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Autonomous thermal machine for amplification and control of energetic coherence

Gonzalo Manzano,1,2 Ralph Silva,3,4 and Juan M. R. Parrondo5

1Scuola Normale Superiore, Piazza dei Cavalieri 7, I-56126 Pisa, Italy
2International Center for Theoretical Physics ICTP, Strada Costiera 11, I-34151 Trieste, Italy
3Group Département de Physique Appliqueè, Université de Genève, 1211 Genève, Switzerland

4Institute for Theoretical Physics, ETH Zurich, 8093 Zurich, Switzerland
5Departamento de Física Atómica, Molecular y Nuclear and GISC, Universidad Complutense Madrid, 28040 Madrid, Spain

(Received 7 September 2017; revised manuscript received 19 December 2017; published 23 April 2019)

We present a model for an autonomous quantum thermal machine composed of two qubits capable of
manipulating and even amplifying the local coherence in a nondegenerate external system. The machine uses
only thermal resources, namely, contact with two heat baths at different temperatures, and the external system
has a nonzero initial amount of coherence. The method we propose allows for an interconversion between energy,
both work and heat, and coherence in an autonomous configuration working in out-of-equilibrium conditions.
This model raises interesting questions about the role of fundamental limitations on transformations involving
coherence and opens up new possibilities in the manipulation of coherence by autonomous thermal machines.
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I. INTRODUCTION

Coherence is a defining feature of quantum mechanics.
The superposition principle predicts the existence of coherent
(or superposition) states, in which a quantum system can be
in many states with different properties at once, which is a
difference from statistical mixtures. Coherence is responsible
for interference phenomena and becomes a crucial element in
most applications of quantum science [1,2]. It may also play
an important role in biological processes such as photosyn-
thetic light harvesting or avian magnetoreception [3–5]. In
addition, a rigorous abstract framework to properly quantify
coherence and its interconversion in a resource-theory fashion
has been developed in recent years [6–12].

In the context of quantum thermodynamics, the role that
coherence may play in boosting thermodynamic tasks such
as work extraction, refrigeration, or information erasure has
recently come under increasing investigation [13–16]. Co-
herence allows extracting a greater amount of work from
single quantum systems [17–20], improves the performance
of thermal reservoirs [21–26], increases power in thermal
machines [27–30], and leads to temperatures unattainable by
incoherent fridges [31,32].

All those works investigate the benefits from using co-
herence to improve traditional thermodynamic tasks. Here
we are concerned with the opposite perspective, that is, the
generation of coherence from other thermodynamic resources,
since it may provide new insights about the link between
them. Within this new perspective, generation of degener-
ate coherence by autonomous machines [33] or by collec-
tive interactions with a common thermal reservoir [34] has
been recently considered. However, differently from previous
works, here we extend our interest to the manipulation of
energetic coherence, i.e., coherence between states with dif-
ferent energies. Energetic coherence is a particularly valuable
resource [12,35]. It behaves as a quantum clock [36], allowing

the simulation of time-dependent interactions [36,37] and the
implementation of a much larger class of thermodynamic
operations [18,38] than incoherent catalysts are able to do
[39–41].

In this paper we present an autonomous machine capable
of controlling and even amplifying the energetic coherence of
a system. The machine is one of the simplest quantum designs,
comprising two qubits (see Refs. [42,43]), each coupled to a
bath at different temperatures, which interacts with a steady
stream of qubits with a nonzero initial amount of coherence.
We find that there exist regimes in which the coherence in
the stream is amplified and that it is possible to control the
coherence of a broad range of qubit states.

The operations performed by our machine consist of ther-
malizing interactions with the baths and energy-preserving
unitary transformations, which, at first sight, may seem not
sufficient to increase the coherence of a local system [40].
However, this would apply only for a nondegenerate global
(machine plus qubit stream) setup, a condition violated as
soon as resonant interactions between the machine and the
qubit stream are considered. In fact, for such degenerate case
it is useful to distinguish between two notions of coher-
ence, usually referred to in the literature as coherence and
asymmetry [11,12,44]. Measures of both quantities can be
respectively defined based on the relative entropy between
a state and properly defined dephased states with respect to
the Hamiltonian eigenbasis [12]. A careful analysis of the two
measures reveals that in degenerate situations the former can
increase under energy-preserving unitary transformations and
the latter, even if it is always globally conserved, becomes
subadditive [7,45,46]. Notably, both of them allow for the
local amplification of energetic coherence.

Summarizing, the present work shows that thermal re-
sources, as the difference of temperature between two thermal
baths, can be used to enhance a pure quantum resource,
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such as coherence, and explores some properties of coherence
when degeneracies come into play with important conse-
quences. The paper is organized as follows. In Sec. II we
introduce the definition of coherence based on relative entropy
and the limitations to coherence growth that arise from the
laws of thermodynamics. Some basic features of the measures
of coherence and asymmetry based on relative entropy are also
discussed in Appendix A. The basic setup of the machine is
presented in Sec. III A, and a detailed derivation of the corre-
sponding evolution equations for the atoms and the machine
is given in Appendix B. In Sec. III B we analyze the capacity
of this basic setup to amplify the coherence of a single atom
in the stationary regime. This capacity can be used to control
the coherence by a concatenation of machines, as shown in
Sec. IV. A detailed analysis of this setup, its main ingredients,
and their respective roles in the amplification of coherence
is given in Sec. V. Finally, in Sec. VI we present our main
conclusions and perspectives for further research.

II. THERMODYNAMICS OF COHERENCE

As already mentioned, quantum coherence has been shown
to play the role of a thermodynamic resource in different
contexts. This is not surprising since coherent states have
less entropy than their corresponding dephased states, i.e.,
the states resulting from removing the off-diagonal terms in
a given basis of the Hilbert space.

A. Measures of coherence

Although there are different possibilities to define quanti-
tative measures of coherence [12], the one that more naturally
connects with the thermodynamic formalism is based on
relative entropy. The relative entropy of coherence (REC) of a
state ρ with respect to a basis B of the Hilbert space, usually
one of the eigenbases of the Hamiltonian H , is defined as [6,8]

C(ρ) ≡ S(ρ||ρ̄ ) = S(ρ̄ ) − S(ρ) � 0, (1)

where S(ρ||σ ) = Tr[ρ(ln ρ − ln σ )] is the quantum relative
entropy and S(ρ) = −Tr(ρ ln ρ) is the von Neumann entropy
(in units of nats). The fully dephased state

ρ̄ =
∑
|i〉∈B

|i〉 〈i|ρ|i〉 〈i| (2)

is the state with the same diagonal elements as ρ, and zero
nondiagonal ones in the basis B. We call it fully dephased
to distinguish it from partially dephased states with respect
to the spectral decomposition of the operator H (see below).
The REC in Eq. (1) is monotonic under incoherent operations,
constitutes a proper measure of coherence [8], and can be
operationally interpreted as the distillable coherence in the
state ρ [10].

Moreover, it is worth mentioning that there exists another
slightly different notion of coherence coming from the more
general context of reference frames [35], called asymmetry
under time translations, or simply asymmetry [7,11,44,45],
which will be of particular importance to this work. A measure
of asymmetry based on relative entropy can also be introduced
[7,46]. However, this relative entropy of asymmetry (REA) is
defined with respect to the Hamiltonian H and not a basis B

[11,44]:

A(ρ) ≡ S(ρ||ρ̃) = S(ρ̃) − S(ρ), (3)

where the partially dephased state ρ̃ is defined as

ρ̃ =
∑

j

� jρ� j, (4)

� j being the projectors of the spectral decomposition of H .
Compare this partially dephased state with the fully dephased
state introduced in Eq. (2). If the operator H is nondegenerate,
ρ̃ = ρ̄ and then REA and REC coincide. On the other hand,
if H is degenerate, the partially dephased state ρ̃ retains
off-diagonal elements in the degenerate eigenspaces. This
is because REA is only sensible to the coherence between
nondegenerate energy levels, as opposed to REC, which
measures the total amount of coherence (i.e., between both
degenerate and nondegenerate levels). Consequently, REC is
never smaller than REA, C(ρ) − A(ρ) = C(ρ̃ ) � 0. Further-
more, another essential property of REA is that it is nonin-
creasing under covariant operations with respect to the time-
translation symmetry defined by H , meaning (completely pos-
itive) operations E for which E (e−iHtρeiHt ) = e−iHtE (ρ)eiHt

[7,11,44,45].
In the following we will consider the local amplification

of coherence in a system with a nondegenerate Hamiltonian,
for which REC and REA are exactly equal. Nevertheless,
their differences will become important later in Sec. V. Also,
further details about the differences between REC and REA
are given in Appendix A.

B. Second law in the presence of coherence

The machine that we introduce in this paper works with
two thermal baths at different temperatures, T1 and T2, and is
able to control the coherence of a stream of qubits. To fix the
physical interpretation, we will assume that the qubits are two-
level atoms (TLAs) that go through the machine in a way that
will be specified in Sec. III A. Since coherence, as measured
by the relative entropy (1), is directly related to the entropy of
a system, the laws of thermodynamics impose some bounds
on the coherence growth of the TLA. To derive these bounds,
let us start by writing down the first law of thermodynamics
in a stationary regime in which the state of the machine does
not change:

Ėa = Q̇1 + Q̇2, (5)

where Ėa is the rate at which energy is transferred to the
atoms, and Q̇k is the heat flux from reservoir k = 1, 2 into
the machine. Analogously, we can state the second law as
the positivity of the rate of total entropy production in the
stationary regime:

Ṡtot = Ṡa − β1Q̇1 − β2Q̇2 � 0, (6)

where Ṡa is the change in the von Neumann entropy of the
TLA stream, and Ṡk = −βkQ̇k for k = 1, 2 is the entropy
increase (in nats) in reservoir k, with βk = 1/kBTk the inverse
temperatures. In the following we assume for convenience
β1 � β2 (T1 � T2). The above Eqs. (5) and (6) establish
fundamental bounds on the performance of the machine,
for any operational regime. This can be better seen if we
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introduce the nonequilibrium free energy of the atoms in state
ρa with respect to the reference temperature T1 as F (ρa ) ≡
Tr[Haρa] − kBT1S(ρa ), where Ha represents the Hamiltonian
of the TLA. The nonequilibrium free energy characterizes the
maximum amount of work extractable from a nonequilibrium
state ρ with the help of a thermal reservoir [17,47]. Using
Eq. (5), the second law (6) can be written as

β1Ḟ (ρa) � (β1 − β2)Q̇2. (7)

Equation (7) bounds the performance of heat to work conver-
sion in the form of nonequilibrium free energy stored in the
TLA stream as η ≡ Ḟa/Q̇2 � ηcarnot, with ηcarnot = 1 − β2/β1

the Carnot efficiency.
However, the nonequilibrium free energy can be further

decomposed into thermal and coherence components [39,45].
Using Eq. (1) [or equivalently Eq. (3)], the second law
inequality (7) can finally be expressed as a bound on the
coherence amplification of the TLA stream:

Ċa � (β1 − β2)Q̇2 − β1Ḟ (ρ̄a ) ≡ Ċmax
a , (8)

where ρ̄a = ρ̃a, since Ha is nondegenerate. Following Eq. (8),
amplification of energetic coherence, Ċa � 0, becomes pos-
sible by means of two sources: from the heat flowing from
the hot to the cold bath (first term) and from a decrease of
the classical free energy on the atom itself (second term).
Otherwise the bound Ċmax

a becomes zero or negative, and we
have that coherence can only decrease Ċa � 0. In this context,
an operational interpretation for the total entropy production
rate in Eq. (6), Ṡtot = Ċmax

a − Ċa, can be given as a measure
of how far we are from optimal amplification, which is only
achieved under reversible, equilibrium conditions.

III. AUTONOMOUS THERMAL MACHINE

In this section we introduce in detail our model of the
autonomous thermal machine. We discuss the main properties
of the dynamical evolution including the long-time limit at
which the machine reaches a steady state. Then we explore
the ability of the machine to amplify the local coherence of
the TLA in the steady state regime.

A. Basic setup

The machine we present is sketched in Fig. 1 and consists
of two noninteracting qubits with distinct energy spacings
E1 and E2 (we assume for concreteness E2 � E1), weakly
coupled to respective thermal reservoirs at different inverse
temperatures, β1 and β2. The machine Hamiltonian is Hm =
E1σ

†
1 σ1 + E2σ

†
2 σ2, where σ1 = |0〉 〈1|1 and σ2 = |0〉 〈1|2 are

the lowering operators of each qubit. Viewing the machine
as a four level system, we can identify the middle two states
{|0〉v ≡ |1〉1 |0〉2 , |1〉v ≡ |0〉1 |1〉2} with populations {pv

0, pv
1}

and spacing E2 − E1. We refer to this subspace as the virtual
qubit [48]. In the absence of any other interactions, the two
qubits remain in thermal equilibrium with their respective
reservoirs. In such conditions, a (virtual) inverse temperature
can be ascribed to the virtual qubit via the Gibbs ratio, and
reads

βv ≡ ln
(
pv

0/pv
1

)
E2 − E1

= β2E2 − β1E1

E2 − E1
, (9)

FIG. 1. Schematic representation of our setup: A black box
throws two-level atoms (TLA) at random times in a given initial
state ρa. The atoms interact with the two qubits of the machine with
spacings E1 and E2 via the energy preserving Hamiltonian Hma, while
each qubit is coupled to a thermal reservoir at a different temperature
(β1 � β2).

which can take any desired value by design. The basic idea
underlying small thermal machines is to make use of the
virtual qubit at a properly tuned virtual temperature to perform
thermodynamic tasks (cooling, heating, storing work) upon
an external system; this task is powered by the temperature
difference in the reservoirs [43,48,49].

Together with the two-qubit machine, we introduce a third
element consisting of a sequence of two-level atoms (TLAs)
that are sent through the machine at random times that follow
Poissonian statistics with rate r. The atoms are all prepared in
the same (but arbitrary) initial state, ρa, and are assumed to
interact resonantly with the virtual qubit of the machine one
at a time (see Fig. 1). The Hamiltonian of a single TLA in the
sequence reads Ha = (E2 − E1)σ †

a σa, where σa = |0〉 〈1|a.
The interaction between the atom and the machine when

the atom passes through is

Hma = h̄g(t )(σvσ
†
a + σ †

v σa ) ≡ h̄g(t )V, (10)

σv ≡ σ
†
1 σ2 = |0〉 〈1|v being the lowering operator of the vir-

tual qubit, and g(t ) a time-dependent coupling strength van-
ishing outside the interaction region. It is convenient to define
the effective strength φ = ∫ t0+τi

t0
g(t )dt , τi being the interac-

tion time and t0 arbitrary. The interaction Hamiltonian Hma

preserves energy, i.e., [Ha + Hm, Hma] = 0, and involves a
three-body interaction allowing the transfer of excitations
among qubits 1, 2, and the TLA. This implies that no external
sources of work are needed to make the TLA interact with the
machine. Moreover, φ is taken to be the same for every TLA in
the sequence. As we will shortly see, this TLA stream can act
both as a passive element operated by the machine and also as
an active source driving the machine to a stationary state with
nonzero coherence in its energy basis. That in turn will result
in a steady increase of the local coherence in the flying TLA.
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Assuming a small interaction time τi, such that the effect
of the thermal reservoirs can be neglected during the passage
of the atoms, a master equation in Lindblad form can be
obtained for the reduced dynamics of the machine using Born-
Markov and rotating-wave approximations [2]. On the other
hand, the effect of the machine on each atom is given by a
completely positive and trace-preserving (CPTP) map A. In
the interaction picture with respect to Hm + Ha they read (see
Appendix B for details)

ρ̇m = −irφ[Vm, ρm] +
∑

k=v,1,2,

Dk (ρm ) ≡ Lm(ρm ), (11a)

A(ρa ) = ρa − iφ[Va, ρa] + Da(ρa ), (11b)

where the coherent (driving-field-like) terms read Vm =
Tra[V ρa] = σv 〈σ †

a 〉 + σ †
v 〈σa〉 in Eq. (11a), and analogously

Va = Trm[V ρm(t )] in Eq. (11b), whose strengths depend on
the off-diagonal elements (in the energy eigenbasis) of ρa

and ρm(t ), respectively. In addition, we obtain the following
dissipators that account for the energy jumps induced by both
the interaction and the thermal reservoirs:

Dk (ρ) = γ k
↓

(
σkρσ

†
k − 1

2
{σ †

k σk, ρ}
)

+ γ k
↑

(
σ

†
k ρσk − 1

2
{σkσ

†
k , ρ}

)
, (12)

with k = 1, 2, v, a. Here the rates of emission and absorption
processes induced by the thermal reservoirs obey detailed
balance γ k

↓ = γ k
↑ eβkEk for k = 1, 2, and we have the rates

from machine-atom interactions γ v
↓ = rφ2 〈σaσ

†
a 〉 and γ v

↑ =
rφ2 〈σ †

a σa〉 for Dv, together with γ a
↓ (t ) = φ2 〈σvσ

†
v 〉t and

γ a
↑ (t ) = φ2 〈σ †

v σv〉t for Da. Notice that the dynamics of the
TLA, in contrast to the machine dynamics, is characterized by
time-dependent coefficients, γ a

↑↓(t ) � 0∀t . Self-consistency
of Eqs. (11a) and (11b) requires τi 	 1/γ k

0 with γ k
0 ≡ γ k

↓ −
γ k

↑ , together with φ2 	 E2 − E1 and γ k
0 	 Ek , k = 1, 2 (see

Appendix B 1).
Importantly, the interplay of coherent and dissipative terms

in Eq. (11a) implies that in the long-time run, when suffi-
ciently many atoms have interacted with the machine, the
latter reaches a steady state, Lm(πm ) = 0, that has nonzero
coherence in the virtual qubit. This state can be obtained
analytically, but it shows a complicated dependence on the
initial preparation of the TLA and all other parameters. While
the machine is interesting to investigate, for example to ascer-
tain whether some nonzero entanglement can be maintained
between the two machine qubits, in this work we focus on the
effect on the TLA stream.

The dynamics of the TLA stream is obtained by inserting
πm in the expectation values appearing in Eqs. (11b) and
(12). Once the machine is in a steady state, all the output
atoms reach the same state after interacting with the machine,
with only an infinitesimal change to their initial state ρa

(since φ is small). However, dynamical control and finite state
transformations over individual atoms can be achieved in the
extended configuration considered in Sec. IV.
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FIG. 2. (a) Amplification of local coherence as measured by the
REC, Ċa (solid curves), and the bound Ċmax

a (dashed and dotted
curves) as a function of β2/β1. The two colors represent two choices
of the TLA initial state (see legend) with same initial coherence
| 〈0| ρa |1〉a | = 0.2. (b) Dependence of Ċa on the initial preparation
of the atoms for fixed β2 = 0.2β1, displayed as a contour plot over
a cross section of the TLA Bloch sphere (in the rotating frame). Ċa

and Ċmax
a are given in units of φ2 and we used E1 = 1.5, E2 = 2.5.

In both plots we set β1 = 1.2, γ k
0 = γ k

↓ − γ k
↑ = 0.0025 for k = 1, 2,

r = 2.0, and φ = 0.02.

B. Coherence amplification

For the machine working at steady state conditions, Ċa and
Ċmax

a can be computed analytically (see Appendix C). Recall
that the maximum coherence growth rate Ċmax

a is given in
terms of the free energy and the heat flows by Eq. (8). In the
stationary regime, the energy change of the TLA stream and
its change in von Neumann entropy are given respectively by

Ėa = r Tr[Ha(A(ρa ) − ρa )], (13)

Ṡa = −r Tr[A(ρa ) lnA(ρa ) − ρa ln ρa]. (14)

The heat flux from reservoir k = 1, 2 reads

Q̇k = Tr[HmDk (ρm )], (15)

while Ṡk = −βkQ̇k for k = 1, 2, is the entropy increase in
reservoir k.

We find that coherence amplification in crossing TLAs be-
comes possible for a broad range of initial states of the atoms
and machine parameters. In Fig. 2(a) we show Ċa and Ċmax

a
when the reservoirs’ temperature ratio β2/β1 is varied. We
use two paradigmatic initial states for the atom stream lying
at the south (dark orange) and north (light blue) hemispheres
of the Bloch sphere as depicted by the two small circles in
Fig. 2(b). In the first case we find that thermal amplification
of coherence is achieved when increasing the difference of
temperatures between the reservoirs until the high temperature
limit, β2E2 	 1, is approached. On the contrary, the second
case illustrates the regime in which coherence is amplified
at the cost of reducing classical nonequilibrium free energy
of the atoms. Notice that this process can occur in the limit
β2 → β1; that is, it does not need any input power from the
machine. Optimal amplification Ċmax

a cannot be achieved in
any case, the shaded regions highlighting the total entropy
production rate in the setup. In this context is interesting
to notice the point β2 → 0.6β1, where Ċmax

a becomes zero,
and, consequently, entropy production is entirely due to de-
coherence processes. In Fig. 2(b), the contour lines show the
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FIG. 3. Schematic representation of the extended setup. The
TLA stream crosses an array of many independent and equivalent
thermal machines coupled to the same reservoirs, each of them in a
different steady state.

dependence of Ċa on the initial state of the input atoms in the
sequence, ρa, for a given difference of temperatures. There the
black thick contour corresponds to Ċa = 0. We can appreciate
that coherence amplification becomes possible for a broad
range of initial states with nonzero initial coherence inside the
south hemisphere of the atoms’ Bloch sphere.

The physical mechanism underlying coherence amplifi-
cation in our machine can be understood by splitting its
operation in steady state conditions into two steps. In the first
step an incoming TLA in state ρa interacts with the virtual
qubit of the machine in state πm, through the interaction Hma

for some small amount of time τi [Eqs. (B4) and (B5) in
Appendix B]. During this unitary evolution, and thanks to the
degeneracy in the global machine-TLA system provided by
[Hma, Hm + Ha] = 0, both the TLA and the virtual qubit may
increase their local coherences. This is the case when both
initial states of the virtual qubit and the incoming TLA have
some initial amount of coherence and either one or the other
shows population inversion (a proof is given in Appendix
A 3). This is in accordance with our general result in Eq. (8),
from which we learn that amplification of coherence requires
either a heat flow between two different temperatures, or the
release of (diagonal) free energy by the TLA itself. Then,
in the second step, the machine qubits interact with their
respective thermal reservoirs at different temperatures for
some (small) amount of time, until the state πm of the machine
is recovered. In this second process some of the coherence in
the virtual qubit of the machine is lost in the reservoirs, but its
population bias is recovered, and the next interaction can take
place.

IV. COHERENCE PROCESSING

So far our analysis of local coherence amplification ap-
plied to the ensemble of output atoms in Fig. 1, but whose
individual states change only infinitesimally (changes in REC
of order φ2). In the following we show that the coherence of
individual atoms in the sequence can be increased by a quite
substantial amount as well.

This is accomplished in the extended configuration
sketched in Fig. 3, where an array of thermal machines such
as the one introduced above is arranged in sequence. There
all the atoms are prepared in the same initial state ρ0

a , but
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FIG. 4. Trajectories in a section of the Bloch sphere of individual
TLA when sent through a sequence of machines (β2 = 0.1β1). The
color scale shows the modulus of the kick (in φ2 units) produced on
the atom state when it crosses a machine in a given state. Set (c) has
been obtained by interchanging the role of the qubits (or equivalently
exchanging the temperatures of the reservoirs). The zero-coherence
fixed points of the dynamics are depicted by the small dark circles.
In all plots β1 = 1.2, γ k

0 = γ k
↓ − γ k

↑ = 0.0025 for k = 1, 2, r = 2.0,
and φ = 0.02.

each machine will now meet the atoms in a different state, as
it depends on their prior interaction with previous machines.
Nevertheless, we notice that after a sufficient time, every
machine in the sequence will reach a (different) steady state.
This can be seen from the fact that the first machine in
the sequence follows Eq. (11a), and after interacting with
sufficiently many atoms, will reach the steady state πm(ρ0

a )
as before. After that time, the first machine induces the same
dynamics on every subsequent atom and, as a consequence,
the input atoms for the second machine will always be in the
same state, say ρ1

a . The dynamics of the second machine then
will be given by Eq. (11a), upon replacing ρ0

a by ρ1
a . This

induces the steady state πm(ρ1
a ) in the second machine and,

after that, all output atoms will analogously be in a fixed state
ρ2

a . This argument extends to the entire sequence of machines.
When all the machines reach their steady states, then the

transformation of a single TLA crossing the sequence will be
given by a concatenation of CPTP maps such as the one given
in Eq. (11b). After crossing n machines it reads

ρn
a = An ◦ An−1 ◦ · · · ◦ Ai ◦ · · · ◦ A1

(
ρ0

a

)
(16)

with the expectation values appearing in the ith map cal-
culated for πm(ρ i−1

a ), with i = 1, . . . , n, that is, Va and the
rates γ a

↓↑ in Eqs. (11b) and (12). Analogously, we may apply
Eqs. (13) and (14) (divided by r) for any map Ai in the
sequence. For a more detailed description of the setup and
justification of Eq. (16), see Appendix B 3.

In Fig. 4 we plot sample trajectories of the states fol-
lowed by a single TLA when crossing the array of thermal
machines on its Bloch sphere. The trajectories correspond to
states depicted in the interaction picture, namely in a rotating
frame with respect to the z axis at frequency (E2 − E1)/h̄.
We show three different sets of trajectories (a)–(c) corre-
sponding to different values of the machine qubit spacings
E2 and E1. In any case we obtain a dissipative evolution to-
wards an incoherent thermal steady state πa = e−βvHa/Za, with
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Za = Tr[e−βvHa ], fulfilling An(πa ) = πa. This state, depicted
by black dots over the z axis, is reached in the limit of a large
number of machines in the array, n → ∞, and βv is the virtual
temperature introduced in Eq. (9).

For initial incoherent states (vertical axis) the trajectories
stay always incoherent; i.e., coherence cannot be generated
in the TLA if it is initially absent. However, we see that
there exists a broad range of initial states with nonzero initial
coherence for which the coherence can be amplified during
the evolution. Even if the incoherent steady state πa is reached
when a large array of machines is considered, by preparing
arrays of a finite tuned size, one can stop the trajectories at a
particular target point. Furthermore we find that tuning βv is
possible by choosing the design parameters of the machine
(i.e., the energies E1 and E2) [see Eq. (9)]. This allows us
to obtain sets of trajectories for which the coherence can be
amplified while also cooling the TLA; see Fig. 4(c).

Importantly, we notice that the temperature difference
plays a fundamental role here, enlarging the set of trajectories
that can be generated, and hence increasing our ability to reach
target states.

V. DISCUSSION

The possibility of a steady increase of the local coherence
of the TLA in the stationary regime of the machine that we
have presented in this paper may be at first sight surprising.
The whole dynamical evolution consists of energy-preserving
unitary steps occurring at random times when single atoms
interact, one at a time, with the machine, and the subsequent
thermalization of the machine qubits with their respective
thermal baths. All these transformations are special cases
of thermal operations, that is, maps resulting from an inter-
action between a system and a thermal bath that allow the
exchange of energy between the two, conserving the global
energy [13]. Therefore, since it is well known that thermal
operations (and indeed any phase covariant operation) cannot
increase asymmetry [7,39–41,45], one may wonder whether
the amplification of coherence in the TLA stream of our setup
contradicts this or other general statements.

A. Local versus global asymmetry and coherence

The answer to the question above is negative. The apparent
contradiction relies on the fact that for a global degenerate
system, as is our machine-atom setup, the nonincreasing
statement only applies to the asymmetry of the global sys-
tem and not necessarily to the sum of local asymmetries
(or coherences) of nondegenerate subsystems. Notably, this
is different from the case of nondegenerate global systems,
where both the asymmetry of the global system and the sum
of local asymmetries are nonincreasing. Indeed, one of the key
properties of the REA in Eq. (3) for degenerate systems that
spotlights this effect is that it becomes subadditive. That is, for
a bipartite system in which the total energy is degenerate, the
REA can increase just by considering the two subsystems as
separate entities, even if the global state is uncorrelated, i.e.,
A(ρa ⊗ ρm ) � A(ρa ) + A(ρm ). The reason is that the partially
dephased state ρ̃ can create spurious correlations between
the two systems even if ρ is a product uncorrelated state

Coherence

Asymmetry

FIG. 5. Example of REC [C(ρ )] (red) and REA [A(ρ )] (blue)
along the evolution of a bipartite system A + B, starting from an
uncorrelated system ρ = ρA ⊗ ρB. At the left and right points we plot
C(ρA) + C(ρB) and C(ρ ′

A) + C(ρ ′
B), respectively (see Appendix A 2

for more details).

(see Appendix A 1 for a detailed discussion). The subaddi-
tivity property of asymmetry has been noticed before, e.g.,
in Refs. [7,45,46]. Indeed in Ref. [46], among other results,
it has been shown that A(ρ⊗N ) � 2(d − 1) ln N 	 NA(ρ) in
the asymptotic limit N → ∞, d being the dimension of the
Hilbert space. Nevertheless, the consequences of subadditivity
of asymmetry on local amplification of coherence have never
been discussed before, to the best of our knowledge.

In any case, we have that the REA of the machine plus
a single TLA state is conserved during their unitary in-
teraction due to [U, Hm + Ha] = [Hma, Hm + Ha] = 0, as it
corresponds to a covariant operation with respect to time-
translation symmetry. In Appendix A 2, we obtain the fol-
lowing relation between the increase in local coherences and
the specific structure of correlations generated in the global
system [see Eq. (A10)]:

�Ca + �Cm = I (ρ̃ ′
ma ) − I (ρ̃ma ) − I (ρ ′

ma ). (17)

Here �Ci = C(ρ ′
i ) − C(ρi ), i = a, m, is the increase in the

local REC (or, equivalently, local REA) of the TLA (ma-
chine), ρ ′

ma = UρmaU †, with ρma = πm ⊗ ρa, is the global
state after interaction with marginals ρ ′

a and ρ ′
m, and I (ρma )

is the quantum mutual information of the global state ρma.
From Eq. (17) we see that local coherences can be increased
when I (ρ̃ ′

ma ) � I (ρ̃ma ) + I (ρ ′
ma ). This is indeed possible, as

we show in Appendix A 2 analyzing a specific example (see
Fig. 5).

On the other hand, it is also instructive to look at the
behavior of the REC, C(ρma ), in the global system. As op-
posed to the REA, the REC is additive with respect to an
arbitrary local basis even for degenerate systems, i.e., C(ρa ⊗
ρm ) = C(ρa ) + C(ρm ). However, contrary to the REA, it turns
out that in the degenerate case, the REC can increase un-
der thermal operations (see Appendix A 2), providing us an
alternative way of visualizing the local amplification effect
reported in this paper (see Fig. 5). However, we recall again
that the Hamiltonians of the machine Hm and the atom Ha are
nondegenerate and therefore it is irrelevant which measure of
coherence, REC or REA, is used for the reduced states.
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B. Ingredients for local amplification of coherence

Moreover, in a bipartite system consisting of two qubits, it
is possible to prove that the global REC increases during an
energy-preserving unitary evolution only if there is a popula-
tion inversion in one of the two qubits, i.e., if the excited state
is more populated than the ground state (see Appendix A 3
for a detailed proof). This is a further important result since
it provides a rigorous link between the amplification of local
energetic coherence and population inversion, which requires
either work or some other thermodynamic resource such as a
temperature gradient.

With all this in mind, we can now distinguish the three
key ingredients that allow our machine to increase the local
coherence in single TLAs in the stationary regime. To do that,
it is more convenient to focus on the REC, instead of the
REA. The first ingredient is an energy-preserving interaction
between the atom and the machine that increases the total
REC of the system, similar to the unitary evolution discussed
in Appendix A. The condition for this to work is that either
the machine or the TLA starts the interaction in a state with
population inversion with respect to the other one, and both
of them have some nonzero initial coherence. Therefore the
second key ingredient is the population inversion, which may
be provided either directly on the initial state of the TLA, or
indirectly as a temperature difference between the two baths.
We notice that the two thermal baths play also the role of
resetting the machine to the proper state in the stationary
regime. But, to obtain a state with nonzero coherence in the
virtual qubit of the machine, it is necessary that the thermal
relaxation be not complete. This is the third ingredient: a
partial thermal relaxation, which is achieved by sending the
atoms at a rate r sufficiently high to prevent the total relaxation
of the machine qubits.

C. Catalysis and correlations

Our mechanism for amplification of coherence is related to
the one proposed by Åberg in Ref. [18], where a system with a
high degree of coherence (a coherent battery) is used to induce
arbitrary local unitaries on an external system of interest. We
may interpret our machine as an autonomous and dissipative
version of Åberg’s coherent battery acting on the TLA stream.
Nevertheless, we would like to point out two further important
differences between our setup and Åberg’s. First, our configu-
ration allows for a steady state in the machine, πm, whereas
Åberg’s coherent battery does not return back to its initial
state after operation (see also the discussion about this point in
Ref. [19]). Second, and more important, the increase of local
coherence in each TLA in our configuration does not need an
equivalent reduction of local coherence in any other system.
This is a consequence of the resonant interaction between the
machine and the TLA stream, which drives the machine to a
steady state and simultaneously increases the local REC and
REA, as explained above.

It is also worth pointing out that due to the repeated interac-
tion scheme, the continuous buildup of correlations between
the machine and the TLA may result in the generation of cor-
relations between output atoms. This issue has been recently
reported for a simpler thermalization collisional model [50].
Also, recent results concerning the possibility of distillation

of coherence in a quantum thermodynamical framework [51]
suggest that the local amplification effect reported here must
be accompanied by the generation of such correlations.

The generation of these correlations has been discussed
by Vaccaro et al. [38] in the context of the Åberg scheme,
with the conclusion that coherence is a finite resource and
therefore cannot be catalytic. The same argument applies to
our machine. Indeed we would like to stress again that the
REA of the global system cannot increase in our setup, but
only enhance the local REAs (or RECs) of single TLAs.
Nevertheless, the increase of these local coherences is still
relevant if one is interested in the atoms as single separate
identities, and does not use subsequently any collective pro-
tocol or operation on the resulting TLA stream. In such case
the correlations mentioned above are irrelevant and may be
neglected. In any case, it is an open problem to assess how
much of the global REA is due to correlations between the
TLAs, since the REA is subadditive even for uncorrelated
states, as we show in Appendix A 1.

VI. SUMMARY AND CONCLUSIONS

We have discussed various aspects of the thermodynamic
limitations emerging when considering the interconversion
between energy and coherence, and presented an autonomous
thermal machine able to amplify energetic coherence using
thermal resources (two thermal reservoirs at different tem-
peratures). In particular, we have identified the two main
thermodynamic resources for coherence generation in the
setup: the spontaneous heat flow from a hot to a cold reservoir,
and the reduction of the classical free energy in the system
in which coherence is amplified. The interplay between these
two sources is related to the irreversibility of the amplification
process, which we characterized through the entropy produc-
tion. Then we have shown how our thermal machine is able to
work in nonequilibrium steady state conditions profiting from
these two aforementioned resources.

We have also identified the three key elements present
in our scheme enabling coherence amplification: a unitary
transformation that increases the local coherences of a de-
generate bipartite system, a partial thermal relaxation, and a
temperature difference that resets the machine to a state with
coherence and population inversion. Indeed, partial thermal
relaxation is a very basic idea that could have more appli-
cations in quantum thermodynamics, since it makes use of
thermodynamic resources, in our case the temperature differ-
ence between the two baths, while keeping genuine quantum
features such as coherence.

Interestingly, our results show that when multiple copies
of an initial state with some (even if negligible) amount of co-
herence are allowed, a dissipative coherent catalyzer [18,38]
can be created (the virtual qubit of the machine) just using
energy-preserving interactions between resonant transitions.
This can be used for the coherent manipulation of qubit states
(the TLA) in an extended configuration using an array of
autonomous machines. Nonetheless, we must point out that
the kind of catalysis proposed here is both local and limited by
dissipation. It is local because it works only for single copies
of the TLA, not being allowed collective operations over the
output atoms, which might not be independent between them.
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Furthermore, it is limited in the sense that dissipative effects
prevent us from reaching arbitrary states of the TLA. A fur-
ther open question left concerns the possibility of combining
different machines in the same array, e.g., each of them with
different spacings E2 and E1 in the qubits, in order to enlarge
the set of reachable target states from a given initial state ρ0

a .
Moreover, we discussed some connections between our

results for the autonomous manipulation of local coherence
and existing resource theories of asymmetry and coherence
[7,11,12,39–41,44,45]. In particular, we have clarified that
our results do not contradict any previous result about the
nonincreasing properties of coherence or asymmetry under
thermal (or more generally phase covariant) operations. Quite
the contrary, our results point to unnoticed subtleties arising
when considering bipartite systems with a global degenerate
Hamiltonian, allowing, e.g., the local amplification of coher-
ence in both subsystems. These degeneracies are not particular
to the specific setup we considered in this paper, but they are
ubiquitous in quantum continuous devices acting as heat en-
gines or refrigerators, either autonomous or nonautonomous
[42,43,48,49]. Last, but not least, given the broad scope of
asymmetry theories and their many applications to diverse
problems in physics [51], it may be interesting to extend our
results to more general symmetries other than time translation.
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APPENDIX A: ASYMMETRY AND COHERENCE IN
BIPARTITE SYSTEMS

As mentioned in Sec. II, two measures of coherence based
on relative entropy have been proposed in the literature: REC,
C(ρ) in Eq. (1), defined with respect to an orthogonal basis
B of the Hilbert space, and REA, A(ρ) in Eq. (3), defined
with respect to an operator, usually the Hamiltonian H . For
bipartite systems we can further elaborate upon the differ-
ences between these two quantities. Let ρ be the state of a
bipartite system A + B with reduced states ρA = TrB(ρ) and
ρB = TrA(ρ). Using the mutual information I (ρ) = S(ρA) +
S(ρB) − S(ρ), one can write

C(ρ) = C(ρA) + C(ρB) − I (ρ̄ ) + I (ρ), (A1)

A(ρ) = A(ρA) + A(ρB) − I (ρ̃ ) + I (ρ). (A2)

If the constituents of the bipartite system are nondegen-
erate, the coherence and asymmetry of the reduced states
are equal, C(ρA) = A(ρA) and C(ρB) = A(ρB). In that case,
the difference between coherence and asymmetry can be

written as

C(ρ) − A(ρ) = I (ρ̃) − I (ρ̄ ) � 0. (A3)

1. Subadditivity of asymmetry: An example

Applying the previous relations (A1) and (A2) to an uncor-
related state ρ = ρA ⊗ ρB with I (ρ) = 0, and assuming that
the basis B is local, we get

C(ρ) = C(ρA) + C(ρB),

A(ρ) − [A(ρA) + A(ρB)] = −I (ρ̃ ) � 0, (A4)

since the fully dephased state is also uncorrelated with I (ρ̄) =
0. On the contrary, partial dephasing can create spurious
correlations between the two systems, I (ρ̃ ) > 0; hence the
asymmetry can decrease when considering the reduced states
separately. This means that coherence is additive but asymme-
try is subadditive:

A(ρ) � A(ρA) + A(ρB). (A5)

A simple example is given by two qubits, A and B, with
Hamiltonian H = ε[|1〉A 〈1|A + |1〉B 〈1|B], which is degener-
ate since states |01〉 and |10〉 have the same energy ε. Here
we discuss partially dephased states ρ̃ with respect to the
eigenprojectors of the Hamiltonian H and fully dephased
states ρ̄ with respect to the basis B = {|00〉 , |01〉 , |10〉 , |11〉},
which is the only local eigenbasis of H .

Consider for instance the pure states ρA = ρB = |ψ〉 〈ψ |
with |ψ〉 = [|0〉 + |1〉]/√2. In matrix form, using the canoni-
cal local basis {|0〉 , |1〉} and the global basis B,

ρ = 1

2

(
1 1
1 1

)
⊗ 1

2

(
1 1
1 1

)
= 1

4

⎛
⎜⎝

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

⎞
⎟⎠. (A6)

This global state is also a pure uncorrelated state, that is,
I (ρ) = 0, but the partially dephased state

ρ̃ = 1

4

⎛
⎜⎝

1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 1

⎞
⎟⎠ (A7)

exhibits correlations, namely, I (ρ̃ ) = 2 ln 2 − (ln 4 +
ln 2)/2 = ln 2/2.

The coherence of the reduced states is C(ρA) = C(ρB) =
S(ρ̃A) − S(ρA) = ln 2, and the coherence of the global state
satisfies

C(ρ) = S(ρ̄ ) − S(ρ) = 2 ln 2 = C(ρA) + C(ρB). (A8)

On the other hand, the asymmetry of the reduced states is still
A(ρA) = A(ρB) = ln 2, but the asymmetry of the global state
is smaller than the sum of local coherences:

A(ρ) = S(ρ̃) − S(ρ) = 3
2 ln 2

� 2 ln 2 = A(ρA) + A(ρB); (A9)

that is, asymmetry is subadditive. The difference between the
asymmetry of the global state A(ρ) = 3 ln 2/2 and the sum of
asymmetries of the reduced states A(ρA) + A(ρB) = 2 ln 2 is
precisely I (ρ̃) = ln 2/2.
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2. Increase of coherence under thermal operations

These results indicate that local asymmetries can indeed
increase under (phase covariant) thermal operations when
there exist degeneracies in the total Hamiltonian. Further-
more, as a complementary view, we may be also interested
in the behavior of the global REC, C(ρ), in such degener-
ate situations. Our analysis shows that for degenerate sys-
tems, the global REC can grow under thermal operations.
These issues have been in fact largely overlooked, since
most research has focused on nondegenerate systems, or
on REC within degenerate subspaces. For instance, many
parts of the analysis in [40], where they apply general re-
sults for the so-called “modes of asymmetry” [52] to the
study of thermal operations [see, e.g., Eq. (8) in that ref-
erence], do not hold if the global Hamiltonian presents
degeneracies.

To discuss the above points in more detail, let us consider
our bipartite system starting from an uncorrelated state ρ =
ρA ⊗ ρB and evolving to ρ ′ = UρU † according to a unitary
operator U that commutes with the global Hamiltonian H .
Such a unitary transformation is a special case of a thermal
operation, and as such, it is known to conserve asymmetry
[40]. However, it is not hard to see that REC can increase
under this type of operations. The evolution of coherence and
asymmetry is sketched in Fig. 5. We distinguish four stages in
the process, depicted along the horizontal axis. First we con-
sider the sum of the local REC (REA) of the reduced states, ρA

and ρB. Second, we plot the REC (REA) of the global initial
state ρ = ρA ⊗ ρB. Even though this state is uncorrelated, the
REA could experience a decrease I (ρ̃ ) from stage 1 to 2
due to subadditivity. In the third stage we compute the REC
(REA) of the global state after the transformation ρ ′ = UρU †.
The REA is conserved but, according to (A3), the REC is
A(ρ ′) + I (ρ̃ ′) − I (ρ̄ ′). Then the change of the global REC due
to the unitary transformation is I (ρ̃ ′) − I (ρ̄ ′) − I (ρ̃ ), which
can be positive, as we show below in an explicit example. The
fourth stage is the result of “separating” the two qubits, that
is, considering them as independent entities not allowed to
interact again, and calculating the sum of local REC (REA)
of each reduced state, ρ ′

A and ρ ′
B. Notice that the local REC

and local REA coincide, since the two systems A and B are
nondegenerate.

We see in Fig. 5 that REC always decreases when correla-
tions are destroyed (neglected), C(ρ) � C(ρA) + C(ρB), but it
can increase under the unitary evolution U . On the other hand,
REA is constant under evolution, but it can increase when the
two systems are separated, A(ρ) � A(ρA) + A(ρB). From the
picture we conclude that REC can increase in the thermal
operation if I (ρ̃ ′) > I (ρ̄ ′) + I (ρ̃ ), whereas both coherence
and asymmetry increase after the whole process (evolution +
separation) if I (ρ̃ ′) > I (ρ̃) + I (ρ ′). Notice that even though
the basis B is local, I (ρ̄ ′) can be different from zero due to
classical correlations between the two qubits. Summarizing,
the change along the whole process of both the local REA and
local REC is

�CA + �CB = I (ρ̃ ′) − I (ρ̃ ) − I (ρ ′), (A10)

where �Ci = C(ρ ′
i ) − C(ρi ) = A(ρ ′

i ) − A(ρi ) for i = A, B.

As an explicit example, consider the following initial state
ρ = ρA ⊗ ρB with

ρA =
(

1/2 c
c 1/2

)
, ρB =

(
0 0
0 1

)
, (A11)

c being a real number in the interval c ∈ [−1/2, 1/2] to ensure
the positivity of ρA. We choose the following as a unitary
thermal transformation:

U =

⎛
⎜⎜⎝

1 0 0 0
0 1/

√
2 −i/

√
2 0

0 −i/
√

2 1/
√

2 0
0 0 0 1

⎞
⎟⎟⎠. (A12)

The initial global state in the basis {|00〉 , |01〉 , |10〉 , |11〉}
reads from Eq. (A11)

ρ =

⎛
⎜⎝

0 0 0 0
0 1/2 0 c
0 0 0 0
0 c 0 1/2

⎞
⎟⎠, (A13)

and the final (global) state in the same basis is

ρ ′ = UρU † =

⎛
⎜⎜⎝

0 0 0 0
0 1/4 i/4 c/

√
2

0 −i/4 1/4 −ic/
√

2
0 c/

√
2 ic/

√
2 1/2

⎞
⎟⎟⎠, (A14)

with final reduced states

ρ ′
A =

(
1/4 c/

√
2

c/
√

2 3/4

)
, ρ ′

B =
(

1/4 −ic/
√

2
ic/

√
2 3/4

)
.

(A15)

Notice that the partially dephased final state

ρ̃ ′ =

⎛
⎜⎝

0 0 0 0
0 1/4 i/4 0
0 −i/4 1/4 0
0 0 0 1/2

⎞
⎟⎠ (A16)

exhibits correlations between the two systems. The mutual
information of the relevant states reads

I (ρ) = I (ρ̃) = I (ρ̄) = 0, (A17)

I (ρ̃ ′) = 2h(1/4) − h(1/2), (A18)

I (ρ ′) = 2h(p) − h(1/2 + c), (A19)

I (ρ̄ ′) = 2h(1/4) − 3h(1/2)/2, (A20)

where h(p) ≡ −p ln p − (1 − p) ln(1 − p) is the binary Shan-
non entropy and p = 1/2 + √

1 + 8c2/4. The final increase of
REC or REA is (see Fig. 5)

�C ≡ C(ρ ′
A) + C(ρ ′

B) − [C(ρA) + C(ρB)]

= I (ρ̃ ′) − I (ρ̃) − I (ρ ′)

= 2 h(1/4) − h(1/2) − 2 h(p) + h(1/2 + c). (A21)

This increase of REC is shown in Fig. 6(a) as a function of c.
There we can see that the total REC increases for a wide range
of the parameter c � 0.4513 . . . .
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x y

|0

|1

C
c

FIG. 6. (a) Increase of REC, �C ≡ C(ρ ′
A) + C(ρ ′

B) − C(ρA) −
C(ρB), as a function of c for the example discussed in the text.
(b) Evolution of the reduced states in the Bloch sphere for c = 0.35.
The initial states are ρA = [2c, 0, 0] (dark blue) and ρB = [0, 0, −1]
(red) and the final ones ρ ′

A = [2c/
√

2, 0, −1/2] (light blue) and
ρ ′

A = [0, 2c/
√

2, −1/2] (orange).

It is illustrative to see the evolution of the two reduced
states in the Bloch sphere, as shown in Fig. 6(b) for c = 0.35.
This figure partly illustrates the mechanism of our machine,
although the specific initial condition (A11) is in general
different from the states of the TLA and the machine in our
setup. If we identify system A with the machine and system
B with the atom, we see that the interaction is able not only
to transfer local coherence from the machine to the atom, but
also to increase the global REC. This is what happens when
the atom interacts with the virtual qubit of the machine. The
role of the thermal baths is to restore the machine virtual qubit
to its initial value. However, the thermal baths cannot increase
the coherence of the machine, as would be needed in this
specific example (compare the initial and final states of the
machine ρA and ρ ′

A). For the machine to work, it would be
necessary to increase simultaneously the local coherences of
the atom and the machine using a thermal operation. In the
next section of this Appendix we show that this is possible by
generalizing the previous example.

3. Simultaneous increase of local coherences

Here we show that the simultaneous increase of the two
local coherences is possible if one of the two qubits starts in a
state with population inversion, i.e., with a higher probability
to be in the excited state than in the ground state. To do so, let
us generalize the last example by using the following family
of thermal unitary operations:

U = e−iHintt/h̄ =

⎛
⎜⎝

1 0 0 0
0 cos(θ ) −i sin(θ ) 0
0 −i sin(θ ) cos(θ ) 0
0 0 0 1

⎞
⎟⎠, (A22)

which are generated by the energy-preserving interaction
Hamiltonian

Hint = h̄ω(|0〉A |1〉B 〈1|A 〈0|B + H.c.), (A23)

and we have set θ = ωt . Notice that (A22) for θ = π/4 yields
the transformation (A12) of our previous example, and the
similarity of Eq. (A23) with the machine-atoms interaction
Hamiltonian in Eq. (10). We consider a general uncorrelated

state ρ = ρA ⊗ ρB as the initial condition, with reduced states

ρA =
( 1+δA

2 cA

c∗
A

1−δA
2

)
, ρB =

( 1+δB
2 cB

c∗
B

1−δB
2

)
. (A24)

In this notation −1 � δi � 1 denotes the bias of system i =
A, B, i.e., the difference between the populations of the ground
and the excited states. The off-diagonal terms ci are complex
numbers obeying δ2

i + 4|ci|2 � 1 to ensure the positivity of
the density matrices. The REC or REA (the local Hamilto-
nians are nondegenerate) is C(ρi ) = h[(1 + δi )/2] − h[(1 +√

δ2
i + 4|ci|2)/2], which is an increasing function of |ci|.
The off-diagonal terms of the final reduced states can be

expressed in a rather compact form:

c′
A = cA cos(θ ) + icBδA sin(θ ), (A25)

c′
B = cB cos(θ ) + icAδB sin(θ ). (A26)

Now we can discuss the necessary conditions to achieve a
simultaneous increase of both local coherences (or asymme-
tries). For that to occur, the following ratios must be larger
than one:

|c′
A|

|cA| = | cos(θ ) + i δAα eiϕ sin(θ )| > 1, (A27)

|c′
B|

|cB| =
∣∣∣∣ cos(θ ) + i

δB

α
e−iϕ sin(θ )

∣∣∣∣ > 1, (A28)

where we have introduced the modulus α and phase ϕ of the
ratio between the initial coherences: cB = αeiϕcA. The above
inequalities can then be written as

cos2(θ ) + δ2
Aα2 sin2(θ ) − 2δAα sin(ϕ) sin(θ ) cos(θ ) > 1,

(A29)

cos2(θ ) + δ2
B

α2
sin2(θ ) + 2δB

α
sin(ϕ) sin(θ ) cos(θ ) > 1,

(A30)

which, after some algebra and for sin(θ ) �= 0, reduce to

(δAα − κ )

(
δAα + 1

κ

)
> 0,

(
δB

α
− 1

κ

)(
δB

α
+ κ

)
> 0, (A31)

with κ = (r + √
r2 + 1)/2 � 0 and r = sin(ϕ) cot(θ ). These

two inequalities imply that the biases δA and δB have opposite
signs. To prove this, suppose that both are positive. In this case

δAα > κ,
δB

α
>

1

κ
, (A32)

and multiplying both inequalities one gets δAδB > 1, which is
not possible since the biases are bound between −1 and 1. The
case when both δA and δB are negative is analogous.

If the biases have opposite sign, δAδB < 0, it is always
possible to find parameters for which the local coherences
increase. An example is given in Fig. 7, where we plot the
ratios |c′

i|/|ci| (i = A, B) as a function of θ , for δA = −0.9,
δB = 0.8, α = 1, and ϕ = π/2, that is, cB = icA.

In summary, within this Appendix we have derived a
number of results that help to understand how our machine
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FIG. 7. Simultaneous amplification of local coherences via a
thermal operation on a two qubit system. The operation is the unitary
transformation (A22). The figure shows the ratio |c′

i|/|ci| between the
modulus of the off-diagonal terms in the density matrices of the two
qubits, i = A (solid), B (dashed), after and before the transformation,
as a function of the parameter θ . The horizontal dotted line at 1
is shown for reference. The rest of the parameters are δA = −0.9,
δB = 0.8, α = 1, and ϕ = π/2, that is, cB = icA.

works and what is the role of each component. The interaction
between the atom and the machine is similar to the unitary
transformation (A22), capable of enhancing the coherence of
the two qubits, atom and machine, if there is a population
inversion in one of the two systems and some coherence in
the two initial reduced states. Consequently, if the TLA popu-
lations are not inverted, for a steady increase of coherence,
it is necessary to restore the machine to a state with some
coherence and population inversion. There the two thermal
baths come into play. The difference of temperature of the
baths creates the required population inversion in the virtual
qubit. Finally, to restore the machine to a state with coherence,
we must prevent it from fully relaxing to the steady state
under the influence of the two baths. Summarizing, a partial
thermal relaxation in contact with the two baths at different
temperatures is capable of restoring the machine to a state
with some remaining coherence and a population inversion.
Then the unitary transformation can be repeated and induce a
steady increase of coherence in the TLA.

APPENDIX B: DERIVATION OF THE DYNAMICS

In order to derive master equations for the dynamical
evolution of the thermal machine and the TLA stream we
assume that the two-qubit machine is weakly coupled to
thermal reservoirs modeled by a collection of bosonic modes
Hα = ∑

k h̄�
(α)
k bα †

k bk for α = 1, 2 and where [b(α)
k , b(α′ )

k′ ] =
δk,k′δα,α′ , in equilibrium Gibbs states. Their interaction in the
rotating-wave approximation reads

Hint =
∑

α=1,2

∑
k

h̄gα
k

(
σαb(α)†

k + σ †
α bα

k

)
, (B1)

where the parameters gα
k control the coupling strength of the

qubit α to each mode k in the corresponding reservoir as spec-

ified by their spectral densities Jα (�) = ∑
k

(gα
k )2

�α
k

δ(� − �α
k ).

1. Master equation for the machine

In the absence of the TLA stream and assuming Ohmic dis-
sipation within the standard Born-Markov and rotating-wave
approximations, the machine evolves in the interaction picture
according to the following master equation in Lindblad form
[53],

ρ̇m = L0(ρm ) = D1(ρm ) + D2(ρm ), (B2)

where we obtain two dissipators describing the exchange of
energy quanta with each reservoir:

Dα (ρm ) = kα
↓

(
σαρmσ †

α − 1

2
{σ †

ασα, ρm}
)

+ kα
↑

(
σ †

αρmσα − 1

2
{σασ †

α , ρm}
)

, α = 1, 2.

(B3)

In the above equation the rates kα
↓ = γ α

0 (nα
th + 1) and γ↑ =

γ α
0 nα

th depend on the mean number of thermal excitations
in the reservoirs nα

th = (eβαEα − 1)−1 and the spontaneous
emission rates γ α

0 	 E ′
α ∀α, α′.

We then model the interaction of the TLA stream with
the dissipative two-qubits machine. Following the main text
[Fig. 1(a)], the atoms interact one at a time with the machine
for a short interval of time τi according to the interaction
Hamiltonian in Eqs. (11a) and (11b). This leads to the follow-
ing unitary acting on the compound machine-atom system:

U (t + τi, t ) = exp

(
− i

h̄

∫ t+τi

t
Hma(s)ds

)

= exp (−iφV ) � I − iφV − φ2

2
V 2, (B4)

where we used φ 	 1 as defined in the main text, and t is
arbitrary. At this point we make a crucial assumption, namely,
that the interaction time is short compared with the relevant
timescales of the machine relaxation dynamics, τi 	 1/γ α

0 for
α = 1, 2. In this case the state of the compound system during
τi evolves as

ρ(t + τi ) =U (t + τi, t )ρ(t )U (t + τi, t )†

= ρ(t ) − iφ[V, ρ(t )]

+ φ2

(
V ρ(t )V − 1

2
{V 2, ρ(t )}

)
; (B5)

that is, we neglect the action of the thermal reservoirs
during the interaction between the machine and the flying
atom. Furthermore, we assumed that the machine and atom
were initially uncorrelated, and the machine always inter-
acts with a “fresh” atom prepared in the same initial state
ρ(t ) = ρm(t ) ⊗ ρa.

Let us denote the effective action of a single TLA on
the machine as the completely positive and trace-preserving
(CPTP) map E (ρm ) = Tra[ρ(t + τi )]. The evolution of the
machine at some time t after n interactions can be then written
as [54]

ρ (n)
m (t ) =

∫ t

t0

ds w(t − s)eL0(t−s)E
(
ρ (n−1)

m (s)
)
, (B6)
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where w(t ) is the waiting time distribution, which character-
izes how much time we need to wait from one interaction to
the next. We assume Poisson statistics w(t ) = re−rt , where r
is the average rate at which interactions occur. Now taking the
time derivative of the above equation, and summing over n
(see Ref. [54] for more details), we obtain the master equation
(11a):

ρ̇m = −irφ[Vm, ρm] + Da(ρm ) + L0(ρm )

≡ Lm(ρm ), (B7)

where we obtained a new dissipator reading

Dv(ρm ) = rφ2〈σaσ
†
a 〉0

(
σvρmσ †

v − 1

2
{σ †

v σv, ρm}
)

+ rφ2〈σ †
a σa〉0

(
σ †

v ρmσv − 1

2
{σvσ

†
v , ρm}

)
. (B8)

We recall that here Vm = σv〈σ †
a 〉 + σ †

v 〈σa〉, σv = σ
†
1 σ2 being

the lowering operator of the virtual qubit of the machine,
and the expectation value 〈σaσ

†
a 〉 = Tra[σaσ

†
a ρa] is the initial

probability to find the TLA in its ground state. Analogously,
the term 〈σ †

a 〉 = Tra[σ †
a ρa] represents the initial coherence in

the atoms. Notice that the coherent term in Eq. (B7) will
acquire a time-dependent modulation when turning back to
the Schrödinger picture, so that one must keep track of its
phase during the evolution in practical applications.

It is worth mentioning that in our derivation of the machine
dynamics, our assumptions naturally agree with the local
approach for modeling Lindblad master equations [55,56].
This is because the qubits of the machine do not interact
between them most of the time, but only with their respective
reservoirs. The only interaction between them is indeed during
the time in which a TLA passes by the machine, which is
assumed to be small (τi 	 1/γ α

0 for α = 1, 2). One may
consider longer timescales of interaction for the atoms, and
in that case compare the local and global approaches. This is
an interesting question, but outside the focus of the present
work. We expect that the extra dissipation channels that arise
in the global approach would produce undesirable heat flows
reducing the power and performance of the machine, such as
has been pointed out in Ref. [57].

2. Two-level atoms CPTP map

The state change of any flying TLA due to its interaction
with the machine ρa → ρ ′

a can be also obtained from this
model. We denote the effective action of the machine in the
TLA as the CPTP map At (ρa ) = Trm[ρ(t + τi )] for ρ(t + τi )
given in Eq. (B5). We obtain

At (ρa ) = ρa − iφ[Va, ρa] + Da(ρa ), (B9)

where Va = σa〈σ †
v 〉t + σ †

a 〈σv〉t , and we obtain the dissipator
complementary to (B8),

Da(ρa ) = φ2〈σvσ
†
v 〉t

(
σaρaσ

†
a − 1

2
{σ †

a σa, ρa}
)

+ φ2〈σ †
v σv〉t

(
σ †

a ρaσa − 1

2
{σaσ

†
a , ρa}

)
. (B10)

Notice that this dissipator does not depend on r, as the
state change in any atom in the sequence is independent
of the rate at which atoms are sent through the machine.
Furthermore the expectation values are time-dependent, that
is, 〈σ †

v 〉t = Trm[σ †
v ρm(t )], and analogously for 〈σ †

v σv〉t and
〈σvσ

†
v 〉t , coming from the fact that the change in the state of

any atom in the sequence depends on the actual state of the
machine. Henceforth we have a CPTP map At (ρa ) for any
given state of the machine ρm(t ), that is, for any given instant
of time t . It is only when the two-qubit machine reaches a
steady state that it will produce the same time-independent
kick A(ρa ) on input atoms arriving in the same initial sate ρa.
Under these conditions, A(ρa ) represents the average state of
all output atoms.

3. Extended configuration

Finally, we consider the configuration presented in Fig. 3.
In this case we have a large sequence of two-qubit machines
into which input atoms prepared in ρ0

a are sent. Therefore the
first machine in the sequence is just described by our above
reasoning. Moreover, we can extend the argument to each
machine in the sequence by simply replacing the initial state
in which the atoms are prepared, ρ0

a , by some arbitrary state
ρa representing the state of the TLA at the beginning of the
interaction with any machine. This state will of course depend
on the previous interaction of the atom with the preceding
machines in the sequence and will be therefore different for
each of them. Accordingly, each machine will now produce
a different kick on the TLA state [Eqs. (B9) and (B10)],
depending on its time-dependent state, which in turn depends
on the previous atoms that have already interacted with it. This
complicated situation is however greatly simplified in the case
in which all the machines in the sequence may reach a steady
state (as we argue in the main text). In that case each machine
still produces a different kick Ai(ρa ) as its state depends on its
position i in the sequence, but following Eqs. (B7) and (B8),
this state will only depend on the state of their input atoms ρa,
leading to Eq. (16).

Nevertheless, we notice that the above reasoning only leads
to the dynamical evolution in Eq. (16) in the case in which
the machines in the sequence become not correlated between
them. In the following we provide a general argument to
justify the validity of such assumption. The generation of such
correlations may only occur via consecutive interactions of
any TLA with subsequent machines, which could be then
viewed as an effective way of interaction between them.
Consequently, the rate � at which such correlations can be
generated depends on both the rate r at which TLA are sent
through the sequence of machines and, crucially, the distance
between consecutive the machines. Notice that this generation
of correlations will compete with the effect of the thermal
reservoirs, which are constantly interacting with any machine
in the array, inducing an exponential decay of correlations at
a rate γ α

0 , for α = 1, 2. Therefore, it suffices to ensure that
the generation of correlations between machines is slower
than this decay, that is, � 	 γ α

0 . This is indeed the case by
assuming that the machines are sufficiently far away from
each other in the array, a condition that can be imposed
without decreasing the rate r at which atoms are sent. This
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implies that we can make � arbitrarily small compared to
γ α

0 and, therefore, safely consider that the machines in the
array are not able to correlate between them. Finally, notice
that this is in contrast with the behavior of the correlations
generated between consecutive TLAs in the sequence, which
depend only on r, and may occur even for a single machine.

APPENDIX C: OPERATION AT STEADY
STATE CONDITIONS

As pointed out in the main text, our machine is able to
operate in the steady state regime, that is, when sufficiently
many TLAs have already interacted with it. The steady state of
the two-qubit machine πm can be analytically obtained from
the master equation (11a) by imposing Lm(πm ) = 0, which
leads to

πm = π00 |0〉1 |0〉2 〈0|1 〈0|2 + π10 |1〉1 |0〉2 〈1|1 〈0|2
+ π01 |0〉1 |1〉2 〈0|1 〈1|2 + π11 |1〉1 |1〉2 〈1|1 〈1|2
+ πv |0〉1 |1〉2 〈1|1 〈0|2 + π∗

v |1〉1 |0〉2 〈0|1 〈1|2 . (C1)

Here π00 + π01 + π10 + π11 = 1 are the steady state popula-
tions of the four levels of the machine, and πv = Tr[σvπm]
is the steady state coherence in the virtual qubit subspace.
Recall that in the main text we have introduced the notation
{|0〉v ≡ |1〉1 |0〉2, |1〉v ≡ |0〉1 |1〉2} for the virtual qubit energy
levels, together with the lowering operator σv ≡ σ

†
1 σ2. Once

we substitute these values in the coefficients appearing in
Eq. (B9), the latter gives us the average output state of the
TLA stream in the stationary regime.

We now focus on the values of the heat flows and energy
currents:

Q̇k ≡ Tr[HmDk (ρ)], k = 1, 2, (C2)

Ėa ≡ rTr[Ha(At (ρa ) − ρa )]

= Tr{Hm( − irφ[Vm, ρm] + Dm(ρm ))}. (C3)

Here we have reintroduced r in Eq. (C3) to calculate the rate
at which energy is transferred to output atoms and the last
equality follows as a consequence of the energy-preserving
interaction between machine and atoms. In the steady state
regime we obtain

Q̇2 = E2(�p + ζc), Q̇1 = −E1(�p + ζc),

Ėa = (E2 − E1)(�p + ζc), (C4)

where we introduced the key quantities:

�p ≡ rφ2(π01〈σaσ
†
a 〉 − π10〈σ †

a σa〉),

ζc ≡ irφ(π∗
v 〈σa〉 − πv〈σ †

a 〉). (C5)

Here, the atom averages are taken over ρa, and �p can be
interpreted as the relative bias between the populations of
the virtual qubit in the steady state and the TLA populations,
which fulfills �p � 0 ⇔ π01/π10 � 〈σ †

a σa〉/〈σaσ
†
a 〉; i.e., it is

positive only when the virtual qubit has a larger population
inversion than the initial state of the TLA. On the other hand,
the real number ζc is always positive ζc � 0, and proportional
to the square modulus of the initial coherence of the TLA

|〈σa〉|2. From Eq. (C4) it is now easy to check that the
following proportionality relation holds:

Ėa

E2 − E1
= Q̇2

E2
= − Q̇1

E1
. (C6)

This relation has been demonstrated for the original model
of the two-qubit machine we employ here [48], being a
consequence of the fact that each energy flow through the
machine is mediated by a single transition.

Finally, for computing free energy and coherence flows we
need to calculate the average change in the von Neumann
entropy of the TLA stream in steady state conditions:

Ṡa ≡ r[−A(ρa ) lnA(ρa ) + ρa ln ρa]. (C7)

This can be done by applying perturbation theory to calculate
the eigenvalues and eigenstates of A(ρa ) |λn〉 = λn |λn〉. We
expand λn and |λn〉 up to second order in φ, and identify the
corresponding contributions in Eq. (B9). The entropy change
of the TLA stream can be calculated in this way as

Ṡa = −r
∑

n

λn ln λn + r
∑

n

λ(0)
n ln λ(0)

n

� −rφ2
∑

n

λ(2)
n ln λ(0)

n , (C8)

where λ(2)
n is the second-order contribution to the eigenvalue

expansion, λn � λ(0)
n + λ(2)

n φ2 (as long as λ(1)
n = 0) and λ(0)

n is
the zeroth-order one, that is, ρa |λ(0)

n 〉 = λ(0)
n |λ(0)

n 〉. Therefore
we just need to calculate λ(2)

n . We obtain

λ(2)
n = φ−2

〈
λ(0)

n

∣∣Da(ρa )
∣∣λ(0)

n

〉
−

∑
k �=n

(
λ

(0)
k − λ(0)

n

)∣∣ 〈λ(0)
n

∣∣Va

∣∣λ(0)
k

〉 ∣∣2
, (C9)

where the second term in the above equation comes from a
nonzero first-order correction to the corresponding eigenstate,
|λ(1)

n 〉 = −i
∑

k �=n 〈λ(0)
k |Va |λ(0)

n 〉 |λ(0)
k 〉. Introducing Eq. (C9)

into Eq. (C8) and operating, we finally arrive at

Ṡa �
[
�p(〈σ †

a σa〉 − 〈σaσ
†
a 〉) − Np|〈σa〉|2

λ
(0)
+ − λ

(0)
−

+ rφ2|πv|2
(
λ

(0)
+ − λ

(0)
−

)]
ln

(
λ

(0)
−

λ
(0)
+

)
, (C10)

where we have taken ρa = ρ0
a and introduced

Np ≡ rφ2(π10 + π01),

λ
(0)
± = 1

2
(1 ±

√
(〈σ †

a σa〉 − 〈σaσ
†
a 〉)2 + 4|〈σa〉|2), (C11)

the latter being the eigenvalues of ρ0
a . Equation (C10) is to be

compared with the entropy change in the state ρ̄a dephased in
the Ha basis, which simply reads

Ṡ(ρ̄a ) = (�p + ζc) ln
〈σaσ

†
a 〉

〈σ †
a σa〉

. (C12)

The quantities in Eqs. (C4), (C10), and (C12), together with
the parameters in Eqs. (C5) and (C11), are all we need to
obtain all of the results presented in the main text.
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