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Abstract. We show how the new precise data on kaon decays together with forward dispersion relations, sum rules and once-
and twice-subtracted Roy equations allow for a precise analysis ofππ scattering. The once subtracted Roy equations provide a
more stringent consistency check for the parametrizations of the S0-wave data in the region from 450 to 1100 MeV that allows
us to present a preliminary determination of thef0(600) and f0(980) poles from the constrained dispersive data analysis.
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INTRODUCTION

The existing experimental information fromππ scatter-
ing has many conflicting data sets at intermediate ener-
gies and no data at all close to the interesting threshold
region. For many years this fact has made it very hard to
obtain conclusive results onππ scattering at low energies
or in theσ (or f0(600)) and f0(980) region. However, re-
cent [1] and precise experiments on kaon decays, related
to ππ scattering at very low energies, have renewed the
interest on this process.

The dispersive integral formalism is model indepen-
dent, just based on analyticity and crossing, and relates
theππ amplitude at a given energy with an integral over
the whole energy range, increasing the precision and pro-
viding information on the amplitude at energies where
data are poor, or where there is no data, like the com-
plex plane. In addition, it makes the parametrization of
the data irrelevant once it is included in the integral and
relates different scattering channels among themselves.

Roy equations (RE), based on twice subtracted dis-
persion relations and crossing symmetry conditions for
ππ → ππ amplitudes were obtained in 1971 [2]. In re-
cent years, these equations have been used either to ob-
tain predictions for low energyππ scattering, either us-
ing Chiral Perturbation Theory (ChPT)[3, 4], or to test
ChPT [5, 6, 7], as well as to solve old data ambiguities
[8]. The RE are relevant for the sigma pole, whose posi-
tion has also been predicted very precisely with the help
of ChPT [9]. Our group [6, 7] has also used RE with For-
ward Dispersion Relations (FDR) to obtain a precise de-
termination ofππ scattering amplitudes from data con-
sistent with analyticity, unitarity and crossing. On pur-
pose, we have not included ChPT constraints, so that we
can use our results as tests of the ChPT predictions. Un-
fortunately, the large experimental error of the scattering

lengtha2
0 of the isospin 2 scalar partial wave, becomes

a very large error for the sigma pole determination us-
ing RE. For this reason, a new set of once-subtracted RE,
called GKPY eqs. for brevity, have been derived. Both
the RE and GKPY equations provide analytic extensions
for the calculation of poles in the complex plane. Here we
present preliminary results for theσ and f0(980) poles in
the S0 wave obtained from GKPY eqs. [10]

OVERVIEW OF THE ANALYSIS

The approach we have followed throughout a series of
works [6, 7, 11] can be summarized as follows:

We first obtain simple fits to data for eachππ scat-
tering partial wave (the so calledUnconstrained Fits to
Data, or UFD for short). These fits are uncorrelated,
therefore they can be very easily changed when new,
more precise data become available. For the preliminary
results we presented here, we have used previous fits for
all waves except the S0 wave, that we improve here. For
this wave, below 850 MeV, we have included the newest,
very preciseKl4 data [1], we got rid of the controversial
K → ππ point, and we have included the isospin correc-
tion to Kl4 data from [12]. Above 850 MeV we have up-
dated the S0 wave using a polynomial fit to improve the
intermediate matching between parametrizations (with a
continuous derivative) and the flexibility of thef0(980)
region. At different stages of our approach we have also
fitted Regge theory [13] toππ high energy data, and as
our precision was improving, we have improved some of
the UFD fits with more flexible parametrizations.

Then, these UFD are checked against FDR, several
sum rules, RE and GKPY eqs. The UFD fit does not
satisfy very well these dispersion relations. Particularly
the GKPY eqs. for the S0 wave in thef0(980) region are
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satisfied very poorly.
Finally, we impose these dispersive relations in the

previous fits as additional constraints. These newCon-
strained Fits to Data(CFD for short) are much more
precise and reliable than the UFD set, being consistent
with analyticity, unitarity, crossing, etc. The price to pay
is that now all the waves are correlated.

In order to quantify how well the dispersion relations
are satisfied, we define six quantities∆i as the difference
between the left and right sides of each dispersion rela-
tion whose uncertainties we callδ∆i . Next, we define the
average discrepancies

d̄2
i ≡

1
number of points∑n

(

∆i(sn)

δ∆i(sn)

)2

, (1)

where the values ofsn are taken at intervals of 25 MeV.
Note the similarity with an averagedχ2/(d.o. f ) and
thus d̄2

i ≤ 1 implies fulfillment of the corresponding
dispersion relation within errors. In Table 1 we show
the average discrepancies of the UFD for each FDR
eq. up to 1420 MeV, and for each RE and GKPY eq.
up to 1100 MeV. Since the total average discrepancies
lie between 1 and 1.6 standard deviations, they can be
clearly improved by imposing simultaneous fullfillment
of dispersion relations. This is actually done in the CFD
set, which is obtained by minimizing:

χ2 ≡
{

d̄2
00+ d̄2

0+ + d̄2
It=1 + d̄2

S0 + d̄2
S2 + d̄2

P

}

W (2)

+d̄2
I + d̄2

J +∑i

(

pi−pexp
i

δ pi

)2
, (3)

where pexp
i are all the parameters of the different UFD

parametrizations for each wave or Regge trajectory, thus
ensuring the data description, anddI and dJ are the
discrepancies for a couple of crossing sum rules, see
reference [6] for details. Note that we chooseW ≃ 9−12
for the effective number of degrees of freedom needed to
parametrize curves like those appearing in the S0, P and
S2 waves.

From the Table it is clear that the CFD set satisfies
remarkably well all dispersion relations within uncer-
tainties, and hence can be used directly and inside the
Olsson sum rule to obtain the following precise determi-

nation from data: a(0)
0 = 0.224± 0.007m−1

π and a(2)
0 =

−0.0403±0.0036m−1
π . These preliminary results are in

remarkable agreement with the predictions of RE and
ChPT of [14].

The other waves are of less relevance for this confer-
ence and we comment them very briefly, since the details
can be found in [6]. The best determination of thresh-
old parameters is obtained by using the CFD set inside
appropriate sum rules [6]. In brief, they are remarkably
compatible with the prediction of [14]. The largest differ-
ence with respect to that work is a 2.4 standard deviation

dissagreement forb1, the P wave slope parameter. Above
500 MeV discrepancies remain but below the 2σ level.

In summary the CFD set provides a model indepen-
dent and very precise description of theππ scattering
data consistent with analyticity and crossing.

TABLE 1. Average discrepancies̄d2 of the UFD and
CFD for each FDR and RE. On average, the UFD are
consistent with dispersion relations. Note the remarkable
CFD consistency.

(UFD) (CFD)

s1/2 ≤ 1420MeV s1/2 ≤ 1420MeV
π0π0 FDR 2.52 0.58
π+π0 FDR 1.11 0.45
It=1 FDR 2.42 0.26

s1/2 ≤ 1100MeV s1/2 ≤ 1100MeV
Roy eq. S0 1.43 0.27
Roy eq. S2 0.98 0.10
Roy eq. P 1.91 0.48

GKPY eq. S0 2.52 0.45
GKPY eq. S2 2.55 0.72
GKPY eq. P 1.00 0.10

POSITION OF THE σ AND f0(980)
POLES

The mass and width of theσ meson quoted in the Particle
Data Table are very widely spread [15]

Mσ − i
Γσ
2

≈ (400−1200)− i(250−500)MeV. (4)

The main reason of these uncertainties is thatππ scat-
tering data are few and sometimes contradictory. More-
over, all quoted theoretical modelts are not equally re-
liable, and less so when extending the amplitude to the
complex plane. Thus the position of the sigma pole in
various models differ significantly [15], although, with a
couple of exceptions, they tend to agree roughly around
∼ (450± 50) − i (250± 50), particularly those results
based on dispersion theory.

The mass and width of thef0(980) meson quoted in
the Particle Data Table are [15]

M f0(980)− i
Γ f0(980)

2
≈ (970−990)− i(20−50)MeV.

(5)
The recent data from E865 collaboration at

Brookhaven [16] and from NA48/2 [1] provide us
with new and very precise information on theππ scat-
tering at low energies. Thanks to these new data we are
able to construct, with our Constrained Fits to Data, a
very reliable description for theS0 wave especially near
theππ threshold.
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With those precise data parametrizations, we can now
use either RE or GKPY eqs. to extend the partial waves
analytically to the complex plane and look for poles in
the second sheet of the S-matrix. As it is well known, a
pole on the second Riemann sheet (unphysical sheet) is
associated with a zero on the first—the physical one.

Depending on whether we use Roy or GKPY eqs. we
find a different accuracy in our results, namely:
√

sσ = (440±25)− i (276±21) MeV (RE) (6)
√

sσ = (456±14)− i (278±11) MeV. (GKPY) (7)

and for thef0(980) pole:
√sf0(980) = (998±28)− i (24±24) MeV (RE) (8)
√sf0(980) = (993±8)− i (27±6) MeV. (GKPY) (9)

These values are in good agreement with each other.
In the caseσ , on the one hand, both the mass and

width lie less than 1 standard deviation away from the
prediction of twice-subtracted RE combined with ChPT
results for the scattering lengths [9]:

√
sσ = 441+16

−8 −
i 272+9

−14.5MeV. On the other hand our preliminary pole
determination above is roughly two standard deviations
from the mass and width in our simple fit of a conformal
expansion to low energy data [18]

√
sσ = (484±17)−

i (255±10)MeV.
In the case of thef0(980), the mass is somewhat

higher than that quoted in the PDG 980± 10 MeV,
although note that ours is the pole position and is model
independent. Concerning the width, which once again we
obtain from the pole position asΓ = −2Im√sf0(980) =
54±12MeV it lies within the range given in the PDG,
namely, 40−100 MeV.

CONCLUSIONS

The GKPY equations [19]—Roy-like dispersion rela-
tions with one subtraction for theππ amplitudes—
provide stringent constraints for dispersive analysis of
experimental data. The main advantage of GKPY eqs.
is that, for the same input, in the 0.45 GeV ≤

√
s ≤

1.1 GeV region they have significantly smaller errors
than standard Roy. eqs. Hence, they provide better ac-
curacy tests and analytic extensions of the amplitudes in
that region. In particular, using just a data analysis con-
sistent within errors with Forward Dispersion Relations,
Roy eqs. and GKPY eqs. (and no ChPT input), we have
presented here the following preliminary but very precise
determination of theσ pole position:

√
sσ = (456±14)− i (278±11) MeV, (10)

and of thef0(980):
√

sf0(980) = (993±8)− i (27±6) MeV. (11)
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