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We analyze how to parametrize general modifications of the dark matter perturbations equations
in a model-independent way. We prove that a general model with an imperfect and non-conserved
dark matter fluid with bulk and shear viscosities and heat flux in a modified gravity scenario can
be described with five general functions of time and scale. We focus on the sub-Hubble regime
within the quasi-static approximation and calculate the observable power spectra of the galaxy
distribution, galaxy velocities and weak lensing and find that these observables are only sensitive
to three combinations of the initial five functions. Deviations of these three observable functions
with respect to ΛCDM give us different characteristic signals which allow us to determine in which
cases it is possible to discriminate a modification of gravity from an imperfect or non-conserved
dark matter. Finally, we perform a Fisher forecast analysis for these three parameters and show an
example for a particular model with shear viscosity.

PACS numbers: 04.50.Kd, 98.80.-k, 98.80.Cq, 12.60.-i

I. INTRODUCTION

The ΛCDM model has become the current concordance
model thanks to its simplicity and its excellent agreement
with most of the observational data, from the Cosmic
Microwave Background (CMB) [1, 2] to the accelerated
expansion of Universe via the Supernovae measurements
[3, 4] or the large-scale structure (LSS) observables from
galaxy maps [5–7]. However, to date ΛCDM can only be
considered as a phenomenological description rather than
a fundamental theory since the nature of its dark sector
remains completely unknown. This fact has motivated
the search for underlying theories which could shed new
light on the properties of such sector. Among the various
possibilities that have been explored, more general grav-
ity theories based on well-motivated fundamental physi-
cal principles [8, 9] and models with additional degrees of
freedom have received much attention in recent years. In
this line, theories like quintessence [10, 11], f(R) [12–14]
and many others [15] can fit observations, including the
accelerated expansion of Universe with the same preci-
sion as a cosmological constant.

On the other hand, although ΛCDM assumes a per-
fect non-relativistic fluid for dark matter which is decou-
pled from baryons and dark energy i.e. cold dark mat-
ter (CDM), many other possibilities cannot be a priori
excluded. Indeed, given our limited observational infor-
mation on the dark components, additional interactions
within the dark sector that could modify the background
and the evolution of CDM perturbations have been pro-
posed [16, 17]. As a matter of fact, it has been shown
that these interacting model could alleviate some of the
problems of the ΛCDM model such as the so called coin-
cidence problem [18]. In addition, there are some experi-
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mental tensions between the CMB and local observables
which could be reduced in modified scenarios [19, 20].
On the other hand, there are also some well-known prob-
lems related to standard CDM at sub-galactic scales such
as the problem of missing satellites [21, 22] or the cusp-
core problem [24], but also on larger scales, as suggested
by the Planck measurements that observed less clusters
than expected [23], which could point towards a modifi-
cation of the perfect-fluid CDM scenario. In this sense,
in addition to the high variety of dark energy and mod-
ified gravity models, there are also several proposals for
imperfect and non-conserved dark matter. These models
can be classified into three main types: interacting dark
sector models [25, 26], models of an imperfect fluid with
bulk and shear viscosity [27, 28], and models of an imper-
fect fluid with heat flux. There are different approaches
for interacting models but in most of them, the interac-
tion term is assumed proportional to the dark matter or
dark energy densities [29]. These interacting models have
been proved to be compatible with current observations
[30, 31]. On the other hand, imperfect fluid models for
dark matter have been considered as possible solutions to
the small-scale problems of CDM [27]. Regarding mod-
els with bulk viscosity, it has been shown that they can
generate a negative pressure contribution that can accel-
erate the universe expansion [32, 33]. Nevertheless, if we
consider it as the only contribution to the late-time ac-
celeration, we find problems and it seems necessary to
include dark energy [34, 35]. Finally, practically there
are no models of dark matter with heat flux proposed in
the literature as in the standard picture dark matter has
to be mainly cold. However a general dark matter model
could have some heat flux effect and for completeness we
will consider it in the general scenario.

On the experimental counterpart, future generations
of galaxy surveys like J-PAS [36], DESI [37], Euclid [38]
or SKA [39] will improve the accuracy of cosmological
measurements and could reaffirm or disprove the ΛCDM
model. In these surveys, the main observables are the
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power spectra of galaxy density, peculiar velocities and
weak lensing convergence. The galaxy density and pecu-
liar velocities power spectra are sensitive to the growth
of CDM perturbations, and also to the background cos-
mology via the Alcock-Paczynski effect [40]. The weak-
lensing effect [41, 42] is the distortion of the galaxy shapes
due to the gravitational perturbations. In addition to the
information on the growth of dark matter perturbations,
the weak lensing measurements provide information on
the gravitational slip which is related to the gravitational
potential that light sees [15].

To model these power spectra for the galaxy and lens-
ing maps, two useful approximations are usually taken
into account: the sub-Hubble approximation, and the
quasi-static approximation (QSA). With this last ap-
proximation, we neglect time derivatives of perturba-
tions with respect to the spatial derivatives in the sub-
Hubble regime. Assuming these approximations, it is
well-known that a general modified gravity model with
extra scalar degrees of freedom can be described with
only two additional parameters: an effective Newton con-
stant µ = Geff/G and a gravitational slip parameter γ
[43, 44]. However, when including the possibility of hav-
ing imperfect and non-conserved dark matter, this simple
effective description in no longer valid. In this work we
analyze how to characterize a non-standard dark matter
fluid in a model-independent way. We find that a total
of five parameters are needed to characterize a general
modification of gravity and dark matter. We obtain the
effects of this parametrization in the observable power
spectra and find that, although we need five indepen-
dent parameters to describe the full theory, the observ-
ables are only sensitive to three different combinations of
them. We conclude that, even at the perturbation level,
the observable effects of a modification of gravity can be
mimicked by a modification of the dark matter properties
in certain cases. However, we will also show that, in other
cases, it is possible to distinguish them observationally.
Finally, we perform a Fisher matrix forecast for these
three parameters using Euclid and SKA-WALLABY sur-
veys and analyze a particular model with shear viscosity.

The paper is organized as follows: in II we review the
standard case for modified gravity with the µ and γ pa-
rameterization for scalar degrees of freedom. Then in III
we generalize the conservation equations, we define the
parameters and finally we obtain their general expres-
sions. In section IV, we consider a non-conserved and
imperfect fluid for dark matter. We obtain expressions
for the parameters in different cases: fluids with bulk and
shear viscosity, fluids with heat flux and a non-conserved
fluid. In section V we obtain analytic approximations for
the growth function in terms of the new parameters. We
use these results in VI to obtain the effect of this pa-
rameterization in the observable power spectra of dark
matter density contrast, peculiar velocities and conver-
gence power spectrum. In VII we perform a Fisher anal-
ysis for the three observable parameters in Euclid and
SKA-WALLABY surveys; and in VIII we constraint a

particular model with shear viscosity using SDSS lumi-
nous red galaxies. Finally in IX we discuss the results
and conclusions.

II. MODIFIED GRAVITY
PHENOMENOLOGICAL PARAMETRIZATION

In this section we review the phenomenological
parametrization of modified gravity presented in [44]. We
consider a modification of General Relativity in the pres-
ence of extra scalar degrees of freedom φi. We start with
the scalar perturbation of the flat Robertson-Walker met-
ric in the longitudinal gauge,

ds2 = a2(τ)[−(1 + 2Ψ)dτ2 + (1− 2Φ)dx2], (1)

where τ is the conformal time. Adittionaly, we consider
the perturbation of each scalar degree of freedom φi =
φ0
i (τ) + δφi(τ,x). Then the modified Einstein equations

at the perturbation level are,

δḠµν = 8πGδTµν , (2)

where the perturbed modified Einstein tensor δḠµν can
depend on both the metric potentials Φ, Ψ and the per-
turbed fields δφi to first order. The only matter-energy
content relevant at late times is pressureless matter so
that,

δT 0
0 = −ρ δ, (3)

δT 0
i = −ρ vi, (4)

δT ij = 0, (5)

where vi is the three-velocity of matter, ρ is the density
and δ the density contrast. A priori, we can construct
four independent equations but, as shown in [45], due to
the Bianchi identities we have only two: δḠ0

0 and δḠii.
At first order in perturbations they read,

a11 Ψ + a12 Φ +

N∑
i=1

a1i+2 δφi = −8πGa2 ρ δ, (6)

a21 Ψ + a22 Φ +

N∑
i=1

a2i+2 δφi = 0, (7)

where N is the number of scalar degrees of freedom, aij
are general differential operators that we will restrict to
be of second order. Now we introduce the quasi-static
approximation in which we neglect all time derivatives
of perturbations. Then, if we consider the equations in
Fourier space, equations (6) and (7) become algebraic
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equations and aij functions of time and scale k. For each
scalar degree of fredoom we would have an equation and
using them we could obtain in the quasi-static approxi-
mation the following expressions,

δφi = b1iΨ + b2iΦ, (8)

being bij functions of time and scale k. Using equations
(8) we can solve the system (6-7) and write the solution
as,

k2 Φ = −4πGa2 µγ ρ δ, (9)

k2 Ψ = −4πGa2 µρ δ, (10)

where,

γ = −
a21 +

∑N
i=1 a2i+2b1i

a22 +
∑N
i=1 a2i+2b2i

, (11)

µ =
2k2

a11 +
∑N
i=1 a1i+2b1i + γ

(
a12 +

∑N
i=1 a1i+2b2i

) ,
(12)

If we assume the coefficients aij and bij to be quadratic in
k, we recover the explicit expressions for µ and γ obtained
in [44]. Here, we remark the fact that, in the quasi-static
approximation, a general modification of gravity with ad-
ditional scalar degrees of freedom can be characterized
by two functions µ(k, a) and γ(k, a) (see [45, 46] for the
vector case).

Finally, if we want to complete the problem we need
the dark matter conservation equations. In the standard
case the conservation equations read,

∇µTµν = 0, (13)

For a pressureless matter we have,

Tµν = ρ uµuν , (14)

being

ρ = ρ0 + δρ, (15)

and the four-velocity of matter uµ = dxµ/ds is

uµ = a−1(1−Ψ, vi), (16)

so that

uµ = a(−1−Ψ, vi). (17)

Because we are considering only scalar perturbations,
the velocity perturbation is longitudinal so that v̂ = k̂.
Then we can obtain from (13) two scalar equations:
∇µTµ0 = 0 and ki∇µTµi = 0. If we apply the quasi-static
approximation we readily obtain,

δ′ = −θ, (18)

and

θ′ = −Hθ + k2Ψ, (19)

where prime denotes derivative with respect to τ , H =
a′/a is the comoving Hubble parameter and θ = ikiv

i. If
we derive equation (18) with respect to τ and use equa-
tions (18) and (19) we can obtain the evolution equation
for the density contrast δ,

δ′′ +H δ′ + k2Ψ = 0, (20)

Using equation (10) in (20) we obtain,

δ′′ +H δ′ − 3

2
H2 Ωm(a)µ δ = 0, (21)

where we have used 4πGa2 ρ = 3
2 H

2 Ωm(a), being
Ωm(a) = ρm(a)/ρc(a), ρc(a) = 3H2(a)/8πG and H(a) =
a−1H(a) the Hubble parameter.

To summarize we have considered modified gravity
equations (6-7) tha can be characterized by µ and γ func-
tions, together with the standard conservation equations
for dark matter (18-19). In next section we will extend
this formalism for the case in which we also modify the
dark matter conservation equations in the most general
way.

III. PHENOMENOLOGICAL
PARAMETRIZATION OF DARK MATTER

GROWTH

Now we want to modify the conservation equations
(18-19) in a general way. We will consider also a gen-
eral modification of gravity equations (6-7) which can be
encoded in µ and γ parameters via equations (9-10). Be-
cause the scalar perturbations are (θ, δ,Ψ,Φ), the most
general way in which we can modify (18-19) is,

δ′ = −c11 θ + c12Hδ + c13HΨ + c14HΦ, (22)

θ′ = −c21Hθ + c22H2δ + c23 k
2Ψ + c24 k

2Φ, (23)
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With this parametrization cij are in general dimen-
sionless functions of time and scale, and we recover the
standard case when c11 = c21 = c23 = 1 and cij = 0 for
the rest of i, j. We could have other scalar degrees of
freedom with perturbations δqi but, in this situation, we
would also have equations for those degrees of fredoom
and we could find the relations δqi = δqi(θ, δ,Ψ,Φ). Then
we can always find equations of the form of (22-23).

As in the previous section, we derive equation (22)
with respect to conformal time. Using (22) and (23),
and considering the modified gravity equations (9-10) we
obtain,

δ′′ +Hµd δ′ −
3

2
H2 Ωm(a)µm δ = 0, (24)

being,

µm = c11 µ

(
c23 −

H2

k2
C3 + γ

[
c24 −

H2

k2
C4
])

− 2c11

3Ωm(a)
(c22 − C2) , (25)

µd = c21 − c12 −
c′11

H c11
, (26)

with,

Ci ≡
c1i
c11

[
c21 −

c′11

H c11
+
H′

H2
+

c′1i
H c1i

]
. (27)

As we can see, if we want to parameterize the den-
sity contrast evolution, we need only two independent
parameters (µm, µd). On the other hand, to obtain the
velocity perturbation θ as a function of the matter den-
sity contrast δ we can always rewrite equation (22) in the
following form,

θ = −µθ δ′, (28)

where,

µθ =
1

c11
− H δ
c11 δ′

[
c12 −

3

2

H2

k2
Ωm(a)µ (c13 + γ c14)

]
.

(29)

Here δ and δ′ are obtained from the solutions of (24).
Thus we see that in order to describe the general mod-
ified system of equations for matter and gravity per-
turbations, we need in total five effective parameters
(µ, γ, µm, µd, µθ). Notice that now, the presence of an
imperfect dark matter implies that, in general, the effec-
tive Newton constant that controls the growth of matter
perturbations given by µm may be different from the ef-
fective constant that light sees, which is given by the
combination γ(1 + µ)/2, even when γ = 1.

In the following section we will prove that a very broad
class of models can be parameterized with these five pa-
rameters.

IV. NON-CONSERVED AND IMPERFECT
DARK MATTER FLUID

Let us consider a general model for dark matter de-
scribed by an non-conserved energy-momentum tensor
for an imperfect pressureless fluid. Thus we can write it
as [47],

Tµν = T pfµν + T visµν + Thµν , (30)

with a perfect fluid contribution,

T pfµν = ρ uµuν , (31)

a viscous term

T visµν = −ξΘhµν − 2 η σµν , (32)

and a heat-flow contribution

Thµν = qµuν + qνuµ, (33)

being,

σµν =
1

2

(
hαµ∇αuν + hαν ∇αuµ

)
− 1

3
Θhµν , (34)

with

hµν = gµν + uµuν , (35)

and

Θ = ∇αuα. (36)

Here qµ is a general energy current, ξ is the bulk vis-
cosity parameter and η is the shear viscosity parameter.
Finally, we will consider that, due to a possible interac-
tion between dark matter and another species (like dark
energy), this energy-momentum tensor is not conserved,
i.e.

∇µTµν = Qν , (37)

Since we are considering only linear perturbations, we
can analyze each contribution individually.

A. Dark matter with bulk and shear viscosity

In this subsection we consider only the viscosity term
so that Tµν = T pfµν +T visµν and assume it is conserved. We
consider a general perturbation in the bulk and shear
viscosities,

ξ(τ,x) = ξ0(τ) + δξ(τ,x), (38)
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η(τ,x) = η0(τ) + δη(τ,x). (39)

These perturbations can always be related to the mat-
ter density contrast in the following form

δξ ≡ aρ

H
ξp δ, (40)

δη ≡ aρ

H
ηp δ, (41)

where ξp and ηp are arbitrary dimensionless functions of
time and scale, and the prefactors aρ/H are introduced
for convenience. Then the conservation equations take
the form of (22-23) with,

c11 = 1− 6ξ̄, c12 = 9(ξp − ξ̄), c13 = 9ξ̄,

c21 =
1

1− 3ξ̄

[
1− 27ξ̄2 + 6ξ̄ − 3

ξ̄′

H
+

(
4

3
η̄ + ξ̄

)
k2

H2

]
,

c22 = − 3ξp
1− 3ξ̄

k2

H2
, c23 =

1

1− 3ξ̄
, c14 = c24 = 0,

(42)

being,

ξ̄ =
Hξ0
aρ

, η̄ =
Hη0

aρ
. (43)

Notice that in order to avoid large modifications, in the
sub-Hubble regime, ξ̄, ξp, η̄ � 1. In this situation,

c21 = 1 +

(
4

3
η̄ + ξ̄

)
k2

H2
, c22 = −3ξp

k2

H2
,

c11 = c23 = 1, c12 = c13 = c14 = c24 = 0, (44)

using these expressions and relations (25-29) we obtain,

µm = µ+
2ξp

Ωm(a)

k2

H2
, (45)

µd = 1 +

(
4

3
η̄ + ξ̄

)
k2

H2
, (46)

µθ = 1. (47)

B. Dark matter with heat flux

Now we consider only the heat flux contribution so that
Tµν = T pfµν + Thµν and assume it is conserved. As we are
considering an isotropic background, the perturbed heat
flux is in general,

qµ = [q0(τ) + δq0(τ,x), δqi(τ,x)] , (48)

Again we can always relate these perturbations to the
dark matter perturbations in the following way,

δq0 ≡ qd aρ δ, (49)

δqi ≡ qv aρ vi, (50)

where qd and qv are arbitrary dimensionless functions of
time and scale. The conservation equations take also the
form of (22-23) with,

c11 =
1

1− 2qd
[1 + qv − q̄0],

c12 =
2

1− 2qd

[
q′d
H

+

(
2 +

(aρ)′

Haρ

)
qd

− q̄
′
0

H
−
(

2 +
(aρ)′

Haρ

)
q̄0

]
,

c13 = − 2

1− 2qd

[
q̄′0
H

+

(
2 +

(aρ)′

Haρ

)
q̄0

]
,

c21 =
1

1 + qv − q0

[
1 +

q′v
H

+

(
3 +

(aρ)′

Haρ

)
qv

+
q̄′0
H

+

(
1 +

(aρ)′

Haρ

)
q̄0

]
,

c23 =
1

1 + qv − q0
[1− 2q̄0] ,

c14 = c22 = c24 = 0, (51)

being q̄0 = q0/aρ. Then we can use equations (25-29)
and obtain µm, µd and µθ that are in general different
from one. They are lengthy expressions which we do not
show explicitly.

C. Non-conserved dark matter

Finally, we consider that the energy-momentum tensor
is not conserved in general. This may be due to an inter-
action between dark matter and dark energy. We perturb
the Qµ four-vector considering an isotropic background,

Qµ = [Q0(τ) + δQ0(τ,x), δQi(τ,x)] , (52)

We relate these perturbations with the dark matter per-
turbations in the following way,

δQ0 ≡ ν0 ρH δ, (53)

δQi ≡ νv ρH vi, (54)
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being ν0 and νv arbitrary dimensionless functions of time
and scale. The cij coefficients of equations (22-23) are,

c12 = x− ν0, c21 = 1− x− νv,
c11 = c23 = 1, c13 = c14 = c22 = c24 = 0, (55)

where x = Q0/Hρ. If we use equations (25-29) we obtain,

µm = µ+
2

3 Ωm(a)
[ν0 νv − x νv − (1− x) (ν0 − x)

+
(Hx)′

H2
− (Hν0)′

H2

]
, (56)

µd = 1 + ν0 − νv − 2x, (57)

µθ = 1− H δ
δ′

(x− ν0). (58)

To summarize what we have shown in the last sub-
sections, a general model for an imperfect non-conserved
fluid in a modified gravity scenario can be described with
parameters (µ, γ, µm, µd, µθ). The corresponding modi-
fied gravity and modified dark matter equations are,

k2 Φ = −3

2
H2 Ωm(a)µγ δ, (59)

k2 Ψ = −3

2
H2 Ωm(a)µ δ, (60)

δ′′ +Hµd δ′ −
3

2
H2 Ωm(a)µm δ = 0, (61)

θ = −µθ δ′. (62)

V. GROWTH FUNCTION PARAMETRIZATION

As we are interested in obtaining how the growth func-
tion changes due to the modified growth equation (61),
in this section we will calculate useful analytical approx-
imations in terms of µm and µd parameters. We will use
these analytical approximations to obtain forecast results
in a simple way using the Fisher matrix. The growth
function is defined as,

f(a) ≡ d ln δ

dN
, (63)

being N = ln a. We will consider two cases: first of all
the simplest case in which µm and µd are just constants,

and then the case in which |1 − µm(a, k)| � 1 and |1 −
µd(a, k)| � 1.

We start with the growth equation (61) and we do the
following variable change,

δ′ = H δ f, (64)

so that

δ′′ = H2 δ

[
ḟ + f2 +

Ḣ
H
f

]
, (65)

where dot denotes derivative respect to N . Using (64-65)
in (61) and H = aH we obtain,

ḟ + f2 +

[
1 + µd +

Ḣ

H

]
f =

3

2
Ωm(a)µm. (66)

For the standard case (µm, µd) = (1, 1) we have the
known analytical fitting function [48],

f(a) = Ωγ̂m(a), (67)

where γ̂ = 0.545 is the growth index [48]. Also, when
µm = const 6= 1 we found a good analytical fitting func-
tion [49],

f(a) =
1

4

[√
1 + 24µm − 1

]
Ωγ̂m(a). (68)

We want to include the µd effect so we proceed as in
[49]. Let us assume a solution of the form,

f(a) = ζ(µm, µd) Ωγ̂m(a), (69)

in a ΛCDM background so that

Ḣ

H
= −3

2
Ωm(a), (70)

with

Ω̇m(a) = −3 Ωm(a) (1− Ωm(a)), (71)

using (69-71) in (66) and considering the approximation
Ωm(a) ' 1 we obtain,

ζ2 −
[

1

2
− µd

]
ζ − 3

2
µm = 0, (72)

Thus we can obtain ζ(µm, µd) and extend the result in
(68) as,

f(a) =
1

4

[√
(1− 2µd)2 + 24µm + 1− 2µd

]
Ωγ̂m(a).

(73)
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FIG. 1: Errors (%) of the analytic expression (73) with respect
to the numerical solution of f(a) for constant µm and µd.

Let us know check the accuracy of this analytic approx-

imation with respect to the numerical solution. We plot
the errors in Fig. 1. As we can see, if the modifications
of µm and µd are below the 10 %, the analytic approxi-
mation has errors of order 1 %.

Now we analyze the case |1 − µm(a, k)| � 1 and |1 −
µd(a, k)| � 1. Proceeding as in [49], we assume a solution
of the form,

f(a, k) = [1 + ε(a, k)] Ωγ̂m(a), (74)

with ε � 1. We use (74) into (66), keeping linear terms
in 1− µm, 1− µd and ε. Considering the approximation
Ωm(a) ' 1 we obtain,

ε̇+
5

2
ε = (1− µd)−

3

2
(1− µm) , (75)

Solving this last equation and changing to the variable z,
we obtain the correction to the growth function ε as,

ε(z, k) = (1 + z)
5/2

∫ zmat

z

[
(1− µd(z′, k))− 3

2
(1− µm(z′, k))

]
(1 + z′)

−7/2
dz′, (76)

where zmat is the redshift in the matter dominated era
for which µm(zmat, k) ' µd(zmat, k) ' 1 that we take
as zmat ' 10 (the results are not very sensitive to the
specific value chosen).

In order to test this approximation we consider the
following expressions for µm(z) and µd(z),

µm(z) = 1 + (µ0
m − 1)

1− Ωm(z)

1− Ωm
, (77)

and

µd(z) = 1 +
(µ0
d − 1)

1 + z
. (78)

We plot the errors for the growth function from the ap-
proximation (76) with respect to the numerical solution
in Fig. 2. As in the previous case, the analytic approx-
imation has errors of order 1 % for modifications of µm
and µd of order 10 %.

In addition, we can do an analytical check of expres-
sion (74) for the case in which µm and µd are constants.
Using,

(1 + z)
5/2

∫ zmat

z

(1 + z′)
−7/2

dz′ ' 2

5
, (79)

for z � zmat, we obtain,

FIG. 2: Errors (%) of the analytic expression (76) with respect
to the numerical solution of f(z) for µm(z) and µd(z) following
expressions (77-78).

f(a) =

[
4

5
− 2

5
µd +

3

5
µm

]
Ωγ̂m(a). (80)

We also recover this result if we apply the aproximation
|1− µm| � 1 and |1− µd| � 1 in equation (73).
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VI. OBSERVABLE EFFECTS IN GALAXY AND
WEAK LENSING POWER SPECTRA

The next era of precision cosmology will be driven by
galaxy surveys, so it is interesting to study how sensitive
the galaxy observables are to the effective parameters in-
troduced before. In this section we are going to calculate
the galaxy and weak lensing power spectra: Pgg, Puu,
Pgu and Pκκ [50–54] in the presence of a modified cos-
mology and a modified dark matter fluid (58-61), where
u is the line of sight velocity that we define below.

First of all, we calculate the Pgg, Puu, Pgu power spec-
tra. We need to take into account that we measure the
galaxy density contrast in redshift space so that [55],

δsg = δrg − µ̂2 θg
H
, (81)

where δsg and δrg are the density contrast of galaxies in
redshift space and real space respectively µ̂ is the cosine
of the angle between ~k and the line of sight, and θg =
ikiv

i
g. We consider only a bias b between the density

contrast of galaxies and dark matter so that

δrg = b δ, θg = θ, (82)

Using equations (82), (61) and (64) in equation (81) we
find,

δsg =
(
1 + µθ β µ̂

2
)
b δ, (83)

where we have defined β ≡ f/b. Also, the line of sight
velocity is defined as,

u(k, µ̂) = i µ̂
θg
k
, (84)

Thus, taking into account that θg = θ = −µθH f δ, we
obtain,

u = − i µθH f µ̂

(1 + z) k
δ. (85)

Using the expressions for δsg and u we can calculate the
power spectra: Pgg = 〈δsgδs ∗g 〉, Puu = 〈uu∗〉 and Pgu =
〈δsgu∗〉,

Pgg(z, kr, µ̂r) =
D2
A rH

D2
AHr

(
1 + µθ β µ̂

2
)2
D2 b2 P (k),

(86)

Puu(z, kr, µ̂r) =
D2
A rH

D2
AHr

(
µθH f µ̂

(1 + z) k

)2

D2 P (k), (87)

Pgu(z, kr, µ̂r) =
D2
A rH

D2
AHr

i µθH f µ̂

(1 + z) k

(
1 + µθ β µ̂

2) D2 b P (k),

(88)

where we have taken into account the Alcock-Paczynski
effect [40] being,

k = Qkr, (89)

µ̂ =
H µ̂r
Hr Q

, (90)

Q =

√
H2 χ2 µ̂2

r −H2
r χ

2
r (µ̂2

r − 1)

Hr χ
, (91)

where the subindex r denotes that the corresponding
quantity is evaluated in the fiducial cosmology, χ is the
comoving radial distance,

χ(z) =

∫ z

0

dz′

H(z′)
, (92)

and DA is the angular distance. In a flat Universe
DA(z) = (1 + z)−1 χ(z). P (k) is the dark matter power
spectrum today and D(z) = δ(z)/δ(0),

D(z) = exp

[∫ N(z)

0

f(N ′)dN ′

]
, (93)

being N(z) = − ln(1 + z). As we can see from (73),
D(z) = D(z, µm, µd) and f(z) = f(z, µm, µd). Finally,
the convergence power spectrum is affected by the com-
bination k2(Ψ + Φ) so we obtain the result,

Pκκ ij(`) =
9H4

0 Ω2
m

4

∫ ∞
0

dz
(1 + z)2

H(z)
gi(z) gj(z)

µ2 (1 + γ)2

4
D(z, µm, µd)

2 P

(
`

χ(z)

)
, (94)

where gi(z) is the window function,

gi(z) =

∫ ∞
z

(
1− χ(z)

χ(z′)

)
ni(z

′) dz′, (95)
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being ni(z) the galaxy density, normalized to one, in the
redshift bin i,

ni(z) ∝
∫ z̄i

z̄i−1

n(z′)e
(z′−z)2

2σ2
i dz′, (96)

where the redshift error is σi = δz(1+zi), z̄i is the upper
limit of the i-bin and n(z) is,

n(z) =
3

2z3
p

z2 e−(z/zp)3/2 , (97)

being zp = zmean/
√

2 and zmean the survey mean red-
shift. As we can see from the power spectra observables,
Pgg, Puu and Pgu are sensitive to (µθ, ζ); and Pκκ is sen-
sitive to (Σ, ζ) where,

ζ =
1

4

[√
(1− 2µd)2 + 24µm + 1− 2µd

]
, (98)

and

Σ =
µ (1 + γ)

2
, (99)

Thus, as shown before, we need (µ, γ, µm, µd, µθ) to
describe, in a model independent way, a general modifi-
cation of Einstein equations and conservation equations,
however, using galaxy power spectra, as we can see in
equations (86-88) and (94), we are only sensitive to the
following combinations: D b, µθDf , ΣD and the Hub-
ble parameter H. Assuming that the galaxy bias is fixed
by a bias model, the observables are able to constrain
the three combinations (Σ, ζ, µθ). Therefore, parameters
(µ, γ) and (µm, µd) are degenerated.

Σ ζ µθ Underlying theory
1 1 1 ΛCDM
6= 1 1 1 MG γ 6= 1
1 6= 1 1 BSV
1 1 6= 1 -
1 6= 1 6= 1 BSV +HNC
6= 1 1 6= 1 -
6= 1 6= 1 1 MG+BSV
6= 1 6= 1 6= 1 MG+BSV +HNC

TABLE I:MG denotes modified gravity, BSV bulk and shear
viscosity, and HNC refers to heat flux and non-conserved
fluid. If the underlying theory is − means that this possible
theory has a fine tuning parameter values.

Any deviation from one of any of the three mentioned
parameters will imply a modification of General Rela-
tivity or a modification of the perfect-fluid description
of dark matter. We summarize in Table I the different
combinations of parameters and the compatible underly-
ing theories. Thus, for example, we see that a detection
of Σ 6= 1 with ζ = µθ = 1 is only compatible with modi-
fied gravity. On the other hand, ζ 6= 1 with Σ = µθ = 1
can only be produced by modified dark matter. Similarly,
ζ 6= 1 and µθ 6= 1 with Σ = 1 cannot be generated by
modified gravity. On the contrary, we see that different
from one measurements of the three parameters will not
allow to distinguish whether the underlying theory is a
modification of gravity or an imperfect dark matter.

VII. FISHER FORECAST FROM CLUSTERING,
VELOCITY AND WEAK LENSING POWER

SPECTRA

Once we have some useful parametrizations of the
growth function and we have seen how galaxy power
spectra are modified, we want to perform a Fisher anal-
ysis to forecast the capability of future surveys like
Euclid to constrain the dark matter phenomenological
parametrization. Therefore, let us summarize the Fisher
analysis for the Pgg, Puu, Pgu and Pκκ power spectra.
We are interested in computing the Fisher matrix in each
redshift bin. Thus, the Fisher matrices for Pgg, Puu and
Pgu are [56],

Fαβ(za) =
V (za)

8π2

∫ 1

−1

dµ̂

∫ kmax

kmin

dk k2 ∂Σij
∂pα

∣∣∣∣
r

Σ−1
jm

∂Σmn
∂pβ

∣∣∣∣
r

Σ−1
ni , (100)
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where V (za) is the comoving volume of the redshift bin
a,

V (za) =
4π fsky

3

[
χ3(za + ∆za/2)− χ3(za −∆za/2)

]
,

(101)
being fsky the fraction of the sky and ∆za the width of
the bin a. The matrix Σij is,

Σ =

(
Pgg + n̄−1

g Pgu
Pug Puu + n̄−1

u σ2
u

)
, (102)

where n̄g is the galaxy density in bin a and n̄u is the
galaxy density for the velocity field in bin a. In general
n̄g > n̄u. σu is the velocity noise,

σ2
u = σ2

∗ + ε z, (103)

being σ∗ = 10−3 (c = 1) and ε = 0.2 the fractional error
[57]. We can obtain the Fisher matrix only for Pgg, Puu
or Pgu using expression (100),

F ggαβ(za) =
V (za)

8π2

∫ 1

−1

dµ̂

∫ kmax

kmin

dk k2 ∂ lnPgg
∂pα

∣∣∣∣
r

∂ lnPgg
∂pβ

∣∣∣∣
r

[
n̄gPgg

1 + n̄gPgg

]2

, (104)

Fuuαβ (za) =
V (za)

8π2

∫ 1

−1

dµ̂

∫ kmax

kmin

dk k2 ∂ lnPuu
∂pα

∣∣∣∣
r

∂ lnPuu
∂pβ

∣∣∣∣
r

[
σ−2
u n̄uPuu

1 + σ−2
u n̄uPuu

]2

, (105)

F guαβ(za) =
V (za)

4π2

∫ 1

−1

dµ̂

∫ kmax

kmin

dk k2 ∂ lnPgu
∂pα

∣∣∣∣
r

∂ lnP ∗gu
∂pβ

∣∣∣∣
r

[
σ−2
u n̄un̄gPguP

∗
gu

(1 + n̄gPgg)
(
1 + σ−2

u n̄uPuu
)

+ σ−2
u n̄un̄gPguP ∗gu

]
.

(106)

Finally, the Fisher matrix for the convergence power spectrum is,

Fαβ = fsky
∑
`

∆ ln `
(2`+ 1) `

2

∂Pκκ ij
∂pα

∣∣∣∣
r

C−1
jm

∂Pκκ mn
∂pβ

∣∣∣∣
r

C−1
ni , (107)

where

Cij = Pκκ ij +
γ2
int

n̂i
δij , (108)

being γint = 0.22 the intrinsic ellipticity [58], n̂i the
galaxies per steradian in the i-th bin,

n̂i = nθ

∫ z̄i
z̄i−1

n(z) dz∫∞
0
n(z) dz

, (109)

where nθ is the areal galaxy density and n(z) follows
equation (97). We sum in ` with ∆ ln ` = 0.1 from `min =
5 to `max = χ(zα′) kmax being α′ = min(α, β). For this
Fisher matrix we need to discretize in redshift bins the
convergence power spectrum (94),

Pκκ ij(`) =
9H4

0 Ω2
m

4

∑
a

∆za
(1 + za)2

Ha
gi(za)gj(za)

µ2
a(1 + γa)2

4
D2
a P

(
`

χ(za)

)
. (110)



11

The size of the Fisher matrix (104) will be np × na
where np is the number of parameters and na is the total
number of redshift bins. Further details on the compu-
tation of Fisher matrices can be found in [59].

The fiducial cosmology we consider is given by the
Planck values [60] Ωc h

2 = 0.121, Ωb h
2 = 0.0226,

Ων h
2 = 0.00064, ns = 0.96, h = 0.68, H−1

0 =
2997.9Mpc/h, Ωk = 0 and σ8 = 0.82 in the standard
ΛCDM model. For this cosmology E(z) ≡ H(z)/H0,
reads

E(z) =
√

Ωm (1 + z)3 + (1− Ωm). (111)

For the fiducial cosmology we obtain the present mat-
ter power spectrum P (k) from CLASS [61]. Finally, be-
cause we use ΛCDM for the fiducial model, [Σ, ζ, µθ]|r =
[1, 1, 1].

A. Euclid survey

Euclid is a spectroscopy and photometric survey that
will be able to cover 15000 deg2 up to redshift z = 2

with a very high number of emission-line galaxies. In
this subsection we would forecast the precision of Euclid
in the measurements of the effective parameters from Pgg
and Pκκ power spectra. The specifications of Euclid are
[63]: fraction of the sky is fsky = 0.364. The bias is,

b(z) =
√

1 + z, (112)

for kmax values, we consider kmax = kmax(za) imposing
that σ2(za, π/2kmax(za)) = 0.35 so that we only consider
modes in the linear regime,

σ2(z,R) = D2(z)

∫
k′2 dk′

2π2
P (k′)|Ŵ (R, k′)|2, (113)

We use a top-hat filter Ŵ (R, k), defined by

Ŵ (R, k) =
3

k3R3
[sin(kR)− kR cos(kR)]. (114)

For kmin we take the value kmin = 0.007 h/Mpc [63].

z kmax `max n × 10−3 ∆µCθ /µθ(%) ∆ζC/ζ(%) ∆ΣL/Σ(%) ∆µTθ /µθ(%) ∆ζT /ζ(%) ∆ΣT /Σ(%)

0.6 0.195 300 3.56 3.03 2.61 2.90 3.00 2.58 0.88
0.8 0.225 437 2.42 1.78 1.46 2.08 1.66 1.36 1.58
1.0 0.260 597 1.81 1.25 0.97 3.60 1.18 0.92 2.96
1.2 0.299 782 1.44 1.00 0.75 8.96 0.97 0.72 7.22
1.4 0.343 994 0.99 0.96 0.68 30.0 0.95 0.67 23.7
1.8 0.447 1510 0.33 0.84 0.56 340 0.83 0.56 249

TABLE II: Redshift bins, kmax in h/Mpc, `max values, galaxy densities in (h/Mpc)3 and relative errors for µθ, ζ and Σ for
Euclid survey. Super-index C denotes clustering information, L denotes lensing information and T denotes clustering + lensing
information.

Errors in z are δzC = 0.001 for clustering. The values
for redshift bins, galaxy densities and kmax can be found
in Table II. Finally, for the convergence power spectra we
take zmean = 0.9, nθ = 35 galaxies per square arc minute
with δzL = 0.05.

We will first consider the case in which the effective
parameters are just constants. As independent parame-
ters, we consider (µθ, ζ, E) for clustering and (E,Σ) for
lensing in each redshift bin. Then we combine clustering
and lensing information in (µθ, ζ,Σ, E). We summarize
the forecasted errors in Table II and Fig. 3. If we sum
all the information in each bin we find δµθ/µθ = 0.43%,
δζ/ζ = 0.31% and δΣ/Σ = 0.44%.

As a second example, we obtain errors for a partic-
ular phenomenological time-dependent parametrization.
Following [62] we consider (µθ(a), ζ(a),Σ(a)) described

by

µθ(a) = 1 +
(
µ0
θ − 1

) 1− Ωm(a)

1− Ωm
, (115)

ζ(a) = 1 + (ζ0 − 1)
1− Ωm(a)

1− Ωm
, (116)

Σ(a) = 1 + (Σ0 − 1)
1− Ωm(a)

1− Ωm
, (117)

For a small deviation from ΛCDM we find, using equa-
tion (76),
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0.6 0.8 1.0 1.2 1.4 1.6 1.8
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FIG. 3: Forecasted errors (%) for Σ, ζ and µθ using clustering
and lensing information for the Euclid survey.

f(z) =

[
1 + (ζ0 − 1)

5

2
(1 + z)

5/2
∫ zmat

z

1− Ωm(z′)

1− Ωm
(1 + z′)

−7/2
dz′
]

Ωm(z)γ̂ , (118)
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 1
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0 - 1

FIG. 4: Regions of 1 and 2 sigmas for µ0
θ, ζ0 and Σ0 of expres-

sions (115,116,117) using clustering and lensing information
in Euclid survey.

so we obtain the forecast for
(
Σ0, ζ0, µ

0
θ

)
. We find

δΣ0/Σ0 = 2.21%, δζ0/ζ0 = 8.90% and δµ0
θ/µ

0
θ = 5.08%.

We plot the 1 and 2 σ regions for Σ0, ζ0 and µ0
θ in Fig.

4.

B. The WALLABY survey

As we have seen, Euclid will not provide accurate
measurements of peculiar velocities. As an example of
a future peculiar velocity survey we will consider the
SKA-WALLABY survey. WALLABY [39] (Widefield
ASKAP L-band Legacy All-sky Blind surveY) is one of
the ASKAP Survey Science Projects and is focused on
enhancing our understanding of the extragalactic neutral
hydrogen (HI) universe. It will be able to map the galaxy
distribution and galaxy velocity distribution up to red-
shift z = 0.26. This survey will measure Pgg, Puu and Pgu
power spectra. The fraction of the sky, the bias and the
kmax are respectively fsky = 0.75, b = 0.7 and kmax = 0.2
h/Mpc. For kmin we take the value kmin = 0.007 h/Mpc
[63]. As independent parameters we consider (µθ, ζ, E) in
each redshift bin. We summarize the redshift bins, galaxy
densities and the relative precision for each parameter in
Table III. As we can see, due to the low galaxy densities
at low redshift, WALLABY is not competitive measuring
modified gravity and imperfect fluid effects. Although
peculiar velocity power spectrum could be an interest-
ing observable, current and future surveys will not have
enough precision for a competitive measurement of the
effective parameters.
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z ng × 10−3 nu × 10−3 ∆µθ/µθ(%) ∆ζ/ζ(%)

0.0175 67.4 8.50 2130 2130
0.0350 23.1 1.06 494 492
0.0525 8.59 0.15 870 865
0.0700 3.00 0.031 510 506
0.0875 1.09 0.0026 342 340
0.105 0.45 0.00097 308 307

TABLE III: Redshift bins, galaxy densities in (h/Mpc)3 and
forecasted relative errors for µθ and ζ for the WALLABY
survey.

VIII. IMPERFECT DARK MATTER WITH
SHEAR VISCOSITY: PRESENT CONSTRAINTS

AND FORECASTS

Finally, as an example, we analyse a particular model
for dark matter with shear viscosity. We will obtain cur-
rent constraints using SDSS data and compare them with
the expected precision of Euclid. We consider the par-
ticular model of shear viscosity (32) where we define the
dimensionless parameter η̃ ≡ H0η0/24πG [27]. We con-
sider the case in which this parameter is constant. In that
situation we have found a good analytical approximation
for the growth function f(z),

f(z) =

(
1 +

a1

[1 + a2z + a3z2]
3/2

)
Ωγ̂m(z), (119)

a1 = exp
[
−0.146 η̂0.948

]
− 1, (120)

a2 = 1.447− 0.106 η̂ + 0.003 η̂2, (121)

a3 = 0.429− 0.014 η̂ + 0.0004 η̂2, (122)

being η̂ = η̃ (k/H0)2. We will use SDSS matter power
spectrum from luminous red galaxies data [64] to con-
strain η̃. The observable is the galaxy power spectra
today PLRG(k),

PLRG(k) = b2
(

δ(0)

δ(zmat)

δΛ(zmat)

δΛ(0)

)2

PΛ(k), (123)

where δΛ(z) and PΛ(k) are the growth factor and the
matter power spectrum in ΛCDM respectively, and,

δ(0)

δ(zmat)

δΛ(zmat)

δΛ(0)
= exp

[∫ 0

Nmat

(f(N ′)− fΛ(N ′)) dN ′
]
,

(124)
where N = − ln(1 + z) and Nmat ≈ −3. The observa-
tional data of PLRG(k) with errors are in Table IV.

k P ∆P

0.012 124884 18775
0.015 118814 29400
0.018 134291 21638
0.021 58644 16647
0.024 105253 12736
0.028 77699 9666
0.032 57870 7264
0.037 56516 5466
0.043 50125 3991
0.049 45076 2956
0.057 39339 2214
0.065 39609 1679
0.075 31566 1284
0.087 24837 991

TABLE IV: SDSS luminous red galaxies data [64]: k values in
h/Mpc, LRG power spectrum and errors, both in (Mpc/h)3.

0.00002 0.000041.85 1.90 1.95 2.00 2.05
b

0.00002

0.00004

FIG. 5: Likelihood and confidence levels for the shear viscos-
ity model using SDSS luminous red galaxies and considering
b and η̃ as free parameters.

We compute the corresponding χ2 for expression (123)
and obtain the best fit and the confidence regions. First
of all we consider parameters (b, η̃) in Fig. 5, fix-
ing the rest of parameters to the fiducial ones. The
best fit corresponds to the values b = 1.916+0.055

−0.051 and
η̃ =

(
0.953+1.579

−0.953

)
× 10−5. We see that although the best

fit corresponds to a non-vanishing viscosity, it is compat-
ible with zero within one sigma. As a matter of fact, we
find η̃ < 3.71× 10−5 at 95% C.L.

We have also considered (Ωm, b, η̃) as fitting parame-
ters in Fig. 6. In this case, the best fit corresponds to
Ωm = 0.280+0.027

−0.019, b = 1.82+0.08
−0.05, η̃ =

(
0.261+6.875

−0.261

)
×
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FIG. 6: Likelihood and confidence levels for shear viscosity
model using SDSS luminous red galaxies and considering Ωm,
b and η̃ as free parameters.

10−6, which again is compatible with vanishing viscosity
at the one-sigma level. We find η̃ < 7.55 × 10−6 at 95%
C.L.

Finally, we forecast the precision for the future mea-
surements of η̃ with Euclid. We compute the clustering
and lensing power spectra and obtain the Fisher matri-
ces (104) and (107) using the information of VIIA and
considering ΛCDM as the fiducial model. We summarize
the results in Table V.

z kmax `max n × 10−3 ∆η̃C × 10−7 ∆η̃L × 10−7 ∆η̃T × 10−7

0.60 0.195 300 3.56 2.53 8.18 2.41
0.80 0.225 437 2.42 1.55 7.00 1.51
1.00 0.260 597 1.81 1.15 8.14 1.14
1.20 0.299 782 1.44 1.05 13.1 1.04
1.40 0.343 994 0.99 0.97 30.6 0.97
1.80 0.447 1510 0.33 0.94 257 0.94

TABLE V: Redshift bins, kmax in h/Mpc, `max values, galaxy
densities in (h/Mpc)3 and errors for η̃ for the Euclid fore-
cast. Super-index C denotes clustering information, L de-
notes lensing information and T denotes clustering + lensing
information.

As we can see, Euclid improves 1 − 2 orders of mag-
nitude the accuracy of η̃ with respect to SDSS luminous
red galaxies.

IX. ANALYSIS OF THE RESULTS AND
CONCLUSIONS

In this work we propose a model-independent
parametrization of modified gravity and imperfect dark
matter perturbations evolution in the QSA and sub-
Hubble approximation. Unlike the perfect fluid case [44]
in which two parameters (µ, γ) are needed to modify
gravity equations (9 - 10), three additional parameters
are included to modify the conservation equations for
dark matter perturbations (22 - 23). Then the complete
system of equations is described with five independent
parameters (µ, γ, µm, µd, µθ) defined in the following way,

k2 Φ = −3

2
H2 Ωm(a)µγ δ, (125)

k2 Ψ = −3

2
H2 Ωm(a)µ δ, (126)

δ′′ +Hµd δ′ −
3

2
H2 Ωm(a)µm δ = 0, (127)

θ = −µθ δ′. (128)

This parameterization reduces to ΛCDM when µ =
γ = µm = µd = µθ = 1. We have proved that a general
non-conserved and imperfect fluid for dark matter can be
described with this parameterization. Then we study the
galaxy survey observables: power spectrum of galaxy dis-
tribution Pgg, peculiar velocities Puu, the cross-relation
Pgu; and finally the convergence power spectrum of weak
lensing Pκκ. Considering that µm and µd are approxi-
mately constant we find a simple parameterization of the
growth function f(z); and using this growth function we
obtain simple expressions for the power spectra observ-
ables as a function of (µ, γ, µm, µd, µθ). Then we find
that the observables only depend of a reduced subset of
parameters (Σ, ζ, µθ) which are defined as,

Σ =
µ (1 + γ)

2
, (129)

ζ =
1

4

[√
(1− 2µd)2 + 24µm + 1− 2µd

]
, (130)

together with µθ defined in (128). This is interesting
because a measurement of these parameters can give us
some clues about the underlying theory. We explore all
the possibilities in Table I. There are two cases in which
we would extract a lot of information. If ζ = µθ = 1
but Σ 6= 1 i.e. we measure standard galaxy and peculiar
velocity power spectra but a non-standard convergence
power spectrum, this can only be generated by a modi-
fied gravity with µ = 1 but γ 6= 1. If Σ = µθ = 1 but
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ζ 6= 1 i.e. we measure standard power spectra but with
a non-standard growth function, this can be only gen-
erated by a modified dark matter theory with bulk and
shear viscosity. More complicated situations produce a
degeneration between underlying theories as we can see
in Table I.

We have also shown that an Euclid-like survey could
measure (Σ, ζ, µθ) with accuracy of order 1 % as we can
see in Table II and Fig. 3. However, as shown in sec-
tion VII peculiar velocity surveys will not be competitive
measuring these parameters.

Finally, in section VIII we consider a particular model
of modified dark matter with a shear viscosity component
[27]. We use SDSS luminous red galaxies data [64] to
constrain this model and we obtain that η̄ < 7.55× 10−6

at the 95% C.L. Then we perform the Fisher analysis for

the Euclid survey and we find errors for η̄ of order 10−7,
so new galaxy surveys will improve the accuracy in 1− 2
orders of magnitude.

In conclusion, the phenomenological description intro-
duced in this work can be a useful tool to describe a broad
class of non-standard dark matter models. The new effec-
tive parameters are particularly suited for future galaxy
surveys observations and could help discriminate differ-
ent dark sector models.
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