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We present an intuitive model of detector self-tomography. Two identical realisations of the
detector are illuminated by an entangled state that connects the joint statistics in a way in which
each detector sees the other as a kind of mirror reflection. A suitable analysis of the statistics reveals
the possibility of fully characterizing the detector. We apply this idea to Bell-type experiments
revealing their nonclassical nature.

Quantum phenomena are always revealed by phenom-
ena whose statistics cannot be accounted for in classi-
cal physics. According to Born’s rule, the probability
of each measurement of the observable A with outcome
a is determined in a very symmetrical way by the sys-
tem state |ψ〉 and the measurement states |a〉. This is,
p(a|ψ) = |〈a|ψ〉|2, where typically |a〉 are the eigenvectors
of the measured observable A. This is after all a quite
interesting feature of the quantum theory. For example,
in quantum optics the scalar product 〈a|ψ〉 reveals that
detector states |a〉 must be formally described in terms
of light states, in spite of being all them made of mat-
ter. So we can ascribe to detector states quantum-light
properties in exactly the same way we do to light states.
Similar reasoning holds if the light beam is mixed ρ and
the detector is described by a positive operator-valued
measure (POVM) ∆(a) so that p(a|ρ) = tr [ρ∆(a)].

The symmetry of Born’s rule raises the question of
whether the quantum paradoxical results might be as-
cribed to the measurement states as well as to system
states [1]. For this reason, it is interesting to study the
characteristics of detectors from a fully quantum point of
view. There are several ways to do this, that started from
the idea of detector tomography [2–8]. The one proposed
in this work is an strategy of self-tomography in which a
detector observes itself, as it were in front of a mirror, as
a kind of self-calibration [9, 10]. To achieve this we illu-
minate two identical realizations of the detector with an
entangled state. Roughly speaking, because of quantum
state reduction, the measurement performed by one of
the detectors collapses the state of light illuminating the
other one on the very same state associated to the mea-
surement outcome [11]. Thus one detector is illuminated
by the internal state of the other one, so to speak.

The objective of this work is to derive the statistics
from this double measurement as a method of detector
self-tomography alternative to the already known proto-
cols of detector tomography [2–4]. We examine the pos-
sibility of extracting from the joint statistics the relevant
information to characterise completely the detector. We
then apply this idea to Bell-type experiments revealing
their nonclassical nature.
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For the sake of simplicity, the physical system will be
as simple as possible: this is a spin 1/2, or equivalently,
the polarization of a photon. So our basic system will
be two-dimensional, that is, a qubit. We include the
possibility of mixed system states ρ

ρ =
1

2
(σ0 + s · σ) , (1)

where σ are the three Pauli matrices, σ0 is the identity,
and s is a real three-dimensional vector with |s| ≤ 1.

Measuring means establishing a correspondence be-
tween states ρ and probability distributions p(a) which
are the statistics of some measured observable A in the
state ρ. We will consider only two possible outcomes,
which we will denote as a = ±1, or sometimes simply
as a = ±. In the most general case the correspondence
ρ→ p(a) is of the form

p(a) = tr [∆(a)ρ] , (2)

where ∆(a) is a POVM. In our dichotomic two-
dimensional scenario the most general POVM for a
generic observable A is of the form, up to a trivial factor
proportional to the identity,

∆(a) =
1

2
(σ0 + aS · σ) , (3)

where S is a real three-dimensional vector with |S| ≤ 1
that completely characterizes the measurement up to a
sign, since ±S describe the same measurement. Using
the properties of Pauli matrices the statistics (2) becomes

p(a) = tr [∆(a)ρ] =
1

2
(1 + as · S) . (4)

This highlights the symmetry of the Born rule (2) be-
tween the state of the system ρ and the detector ∆(a).

The process of self-tomography of the POVM ∆(a) is
illustrated in Fig. 1. The source produces a two-mode
entangled state in three possible versions

|ψ〉b =
1√
2

(|+〉1,b ⊗ |+〉2,b + |−〉1,b ⊗ |−〉2,b) , (5)

where |±〉j,b are eigenstates of the Pauli matrix σj,b,
where j = 1, 2 denotes the field mode and b = x, y, z
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the corresponding Pauli matrix. Each mode j = 1, 2 de-
scribes the light beam impinging on each detector. In
one of the modes, say mode 1, we may insert a trans-
parent plate altering the polarization state of the photon
via a unitary transformation U , producing a rotation of
the Stokes vector s implemented by an 3× 3 orthogonal
matrix R

UρU† =
1

2

(
σ0 + sRtσ

)
, (6)

where the superscript t denotes matrix transposition.
This is to say that the polarization state of the light
modes illuminating each detector may be different.

U

|ψ⟩b

Δ2 (a2)Δ1 (a1)

FIG. 1: Scheme of the self-tomography process.

The joint statistics is

pb,R(a1, a2) = b〈ψ|U†∆1(a1)⊗∆2(a2)U |ψ〉b, (7)

where ∆j(aj) are two identical realizations of the same
POVM ∆(a), leading to

pb,R(a1, a2) =
1

4
(1 + a1a2SRS

∗
b ) , (8)

where S∗b are defined in terms of the components of S =
(S1, S2, S3) as

S∗x = (S1, S2,−S3), S∗y = (−S1, S2, S3),

S∗z = (S1,−S2, S3). (9)

This is that S∗b is the reflection of S in a coordinate plane.
This relation (8) has essentially the same structure in Eq.
(4) where the system-state vector s defined by ρ in Eq.
(1) is replaced by a detector-state vector S defined by
∆(a) in Eq. (3). This is the sense in which each detector
sees the other.

We can appreciate in Eq. (8) that the whole statistics
is determined just from one result, say a1 = a2 = 1, since

pb,R(−1,−1) = pb,R(1, 1), (10)

pb,R(1,−1) = pb,R(−1, 1) = 1/2− pb,R(1, 1).

We will use this fact to resume all statistics by just
pb,R(1, 1), alleviating the notation writing pb,R(1, 1) sim-
ply as pb,R.

Our objective here is self-tomography in the sense of a
complete determination of S after the statistics pb,R. To
this end we can consider the three bases b = x, y, z and
two choices for R, namely,

R0 =

(
1 0 0
0 1 0
0 0 1

)
, R1 =

(
0 1 0
0 0 1
1 0 0

)
, (11)

to give

4px,0 = 1 + S2
1 + S2

2 − S2
3 ,

4py,0 = 1− S2
1 + S2

2 + S2
3 , (12)

4pz,0 = 1 + S2
1 − S2

2 + S2
3 ,

and

4px,1 = 1 + S1S2 − S2S3 + S1S3,

4py,1 = 1 + S1S2 + S2S3 − S1S3, (13)

4pz,1 = 1− S1S2 + S2S3 + S1S3,

respectively. It is clear that these six equations fully de-
terminate S up to an irrelevant global sign, since S and
−S are the same observable.

More specifically, at least one of the components of S
is different from zero, say S3 without loss of generality.
The modulus of S3 can be obtained from the pb,0 results
in Eq. (12) simply as

S3 =
√

2py,0 + 2pz,0 − 1. (14)

Then from Eq. (13) we can get the other components as

S1 =
2px,1 + 2pz,1 − 1

S3
, S2 =

2py,1 + 2pz,1 − 1

S3
. (15)

This completes the proof that this scheme allows the com-
plete determination of the detector POVM.

So far we have assumed that the two detectors are iden-
tical, but it is worth analyzing the case when the POVM
for one realization is different from the POVM of the
other one. This can be easily taken into account in our
scheme by allowing that each POVM ∆j(aj) is described
by a different vector Sj so that the joint statistics (7)
becomes

pb,R(a1, a2) =
1

4

(
1 + a1a2S1RS

∗
2,b

)
. (16)

From this point two routes might be followed. We may
generalize the above approach by including new choices
for R in order to obtain enough number of equations to
determine both vectors Sj from the recorded statistics.
We have not pursued this possibility here since it would
take us away from the central objective of this work. On
the other hand, we may consider the differences in Sj as
having a random origin, say Sj = S+ δSj , where δS are
random small variations from one detector to another
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considered as a samples within a large series of other-
wise identically prepared detectors. The proper arena to
analyze this situation is an error analysis studying the ro-
bustness of the inferred S in Eqs. (14) and (15) against
the fluctuations δS. A simple rough analysis shows that
the uncertainty in the reconstructed S are of the same
order of δS, as it could be expected given the simple
algebraic relations relating these quantities.

The scheme presented above may be generalized to
other scenarios mutatis mutandis. As a simple illus-
tration let us consider on/off photon detectors, such as
avalanche photodiodes, that detect the presence of at
least one photon. They can be used as the building
block of photon-number-resolving detectors via multi-
plexing [12–14]. Let us consider the click (+) and no
click (-) elements of the POVM as

∆(−) = (1− pd)

∞∑
n=0

(1− η)
n |n〉〈n|, ∆(+) = I−∆(−),

(17)
where η is the quantum efficiency, pd the dark-count
probability, I is the identity, and |n〉 are the photon num-
ber states [13]. A suitable counterpart of the entangled
state (5) in this context might be the two-mode squeezed
vacuum state

|ξ〉 =
√

1− |ξ|2
∞∑

n=0

ξn|n〉1 ⊗ |n〉2, (18)

where ξ is a parameter directly connected to the mean
number of photons of this state n̄ = 2|ξ|2/(1 − |ξ|2), so
that we have maximal entanglement as n̄ tends to infinity.
When this state illuminates two realizations of the on/off
detector, we have

p(j, k) = 〈ξ|∆1(j)⊗∆2(k)|ξ〉, (19)

for j, k = ± that leads to

p(−,−) =
(1− pd)

2

1 + n̄η (1− η/2)
, (20)

and

p(+,−) = p(−,+) =
1− pd

1 + n̄η/2
− p(−,−), (21)

with p(+,+) = 1 − 2p(+,−) − p(−,−). Then it is clear
that the statistics p(j, k) provides enough information to
obtain the two parameters pd and η of the detector after
some simple algebra in Eqs. (20) and (21), more simple
as n̄→∞.

We can generalize the above procedure to obtain the
self-tomography of a generalized detector scheme repre-
sented by a POVM ∆̃(x, y) providing information about
two incompatible dichotomic observables X,Y , instead of
a single observable A. Since the observables X,Y are in-
compatible the information provided is necessarily fuzzy,

although it can be still complete, in the sense that we
may recover from the statistics p̃(x, y) complete exact in-
formation about the statistics of both X and Y . More
specifically we have that the most general POVM con-
veying a fuzzy but complete observation of X,Y can be
expressed as [15]

∆̃(x, y) =
1

4

[
σ0 + S̃(x, y) · σ

]
, (22)

with x,y = ±1, and

S̃(x, y) = xγXSX + yγY SY + xyγXY SXY , (23)

where all SX,Y,XY are real, unit, three-dimensional vec-
tors, and γX,Y,XY are real nonnegative factors expressing
the accuracy of the joint measurement. In any case, for
all the outcomes x, y we have always that |S̃(x, y)| ≤ 1,

so that ∆̃†(x, y) = ∆̃(x, y) and ∆̃(x, y) > 0. The vectors
SX,Y represent the observables X and Y , respectively, as
in Eq. (3), while SXY contains their correlations.

The very same procedure presented above for ∆(a) al-

lows the self-tomography of the POVM ∆̃ (x, y) replacing

throughout the protocol S by S̃(x, y) to get

p̃b,R(x1, y1, x2, y2) =
1

16

[
1 + S̃(x1, y1)RS̃∗b (x2, y2)

]
.

(24)

Therefore, we can follow the same procedure of the
preceding section consecutively for each one of the four
vectors S̃(j, k), j = ±1, k = ±1, that become fully deter-

mined by the Eqs. (14) and (15) replacing S by S̃(j, k),
pb,0 and pb,1 by pb,0(j, k, j, k) and pb,1(j, k, j, k), and fi-
nally the factor 2 by a factor 8.

We can go further to retrieve the vectors SX , SY , SXY

and the factors γX , γY ,γXY as functions of S̃(j, k). After
Eq. (23) and taking into account that the vectors SX ,
SY , and SXY are unit-modulus and all the γ nonnega-
tive, we have

SX = S̃(1,1)+S̃(1,−1)
|S̃(1,1)+S̃(1,−1)| , γX = |S̃(1,1)+S̃(1,−1)|

2 ,

SY = S̃(1,1)+S̃(−1,1)
|S̃(1,1)+S̃(−1,1)| , γY = |S̃(1,1)+S̃(−1,1)|

2 , (25)

SXY = S̃(1,1)+S̃(−1,−1)
|S̃(1,1)+S̃(−1,−1)| , γXY = |S̃(1,1)+S̃(−1,−1)|

2 .

This proofs the self-tomography of ∆̃(x, y).

We find quite remarkable the parallelism of the scheme
in Fig. 1 with a Bell-type measurement. In both cases
we have two parties in modes 1 and 2 that share a maxi-
mally entangled state and perform local measurements on
the corresponding modes, these are the measurements of
X,Y in mode 2 and the measurements of U†XU,U†Y U
in mode 1. The key of Bell tests is to obtain two-mode,
pairwise, joint statistics that taken together are incom-
patible with classical causal reasoning. To this end the



4

two parties must perform alternatively the measurement
of incompatible observables, such as the ones X and Y
just considered above.

In a recent work we have proposed Bell-type experi-
ments where all the exact statistics involved in the Bell
test are obtained from a noisy joint measurement of all
the observables in a single experimental arrangement
[16, 17]. This is exactly the statistics in Eq. (24). Abso-
lutely all the weird peculiarities of quantum correlations
must be then contained in the observed noisy joint statis-
tics p̃b,R(x1, y1, x2, y2).

A convenient way to extract such nonclassical features
is to apply to p̃b,R(x1, y1, x2, y2) an inversion procedure
providing the exact statistics of all observables involved
in the Bell tests. Roughly speaking, this consists on
removing the extra fuzziness implied by the simultane-
ous observation of incompatible observables. This in-
version lead us from p̃b,R(x1, y1, x2, y2) to a new distri-
bution pb,R(x1, y1, x2, y2) whose marginals are the exact
marginals for the four observables X,Y in mode 2, and
U†XU,U†Y U in mode 1, as well as their two-party, pair-
wise combinations. Formally, this inversion procedure
carried out in detail in Ref. [16], can be expressed as

∆̃ (x, y)→ ∆ (x, y) , (26)

being

∆(x, y) =
1

4
[σ0 + S(x, y) · σ] , (27)

and

S(x, y) = xSX + ySY + xy
γXY

γXγY
SXY . (28)

After Eqs. (??) and (28) we can determine the inverted
four vectors S(x, y) and the corresponding ∆(x, y) in Eq.
(27). Finally this leads to the inferred noiseless joint
distribution

pb,R(x1, y1, x2, y2) = 〈ψ|U†∆1(x1, y1, )⊗∆2(x2, y2)U |ψ〉b,
(29)

so that

pb,R(x1, y1, x2, y2) =
1

16
[1 + S(x1, y1)RS∗b (x2, y2)] .

(30)

We have shown in Ref. [16] that violation of Bell’s
inequalities is equivalent to a pathological distribution
pb,R(x1, y1, x2, y2) in the sense of taking negative values.
These negative values are actually a clear nonclassical sig-
nature since they can never occur in the classical domain
where the inversion procedure always leads to the cor-
responding exact joint probability distribution [18–20].
Moreover these negativities comply with Fine’s theorem
[21]. This implies that ∆ (x, y) are no longer positive

definite. We can consider this as a signature of ∆ (x, y)
being a nonclassical detector as a necessary condition to
obtain statistics beyond the reach of classical physics [1].

In the spirit of this work, the violation of the Bell
inequalities becomes then a convenient form of dis-
closing the nonclassical nature of ∆ (x, y) via the self-
tomography protocol developed above. To illustrate this
point let us assume that SX , SY , and SXY are mutually
orthogonal, i. e.,

SX = (1, 0, 0), SY = (0, 1, 0), SXY = (0, 0, 1), (31)

along with R = R0 and b = z, so that the inferred joint
distribution (30) becomes

pz,0(x1, y1, x2, y2) =
1

16
[1 + S(x1, y1) · S∗z (x2, y2)] .

(32)
being

S(x1, y1) · S∗z (x2, y2) = x1x2 − y1y2v + x1x2y1y2
γ2XY

γ2Xγ
2
Y

.

(33)
Clearly pz,0(x, y,−x, y) < 0 since

pz,0(x, y,−x, y) = − 1

16

(
1 +

γ2XY

γ2Xγ
2
Y

)
< 0, (34)

revealing the quantum nature of the detectors.

We have presented a rather intuitive model of self-
tomography. This exploits a rather unique feature of
quantum mechanics where detectors are characterised by
field states, establishing a fruitful symmetry between ob-
serving an observed systems.

Standard detector tomography may be performed by
sending classical-like states to a single realization of the
detector. In this regard, the self-tomographic scheme
proposed in this work does not pretend to offer practical
or technical advantages, but instead focus on conceptual
issues. Our main aim here is the possibility to directly
check the quantum nature of detection processes, without
relying on previous assumptions about the nature of field
states.
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