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We apply a recently developed dispersive formalism to calculate the Regge trajectories of the f2(1270), 
f ′

2(1525) and K ∗(892) mesons. Trajectories are calculated, not fitted to a family of resonances. Assuming 
that these resonances can be treated in the elastic approximation, the only input are the pole position 
and residue of a resonance. In all three cases, the predicted Regge trajectories are almost real and linear, 
with slopes in agreement with the universal value of order 1 GeV−2. We also show how these results 
barely change when considering more than two subtractions in the dispersive formalism.

© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

There is growing evidence for the existence of non-ordinary 
hadrons that do not follow the quark model, i.e. the quark–
antiquark-meson or three-quark-baryon classification. Meson Regge 
trajectories relate resonance spins J to the square of their masses 
and for ordinary mesons they are approximately linear. The func-
tional form of a Regge trajectory depends on the underlying dy-
namics and, for example, the linear trajectory for mesons is con-
sistent with the quark model as it can be explained in terms of 
a rotating relativistic flux tube that connects the quark with the 
antiquark. Regge trajectories associated with non-ordinary mesons 
do not, however, have to be linear. The non-ordinary nature of 
the lightest scalar meson, the f0(500) also referred to as the σ , 
together with a few other scalars, has been postulated long ago 
[1]. In the context of the Regge classification, in a recent study of 
the meson spectrum in [2] it was concluded that the σ meson 
does not belong to the same set of trajectories that many ordinary 
mesons do. In [3], it was concluded that the σ can be omitted from 
the fits to linear ( J , M2) trajectories because of its large width. The 
reason is that its width was taken as measure of the uncertainty 
on its mass and it was found that, when fitting trajectory parame-
ters, its contribution to the overall χ2 was insignificant.
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In a recent work [4] we developed a formalism based on dis-
persion relations for the elastic scattering of two particles with 
identical mass, that, instead of fitting a specific, e.g. linear, form to 
spins and masses of various resonances, enables us to calculate the 
trajectory using as input the position and the residue of a complex 
resonance pole in a scattering amplitude. When the method was 
applied to the ρ(770) resonance, which appears as a pole in the 
elastic P -wave ππ scattering, the resulting trajectory was found 
to be, to a good approximation, linear. The resulting slope and in-
tercept are in a good agreement with phenomenological Regge fits. 
The slope, which is slightly less than 1 GeV−2, is expected to be 
universal for all ordinary trajectories. It is worth noting that in this 
approach the resonance width is, as it should be, related to the 
imaginary part of the trajectory and not a source of an uncertainty. 
The σ meson also appears as a pole in the ππ S-wave scattering. 
The position and residue of the pole have recently been accurately 
determined in [5] using rigorous dispersive formalisms. When the 
same method was applied to the σ meson, however, we found 
quite a different trajectory. It has a significantly larger imaginary 
part and the slope parameter, computed at the physical mass as a 
derivative of the spin with respect to the mass squared, is more 
than one order of magnitude smaller than the universal slope. The 
trajectory is far from linear, instead it is qualitatively similar to a 
trajectory of a Yukawa potential. We also note that deviation from 
linearity is not necessarily implied by the large width of the σ
since it was also shown in [4] that resonances with large widths 
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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may belong to linear trajectories. Our findings give further support 
for the non-ordinary nature of the σ .

Still, one may wonder if the single case of the ρ meson, where 
the method agrees with Regge phenomenology, gives sufficient ev-
idence that it can distinguish between ordinary and non-ordinary 
mesons. In this letter, therefore we show that other ordinary tra-
jectories can be predicted with the same technique, as long as 
the underlying resonances are almost elastic. For this purpose, we 
have concentrated on resonances that decay nearly 100% to two 
mesons. In addition to the ρ there are two other well-known ex-
amples: the f2(1270), whose branching ratio to ππ is 84.8+2.4

−1.2%, 
and the f ′

2(1525), with branching ratio to K K̄ of (88.7 ± 2.2)%. 
These resonances are well established in the quark model and as 
we show below, Regge trajectories predicted by our method come 
out almost real and linear with a slope close to the universal one. 
There is an additional check on the method that we perform here. 
In addition, we have extended the formalism to the case when 
the resonance pole appears in the elastic scattering of two mesons 
with different mass, and applied it to the case of the K ∗(892) vec-
tor resonance, which decays almost exclusively to Kπ . Once again 
the resulting Regge trajectory is a conventional one.

Finally, since the formalism used in the case of the ρ was based 
on a twice-subtracted dispersion relation, the trajectory had a lin-
ear term plus a dispersive integral over the imaginary part. Since 
the imaginary part of the trajectory is closely related to the decay 
width, one might wonder if the ρ(770), f2(1270), f ′

2(1525) and 
K ∗(892) trajectories come out straight just because their widths 
are small and we are just using two subtractions. In other words, 
that for narrow resonances, the straight line behavior is not pre-
dicted but it is already built in the twice subtracted formalism. For 
this reason, in this work, we also consider three subtractions and 
show that for the ordinary resonances under study the quadratic 
term comes out negligible.

The paper is organized as follows. In the next section we briefly 
review the dispersive method and in Section 3 we present the nu-
merical results. In Section 4 we discuss results of the calculation 
with three subtractions. In Section 5 we briefly discuss the ex-
tension to the unequal mass case and present the results for the 
K ∗(892). In Section 6 we discuss briefly some crude estimates of 
the widths of other resonances that are predicted from the calcu-
lated Regge trajectories, as well as the caveats and difficulties to 
apply or extend this formalism to other resonances. Summary and 
outlook are given in Section 7.

2. Dispersive determination of a Regge trajectory from a single 
pole

The partial wave expansion of the elastic scattering amplitude, 
T (s, t), of two spinless mesons of mass m is given by

T (s, t) = 32Kπ
∑

l

(2l + 1)tl(s)Pl(zs(t)), (1)

where zs(t) is the s-channel scattering angle and K = 1, 2 depend-
ing on whether the two mesons are distinguishable or not. The 
partial waves tl(s) are normalized according to

tl(s) = eiδl(s) sin δl(s)/ρ(s), ρ(s) = 2q√
s

=
√

1 − 4m2/s, (2)

where q2 = s/4 − m2 is the CM momentum and δl(s) is the phase 
shift on the real axis. The unitarity condition in the elastic region,

Imtl(s) = ρ(s)|tl(s)|2, (3)
is automatically satisfied. When tl(s) is continued from the real 
axis to the entire complex plane, unitarity determines the ampli-
tude discontinuity across the cut on the real axis above s = 4m2. 
It also determines the continuation in s, at fixed l, onto the sec-
ond sheet where resonance poles are located. It follows from Regge 
theory that the same resonance poles appear when the amplitude 
is continued into the complex l-plane [6], leading to,

tl(s) = β(s)

l − α(s)
+ f (l, s), (4)

where f (l, s) is analytical near l = α(s). The Regge trajectory 
α(s) and residue β(s) satisfy α(s∗) = α∗(s), β(s∗) = β∗(s), in the 
complex-s plane cut along the real axis for s > 4m2. Thus, as long 
as the pole dominates in Eq. (4), partial wave unitarity, Eq. (3), an-
alytically continued to complex l implies,

Imα(s) = ρ(s)β(s), (5)

and determines the analytic continuation of α(s) to the complex 
plane [8]. At threshold, partial waves behave as tl(s) ∝ q2l , so that 
if the Regge pole dominates the amplitude, we must have β(s) ∝
q2α(s) . Moreover, following Eq. (1), the Regge pole contribution to 
the full amplitude is proportional to (2α + 1)Pα(zs), so that in 
order to cancel poles of the Legendre function Pα(zs) ∝ 	(α+1/2)

the residue has to vanish when α + 3/2 is a negative integer, i.e.,

β(s) = γ (s)ŝα(s)/	(α(s) + 3/2). (6)

Here we defined ŝ = 4q2/s0 = (s − 4m2)/s0 and introduced a scale 
s0 to have the right dimensions. The so-called reduced residue, 
γ (s), is a real analytic function. Hence, on the real axis above 
threshold, since β(s) is real, the phase of γ is

argγ (s) = −Imα(s) log(ŝ) + arg	(α(s) + 3/2). (7)

Consequently, we can write for γ (s) a dispersion relation:

γ (s) = P (s)exp

⎛
⎜⎝c0 + c′s + s

π

∞∫
4m2

ds′ argγ (s′)
s′(s′ − s)

⎞
⎟⎠ , (8)

where P (s) is an entire function. Note that the behavior at large 
s cannot be determined from first principles, but, as we expect 
linear Regge trajectories for ordinary mesons, we should allow α
to behave as a first order polynomial at large-s. This implies that 
Imα(s) decreases with growing s and thus it obeys the dispersion 
relation [6,7]:

α(s) = α0 + α′s + s

π

∞∫
4m2

ds′ Imα(s′)
s′(s′ − s)

. (9)

Assuming α′ �= 0, from unitarity, Eq. (5), in order to match 
the asymptotic behavior of β(s) and Imα(s) it is required that 
c′ = α′(log(α′s0) − 1) and that P (s) can at most be a constant, 
P (s) = const. Therefore, using Eq. (4), we arrive at the following 
three equations, which define the “constrained Regge-pole” ampli-
tude [8]:

Reα(s) = α0 + α′s + s

π
P V

∞∫
4m2

ds′ Imα(s′)
s′(s′ − s)

, (10)

Imα(s) = ρ(s)b0 ŝα0+α′s

|	(α(s) + 3 )| exp

(
− α′s[1 − log(α′s0)]
2
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+ s

π
P V

∞∫
4m2

ds′ Imα(s′) log ŝ
ŝ′ + arg 	

(
α(s′) + 3

2

)
s′(s′ − s)

)
,

(11)

β(s) = b0 ŝα0+α′s

	(α(s) + 3
2 )

exp

(
− α′s[1 − log(α′s0)]

+ s

π

∞∫
4m2

ds′ Imα(s′) log ŝ
ŝ′ + arg 	

(
α(s′) + 3

2

)
s′(s′ − s)

)
,

(12)

where P V denotes the principal value. For real s, the last two 
equations reduce to Eq. (5). The three equations are solved nu-
merically with the free parameters fixed by demanding that the 
pole on the second sheet of the amplitude in Eq. (4) is at a given 
location. Thus we will be able to obtain the two independent tra-
jectories corresponding to the f2(1270) and f ′

2(1525) resonances 
from their respective pole parameters. Note that we are not im-
posing, but just allowing, linear trajectories.

3. Numerical results

In principle, the method described in the previous section is 
suitable for resonances that appear in the elastic scattering ampli-
tude, i.e. they only decay to one two-body channel. For simplicity 
we are also focusing on cases were the two mesons in the scatter-
ing state have the same mass. We assume that both the f2(1270)

and the f ′
2(1525) resonances can be treated as purely elastic and 

we will use their decay fractions into channels other than ππ and 
K K̄ , respectively, as an additional systematic uncertainty in their 
widths and couplings. In our numerical analysis we fit the pole, sp , 
and residue, |g2|, found in the second Riemann sheet of the Regge 
amplitude. In this amplitude the α(s) and β(s) are constrained to 
satisfy the dispersion relations in Eqs. (11) and (12). Thus, the fit 
determines the parameters α0, α′, b0 for the trajectory of each res-
onance. In practice, we minimize the sum of squared differences 
between the input and output values for the real and imaginary 
parts of the pole position and for the absolute value of the squared 
coupling, divided by the square of the corresponding uncertainties. 
At each step in the minimization procedure a set of α0, α′ and b0
parameters is chosen and the system of Eqs. (10) and (11) is solved 
iteratively. The resulting Regge amplitude for each α0, α′ and b0 is 
then continued to the complex plane, in order to determine the 
resonance pole in the second Riemann sheet, and the χ2 is calcu-
lated by comparing this pole to the corresponding input.

3.1. f2(1270) resonance

In the case of the f2(1270) resonance, we use as input the 
pole obtained from the conformal parameterization of the D0 wave 
from Ref. [9]. In that work the authors use different parameteriza-
tions in different regions of energy and impose a matching con-
dition. Here we will use the parameterization valid in the region 
where the resonance dominates the scattering amplitude, namely, 
in the interval 2mK ≤ s1/2 ≤ 1420 MeV. Moreover, we will decrease 
the width down to 85% of the value found in [9] to account for the 
inelastic channels. The conformal parameterization results in the 
pole located at√

s f2 = M − i	/2 = 1267.3+0.8
−0.9 − i(87 ± 9) MeV

and a coupling of

|g f ππ |2 = 25 ± 3 GeV−2.
2
Fig. 1. The solid line represents the absolute value of the constrained Regge-pole 
amplitude for the f2(1270) resonance. The gray bands cover the uncertainties due 
to the errors in the input pole parameters. The dashed line corresponds to the ab-
solute value of the data fit obtained in [9]. Let us recall that only the parameters of 
the pole given by this parameterization have been used as input, and not the am-
plitude itself. The regions covered with a mesh correspond to s < (M − 	/2)2 and 
s > (M + 	/2)2, where the background might not be negligible anymore.

With these input parameters, we follow the minimization pro-
cedure as explained above, until we get a Regge pole at √s f2 =
(1267.3 ± 0.9) − i(89 ± 10) MeV and coupling |g f2ππ |2 = 25 ±
3 GeV−2. In Fig. 1 we show the corresponding constrained Regge-
pole amplitude on the real axis versus the conformal parameter-
ization that was constrained by the data [9]. This comparison is 
a check that our Regge-pole amplitude, which neglects the back-
ground f (l, s) term in Eq. (4), describes well the amplitude in the 
pole region, namely for (M − 	/2)2 < s < (M + 	/2)2. The gray
bands cover the uncertainties arising from the errors of the in-
put and include an additional 15% systematic uncertainty in the 
width as explained above. Taking into account that only param-
eters of the pole have been fitted, but not the whole amplitude 
in the real axis, and that we have completely neglected the back-
ground in Eq. (4), the agreement between the two amplitude mod-
els is very good, particularly in the resonance region. Of course, the 
agreement deteriorates as we move away from the peak region as 
illustrated by the shadowed energy regions s < (M − 	/2)2 and 
s > (M + 	/2)2.

Since our constrained Regge amplitude provides a good de-
scription of the resonance region we can trust the resulting Regge 
trajectory. The parameters of the trajectory obtained through our 
minimization procedure are as follows,

α0 = 0.9+0.2
−0.3 ; α′ = 0.7+0.3

−0.2 GeV−2; b0 = 1.3+1.4
−0.8 . (13)

In Fig. 2 we show the real and imaginary parts of α(s), with 
solid and dashed lines, respectively. Again, the gray bands cover 
the uncertainties coming from the errors in the input pole pa-
rameters. We find that the real part of the trajectory is almost 
linear and much bigger than the imaginary part. It is as expected 
for Regge trajectories of ordinary mesons. For comparison, we also 
show, with a dotted line, the Regge trajectory obtained in [2] by 
fitting a Regge linear trajectory to the meson states associated with 
f2(1270), which is traditionally referred to as the P ′ trajectory. 
We see that the two trajectories are in good agreement. Indeed, 
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Fig. 2. Real (solid) and imaginary (dashed) parts of the f2(1270) Regge trajectory. 
The gray bands cover the uncertainties due to the errors in the input pole param-
eters. The area covered with a mesh is the mass region starting three half-widths 
above the resonance mass, where our elastic approach should be considered only 
as a mere extrapolation. For comparison, we show with a dotted line the f2(1270)

Regge trajectory obtained in [2], traditionally called the P ′ trajectory. We also show 
the resonances listed in the PDG that are candidates for this trajectory. Note that 
their average mass does not always coincide with the nominal one, as is the case 
for the f2(1270).

our parameters are compatible, within errors, with those in [2]: 
αP ′ ≈ 0.71 and α′

P ′ ≈ 0.83 GeV−2. We also include in Fig. 2 the 
resonances from the PDG [10] listing that could be associated with 
this trajectory.

In Fig. 2 the trajectory has been extrapolated to high energies, 
where the elastic approximation does not hold any more and we 
cannot hope to give a precise prediction for its behavior. The only 
reason to do this is to show the position of the candidate states 
connected to the f2(1270). In the figure, this region is covered 
with a mesh to the right from the line at s that corresponds to the 
resonance mass plus three half-widths. Of course, we cannot con-
firm which of these resonances belongs to the f2(1270) trajectory, 
but we observe that the J = 4 resonance could be the f4(2050), as 
proposed in [2], or the f J (2220)1 or even the f4(2300). All these 
resonances appear in the PDG, but are omitted from the summary 
tables.

3.2. f ′
2(1525) resonance

As commented above, the f ′
2(1525) decays mainly to two 

kaons. Although there is no scattering data on the l = 2 elas-
tic K̄ K phase shift in this mass region, the mass and width of 
the f ′

2(1525) are given in the PDG [10]. Thus we use M f ′
2

=
1525 ± 5 MeV and 	K K

f ′
2

= 69+10
−9 MeV, where the central value 

of this width corresponds to the decay into K̄ K only. Now, we 
infer the scattering pole parameters assuming the f ′

2(1525) is 
well described by an elastic Breit–Wigner shape, so that we take 
the pole to be at s f ′

2
= (M f ′

2
− i	 f ′

2
/2)2 and the residue to be 

Res = −M2
f ′
2
	K K

f ′
2

/2p, where p is the CM momentum of the two 

1 This resonance still “needs confirmation” and it is not yet known whether its 
spin is 2 or 4 [10].
Fig. 3. Real (solid) and imaginary (dashed) parts of the f ′
2(1525) Regge trajectory. 

The gray bands cover the uncertainties due to the errors in the input pole parame-
ters and the area covered with a mesh is the mass region starting three half-widths 
above the resonance mass, where our elastic approach must be considered just as 
an extrapolation. For comparison, we show with a dotted line the Regge trajectory 
obtained in [2] and the resonances listed in the PDG that could belong to this tra-
jectory.

kaons. Since |g|2 = −16π(2l + 1) Res/(2p)2l , we find |g f ′
2 K K |2 =

19 ± 3 GeV−2.
With these input parameters we solve the dispersion relations 

using the same minimization method and obtain the following 
Regge pole parameters: √

s f ′
2

= (1525 ± 5) − i(34+4
−5) MeV and 

|g f ′
2 K K |2 = 19 ± 3 GeV−2. Since we lack experimental data to com-

pare the amplitudes, we proceed to examining the trajectory. The 
parameters that we obtain are

α0 = 0.53+0.10
−0.44 ; α′ = 0.63+0.20

−0.05 GeV−2; b0 = 1.33+0.63
−0.09 ,

(14)

which give the Regge trajectory shown in Fig. 3. Again, we find the 
real part nearly linear and much larger than the imaginary part. 
As in the case of the f2(1270), the slope is compatible with that 
found for the P ′ trajectory in [2] α′

P ′ ≈ 0.83 GeV−2, and the inter-
cepts also agree.

As we did for f2(1270), we include in Fig. 3 the J = 4 candi-
dates for the f ′

2(1525) trajectory. These are the f J (2220) and the 
f4(2300). We remark that there is no experimental evidence of 
the f4(2150) that was predicted in [2] from their analysis of the 
f ′
2(1525) trajectory. As commented before, these resonances lie in 

a region, covered with a mesh in Fig. 3, beyond the strict applica-
bility limit of our approach, where our results must be considered 
qualitatively at most.

Finally, we remark that the PDG list includes another f2 reso-
nance, albeit requiring confirmation. It has a mass between that of 
the f2(1270) and the f ′

2(1525) and it could also have either the 
f J (2220) or f4(2300) as the higher mass partner.

4. Dispersion relation with three subtractions

As already mentioned in the introduction, one may wonder 
whether the linearity of the trajectories we obtain for the two D-
wave resonances, as well as for the ρ(770) in [4], is related to the 
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Table 1
Parameters of the f2(1270), f ′

2(1525) and ρ(770) Regge trajectories using three-time subtracted dispersion relations.

α0 α′ (GeV−2) α′′ (GeV−4) b0

f2(1270) 1.01 0.97 0.04 2.13
f ′
2(1525) 0.42 0.65 0.02 4.58

ρ(770) 0.56 1.11 0.03 0.88

Fig. 4. Regge trajectories obtained using three-time subtracted dispersion relations (solid lines) compared to the ones obtained with twice-subtracted dispersion relations 
(dashed lines with gray error bands).
use of two subtractions in the dispersion relation for α(s). In par-
ticular, since the resonances are rather narrow one could expect 
the imaginary part of their trajectories to be small, so that if the 
last term in Eq. (9) was dropped the trajectory would be reduced 
to a straight line. Thus, in order to show that the linearity of the 
trajectory is not forced by the particular parameterization, we re-
peated the calculations using three subtractions in the dispersion 
relations,

Reα(s) = α0 + α′s + α′′s2 + s2

π
P V

∞∫
4m2

ds′ Imα(s′)
s′ 2(s′ − s)

, (15)

Imα(s) = ρ(s)b0 ŝα0+α′s+α′′s2

|
√

	(α(s) + 3
2 )|

× exp

(
− 1

2
[1 − log(α′′s2

0)]s(R + α′′s) − Q s

+ s2

π
P V

∞∫
4m2

ds′ Imα(s′) log ŝ
ŝ′ + 1

2 arg	
(
α(s′) + 3

2

)
s′ 2(s′ − s)

)
,

(16)

with

R = B − 1

π

∞∫
4m2

ds′ Imα(s′)
s′ 2

, (17)

and

Q = − 1

π

∞∫
4m2

ds′ −Imα(s′) log ŝ′ + 1
2 arg 	

(
α(s′) + 3

2

)
s′ 2

. (18)

The reason why the constants R and Q and the square root 
of 	 have been introduced is to ensure that, at large s, Imα(s)
behaves as 1/s. The parameters that we obtain for the trajectories 
with these dispersion relations are shown in Table 1.

With the above parameterization we obtain for the fitted 
pole parameters √s f2 = 1267.3 − i90 MeV, |g f2ππ |2 = 25 GeV−2, √

s f ′
2

= 1525 − i35 MeV, |g f ′
2ππ |2 = 19 GeV−2, √

sρ = 763 −
i74 MeV and |gρππ |2 = 35 GeV−2. Therefore, despite having four 
parameters to fit three numbers, we find no real improvement in 
the description of the poles. In the case of three subtractions, ne-
glecting the imaginary part of the resonances results in a quadratic 
trajectory. Therefore, in Fig. 4 we compare the trajectories using 
the three (solid line) and the two (dashed line) subtractions in the 
dispersion relations. We observe that in both cases these have a 
curvature, but that in the elastic region the trajectories are almost 
linear. The difference between the two methods only becomes ap-
parent for masses well above the range of applicability. Moreover, 
the difference between the results obtained using two and three 
subtractions can be used as an indicator of the stability of our re-
sults and therefore confirms that the applicability range for our 
method is well estimated and ends as soon as the inelasticity in 
the wave becomes sizable.

5. The Regge trajectory of the K ∗(892)

So far we have been dealing with meson resonances whose 
associated poles appear in the elastic scattering of two particles 
with identical mass. However, it is relatively straightforward to 
extend the formalism to the scattering of two mesons with dif-
ferent masses, m1 and m2. The only changes are due to the fact 
that momenta and energy are related differently when there are 
two different masses than when the two masses are equal. In 
particular, the center of mass momentum is now given by q2 =
(s − (m1 + m2)

2)(s − (m1 − m2)
2)/4s. Hence, the elastic threshold 

starts at s = (m1 +m2)
2, which becomes the lower integration limit 

of the integral equations. In addition, this new expression for q2

has to be taken into account in the definitions of ρ(s) and ŝ.
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Fig. 5. Regge trajectories of the K ∗(892) obtained using two and three-time sub-
tracted dispersion relations, represented as dashed and solid lines, respectively. The 
mesh region starts at the Kη threshold where inelasticity starts becoming impor-
tant, making our method less reliable.

As an example we will deal with the K ∗(892) vector resonance, 
which appears in the isospin 1/2 and angular momentum 1 elas-
tic kaon-pion scattering channel with a branching ratio to Kπ of 

 100% [10]. Our approach is valid for single channel elastic scat-
tering and thus we need the isospin symmetric formalism, but 
the charged and neutral K ∗(892) have a slightly different mass. 
For this reason we have taken as input for the K ∗(892) mass its 
isospin weighted average and the difference between the charged 
and neutral states is included in the uncertainty, i.e. we use MK ∗ =
893.7 ±2.3 MeV. Similarly, we use 	K ∗ = 49.4 ±2.3 MeV. The reso-
nance is well approximated by a Breit–Wigner shape near the pole, 
which gives |gK ∗ Kπ | = 31.3 ±1.6. We performed both the two- and 
three-subtracted calculations and in both cases the fitted pole lies 
almost exactly on top of the input. The resulting parameters for 
the twice-subtracted case are:

α0 = 0.32 ± 0.01; α′ = 0.83 ± 0.01 GeV−2;
b0 = 0.48 ± 0.03, (19)

whereas for the three-subtracted case the central values are α0 =
0.41, α′ = 0.71 GeV−2, α′′ = 0.038 GeV−4 and b0 = 0.57. In Fig. 5
we show the resulting trajectories. Note than in this case the two 
and three subtracted cases are almost indistinguishable. The imag-
inary part is very small, even more so than in the other cases 
(consistently with the smaller width) and the real part is almost 
a straight line. The resulting trajectories are therefore consistent 
with those for ordinary meson trajectories. Remarkably, the trajec-
tory crosses J = Reα = 3 at 

√
s = 1797 ± 8 MeV, thus it predicts 

a spin 3 resonance with strangeness and isospin 1/2 with such 
a mass. Recalling once more that our trajectories are not a fit to 
the mesons, this is remarkably close to the K ∗

3 (1780) state, whose 
mass listed in the PDG is MK ∗

3
= 1776 ± 7 MeV.

6. Discussion

As we have already remarked, our formalism deals with Regge 
amplitudes as complex functions α(s) with a real and an imag-
inary part. Phenomenological analyses in the literature focus on 
the real part, since for ordinary mesons it is much larger than 
the imaginary part and because the energy at which Reα takes 
an integer value (even or odd depending on the signature of the 
trajectory) is nothing but the mass of a resonance. We have seen 
that our approach predicts almost real and straight trajectories for 
four well-known resonances, consistently with their interpretation 
as conventional q̄q mesons. In this sense our approach predicts the 
existence of further resonances at higher masses on each trajec-
tory. In particular we have seen the appearance of a ρ3, two f4’s 
and a K ∗

3 as higher spin states on the Regge trajectories of the 
ρ(770), f2(1270), f ′

2(1525) and K ∗(892), respectively. We have 
also seen that these predicted resonances fall very close to reso-
nances listed in the PDG with those very same quantum numbers. 
Of course, these predictions have to be interpreted carefully, since 
these higher spin resonances decay to more than one channel and 
therefore lie beyond the elastic scattering region of our approach.

However, we are also predicting the imaginary part of the 
trajectory, consistently with dispersion relations. Moreover, for 
Breit–Wigner resonances that have just a single dominant decay 
mode, their width can be related to their Regge trajectory as 
	 = Imα/[M(Reα)′]. Of course, the predicted resonances are not 
elastic and not necessarily of a Breit–Wigner form. Nevertheless, in 
view of the good mass predictions that result when extrapolating 
our calculations into the higher mass/spin region one is tempted 
to use the previous simple relation between the resonance width 
and α to obtain an estimate of their partial width to the scatter-
ing channel from which each Regge trajectory was obtained. With 
all these caveats in mind, we have found that these widths esti-
mates come out fairly reasonable when compared with the existing 
experimental information. Let us then comment on each one sep-
arately:

• For the ρ3(1690), which lies in the ρ(770) trajectory, the PDG 
lists 14 decay modes. Of these, the largest branching frac-
tion, ∼ 71%, is to 4π , whereas the branching ratio to ππ
is 23.6 ± 1.3%. Unfortunately, although the ρ3(1690) mass is 
very precisely determined to be Mexp

ρ3 = 1688.8 ± 2.1 MeV, 
the PDG lists many different determinations of the ρ3(1690)

width, depending on what decay modes are included in the 
analysis. For example, when considering ππ, K K̄ and K K̄π
decays, it is found that 	

exp
3,tot = 161 ± 10 MeV, but when 

considering the dominant 4π decay mode, the total with is 
	

exp
3,tot = 129 ± 10 MeV, and the analysis with K K̄ and K K̄π

modes yields the largest total width of 	exp
3,tot = 204 ± 18 MeV. 

The last two values basically span the whole range of total 
widths. Taking into account the branching ratio to ππ one 
would then find 	exp

ρ3→ππ = 38 ±3 MeV, 	exp
ρ3→ππ = 30 ±3 MeV

and 	exp
ρ3→ππ = 48 ± 5 MeV, respectively.

From our twice subtracted calculation we obtain 	ρ3 =
31.7 MeV, remarkably consistent with the experimental es-
timates above. However, we must consider systematic un-
certainties in the extrapolation and, for instance within the 
three-time subtracted formalism we predict 7.1 MeV. In con-
clusion, our results are reasonably consistent with the ex-
perimental results, although they both have rather large un-
certainties. It is worth noting that we are estimating that 
	ρ3→ππ < 	ρ→ππ 
 140 MeV. Even with the present large 
uncertainties in the PDG, this is definitely the case.

• For the f4(2050), which is the spin 4 resonance that lies clos-
est to our f2(1270) trajectory, six decay modes have been 
seen, according to the PDG. Of these, the largest decay frac-
tion is to ππ , but it is only (17, 5 ± 1.5)%. According to the 
PDG, the total width is 	exp

ρ4,tot = 237 ± 18 MeV. Thus we esti-

mate 	exp
ρ4→ππ = 40 ± 5 MeV.
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This experimental value can be compared with our twice-
subtracted formalism, which in this case comes too large, 
	ρ4→ππ = 72.9 MeV. However, the three subtracted formal-
ism yields 	ρ4→ππ = 40.3 MeV, right on top the experimental 
value. Thus our predictions are qualitatively consistent with 
observations, although with large uncertainties. Once again, 
we remark that our approach predicts 	 f4→ππ < 	 f2→ππ 

185 MeV, in good agreement with observations.

• In Fig. 4 we have already seen that two resonances fall within 
the area enclosed between our twice subtracted and tree-
times subtracted f ′

2(1525) trajectories. The twice-subtracted 
curve would prefer the f4(2300) for which the PDG estimates 
	

exp
f4,tot = 250 ± 80 MeV. This resonance is not well established 

and is omitted from the summary tables. Six modes have 
been seen, including K K̄ , but their branching fractions are not 
given. Our crude elastic estimate would be 	 f4→K K̄ = 34 MeV. 
In contrast the three-time subtracted formalism would pre-
fer the f J (2220), in case its spin was 4 (it is still undeter-
mined whether it is 2 or 4). Its total width in the PDG is 
	

exp
f J ,tot = 23+8

−7 MeV, but no branching fraction to K K̄ is pro-

vided and we cannot deduce the partial decay width to K K̄ . 
The crude estimate of the three-time subtracted formalism is 
	 f J →K K̄ = 13.2 MeV.
Once again, note that our approach predicts for this resonance 
	 f4→K K̄ < 	 f2(1525)→K K̄ 
 73 MeV, irrespective of whether we 
make two or three subtractions.

• Finally, a K ∗
3 appears as the second state in our prediction for 

the Regge trajectory of the K ∗(892). As we have seen, this is 
very close to the K ∗

3 (1780), for which the PDG estimates a 
total width of 159 ±21 MeV and lists five decay channels. Four 
of them have branching fractions between 19 and 30%, so that 
once again the decay regime of this resonance is very inelastic. 
In particular, the branching fraction to Kπ is 18.8 ± 1.0% so 
that the partial width can be estimated as 	exp

K ∗
3 →Kπ

= 29.9 ±
4.3 MeV.
Our elastic estimate would be 	K ∗

3 →Kπ = 20 MeV with two 
subtractions and 7.3 MeV with three. Thus, fairly reasonable 
within the large uncertainties of our extrapolation and the 
caveats of using an elastic formalism. Note that, once more, 
our formalism correctly predicts 	K ∗

3 →Kπ < 	K ∗(892)→Kπ 

50 MeV, which is indeed consistent with observations.

Even though the high spin states on each trajectory decay to 
many different channels and an inelastic formalism is called for, 
our crude estimates as extrapolations of the elastic formalism with 
the use of the elastic Breit–Wigner pole parameterization yield 
partial widths to the channel under study that are qualitatively 
consistent with observations. Remarkably, our approach always 
finds that the decay width to the channel under study is smaller 
for the second resonance in the Regge trajectory than for the first 
one.

At this point, being able to calculate the ρ(770) and f2(1270)

trajectories, one might wonder if one could cover with the same 
formalism the remaining leading q̄q-Regge trajectories and de-
scribe those of the ω(782) and a2(1320). This would require an 
extension for the two-body unitarity to the three-body case since 
the main decay mode of these states is to three pions (the branch-
ing fractions are ∼ 90% and ∼ 70% respectively). When the three 
body state is dominated by narrow, two body resonances, e.g. ρπ , 
the three-body unitarity relation can be approximated by a quasi 
two-body one. Even in this case, however, the present formalism 
cannot be directly applied since the quasi-two body phase space 
has different analytical properties compared to the one for two 
stable particles. In addition, in the case of the a2(1320) it has 
several significant decay modes (ηπ , ωππ and K K̄ add up to a 
30% branching fraction), so that, not only a three body approach, 
but also an inelastic one should be considered from the very be-
ginning. Thus the formalism used in this work is not suitable to 
calculate the ω(782) and a2(1320) trajectories. We think an exten-
sion of the framework to the coupled two-body (or quasi-two body 
system) can be formulated using the N-over-D matrix methods, but 
this lies well beyond the scope of this work.

7. Summary and outlook

In [4] a dispersive method was developed to calculate Regge 
trajectories of resonances that appear in the elastic scattering of 
two mesons. We showed how, using the associated scattering pole 
of the resonance it is possible to determine whether its trajectory 
is of a standard type, i.e. real and linear as followed by “ordinary” 
q̄q-mesons, or not. This method thus provides a possible bench-
mark for identifying non-ordinary mesons. In particular the ordi-
nary Regge trajectory of the ρ(770), which is a well-established 
q̄q state, was successfully predicted, whereas the σ meson, a long-
term candidate for a non-ordinary meson, was found to follow a 
completely different trajectory.

In the first part of this work we have successfully predicted the 
trajectories of the other two, well-established ordinary resonances, 
the f2(1270) and f ′

2(1525). In particular, from parameters of the 
associated poles in the complex energy plane we have calculated 
their trajectories and have shown that they are almost real and 
very close to a straight line, as expected.

In the second part of this work we have addressed the ques-
tion of whether choosing two subtractions in dispersion relations 
of [4] was actually imposing that the real part of the trajectory is a 
straight line for relatively narrow resonances. To address this ques-
tion we analyzed the same resonances using a dispersion relation 
with an additional subtraction. We have shown that within the 
range of applicability of our approach, which basically coincides 
with the elastic regime, the resulting trajectories are once again 
very close to a straight line. In the third part we have slightly mod-
ified the method to accommodate different masses for the masses 
of the scattering particles and studied, both with two and three 
subtractions, the K ∗(892) trajectory obtained from its pole in Kπ
scattering. The resulting trajectory comes out also almost real and 
linear with the universal slope.

In the future it will be interesting to use such dispersive meth-
ods to determine trajectories of other mesons, as long as they 
are almost elastic, as it is the case of the controversial K ∗(800), 
which is another long-time candidate for a non-ordinary meson. 
Heavy mesons in charm and beauty sectors can also be examined. 
We also plan to extend the method to meson–baryon scattering, 
where, for example, the (1232) is another candidate for an ordi-
nary resonance. We are also planning on extending the approach 
to coupled channels.
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