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-------Highlights 

Semiclassical model including back-action reaction beyond mean-field 
approximation.

Quantum-classical hybridisation holds for all times and intensities.

Wigner-Weyl phase-space correspondence mixing quantum and classical systems.
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Abstract

In this work we provide a complete model of semiclassical theories by includ-

ing back-reaction and correlation into the picture. We specially aim at the

interaction between light and a two-level atom, and we also illustrate it via

the coupling of two harmonic oscillators. Quantum and classical systems are

treated on the same grounds via the Wigner-Weyl phase-space correspon-

dence of the quantum theory. We show that this model provides a suitable

mixture of the quantum and classical degrees of freedom, including the fact

that the evolution transfers nonclassical features to the classical subsystem

and nonquantum behavior to the quantum subsystem. In that sense, we can

no longer distinguish between classical and quantum variables and we need

to talk about a hybrid model.
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1. Introduction

Semiclassical approaches play several roles with respect to a fully quan-

tum theory [1, 2]. On the one hand, they are useful approximations to solve

problems that otherwise would be unnecessarily complex. On the other hand,

they are suitable tests regarding the necessity of the quantum theory. This

is to say, we may consider that a phenomenon supports the quantum the-

ory provided that it cannot be explained within any classical or semiclassical

theory. We can invoke for example the case of the photoelectric effect that

would not be a proof of the quantum nature of radiation as far as it admits

a semiclassical explanation [3, 4]. Beyond light-matter interaction, these

hybrid quantum-classical theories are examined in many works in different

areas, including quantum gravity where the inconsistency of simple semiclas-

sical models suggests that a full quantum theory or a hybrid approach to the

problem is needed. This is also a suitable framework to address the quantum

to classical transition, or even the quantum measurement problem, where the

issue of consistency is also carefully examined [5–12]. Specifically we focus

on the light-matter interaction, exemplified as the interaction of a two-level

atom and a one-mode field.

Semiclassical theories usually involve some kind of approximation that

neglects the possible influence of the quantum subsystem on the classical

one. Even if they consider it, they usually are included in some kind of mean

field theory such as the self consistent Hartree-Fock approximation for de-

scribing atomic structure. For instance, we can consider the paradigmatic

case of Bose-Einstein condensates, which are usually described in terms of a
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condensed part and a non-condensed one that constitutes the elementary ex-

citations of the system, whose back reaction on the condensed part is usually

disregarded or it is included in terms of the so called Hartree-Fock-Bogoliubov

approximation [13]. This kind of approximation reduces the back reaction

on the condensed part by an effective mean field term from the beginning,

and thus a full dynamical evolution of the system is not taken into account.

The light matter interaction theory is not different from other semiclassical

approaches and it usually neglects the back-reaction of the atom on the field

as well as atom-field correlations.

In this work, we propose to go further completing semiclassical models

by including both back-reaction and correlations. The way we propose to

combine classical and quantum systems is provided by the phase-space rep-

resentations of quantum physics [14–23]. Among them, the Wigner-Weyl

correspondence has the enormous advantage that in rather interesting sce-

narios it propagates as it were a classical phase-space distribution [6]. In

such case the classical and quantum variables propagate exactly in the same

form. The main properties of this phase-space representation are summa-

rized in Appendix A. For completeness in Appendix C we consider also the

simpler case of two coupled harmonic oscillators: one quantum and the other

classical.

Such a more complete model presented in this work should be able to

improve the power of the semiclassical approximations and properly investi-

gate its own limits. For example, we can examine whether the differentiation
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between classical and quantum variables is still meaningful. This is because

evolution may transfer quantum features to the classical system and the other

way round, a sign that we can not distinguish between classical and quantum

subsystems and we are forced to talk about hybrid subsystems, since they

can display classical and quantum features. This model can be interesting to

better know the region where the distinction between classical and quantum

degrees of freedom can be made consistently since dynamical evolution does

not mix them.

In that sense, our proposal goes further than the usual mean field ap-

proach that decouples effective classical degrees of freedom and studies quan-

tum fluctuations propagating over that fixed background which are the clas-

sical degrees of freedom. Because of that, it can be seen as a semiclassical

approximation with well-differentiated classical and quantum degrees of free-

dom. Even if the back reaction of that fluctuations is taken into account on

the background, it is just done at a certain degree of accuracy by includ-

ing correlations up to the desired order and thus, from the beginning, one

neglects the possibility of a mixture between those classical and quantum

degrees of freedom (hybridisation). Usually, including higher order correla-

tions becomes hard and thus, in practice, just the first few orders are taken

into account. Our model fills the gap of an analysis of the full dynamics

of a classical and quantum subsystems coupled, not relying on perturbative

expansions or assumptions on the importance of correlations and allowing

that hybridisation between the classical and quantum degrees of freedom.
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It is worth comparing our formalism with other hybrid models that also

include nontrivial dynamics of the classical system and back-reaction which

have been discussed in the literature so far, see Refs. [5–12] and references

therein. The key point is that our formalism is based on a mathematical

structure common to classical and quantum mechanics: the phase space.

Moreover, the evolution form proposed here grants a rather relevant point:

in the absence of interaction each subsystem preserves its natural evolution

equations. These are worthwhile features of our model when contrasted to

other approaches. More specifically the approach presented in this work

involves no translation of classical mechanics into the language of Hilbert

spaces as in Refs. [5, 6] where the classical nature is then retrieved by ad-

ditional hypotheses, such as normal ordering and coherent states. In other

approaches it is the quantum system which is formulated in a classical-like

form as in Refs. [7–9] but in terms of variables that only exist in the quantum

domain, instead of the physical phase-space variables invoked in our formu-

lation. Moreover, no unobservable variables or additional structures must be

invoked to maintain the commutation of classical observables in Hilbert space

nor special quantum-classical bracket has to be defined, neither is necessary

to generalize Poisson and commutator brackets as in Refs. [10–12].

In this regard, our approach might suggest that coupling a classical sys-

tem to a quantum one may be possible in a consistent way. This points to

the existence of a general framework where classical and quantum features

can be displayed by both subsystems as a consequence of the dynamical mix-

ing induced by interactions. In that sense, this model provides a different

framework from the usual semiclassical picture and a fully quantum one, sug-
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gesting that novel features can emerge from this kind of hybrid theories [5, 6].

2. Model

Let us focus on the semiclassical theory of matter-light interaction. More

specifically: the quantum system is a two-level atom while the classical sys-

tem is a one-mode field. Their coupling is one of the most fruitful models in

quantum optics [24].

The optimal arena to mix quantum and classical degrees of freedom is the

Wigner-Weyl phase-space scenario, where physical states are represented by

functions W (z) on the corresponding phase space of the system parametrized

by some set of coordinates z. Within this picture the evolution of the system

is just given by the Liouville equation in terms of the corresponding Poisson

brackets

Ẇ (z) = {H(z),W (z)}. (1)

This is to say that the evolution ofW (z) is given by the classical-like evolution

of the phase-space coordinates z via the known relation:

Wt [z(t)] = W0(z)→ Wt(z) = W0 [z(−t)] , (2)

It is worth noting that this is valid for any Hamiltonian H(z). The solution

to this evolution equation is particularly simple if the dynamics leads to a

linear transformation, i. e.,

if z(t) = Mz, then WUρU†(Mz) = Wρ(z), (3)

where z(0) = z and U is the unitary operator representing the evolution in

quantum mechanics.
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A key point is that this naturally includes the back action of the atom on

the field beyond mean values to propagate the complete distribution without

assuming any kind of atom-field factorization [25].

In this regard, the most fruitful formulation for a spin-like finite-dimensional

system is provided in Ref. [19–21] via the SU(2) Wigner function Wq(Ω) re-

called in Appendix A2, where the corresponding phase space is the Bloch

sphere parametrized by the coordinates Ω = {θ, ϕ}, being θ and ϕ the po-

lar and azimuthal angles respectively. In this case, the covariance condition

guaranteeing classical-like evolution of the Wigner function holds for SU(2)

transformations, i. e., rotations on the Bloch sphere. The field is considered

as a single mode described via a Wigner-like function Wc(α) where α = re−iφ

is the field complex-amplitude, i. e., the phase space for the field mode. The

combination of SU(2) and Cartesian variables has been studied previously

for Galilean particles with spin in Ref. [26].

This provides us with a very convenient program:

1) We specify a legitimate Wigner function Wq(Ω) for the initial state ρ of

the quantum subsystem via the first equation in Eq. (A.1). We specify also

a bona fide phase-space distribution function Wc(α) describing the classical

subsystem. So the initial state of the whole system in the phase-space picture

is W0(α,Ω) = Wc(α)Wq(Ω).

2) The system evolves in phase space under the classical evolution ac-

cording to the classical-like form in Eq. (2).
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3) Finally, if desired, we may extract the state of the system in the quan-

tum and classical variables. They are separated taking the corresponding

marginals

Wt(α) =

∫
dΩWt(α,Ω), Wt(Ω) =

∫
d2αWt(α,Ω), (4)

with dΩ = sin θdθdϕ and d2α = rdrdφ. Then we can convert Wt(β) into a

Hilbert-space operator via the second relation in Eq. (A.1).

3. Non resonant model

The typical quasi resonant atom-field interaction produces rather cum-

bersome transformations [25]. In order to illustrate the main ideas behind

the model let us consider the limit of strong detuning where the interaction

Hamiltonian in a fully quantum picture is of the form

Hint = χa†aσz, (5)

where a is the field-mode complex-amplitude operator, χ is a coupling con-

stant, and σz = |e〉〈e| − |g〉〈g| where |e〉 and |g〉 are the excited and ground

states. This is an interaction term suitable for producing strong nonclassical

effects in the form of Schrödinger cats for example [27] among other beautiful

experiments [28–34].

Next we proceed to solve the evolution for the phase-space variables

γ = (α,Ω). The interaction Hamiltonian in Eq. (5) is the product of the in-

finitesimal generators of shifts on the field phase and shifts on the azimuthal

angle of the Bloch sphere. This holds equally well both in the classical and
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quantum pictures. If we write the field complex-amplitude as α = re−iφ we

have, within the interaction picture,

r(t) = r(0), φ(t) = φ(0) +
√

3χt cos θ, (6)

where we have expressed σz as
√

3 cos θ. The evolution of the atomic variables

is

θ(t) = θ(0), ϕ(t) = ϕ(0) + 2χr2t. (7)

We can appreciate in Eq. (6) the back-reaction of the atom on the field.

This is concentrated on the field phase since in this non resonant scenario

the modulus of the amplitude r remains constant.

Therefore, the joint Wigner function evolves in the form

Wt(Ω, α) = Wq(θ, ϕ− 2χr2t)Wc(r, φ−
√

3χt cos θ). (8)

Then we investigate the time evolution of the marginal distributions for the

field and the atom by integrating with respect of the atom and field variables,

respectively,

Wt(α) =
∫

dΩWq(θ, ϕ− 2χr2t)Wc(r, φ−
√

3χt cos θ),

(9)

Wt(Ω) =
∫

d2αWq(θ, ϕ− 2χr2t)Wc(r, φ−
√

3χt cos θ).

4. Standard semiclassical model

The standard semiclassical model neglects the back-reaction of the atom

on the field by disregarding any field evolution other than the free evolution.

This means constant field within the interaction picture adopted here. So,
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there is no point in caring about the field distribution in time and we can

focus just on the atomic evolution via its SU(2) Wigner function as:

Wt(Ω) =

∫
d2αWq(θ, ϕ− 2χr2t)Wc(α). (10)

Moreover, sometimes a simple mean field approximation is done so evolution

is further simplified as

Wt(Ω) = Wq(θ, ϕ− 2χ〈r2〉t), (11)

where 〈r2〉 represents the mean intensity of the field.

Our model goes further than this standard semiclassical model and in-

cludes the back reaction of the atom on the field as it can be seen comparing

Eq. (9) with Eqs. (10) or (11). Moreover, we do not introduce it in terms of

some mean field expression; we give the complete evolution of the system in

Eq. (8) and thus obtain a non-perturbative evolution of the full system.

5. Quantum model

Naturally it is worth comparing the semiclassical picture with the com-

pletely quantum model. Focusing on pure states that factorize at t = 0 as

|Ψ(0)〉 = |ψa〉|ψf〉 where |ψa〉 represents the most general atomic pure state

|ψa〉 = ce|e〉+ cg|g〉, (12)

and |ψf〉 any field state, we have that for any time t the state of the system

is

|Ψ(t)〉 = ce|e〉e−iχta
†a|ψf〉+ cg|g〉eiχta

†a|ψf〉, (13)
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which is in general an entangled atom-field state. In particular, simpler

expressions are obtained if the initial field state is coherent |α〉, which is

usually understood as the most classical field state, leading to

|Ψ(t)〉 = ce|e〉|e−iχtα〉+ cg|g〉|eiχtα〉. (14)

We can appreciate that our semiclassical model includes the shift of the

field phase caused by the back reaction of the atom on the field. Naturally,

the difference is that in the quantum case only two values for the phase shift

are possible, while in a semiclassical picture they are continuously distributed

between the two extreme values, recalling the difference between classical and

quantum angular-momentum components.

Clearly, the phase-space picture will not provide always the exact quan-

tum evolution when the initial field distribution Wc(α), even is the Wigner

function of a legitimate quantum state. In relation with Ref. [26] we have

that phase space rotations are not part of the Galilean group.

6. Atom initially in the ground state

For definiteness, in the following example we will consider the most simple

case in which the atomic state is the ground state |g〉 with

Wq(Ω) =
1

4π

(
1−
√

3 cos θ
)
, (15)

that takes negative values around the north pole θ = 0. As for the field, let

us consider two alternative initial states.
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6.1. Example: initial field state with perfectly defined amplitude

Let us start with a field with a perfectly defined complex amplitude, this

is the Dirac delta functions for amplitude and phase. This is the extreme

classical case for the field. Since the behavior of r is trivial let us focus just

on the behaviour of the phase, leading to

Wt(φ) =
1

2

∫
dθ sin θ

(
1−
√

3 cos θ
)
δ
(
φ−
√

3χt cos θ
)
. (16)

Using the properties of the delta distribution we obtain the following expres-

sion

Wt(φ) =
1

2
√

3χt

(
1− φ

χt

)
, (17)

for
√

3χt ≥ φ ≥ −
√

3χt and Wt(φ) = 0 otherwise. The key point is that

this phase distribution Wt(φ) takes negative values for
√

3χt ≥ φ > χt,

revealing our inability to distinguish between classical and quantum variables

and introducing the necessity of talking about hybrid models as we advanced

in the introduction.

For the sake of comparison, in the standard semiclassical model there is

no evolution at all for the field, while in the fully quantum picture |Ψ(t)〉 =

|g〉|eiχtα〉 so we may safely say that the field phase evolves linearly in time

as φ(t) = −χt. Beyond these simple comments there is no much point

of comparison with the quantum model since there cannot be any quantum

state with perfectly defined complex amplitude, as exemplified by Heisenberg

uncertainty relations. This is to say that such initial state for the field would

be highly nonquantum.

Let us comment on four points regarding the result of this simple case.

(i) Wt(φ) takes negative values for any t > 0 no matter how small is t. So the
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appearance of hybrid variables revealed here is not the cumulative effect of

maintaining an approximation beyond its natural limits. It is instantaneous,

so it relies at the heart of the model and is not a matter of regimes of

application. (ii) We emphasize that the atom-field coupling involves no real

photon emission nor absorption. (iii) The pathological behaviour reported

here holds for every field intensity. This includes the case of fields with large

enough intensities that should be unaffected by their coupling to an atom,

according to standard formulations of the semiclassical model. Once again,

this points to the fact that the hybridisation of our degrees of freedom is

of fundamental character and not a matter of regimes of validity. (iv) As a

further comparison with standard semiclassical and fully quantum pictures

we may compute the first moments of the field phase to get

〈φ〉 = −χt, ∆φ = 0. (18)

We see that the field phase and the amplitude follow the same quantum

evolution. It is really curious how the negativity of Wt(φ) maintains the

initial null variance for the phase at the initial classical field state, at least

formally, at the prize of a nonpositive distribution. On the other hand from

Eq. (9) the marginal Wigner function for the atomic state is always the

one for the ground state. So our complete semiclassical model is as close as

possible to the full quantum model.

In Fig. 1 we can see nontrivial results for the predictions of our extended

semiclassical model for the evolution of the correlations 〈σza〉 − 〈σz〉〈a〉 for

a perfectly defined field of unit amplitude. This correlation vanishes in the

standard semiclassical and fully quantum models, while in this extended
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Figure 1: Evolution of the correlations 〈σza〉 − 〈σz〉〈a〉 as a function of χt for a perfectly

defined field of unit amplitude.

semiclassical model tends to zero as 1/t when t increases. Similarly, in Fig.

2 we plot the evolution of the field complex amplitude 〈a〉 under the same

conditions, decaying to zero in our model (dashed line), as a consequence of

the back-reaction of the atom on the field phase, while the standard semi-

classical and fully quantum models predict a constant-amplitude oscillation

(solid line).

6.2. Example: Gaussian initial field state

For a more complete and realistic scenario let us consider a Gaussian

distribution for the field in the form

Wc(α) =
2

πσ2
e−2|α−α0|2/σ2

. (19)

Assuming α0 = r0 real without loss of generality and using again α = re−iφ

we have

Wc(α) =
2

πσ2
e−2(r−r0)

2/σ2

e−(8rr0/σ
2) sin2(φ/2). (20)
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Figure 2: Evolution of the field complex amplitude 〈a〉 as a function of χt for a perfectly

defined field of unit amplitude according to the extended semiclassical model presented in

this work (dashed line) and the quantum and standard semiclassical models (solid line).
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For σ = 1 this is the Wigner function of a Glauber coherent state, while for

σ < 1 these are non quantum states, i. e., there are no legitimate quantum

states having such Wigner functions. In the extreme case σ → 0 we get

a definite complex amplitude in the form of a delta function as considered

above, a field with a definite complex amplitude.

To show our point let us again focus on the phase dependence, so that

the evolved field phase distribution becomes in this case

Wt(φ) =
1

πσ2

∫
rdr

∫
dθ sin θ

(
1−
√

3 cos θ
)
e
−2(r−r0)2−8rr0

σ2
sin2 φ−

√
3χt cos θ
2 .

(21)

The result is plotted in Fig. 3 for the case r0 = 10, σ = 1, and two time

instants,
√

3χt = 0 and
√

3χt = 1, showing clearly negativity in the evolved

phase distribution. It can be also appreciated that it tends to the delta case

examined above.

Furthermore, we can express this results via the statistics of a definite

observable with clear meaning both in the quantum and classical realms.

Say the Y quadrature Y = i(a† − a)/2. The statistics of Y is given by

the corresponding marginal of Wt(α) after expressing α as α = x + iy and

integrating in x. This gives the probability distribution p(y) for Y as

p(y) =
1√

2πσ2

∫
dθ sin θ

(
1−
√

3 cos θ
)
e−2[y+r0 sin(

√
3χt cos θ)]2/σ2

. (22)

Looking for negative values we may consider the case σ = 1,
√

3χt = 1,

r0 = 10 and suitable limits of integration to get the following negative values

for the integrated p(y) distribution
∫ −1

−5
p(y)dy = −0.04. (23)
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Figure 3: Initial (upper panel) and evolved (lower panel) phase distributions for a Gaussian

state in units
√

3χt = 1, r0 = 10, and σ = 1.
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7. Atom initially in a phase state

In the preceding example the atomic state was initially in an station-

ary state with a distribution around one of the poles of the Bloch sphere.

Next let us consider the opposite situation of an equally weighted coherent

superposition of the excited and ground states

|ψa〉 =
1√
2

(|e〉+ |g〉) , (24)

with SU(2) Wigner function

Wq(Ω) =
1

4π

(
1 +
√

3 sin θ cosϕ
)
. (25)

This can be regarded as a dipole-phase state, or as an SU(2) coherent state

centred at the equator of the Bloch sphere.

7.1. Example: perfectly defined initial field state

Following essentially the same steps of the equivalent situation in the

preceding section we get for the field phase distribution

Wt(φ) =
1

2
√

3χt
, (26)

for
√

3χt ≥ φ ≥ −
√

3χt and Wt(φ) = 0 otherwise. Here again this is the

effect of the back-reaction of the atom on the field phase. In this case the

phase distribution is uniform and does not take negative values.

In order to compare with the other models, we compute the following

mean values:

〈σ−〉 = e−i2χr
2
0t, 〈a†〉 = r0

sin(
√

3χt)√
3χt

, (27)
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while for correlations we have

〈σ−a†〉 =
e−i2χr

2
0t

χ2t2
r0

[
sin(
√

3χt)√
3χt

− cos(
√

3χt)

]
. (28)

As in the ground state example, the correlations 〈σ−a†〉 − 〈σ−〉〈a†〉 tend to

zero as 1/t2 when t increases. The result for 〈σ−〉 agrees with the standard

semiclassical model.

7.2. Example: Gaussian initial field state

We complete the scheme analysing a classical field state with a distribu-

tion mimicking the Gaussian Wigner function of a Glauber coherent state as

in Eq. (19). The evolved phase distribution turns into:

Wt(φ) =
1

πσ2

∫
rdr

∫
dθ sin θe

−2(r−r0)2−8rr0
σ2

sin2 φ−
√
3χt cos θ
2 . (29)

The mean values and correlations calculated follow the same structure as in

the perfectly defined initial field state example:

〈σ−〉 =
e
− i2χr20t

1+iχσ2t

1 + iχσ2t
, 〈a†〉 = r0

sin(
√

3χt)√
3χt

, (30)

〈σ−a†〉 =
e
− i2χr20t

1+iχσ2t

(1 + iχσ2t)2χ2t2
r0

(
sin
(√

3χt
)

√
3χt

− cos
(√

3χt
))

. (31)

As can be seen, in the limit σ → 0 we recover the mean values and cor-

relations obtained above corresponding the case of initial field state with

perfectly defined complex amplitude.
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Figure 4: Mean values 〈σ−〉, 〈a†〉 and 〈σ−a†〉 as functions of χt for χ = 1 and a Gaussian

initial field state with r0 = 1 and σ = 1.

It is worth comparing this with the mean values for the same quantities

in a fully quantum model for the field initially in a coherent state, that leads

to

〈a〉 = cos(χt)〈σ−a†〉 =
1

2
eiχtα∗〈αeiχt|αe−iχt〉 =

1

2
α∗eiχtei|α|

2 sin(2χt)e−2|α|
2 sin2(χt).

(32)

In particular, in Fig. 5 we have plotted the correlation 〈σ−a†〉 − 〈σ−〉〈a†〉 as

a function of χt for χ = 1 and a Gaussian initial field state with r0 = 1, and

σ = 1.

We can appreciate that for short times there is some similarity between

the extended semiclassical model and the fully quantum model. This is

lost for larger times. This is natural since in the fully quantum model the

evolution has a periodic character due to the discreteness of the field energy

that is naturally lost in any semiclassical model. This is analogous to the

collapse-revival structure of the resonant atom-field interaction.
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Figure 5: Correlations 〈σ−a†〉 − 〈σ−〉〈a†〉 as a function of χt for χ = 1 and a Gaussian

initial field state with r0 = 1, and σ = 1.

8. P -function for classical light

One of the advantages of the Wigner-Weyl-Moyal formulation is that it

provides a highway that can be traveled in both directions. So we may ask

for the field density matrix operator whose Wigner function is the one in

Eq. (9). Let us dwell a little bit on the subject when the atom is in any of

the two cases considered in this work and the initial field state is Gaussian

with σ = 1, so Wc coincides with the Wigner function of a Glauber coherent

state. After Eq. (9) we can infer that the field is in a superposition of rotated

coherent states with weights given by the rotated Wq(Ω). More specifically,

ρ =

∫ √3χt

−
√
3χt

dδP (δ)|α0e
−iδ〉〈α0e

−iδ|, (33)

where |α〉 are Glauber coherent states, and P (δ) is the atomic Wigner func-

tion Wq(θ) in Eqs. (15) and (25) after the change of variables δ =
√

3χt cos θ

and after integration in ϕ, which leads exactly to the same evolved field-

phase functions in Eqs. (17) and (26). Here it comes the curious point:
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The atomic SU(2) Wigner function integrated in the azimuthal angle be-

comes the Glauber-Sudarshan P -function of the associated quantum state

[1, 2, 14–18, 35].

As another relevant feature note that the above result in Sec. VIB about

negativity of the Y statistics implies that ρ is a nonquantum state. This is

because the marginals for quadratures of the Wigner function provide their

exact quantum statistics. So the above negativity of p(y) implies lack of

positivity of the associated ρ since p(y) = 〈y|ρ|y〉 where |y〉 are the eigenstates

of the quadrature Y .

9. Conclusions

We have presented a semiclassical model that gives the full evolution of

the join atom-field system including the back reaction of the atom on the

field. Our main goal is to give a non-perturbative evolution for the hybrid

system composed of both quantum and classical subsystem. This approach

fills the gap that exists between the standard semiclassical approaches and

the full quantum theory. This gap exists because the standard semiclassi-

cal approaches neglects the back reaction of the quantum subsystem on the

classical subsystem, or at most include it in terms of a mean field theory.

Therefore, the first key point of this work is to consider the nontrivial

evolution of the field due to its coupling with the atom. The second key point

is to use the Wigner picture of quantum mechanics, so that both systems can

be properly treated alike on the same grounds.

We have shown that the combination of these two key features transmits
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quantum behaviour from the quantum to the classical system. We highlight

as a merit the extreme simplicity of the model that nevertheless may account

for a rather complex dynamics.

Regarding the interpretation of this result we may point two main routes

that might be followed independently. On the one hand, we should expect

that the mixing of two theories will necessary bring us new physics. This is to

say, the distinction between classical and quantum variables is meaningless

as soon as we include the full dynamics in the system.

On the other hand, these results might serve to investigate the very consis-

tency of the hybrid models and semiclassical calculations. From a theoretical

point of view, we can not hope in general that coupling a classical system

to a quantum one and keeping the distinction between both is meaningful:

for a certain time it may lead to inconsistencies as such described above.

Thus, even though standard semiclassical light matter interaction has been

proved to be very useful to simplify the resolution of problems that quantum

mechanically would be intractable, it cannot be regarded as a fundamental

theory due to the facts discussed here.

Summarizing, any fundamental theory containing on the same grounds

both classical and quantum degrees of freedom, should be able to take into

account dynamical mixtures of them.

Appendix A. Wigner-Weyl correspondences

The Wigner-Weyl correspondence is a map between quantum operators

and classical functions that serves to illustrate problems, simplify calcula-

tions, and to explore the quantum-classical borderline. Let us recall two
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versions.

Appendix A.1. Cartesian systems

We consider an spinless (but not spineless), unbounded, Cartesian, one-

dimensional system whose phase space is two-dimensional and describable

by a complex variable β ∝ x + ip, its real part meaning position x, and its

imaginary part representing linear momentum p.

The correspondence holds by means of the following two relations between

any operator, say ρ, and its Wigner functions W (β)

W (β) = tr [ρ∆(β)] , ρ = π

∫
d2βW (β)∆(β), (A.1)

where

∆(β) =
1

π2

∫
d2ηeβη

∗−β∗ηeηb
†−η∗b, (A.2)

and b†, b are the creation and annihilation operators, say b ∝ x̂ + ip̂ to be

more explicit.

Let us recall five interesting properties of this phase-space formulation

not shared by other approaches, that can be extremely simply proved after

the defining relations (A.1):

i) Real functions are associated to Hermitian operators and vice versa.

ii) The correspondence is made in both directions by just one and the

same family of operators ∆(β).

iii) The so-called traciality, this is that quantum traces equal phase-space

averages

tr(AB) = π

∫
d2βWA(β)WB(β). (A.3)
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iv) Classical transformation under linear transformations. This is that

if U †ẑU = Mẑ, then WUρU†(Mz) = Wρ(z), (A.4)

where z represents all position and momentum phase-space coordinates in an

arbitrary n-mode scenario, z = (x1, p1, x2, p2, . . . , xn, pn), ẑ the corresponding

operators, and M is a (2n)× (2n) matrix.

v) Proper marginals, this is that the integration of W (β) over p gives the

true probability distribution for the x̂ operator, and equivalently for all lineal

combinations of x and p.

Appendix A.2. SU(2) distributions

We consider the phase-space representations for an angular momentum j

derived from first principles in Refs. [19–21]

W (Ω) = tr [ρΛ(Ω)] , (A.5)

with

Λ(Ω) =
1√
4π

2j∑

`=0

∑̀

m=−`

j∑

k,q=−j

√
2`+ 1〈j, k; `,m|j, q〉Y`,m(Ω)|j, k〉〈j, q|, (A.6)

where 〈j1,m1; j2,m2|j,m〉 are the Clebsch-Gordan coefficients, Y`,m(Ω) the

spherical harmonics, and |j, k〉 the eigenvectors of the third component of the

angular momentum. Throughout Ω represents the variables on the phase

space for the problem, this is the Bloch sphere, or Poincaré sphere if we

refers to light polarization. This SU(2) distribution has essentially the same

properties i) to iv) listed above where in such a case U refers to SU(2) trans-

formations, that produce rotations on the Bloch sphere.
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For a two-level atom we just consider the two-dimensional case j = 1/2

Λ(Ω) =
1

4π

(
1 +
√

3Ω · σ
)
, (A.7)

where σ are the three Pauli matrices and

Ω = (sin θ cosϕ, sin θ sinϕ, cos θ) . (A.8)

The most general density matrix can be expressed as

ρ =
1

2
(1 + s · σ) , (A.9)

where s is a real vector with |s| ≤ 1 so that the associated Wigner function

is of the form

W (Ω) =
1

4π

(
1 +
√

3Ω · s
)
. (A.10)

Appendix B. Nonclassical and nonquantum states

An state ρ is termed nonclassical when any of its potential phase-space

representatives has not the properties of a probability distribution on phase

space: this is when it does not exists, it is not real, it takes negative values,

or it is more singular than the delta function [1, 2]. Here we focus on the

Wigner-Weyl correspondence, but any other formalism can be used for this

purpose, specially the Glauber Sudarshan P function [1, 2, 14–18, 35].

The most simple example may be the case the first excited state of an

harmonic oscillator |1〉, with Wigner function

Wq(β) =
2

π

(
4|β|2 − 1

)
e−2|β|

2

, (B.1)

that clearly takes negative values around the origin β = 0.
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We refer to a Wigner function W (β) as nonquantum if the associated

operator ρ is not positive semidefinite [36–38]. This is the case for example

of

Wc(β) =
2

πσ2
e−2|β|

2/σ2

, σ < 1. (B.2)

To show this we can compute

〈n = 1|ρ|n = 1〉 = π

∫
d2βWq(β)Wc(β) = −2

1− σ2

(1 + σ2)2
, (B.3)

which is negative for every σ < 1.

Appendix C. Harmonic oscillator

In this Appendix we represent the quantum system by an harmonic os-

cillator. Among other possibilities this is a good approximation in many

situations of light-matter interaction, as exemplified by the Lorentz oscilla-

tor model. With this simple case, we just pretend a simple proof of principle

of the main idea. The light will be represented again by a single-mode field,

that is actually a perfect harmonic oscillator.

Both systems will be represented by the corresponding complex amplitude

variables: α for light and β for matter. Light will be always classical and

in the quantum domain, β will be replaced by the operator b. In both cases

the real part of these complex variables are representing coordinate and the

imaginary parts linear momentum, all them in a suitable dimensionless form.

Classical evolution is given by the Poisson brackets while quantum evolution

is expressed within the Heisenberg picture via commutators, say in units

~ = 1,

α̇ = {α,Hc}, ḃ = −i[b,Hq], (C.1)
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where Hc,q represent the corresponding Hamiltonian in classical or quantum

forms. In our case

Hc = α∗α + µβ∗β + λ (α∗β + αβ∗) , (C.2)

where λ is a coupling parameter and µ is the frequency of the quantum

oscillator in units of the frequency of the classical oscillator. Throughout we

will assume perfect resonance so that µ = 1.

The key point is that under Hamiltonians quadratic in the α, β variables

the two following properties hold: i) The Heisenberg evolution equations

are identical to the classical ones, and ii) The Wigner phase-space functions

transform classically. Therefore the system evolves in phase space under the

classical evolution according to the classical-like form in Eq. (A.4):

Wt(γ(t)) = W0(γ)→ Wt(γ) = W0(U
−1(t)γ), (C.3)

with

γ =

(
α

β

)
, U(t) =

(
cos(λt) −i sin(λt)

−i sin(λt) cos(λt)

)
e−it. (C.4)

This places the Wigner-Weyl correspondence as an optimal arena to mix

quantum and classical degrees of freedom.

Specially interesting for our purposes is that for the particular time t = τ ,

with λτ = π/2, the quantum and classical degrees of freedom are exchanged,

i. e.,

α(τ) = −ie−iτβ(0), β(τ) = −ie−iτα(0), (C.5)

and then

Wτ (α, β) = Wc

(
iβeiτ

)
Wq

(
iαeiτ

)
, (C.6)
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so the extraction of the classical and quantum parts is trivial. The key point

is that, phases apart, now the distribution of the quantum degree of freedom

β is Wc, while for the classical degree of freedom α is Wq. Thus we get

two independent proofs of the inconsistency of maintaining the distinction

between the classical and quantum subsystems:

i) If the initial distribution for the quantum subsystem Wq is nonclassical

then evolution transfers nonclassicality to the assumed classical subsystem

α. For example, take the case of the first excited level |1〉 of the quantum

harmonic oscillator in Eq. (B.1)

Wq(iαe
−iτ ) =

2

π

(
4|α|2 − 1

)
e−2|α|

2

. (C.7)

Then at time τ we get for the classical system that Wτ (α = 0) < 0, that

contradicts its assumed classical nature.

ii) If the initial distribution for the classical subsystem Wc is nonquantum,

then evolution transfers nonquantumness to the assumed quantum subsystem

β. This can be the case of the Gaussian distribution in Eq. (B.2)

Wc(α) =
2

πσ2
e−2|α|

2/σ2

, σ < 1, (C.8)

that implies that the density matrix ρ corresponding to Wτ (β) via the second

relation in Eq. (A.1) is not positive semidefinite, say 〈1|ρ|1〉 < 0 as shown in

Eq. (B.3). This contradicts the assumed quantum nature for this subsystem.

Either i) and ii) manifestly show our inability to preserve the distinction

between both types of subsystems. Among other similar situations [12, 22],

it has been also proven in Ref. [6] examining up to second order moments

involved in the uncertainty relations of the Heisenberg type.
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