

 Future work: global inversion can allow to overcome the 
difficulties to quantify uncertainties in the nonlinear case. 
 

 Estimations given by the stochastic inverse approach 
could (to do) be used as initial iterate in linear 
programming problems 

Moderador
Notas de la presentación
 Linearized approach explores only the vicinity of the solution modelFuture work: global inversion can allow to overcome the difficulties to quantify uncertainties in the nonlinear case.Estimations given by the stochastic inverse approach could (to do) be used as initial iterate in linear programming problems
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