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ABSTRACT
In neutron optics, we analyse the propagation of slow (thermal) neutrons along a semi-infinite
waveguide limitedby a large repulsivepotential (reminding thepropagationof light along anoptical
fibre). We set an ideal case of a straight empty two-dimensional semi-infinite waveguide limited by
an infinitely repulsive potential (Dirichlet conditions on its boundaries). The neutronwave function is
given through an integral representation involving the incoming wave with energy E, Green’s func-
tion and certain functions defined on the boundaries. The latter functions follow from the Dirichlet
conditions, thereby proposing a new formalism in neutron optics. We develop various approxima-
tions (through Fourier andHilbert transforms) andnumerical computations.Weget: (a) the expected
extinction of the incomingwave for very large penetration into thewaveguide, (b) the generation of
propagation modes and their number for suitably large penetration, as E increases, (c) an estimate
of the critical angle.
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Introduction

Neutron optics is the branch of physics dealing with
the theory and applications of the wave behaviour of
slow neutrons, the electrically neutral subatomic parti-
cles that are present in all atomic nuclei except those
of ordinary hydrogen. Neutron optics involves studying
the interactions of matter with a beam of free slow neu-
trons, much as spectroscopy represents the interaction
of electromagnetic radiation with matter. A general ref-
erence on slow neutrons (n) and their properties is [1].
The possibility of guided slow neutron waves propagat-
ing along thin films was proposed and discussed earlier
in 1973 [2]. Waveguiding phenomenon with slow neu-
tron optics is an interesting topic being considered for
the purpose of possible applications in materials sci-
ence and biomedicine [1–6]. In this paper, we introduce
a formalism based upon Green’s functions and Dirich-
let boundary conditions to formulate the propagation
modes in neutronwaveguides with small transverse cross
sections. This formalism is an approach with the aim
to implement specific numerical computation and to
interpret the modal structure. The paper is organized as
follows: it starts with the introduction, then, the formu-
lation of the problem proposes the type of solution from
stationary Schrödinger equation. The next subsection is
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devoted to the physical system description introducing
the general integral equation based upon Green’s func-
tions and introducing, as well, certain functions defined
on the boundaries and required to arrive at a rather fea-
sible description of the modes propagation. The section
dedicated to the methods contains seven subsections,
starting from the Dirichlet boundary conditions, some
approximations and arriving at a convenient formula-
tion based upon Fourier and Hilbert transforms. The
next section is devoted to the extinction phenomenon of
the incoming wave for deep penetration into the waveg-
uide that has to be demonstrated for the sake of con-
sistency. Then, the section containing the results dis-
plays the possible interpretations and description follow-
ing from the previous formalism: propagation modes,
numerical computations aimed to justify the consistency
of those approximations and approximately correct pre-
dictions of the number of propagation modes and of the
critical angle associated to the semi-infinite waveguide.
The paper ends with the discussion (including a phys-
ical justification, a posteriori, of our approach through
infinitely repulsive potentials and Dirichlet boundary
conditions), having in mind possible future work. The
work is completed with an appendix (dealing with the
conservation of the probability flux and providing a
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2 I. MOLINA DE LA PEÑA ET AL.

consistent basis for approximations carried out in the
main text).

Formulation of the problem

Thewave function�(x, t) for a slow (thermal) neutron at
the position x (used here, generically, to denote one, two
or three spatial dimensions) at time t, as the former prop-
agates through the medium, satisfies the Schrödinger
equation:[− �2

2m
∇2 + V(x, t)

]
�(x, t) = i �

∂�(x, t)
∂t

(1)

� is Planck’s constant, m is the neutron mass, ∇2 is the
Laplacian andV(x, t) is the effective optical potential due
to the nuclei in the medium on the slow neutrons.

As the potential V(x, t) on the neutron during its dis-
placement through media is usually t-independent, by
factorizing the t-dependence, Equation (1) becomes an
eigenvalue problem for the stationary wave equation:[−�2

2m
∇2 + V(x) − E

]
ϕ(x) = 0 (2)

E = 2π2�2

mλdb
2 (3)

where λdb is its de Broglie wavelength. Equation (2)
has analogies with scalar wave equations used for clas-
sical electromagnetic fields deduced from Maxwell’s
equations, and can be exploited for characterizing the
behaviour of a neutron beam. In particular, those phe-
nomena associated with total internal reflection in tubes
and neutron diffractionmay be well characterized by set-
ting an approximately constant (‘optical’) potential [1–5]
into Equation (2) for describing the interaction with the
homogeneous media:

V = 2π�2

m
b ρ (4)

b is the coherent amplitude for the scattering of a slow
neutron by a nucleus in the material. b depends only
on the material and isotope. ρ is the density of nuclei
per unit volume, of order 1022 (nuclei/cm3). In gen-
eral, disjoint spatial regions have different values for the
product bρ.

We remind here theoretical proposals, for exciting
propagation modes for slow neutrons, by Wames and
Sinha for thin planar films in 1973 [2] and by Calvo and
Álvarez-Estrada in 1984 and 1986 [6,7] for thin fibres.
Additionally, in 1994, Feng et al. experimentally demon-
strated confined propagation of modes for slow neutrons
in thin titanium films [8]. For further significant works

on confined thermal neutron propagation in thin planar
waveguides, also in the framework of neutron optics, see
the other references in [8–14]. Other important studies
are those of Kumakhov et al. [15] and Chen et al. [16],
both in 1992, establishing experimentally the focusing of
slow neutrons by using polycapillary glass fibre.

For confined propagation, the beam wavelength is
close to the characteristic length scales of the system
through which the neutron wave propagates (say, trans-
verse sizes of thin films or fibres).

We shall quote here the Green’s functions approach
previously developed by Balian and Bloch [17] in a differ-
ent physical context, namely, the analysis of the density
of states for a large atomic nucleus. In that paper, the
authors obtained integral equations involving Green’s
functions both for Dirichlet and Neumann boundary
conditions, and developed iterative algorithms for their
computation.

We propose here a non-trivial extension of the math-
ematical formulation, in [17], in order to solve the sta-
tionary wave equation for slow neutrons propagating
in thin planar waveguides surrounded by regions with
very large repulsive potentials, approximated through
infinitely repulsive ones (modelled through Dirichlet
boundary conditions) and by applying Green’s functions
methods. Our approach differs from that of Balian and
Bloch in that our domain is not constrained to a large
bounded spatial region (the atomic nucleus) but it is a
semi-infinite region in space (the waveguide), so that an
inhomogeneous term (the incoming wave) is included
(absent in Balian and Bloch [17]).

To our knowledge, the latter formalism has not been
applied previously in the literature in the context of con-
fined waves propagation.

Physical system description

A rather general scalar wave equation takes the form of
an inhomogeneous Helmholtz equation:

[∇2 + k2]ϕ(x) = F(x)ϕ(x) (5)

k2 is the wavevector associated to the neutron propaga-
tion in the medium and F(x) represents a source term. In
the subsequent development, we shall assume, for conve-
nience, that there is no source term inside the region in
which the neutron propagates (F(x) = 0) thus, Equation
(5) reduces to a homogenous Helmholtz Equation (2)
with V = 0. Equivalently, we assume that V = 0 (ie: no
media) and thus, k2 = (2mE/�2)

Since the problem is described by a scalar wavefunc-
tion, Green’s identity for two functions U and W with
continuous derivative in a region � and surrounded by
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Figure 1. Schematic representation of the semi-infinite ideal waveguidewith infinitely repulsive potential in the clad. Main features and
parameters associated to the neutron confinement description are displayed. The analysis is carried out in two dimensions (x and z), for
convenience.

the surface ∂� is:
∫
�
(U∇2W − W∇2U)d� =∫

∂�

(
U ∂W

∂n − W ∂U
∂n

)
d(∂�).

Applying to the previous expression the wave func-
tion that solves Equation (5), (i.e.: U ≡ ϕ(x)) and
using the scalar Green’s function W ≡ G satisfying
[∇2 + k2]G(x, x′) = −δ(x − x′) we obtain:

−
∫
�

U(x′)δ(x − x′)d� =
∫
∂�

(
U

∂G
∂n

− G
∂U
∂n

)
d(∂�)

(6)
where δ(x − x′) is the Dirac delta function. For a more
detailed discussion see [18–20].

Let us set an ideal semi-infinite film waveguide as our
region of interest, � (see Figure 1). For simplicity, we
will focus on the XZ plane by using a two-dimensional
formulation. This region has an aperture x0 along the
x-axis and centred at the origin of coordinates. The
waveguide extends along the z-axis, parallel to it, from
z = 0 to z = +∞. The potential inside and along the
guide is assumed to be V = 0 (ρb = 0, ie: no material)
as well as in the zone of incidence z < 0. The clad of
the waveguide, say the region x ≥ +x0/2, z ≥ 0 and x ≤

−x0/2, z ≥ 0 is assumed to be an infinite ideal repulsive
potential V = +∞ and thus it is formulated by impos-
ing Dirichlet boundary conditions as (x, z) approaches
the four walls of the guide; (x ≥ +x0/2, z = 0), (x ≤
−x0/2, z = 0), (x = +x0/2, z ≥ 0) and (x = −x0/2, z ≥
0). The four walls are included into the boundary ∂�.

Figure 1 displays the considered geometrical model.
We assume an incoming plane wave striking the aper-
ture from z = −∞ in the form of ϕin(x, z) = eiKxxeiKzz.
Notice that Kin is bounded by 2mE/�2 for real modes.

We will find wavefunctions fulfilling Equation (5) for
V(x) = 0 for the region z < 0 (the zone of incidence) and
−(x0/2) ≤ x ≤ (x0/2), z > 0 (the waveguide). For that
purpose, we will make use of Equation (6) and [17]:

ϕ(x, z) = ϕin(x, z) −
∞∫

x0/2

dx′ ∂G(x − x′, z − z′)
∂z′

∣∣∣∣
z′=0

μ1(x′)

−
−x0/2∫
−∞

dx′ ∂G(x − x′, z − z′)
∂z′

∣∣∣∣
z′=0

μ2(x′)
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4 I. MOLINA DE LA PEÑA ET AL.

−
∞∫
0

dz′
∂G(x − x′, z − z′)

∂x′

∣∣∣∣
x′=x0/2

μ3(z′)

+
∞∫
0

dz′
∂G(x − x′, z − z′)

∂x′

∣∣∣∣
x′=−x0/2

μ4(z′) (7)

In Equation (7) all terms on the right-hand side fulfil
separately the Schrödinger Equation (2) for any arbitrary
functions μi, i = 1 . . . 4 defined in the corresponding
waveguide wall. Moreover, additional conditions must
be imposed to obtain the corresponding functions. The
samewill bewell characterized, in corresponding section,
once Dirichlet boundary conditions be imposed in the
clad.

Notice that the inhomogeneous term, ϕin(x, z) arises
from the need of closing the region � at −∞ that is,
ϕin(x, z) represents the contribution of

∫
∂�′

(
U ∂G

∂n − G ∂U
∂n

)
d(∂�) if ∂�′ is the remainder of the boundary ∂�. It is
well known that this corresponds with the incident wave
[18,19]. This term is absent in Balian and Bloch formu-
lation [17] their problem being constrained to a finite
region of space (i.e. the atomic nucleus).

In Equation (7), G(x − x′, z − z′) corresponds to
Green’s function associated to the propagation in two
dimensions represented as a superposition of plane
waves. A discussion can be seen at [18,19]:

G(x − x′, z − z′)

= −
∫

dK ′
xdK ′

z

(2π)2
exp i[K ′

x(x − x′) + K ′
z(z − z′)]

E + iε − �2

2m (K ′
x
2 + K ′

z
2)

(8)

where E = (�2K2
in/2m) is the total energy of the inci-

dent wave. Notice that ε > 0 is an infinitesimal term.
It is understood that the limit ε → 0 is taken as end-
ing the calculations. We shall introduce the incoming
wavevector as: 	Kin = (Kx,Kz).

Methods

Dirichlet boundary conditions

By imposing Dirichlet boundary conditions at the clad
corresponding boundaries, themathematical representation
determining all functions μi are obtained. They rep-
resent the exact solution with further conditions for
computational analysis. Thus, the wavefunction limits in
the boundaries have to be calculated. For instance, for
boundary condition yielding μ3(z), one has to impose
values at x = x0/2:

ϕ
(x0
2

− ε, z
)

→
ε→0+

0, ∀z > 0 (9)

Then, by considering Equation (7), we particularize for
x = x0/2. Notice that all terms are not singular at x =
x0/2 except for the one associated to μ3(z′). The limit-
ing value of any non-singular terms turns out to coincide
with its value at the same point in the wall. We will con-
centrate in the term associated to function μ3(z) in the
corresponding wall:

∂G
( x0
2 − x′, z − z′)

∂x′

∣∣∣∣∣
x′= x0

2

= −
∞∫

− ∞

dK ′
z

2 π
eiK

′
z(z−z′)

×
∞∫

− ∞

dK ′
x

2 π

(−iK ′
x)e

iK′
x
( x0
2 − x0

2
)

E + i ε − �2

2m (K ′
x
2 + K ′

z
2)

= 0 (10)

following by symmetric integration over K ′
x. The result

implies that the function μi associated to that wall does
not contribute to the final solution. This is a natural
conclusion ofGreen’s theorem sincewe have already cho-
sen the formulation corresponding toDirichlet boundary
conditions.

Moreover, if we calculate: lim
ε→0

ϕ
(
x = x0

2 − ε, z
)
the

result differs from the one following from Equation (10).
By concentrating in the term associated to μ3(z) and
calculating this limit by applying residue integration:

lim
ε→0+

∂G
( x0
2 − ε − x′, z − z′)

∂x′

∣∣∣∣∣
x′= x0

2

= lim
ε→0+

−
∞∫

− ∞

dK ′
z

2 π
eiK

′
z(z−z′)

×
∞∫

− ∞

dK ′
x

2 π

(−iK ′
x)eiK

′
x(− ε)

E + i ε − �2

2m (K ′
x
2 + K ′

z
2)

= −2m
�2

1
2
δ(z − z′) (11)

And thus:

lim
ε→0+

−
∞∫
0

dz′μ3(z′)
∂G

( x0
2 − ε − x′, z − z′)

∂x′

∣∣∣∣∣
x′= x0

2

= lim
ε→0+

+2m
�2

∞∫
0

dz′δ(z − z′)μ3(z′) = 2m
�2

1
2
μ3(z)

(12)

Other terms are not singular at x = x0/2, for both cases
with and without imposing the limit ε → 0+, respec-
tively. By collecting both results in Equation (10) and
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(12), the equation yieldingμ3(z) is obtained after impos-
ing the Dirichlet condition, in Equation (9):

lim
ε→0+

ϕ
(x0
2

− ε, z
)

− ϕ
(x0
2
, z
)

= 2m
�2

1
2
μ3(z) (13)

Thus, the first term in the left-hand side of Equation (13)
must equal 0, due to Equation (9). Notice that by virtue
of Equation (10) the term corresponding toμ3 in the sec-
ond term in the left-hand side of Equation (13) equals 0
in: x = (x0/2), Moreover, the term in the right-hand side
of Equation (13) is the only one contributing upon per-
forming the indicated substraction in the left-hand side
of Equation (13).

The remaining three boundary equations are treated
similarly. Thus, the system of inhomogeneous linear inte-
gral equations for μ1,μ2,μ3,μ4, μi = f (μj,μk,μl); i �=
j, k, l, is obtained:

1
2
2m
�2

μ1(x)

= −ϕin(x, 0) +
∞∫
0

dz′μ3(z′)
∂G(x − x′,−z′)

∂x′

∣∣∣∣
x′= x0

2

−
∞∫
0

dz′μ4(z′)
∂G(x − x′,−z′)

∂x′

∣∣∣∣
x′=− x0

2

, for x ≥ x = x0
2

(14)

1
2
2m
�2

μ2(x)

= −ϕin(x, 0) +
∞∫
0

dz′μ3(z′)
∂G(x − x′,−z′)

∂x′

∣∣∣∣
x′= x0

2

−
∞∫
0

dz′μ4(z′)
∂G(x − x′,−z′)

∂x′

∣∣∣∣
x′=− x0

2

, for x ≤ −x0
2

(15)

1
2
2m
�2

μ3(z)

= −ϕin

(x0
2
, z
)

+
∞∫

x0
2

dx′ μ1(x′)
∂G

( x0
2 − x′, z − z′

)
∂z′

∣∣∣∣∣
z′=0

+
− x0

2∫
−∞

dx′μ2(x′)
∂G

( x0
2 − x′, z − z′

)
∂z′

∣∣∣∣∣
z′=0

−
∞∫
0

dz′μ4(z′)
∂G

( x0
2 − x′, z − z′

)
∂x′

∣∣∣∣∣
x′=− x0

2

(16)

1
2
2m
�2

μ4(z)

= −ϕin

(
−x0

2
, z
)

+
∞∫

x0
2

dx′ μ1(x′)
∂G

(− x0
2 − x′, z − z′

)
∂z′

∣∣∣∣∣
z′=0

+
− x0

2∫
−∞

dx′μ2(x′)
∂G

(− x0
2 − x′, z − z′

)
∂z′

∣∣∣∣∣
z′=0

+
∞∫
0

dz′μ3(z′)
∂G

(− x0
2 − x′, z − z′

)
∂x′

∣∣∣∣∣
x′= x0

2

(17)

Equations (14)–(17) determine μi functions in terms
of the incoming wave ϕin(x, z) (the inhomogeneous
term). Some useful approximations to the exact solution
(series expansion, functional analysis, numerical meth-
ods, iterative methods, etc.) are applicable. Notice, in
Balian and Bloch [17] use of analogous equations with
other inhomogeneous terms (not representing any sort of
incoming plane wave) led to the development of an itera-
tive algorithm simulating certain properties of an atomic
nucleus.

Analytical study of the system

To our current study, obtaining an exact solution for
the proposed system of Equations (14)–(17) leading to
the characterization of the field, ϕ(x, z) is not feasible.
In general, no analytical representation for the func-
tions μi(i = 1 . . . 4) is able to be computed. Moreover,
a rigorous control of the convergence of the successive
iterations of the system, Equations (14)–(18), or applica-
tion of Fredholm’s theory is not easy to achieve. In this
section, we propose simple analytical forms for the func-
tionsμi, (i = 1 . . . 4) and related approximations in order
to treat the proposed system. This is aimed to demon-
strate the existence, for suitably large E, of trapped energy
levels inside the waveguide (propagation modes). The
computation of the energy levels achieved in the guide
rely on finding some convenient relationships between
the characterization of the system and some mathemati-
cal transforms related to optics, in particular Fourier and
Hilbert transforms, as well.

Alternative representation for the wavefunction
Let us introduce �i, (i = 1 . . . 4) for each of the four
integrals related to μi, (i = 1 . . . 4) in order to deal with
them separately. By applying the residue theorem as in
Equation (11), Equation (7) reads (with no approxima-
tions):

ϕ(x, z) = ϕin(x, z) + �1 + �2 + �3 + �4 (18)

On the one hand, with the choice K ′
z = +

√
2mE
�2 − K ′

x
2

for z < or > 0 :

Nacho




6 I. MOLINA DE LA PEÑA ET AL.

�1 = ±2m
�2

1
2

∫
dK ′

x
2 π

∞∫
x0/2

dx′μ1(x′)eiK
′
x(x−x′)e∓izK′

z

(19)

�2 = ±2m
�2

1
2

∫
dK ′

x
2 π

−x0/2∫
− ∞

dx′μ2(x′)eiK
′
x(x−x′)e∓izK′

z

(20)
On the other hand, for z > 0 and K ′

x = +
√

2mE
�2 − K ′

z
2

�3 = 2m
�2

1
2

∫
dK ′

z
2 π

∞∫
0

dz′μ3(z′)eiK
′
z(z−z′)e−iK′

x(x−x0/2)

(21)

�4 = 2m
�2

1
2

∫
dK ′

z
2 π

∞∫
0

dz′μ4(z′)eiK
′
z(z−z′)eiK

′
x(x+x0/2)

(22)
We omit the corresponding expressions for �3 and �4
for z < 0 sincewe shall not considered them. Integrations
over wavevector are carried out in (−∞,+∞).

Notice that since K2
in = 2mE

�2 = K ′2
x + K ′2

z there is a
constraint in the magnitude of certain exponentials
when we perform the integration over the corresponding
wavevector (K ′

x or K ′
z). Consequently, those values such

that thatK ′
x > 2mE

�2 and so forK ′
z imply evanescent waves

(i.e.: modes in the waveguide with energy higher than the
incoming particle). See Figure 2:

It is physically acceptable to suppose that the main
expected phenomena are: reflection of a part of the
incoming wave for z < 0, extinction of the incoming
wave and penetration of propagation modes of the wave
along the aperture for z > 0, for adequately large E. Thus,
generation of certain diffraction of the incoming wave by
the finite aperture (the waveguide entrance) arises. This
will be taken into account by means of the appropriate
choice of values μ1(x′) and μ2(x′), and the waveguid-
ing effects (confinement) due to the presence of the clad,
related to μ3(z′) and μ4(z′), for adequately large E.

An approximate analytical representation for the
auxiliary functionsμi
At this point, we make a physical ansatz for the functions
μi, (i = 1 . . . 4) for generic incoming neutron energy E
and check whether the final result obeys, approximately,
the boundary conditions of the problem.

One can argue that, in a first approximation, the con-
tributions of the terms associated to μ3(z′) and μ4(z′)
in Equations (14) and (15), respectively, can be neglected
and set for the value of the auxiliary function for x′ pos-
itive and large and −x′ positive and large, respectively in

their corresponding ranges:

1
2
2m
�2 μ1(x′)  1

2
2m
�2 μ2(x′)  −ϕin(0, x′) = −eiKxx′

(23)
Notice that this condition characterizes the system for
any arbitrary angle of incidence of the incoming wave.

The above approximation in Equation (23) is consis-
tent with the conservation of the probability flux along
the z axis, as outlined in Appendix. It is also consistent
with total reflection in z < 0, for x > 0 and large (forμ1)
and x < 0 and large (for μ2).

On searching for approximations for μ3(z′) and
μ4(z′), we shall turn to Equations (16) and (17). It can
be seen that, considering large z > 0, with z � x0, the
contributions associated withμ1(x) andμ2(x) cannot be
neglected in the latter equations. In fact, once those terms
are computed with the approximations used in Equation
(23) and as shown in Equation (25) (next section) they
will not lead to cancellation of the incoming wave. In
search of feasible approximate physical solutions, we shall
also introduce the functions μ3(z′) and μ4(z′) as:

2m
�2 μ3,4(z′) = −eiKzz′ + μ+,−eiqz

′ (24)

μ+ and μ− are suitable normalization constants to be
evaluated later and q is an arbitrary spatial frequency. In
Equation (24) the first term will contribute (at least par-
tially) to cancel out the incidentwave (extinction) and the
second one will represent the propagation modes in the
guide, once its wavevector q be determined by imposing
Dirichlet boundary conditions. In a more general ansatz,
in the right-hand side of Equation (24) one should write
a sum of terms under the form μ+,−eiqz

′
(one of each q

with different μ+,− depending on q). Having the latter
in mind, and for the sake of simplicity, we shall continue
with Equation (24).

Study of the penetration along the waveguide
(�1 + �2 for z > 0)
The second and third terms in Equation (18),�1 and�2,
represent the interaction of the incoming wave with the
entrance in the waveguide.

Recalling Equations (19), (20) and (23) for z > 0:

�1 + �2 = −2m
�2

1
2

∫
dK ′

x
2 π

⎡
⎢⎣

∞∫
x0/2

dx′μ1(x′)eiK
′
xx′

+
−x0/2∫
− ∞

dx′μ2(x′)eiK
′
xx′

⎤
⎦ eixK

′
xeizK

′
z
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Figure 2. Representation of the phase space integration region for Equations (19)–(22). Two zones definingpropagating and evanescent
waves depending on impinging energy are displayed.

≈
⎡
⎣ ∞∫
−∞

dx′ei(Kx−K′
x)x′

⎤
⎦∫

dK ′
x

2 π
eiK

′
xxeizK

′
z

= eiKxxeiz
√

2mE
�2

−K2
x = ϕin(x, z) (25)

In Equation (25), we are dropping inessential terms
associated to the diffraction phenomenon taking place as
the neutron beam is confined, and thus, considering only
modal contributions. Notice, the diffraction will produce
additional noise in the waveguide diminishing as neu-
trons propagate along the same. Therefore, this approxi-
mation is valid for long enough z values. We shall anal-
yse some physical effects neglected in the approximation
displayed in Equation (25).

Analysis of the approximation in Equation (25)
In this subsection, we shall interpret the physical mean-
ing of the terms neglected in Equation (25). Let us con-
sider the full integrand in the integral over K ′

x in the
latter:

∞∫
x0/2

dx′μ1(x′)e−iK′
xx′ +

−x0/2∫
− ∞

dx′μ2(x′)e−iK′
xx′

=

⎡
⎢⎣

∞∫
− ∞

dx′e−iK′
xx′ −

x0/2∫
−x0/2

dx′e−iK′
xx′

⎤
⎥⎦ (26)

The first term in the right-hand side of Equation (26) is
the one we used in previous subsection. The second term
represents the error made in that approximation and is

the one we will analyse here. Indeed, the contribution of
this term approaches to 0 for z > 0 large enough.

Since the added term can be analytically integrated by
introducing it as trivial connection in Equation (25), we
have to demonstrate the following contribution tending
to 0 for large z > 0:

∞∫
− ∞

dK ′
x

K ′
x
eiK

′
xx{e−iK′

xx0/2 − eiK
′
xx0/2}eiz

√
2mE
�2

−K′
x
2
→ 0;

z → +∞ (27)

For the sake of simplicity, we omit all constant fac-
tors, as we are interested in the function behaviour. In
order to demonstrate the convergence of this expression
(i.e. demonstrate that the approximation is suitable for
z sufficiently long) we consider only the first term in
Equation (27), the reproduction of similar operations for
the second term being trivial:

∞∫
− ∞

dK ′
x

K ′
x
eiK

′
x(x−x0/2)eizK

′
z

=
∞∫

−∞

dK ′
x

K ′
x
[cos(K ′

x(x − x0/2))

+ i sin(K ′
x(x − x0/2))]e

iz
√

2mE
�2

−K′
x
2

(28)

By invoking symmetric integration in the integrand,
only the sine term will contribute with a non-vanishing
result. Notice that the square root function is purely real
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Figure 3. Representation of the absolute square value of Equation (30), simulated for an incident wave of E= 0.025 eV and a guide
aperture of 1000 Å

in the interval: K ′2
x ≤ 2mE

�2 = K2
in. Then Equation (28)

yields:

∞∫
− ∞

i
dK ′

x
K ′
x
sin(K ′

x(x − x0/2))e
iz
√
K2
in−K′

x
2

=
−Kin∫

−∞
i
dK′

x
K ′
x
sin(K ′

x(x − x0/2))e
−z

√
|K2

in−K′
x
2|

+
Kin∫

−Kin

i
dK′

x
K ′
x
sin(K ′

x(x − x0/2))e
iz
√
K2
in−K′

x
2

+
∞∫

Kin

i
dK′

x
K ′
x
sin(K′

x(x − x0/2))e
−z

√
|K2

in−K′
x
2| (29)

In Equation (29), the first and the third terms, respec-
tively, vanish for large z. They represent the evanescent
wave arising from the entrance of the guide.

The second term in Equation (29) can be viewed as
a Fourier transform of the integrand. Just by performing

the change of variable
√
Kin − K ′

x
2 = −τ and imposing

infinite integration limitswith the use of the rect function,
then, this second term yields:

Kin∫
−Kin

i
dK ′

x
K ′
x
sin(K′

x(x − x0/2))e
iz
√
K2
in−K′

x
2

= FT

⎧⎨
⎩rect

⎛
⎝
√
K2
in − τ 2

2Kin

⎞
⎠ · −τ√

Kin
2 − τ 2

(x − x0/2)

×
sin

(
(x − x0/2)

√
K2
in − τ 2

)

(x − x0/2)
√
K2
in − τ 2

⎫⎪⎪⎬
⎪⎪⎭ (30)

where FT denotes the Fourier Transform of the inner
function. By applying Riemann-Lebesgue lemma [21],
it can be shown that it tends to 0 for high z. The rect
function is the standard window function.

As a more complete physical explanation, Equation
(30) represents the diffraction produced by the aperture
of the waveguide directly related with the Fourier trans-
form of the incoming signal. Some modes are allowed
in the phase space associated to the transform and thus,
give rise to propagating waves. Meanwhile, those modes
exceeding the incomingwavewavevector values, 	Kin, give
rise to evanescentmodes. This is consistent with Figure 2.
A numerical representation is shown on Figure 3 where
diffraction effect is enhanced:

The aperture diffraction is similar to a displacement
of the x axis in Equation (30). In Figure 4, one appreci-
ates the function behaviour for three different apertures.
As wave propagates along z axis, the result is an oscilla-
tory function reaching a maximum and, then, it decays
asymptotically. The wider the aperture the longer the
propagation in z axis to reach this maximum.

Moreover, in Figure 5, we have performed a simula-
tion of the position of this maximum as a function of
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Figure 4. Representation of the absolute square value of
Equation (30) centred in the z-axis,ϕ(0, z) for an incident wave of
E= 0.025 eV in relation with different apertures.

the aperture. It is clear that the maximum, before which
the function decays, is reached further in the waveguide
as the aperture increases, which is the expected physical
behaviour for the aperture diffraction.

Study of wave confinement for z > 0 adequately
larger than x0
The fourth and fifth terms in Equation (18), �3 and �4
respectively, will generate both the confinement in the
wave as well as the extinction of the incoming wave.

From Equations (21) and (22) and having in mind
Equation (24) one finds, for any real arbitrary spatial
frequency, q > 0:

∫
dK′

z
2 π

⎡
⎣ ∞∫

0

dz′eiqz
′
e−iK′

zz′

⎤
⎦ eiK

′
zze−i(x−x0/2)

√
2mE
�2

−K′2
z

(31)
The inner integral is indeed a Fourier transform, denoted
by FT, of the product of a Heaviside step function, step
(z), and eiqz′ :

∞∫
0

dz′eiqz
′
e−iK′

zz′ = FT[step(z′)]K′
z−q

= π

(
1

iπ(K ′
z − q)

+ δ(K ′
z − q)

)
(32)

Notice that theDirac delta functionwould be obtained
in the case of performing the integral from −∞ to +∞
(i.e.: if the waveguide would be infinite). Consequently,
the term 1

iπ(K′
z−q) arises from having a semi-infinite (say

an initial aperture) waveguide at z = 0. We will pay
attention to 1

iπ(K′
z−q) term arising in Equation (32). By

introducing it in Equation (31):∫
dK ′

z

2 π

eiK′
zz

i(K′
z − q)

e−i(x−x0/2)
√

2mE
�2

−K′1
z (33)

We notice that Equation (33), is the Hilbert Transform
of the product of two exponential functions, the Hilbert
transform being defined by using the Cauchy principal
value.

For simplicity, we denote f (K ′
z) = eiK′

zz and g(K ′
z) =

e−i(x−x0/2)
√

2mE
�2

−K′
z
2
. So, Equation (33) turns out to be:

1
i2π

∫
dK ′

z
f (K ′

z)g(K′
z)

(K ′
z − q)

= 1
2i
H[f (K ′

z)g(K
′
z)] (34)

here, H denotes the Hilbert transform operator. We
remind here some useful properties of this transform. For
more details, see the Bedrosian theorem [22] and [23,24].

Let f (K ′
z) and g(K′

z) be complex functions in the
L2(−∞,∞) of the real variable K ′

z, and let both f (K ′
z)

and g(K′
z) be analytic functions of K ′

z. Then:

H[f (K ′
z)g(K

′
z)] = f (q)H[g(K ′

z)]q = g(q)H[f (K ′
z)]q
(35)

H[cos(K ′
zz)] = − sin(qz) (36)

H[sin(K ′
zz)] = cos(qz) (37)

Then, combining Equations (31) to (37):

∫
dK′

z

2 π

⎡
⎣ ∞∫

0

dz′eiqz
′
e−iK′

zz′

⎤
⎦ eiK

′
zze−i(x−x0/2)

√
2mE
�2

−K′2
z

= eiqze−i(x−x0/2)
√

2mE
�2

−q2 (38)

Extinction conditions: aproximate formulation

By considering Equation (38), one will use the two
respective contributions in Equation (24), namely, for
the incoming q = Kz > 0. and also for a generic q > 0
(eventually associated to propagation modes). By com-
bining Equation (18) with the corresponding results
obtained in Equations (25), (32) and (38), one obtains
the corresponding approximation following from the
ansatz for the functionsμi, i = 1 . . . 4 (i.e.: 12

2m
�2 μ1(x′) =

1
2
2m
�2 μ2(x′) = −ϕin(x, 0) and 2m

�2 μ3,4(z′) = −eiKzz′ +
μ+,−eiqz

′). The approximation for the whole Equation
(18) reads, for suitably large penetration distance into the
waveguide:

ϕ(x, z) = ϕin(x, z) + eiKxxeiKzz

− eiKzz
[
e−i

(
x− x0

2
)
Kx + ei

(
x+ x0

2
)
Kx
]

+ eiqz
[
μ+e

−i
(
x− x0

2
)√ 2mE

�2
−q 2

+ μ−e
i
(
x+ x0

2
)√ 2mE

�2
−q2

]
(39)
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Figure 5. Representation of the z propagation distance versus waveguide aperture. Incident wave energy: E= 0.025 eV

If Kx = 0 or if Kxx0 � 1, one has an approximate
extinction of incomingwave and the approximate�1 and
�2 with part of the contribution of �3 and �4. See also
case for low energies in next section. Then:

ϕ(x, z)  eiqz
[
μ+e

−i
(
x− x0

2
)√ 2mE

�2
−q2

+ μ−e
i
(
x+ x0

2
)√ 2mE

�2
−q2

]
(40)

which is ready to discuss propagation modes for
(suitably large) z > 0, with a wavevector that must
obey the constraint 	q = (qx, qz) =

(√
2mE
�2 − q2, q

)
=(√

K2
in − q2, q

)
. If Kxx0 � 1 does not hold, then, there

is no such extinction in the framework of our approxi-
mations. Physically, as propagation modes are excited for
adequately large E they are, therefore, the only remaining
contributions for deep penetration into the waveguide.
The incoming wave has to cancel out there exactly with
certain contributions from�1 + �2 + �3 + �4 accord-
ing to Equation (18). Such an exact extinction operates
outside our approximations.

Results

Analysis of allowable propagationmodes and
energy levels

In order to obtain the propagation modes (energy lev-
els) associated to the guide structure, one has to remind
the fulfilment of Dirichlet conditions at x = ±x0/2 for

a particular wavevector q. It is trivial to notice that the
imposition of these boundary conditions provides odd
and even propagation modes in:

ϕodd(x, z) = −isin
(
2nπx
x0

)
e
iz
√

2mE
�2

−
(
2πn
x0

)2
(41)

ϕeven(x, z) = cos
(

(2n + 1)πx
x0

)
e
iz
√

2mE
�2

−
(

(2n+1)π
x0

)2

(42)

Equations (41) and (42) give a description of the prop-
agation modes. As expected, and, assuming large z prop-
agation, they bear the form cos(χnx)eiqnz for even modes
and sin(χnx)eiqnz for odd modes with the relationship:
χ2
n + q2n = 2mE

�2 . For a given incoming wave with E > 0,
the waveguide allows all propagation modes such that:
χ2
n ≤ 2mE

�2 . Thus, for an incoming plane wave with a fixed
energy E = �

2

2mK
2
in the highest order mode achievable is a

function of the guide aperture and the incoming energy.
The allowed energy levels in the guide do not depend on
the angle of the incoming wavevector 	Kin. and this is a
general fact.

By taking into account that both even and odd modes
are allowed, the total number of modes in the waveguide
will be approximately, twice the highest integer n that
generates a propagation mode:

Nmax ≈ X0

π

√
2mE
�2 (43)
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Figure 6. Number of allowed modes in waveguides having clad with infinite repulsive potential, depending on their aperture and
incoming wave energy.

Figure 6 shows the results of the maximum number
(Nmax) of modes allowed in these waveguides as a func-
tion of the neutron incoming energy, E, and the aperture
(x0):

Distribution of spatial frequencies

According to Equation (39) an approximate analytical
treatment is applicable for normal incidence, Kx = 0 or
small Kx. Moreover, the relative weight of each propaga-
tion mode arising for Kx �= 0 will be analysed. We have
performed some numerical computation enabling to cal-
culate those weighting factors (the spectral distribution
of the propagation modes) by adapting some quantum-
mechanical approximation performed by Snyder and
Love [25] to our problem. For brevity, we shall omit
computational details. In Figure 7, we show the results
as a function of the angle of the transverse wavevector:

χ =
√
K2
in − q2 = Kin sin(θ).

After Figure 7 results, the weighting factors have a
maximum peak at an angle coinciding with the incidence
angle of the incoming neutron wavevector. Indeed, most
of the energy is carried along thewaveguidewith an angle
similar to the one of the incoming wave. Moreover, there
is some spread in the distribution of the incoming energy
for other frequencies: the closest the value to the angle of
the incident wave the higher the contribution. In an ideal
case (i.e. no waveguide) the consistent result would be
a delta function and thus, the incoming wave remaining
unaltered. The spreading shape of thewavefunction is the

Figure 7. Relative weight factor distribution for three values of
the angle of incidence. Energy of the incident wave: E= 0.025 eV.

expected physical behaviour, the net effect of the waveg-
uide clad implying this spread in spatial frequencies. As
a trivial result, the smaller the aperture the larger the
spread in spatial frequencies for the incoming wave.

Case for low energies

Let us consider suitably smallE, such that x0
√
2mE/�2 �

1, so that both x0Kx � 1 and x0Kz � 1 hold. Then, it is
expected that no propagationmodes are excited along the
semi-infinite waveguide. Focusing on z > 0, with z � x0
we apply Equations (16) and (17), in which we approxi-
mate the contributions due to μ1(x) and μ2(x) as in the
derivation of Equation (25). In this case, we approximate
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all exponentials containing x0 by unity:

2m
�2

1
2
(μ3(z) + μ4(z))  −2ϕin(0, z) (44)

The latter, together with Equations (25) and (18)
with ϕin(x, z)  ϕin(0, z) imply ϕ(x, z)  0 for long z >

0 and any −x0/2 < x < x0/2. This is fully consistent
with Equation (39), with vanishing μ+ and μ−. That is,
the total wave function is extinguished and no propaga-
tion is excited, consistently. Strictly speaking, the above
argument is only approximate, as long as we use only
approximate expressions for μii = 1 . . . 4. However, for
the values of E assumed in this subsection, the extinc-
tion of the total wave function for large positive z should
hold as an exact statement, as no propagation modes are
excited.

Critical angle

In geometrical optics, when describing the waveguiding
effect, the acceptance or critical angle, θcr [26] is intro-
duced. Then, as the waveguiding effect is described by
means of total internal reflection, the guide will accept all
incoming waves that obey θin < θcr. In our case, since we
are supposing an ideal waveguide with infinite repulsive
potential in the clad (i.e.: Dirichlet boundary conditions)
one expects that the critical angle will be almost π/2,
that is, the waveguide allows almost any incident angle
for incoming neutrons. In fact, the incident angle can be
expressed as:

sinφ = Kx√
K2
x + K2

z
= Kx√

2mE
�2

(45)

In Equation (45) any possible Kx gives rise to a pos-
sible χn value (both even and odd modes), with χ2

n ≤
2mE
�2 , n = 1 . . . Nmax

2 , approximately. It would mean that
the largest allowed Kx would correspond to n = Nmax

2

and, so, sinφmax = max(Kx)√
2mE
�2

=
(2πNmax/2)

x0√
2mE
�2

πNmax

x0
√

2mE
�2

. By sub-

stituting according to Equation (43)we obtain: sinφmax =
1 ⇒ φmax ∼ π/2. This is consistent with the above
expectation.

Discussion

In the previous subsections, focusing on Physical System
Description and Dirichlet Boundary Conditions, we have
made a rigorous development of the equations to study
the propagation of confined neutrons in semi-infinite
waveguides with infinitely repulsive potential in the clad.
The formulation through Equations (7) and (14)–(17)
shows mathematical consistency, as one can check in the

Appendix. In it, we show that this approach yields the
conservation of the probability current, as it should be
expected.

Having developed such an analytical framework in
Methods section, we have proceeded an analytical study
onwards to make certain anzatz leading to approximate
solutions of the problem. Let us suppose that the incom-
ing neutron energy E is such that only one propagation
mode is excited. Then, an interesting issue is how the
incident wave, as it propagates deeply along the inte-
rior of the semi-infinite waveguide and becomes extin-
guished with suitable contributions from �1 + �2 +
�3 + �4 in Equation (18), generates the propagation
mode. In other words, the problem is to compute the
probability amplitude of the propagation mode gener-
ated in terms of the incoming neutron wave. Although
a detailed study of this problem lies outside our scope
here, the results of numerical computations regarding it
have been given in the study of distribution of spatial
frequencies.

The analysis of the mathematical system described
here provides information useful enough to estimate the
guiding efficiency only due to its geometry as acting
as an upper limit. In any case, this formulation could
be extended to other physical situation that could be
described bymeans of a scalarwavefunction and inwhich
Dirichlet conditions would play a key role.

As a general issue, the most ambitious simulation of
neutron propagation would have to take into account
different nuclear reactions with the media, incoherent
scattering, thermal and epithermal absorption, etc. that
will struggle with the basis of neutron optics approxima-
tion itself. In our case, our interest has been the analysis
of confined propagation modes and their characteriza-
tion. So far, neutron propagation has been described
mostly by means of classical optics approximations but
this propagation has not been extended, to the best of
our knowledge, to the formalism of Green’s functions
to characterize these waveguides (and thus, propagation
modes were not described but they were experimentally
observed in [7–15]).

The case of finitely repulsive potential needs to be
treated under a different formulation. This is a new
project under development. Dirichlet boundary condi-
tions are a zero-th order approximation for guides where
the neutron suffers total reflection (i.e. for all waves with
angle of incidence smaller than the critical angle). In
these cases, our formulation will enable to study the
neutron propagation along the waveguide at scales large
compared to its wavelength and to avoid the computa-
tional challenge that penetration into the finitely repul-
sive clad represents [27,28]. Consistently, our next step
would be a non-trivial extension of our present approach
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to more realistic conditions, where refractive indexes (or
finite potentials) play a role, instead of Dirichlet bound-
ary conditions. Another open problem is the develop-
ment of new numerical algorithms noticeably improv-
ing the algorithms existing nowadays. A simulation of
interest (the combination of a wavelength of thermal
neutrons, λ =1.8 Å with apertures of the order of 100
μm) would require high memory consumption and high
computation times.

The probability for the penetration along a distance x
of a microscopic particle of mass M and energy E into a
finitely repulsive clad with potential V (> E) is propor-

tional to exp
(

−2
√

2M(V−E)

�2 x
)
. Hence, that probability

decreases as M increases. The case of neutrons consid-
ered here is not a favourable one due to its relatively
low mass, m, so that Dirichlet boundary conditions are
just a zero-th order approximation. For atoms withM �
m, that probability decreases accordingly. In the study
of the interactions of atoms with solid surfaces Dirich-
let boundary conditions appear to be a rather adequate
approximation. See for instance [29].

The degree of confinement of the neutron beam
increases as the neutron energy E decreases. An extreme
situation of the latter kind, which would be of interest
in connection with our present approach, could be the
propagation of ultracold neutrons in waveguides. These
neutrons, at temperatures of milikelvin, have an energy
of the order of 10−7 − 10−8 eV, that is, of the order of
magnitude of the potential associated to a possible finitely
repulsive media making up the clad. These neutrons suf-
fer total internal reflection for any angle of incidence so
that its wave function has a small (exponentially decay-
ing) penetration in the clad. In this situation, the use of
Dirichlet boundary conditions is more justified as a zero-
th order description of the wave propagation inside the
waveguide.
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Appendix: Conservation of Probability Current
and Consequences

The quantum-mechanical probability current along z is, for z >

0 and z < 0:

Jz = Jz(z, x) = i�
2m

[
ϕ(z, x)

∂ϕ∗(z, x)
∂z

− ϕ∗(z, x)
∂ϕ(z, x)

∂z

]
(A1)

ϕ∗(z, x) denotes the complex conjugate of ϕ(z, x).
Conservation of the probability current along z, for any x

reads ∂
∂z Jz(z, x) = 0. It follows that the total probability flux

across thewhole x-axis, namely,
∞∫

−∞
dxJz(z, x) is constant (inde-

pendent on z). Then, as ϕ(z, x) vanishes in the clad:

∞∫
−∞

dxJz(x, z)|z=+∞ =
x0/2∫

−x0/2

dxJz(x, z)|z=+∞ (A2)

Notice that
x0/2∫

−x0/2
dxJz(x, z)

∣∣∣∣∣
z=+∞

equals to the contri-

bution of the propagation modes, provided that they be
excited, otherwise that integral vanishes. We now turn to:

∞∫
−∞

dxJz(x, z)

∣∣∣∣∣
z=−∞

. In order to evaluate the latter, we shall

consider Equation (18) for z < 0. In turn, �1 + �2 and �3 +
�4 are given by Equations (19) to (22), for z < 0. The contribu-
tion of �3 + �4 for z → −∞ is physically expected to vanish.
Moreover, it can be easily invoked to vanish, by virtue of the
Riemann- Lebesgue lemma. On the other hand, �1 + �2 for
z → −∞ is given by:

�1 + �2 =
∫

dK′
x

2π
eiK

′
xxe−iz

√
2mE
�2 −K′

x
2
g1(K ′

x) (A3)

where g1(K ′
x) = 2m

�2
1
2

[
∞∫

x0/2
dx′μ1(x′)e−iK′

xx +
−x0/2∫
−∞

dx′μ2(x′)

e−iK′
xx
]
. The integration overK′

x yielding�1 + �2 in Equation
(A3) is now carried out only over the finite interval in which
0 < 2mE

�2 − K ′2
x . A direct computation shows easily that:

∞∫
−∞

dxJz(x, z)|z=−∞

= Kz�

m

∞∫
−∞

dx − �

m

∫
dK′

x
2π

√
2mE
�2 − K ′

x
2g∗

1 (K
′
x)g1(K

′
x)

(A4)

with
√

2mE
�2 + K ′

x
2 > 0

Again, the integration over K′
x being also carried out

only over the finite interval in which 0 < 2mE
�2 − K ′2

x . Notice

that
∞∫

−∞
dx in Equation (A4) is a divergent integral (which

accounts for the infinite probability flux of the incoming plane
wave ϕin(z, x) across the whole x-axis). However, it is exactly
cancelled by a completely similar divergent contribution (due
to the infinite probability flux of the reflected plane wave),
contained in �

m
∫ dK′

x
2π

√
2mE
�2 − K ′

x
2g∗

1 (K
′
x)g1(K ′

x). In fact, from

Equations (19) and (20), approximating 2m
�2

1
2μ1(x) ∼ −ϕin

(x, 0) for x � x0/2, 2m
�2

1
2μ2(x) ∼ −ϕin(x, 0) for x � −x0/2

(ie: total reflection) and the sum of
−x0/2∫
−∞

dx′ and
∞∫

x0/2
dx′ by

∞∫
−∞

dx′ like in Equation (27) one has:

�1 + �2 ≈ −
∫

dK′
xδ(Kx − K ′

x)e
iK′

xxe−iz
√

2mE
�2 −K′

x
2

= −eiKxxe−izKz (A5)
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⇒ g1(K ′
x) 

∞∫
−∞

dx′eix
′(Kx−K′

x) = −2πδ(Kx − K ′
x) (A6)

⇒
∫

dK′
x

2π

√
2mE
�2 − K ′

x
2g∗

1 (K
′
x)g1(K

′
x)

≈
√
2mE
�2 − K2

x

∞∫
−∞

dx (A7)

which leads to the cancellation of the divergent term:
Kz�
m

∞∫
−∞

dx in Equation (A.4).

The net outcome is that both sides of Kz�
m

∞∫
−∞

dx −

�

m
∫ dK′

x
2π

√
2mE
�2 − K ′

x
2g∗

1 (K
′
x)g1(K ′

x) =
x0/2∫

−x0/2
dxJz(x, z)

∣∣∣∣∣
z=+∞

are finite. The left-hand side of this equation describes finite
corrections to total reflection. The resulting equation, after the
cancellation of divergences, turns out to represent the actual
counterpart for semi-infinitewaveguideswithDirichlet bound-
ary conditions, of the standard optical theorem in scattering
theory (see Newton [30]).
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