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We consider reflection-asymmetric thin-shell wormholes within Palatini f(R) gravity using a
matching procedure of two patches of electrovacuum space-times at a hypersurface (the shell) via
suitable junction conditions. The conditions for having (linearly) stable wormholes supported by
positive-energy matter sources are determined. We also identify some subsets of parameters able to
locate the shell radius above the event horizon (when present) but below the photon sphere (on both
sides). We illustrate with an specific example that such two photon spheres allow an observer on
one of the sides of the wormhole to see another (circular) shadow in addition to the one generated
by its own photon sphere, which is due to the photons passing above the maximum of the effective
potential on its side and bouncing back across the throat due to a higher effective potential on the
other side. We finally comment on the capability of these double shadows to seek for traces of new
gravitational physics beyond that described by General Relativity.

I. INTRODUCTION

We are currently witnessing the beginning of an era
in which the technological leap in the capability of our
observational devices, together with the progress in the
development of powerful numerical methods and the es-
tablishment of large international collaborations is begin-
ning to pay off in the testing of the strong-field regime of
the gravitational interaction [1–4]. In the search for new
physics in such a regime beyond that of Einstein’s Gen-
eral Relativity (GR) when using compact objects, one
of the main challenges is to find observational discrim-
inators with respect to canonical GR compact objects
(either black holes or stellar objects) [5, 6]. In this sense,
the topic of modified theories of gravity has shaped a
landscape made up of a large and extremely rich num-
ber of proposals to extend GR (see e.g. [7–13] for some
reviews). Despite the fact that many new rotating black
holes [14–19] and other exotic compact objects [20–23]
have been obtained in the literature, most of them intro-
duce quantitatively small differences with respect to GR
solutions, in such a way that the potential for discrimina-
tion between theories is greatly diminished. Therefore,
there is a gap for new ideas on the search for qualitatively
new predictions from compact objects beyond GR.

A natural place to look for discrepancies between the
predictions of GR and modified theories of gravity is by
studying phenomena that occur near the photon sphere
of a compact object. This is so because, being the photon
sphere the last (unstable) orbit of a null geodesic around
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a compact object such that any small perturbation will
turn any photon to spiral down into the object or to es-
cape to infinity, it represents the closest region to the
(in the case of a black hole) event horizon from which
information can be recovered for asymptotic observers.
Moreover, since this is a phenomenon occurring in the
strong-field regime, one would expect to find there the
most noticeable departures from GR expectations. In
this sense, several devices are currently operating in or-
der to look for signals related to such critical curves: the
LIGO/VIRGO Collaboration for gravitational waves out
of black hole mergers [24], and the Event Horizon Tele-
scope for the shadow originated from the plasma around
black holes illuminated by electromagnetic radiation [25–
27]. Therefore, there is nowadays a strong interest in the
theoretical characterization of black hole mimickers: ul-
tracompact objects (perhaps having a photon sphere), al-
most identical to black holes but able to be distinguished
from them via the absence of the event horizon [28–30].

One historical candidate for black hole mimickers is
given by wormholes [31]. Indeed, wormholes arise as ex-
act solutions of Einstein’s equations, and are typically
interpreted as structures allowing to connect far away
regions of the space-time via the restoration of geodesic
completeness. The nature of these objects could be re-
vealed both by their different shadows as compared to
black holes [32–35], or by the fact that the absence of
an event horizon is capable to trigger new phenomena,
such as the generation of echoes, namely, secondary pe-
riodic gravitational waves of decreasing amplitude gener-
ated due to the modes trapped in the effective potential
between the photon sphere and the wormhole throat [36],
a feature which could be probed in the next few years
[37]. However, as opposed to their black hole cousins,
wormholes face the fundamental difficulty that they can
only be supported by matter fields violating the energy
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conditions and, as such, their physical plausibility has
been long contested in the literature. To ameliorate this
difficulty, in thin-shell wormholes one cuts two patches
of some space-times and pastes them together at some
hypersurface (the shell) using a suitable junction condi-
tion formalism, and in a second step the shell is made
as small as possible to keep the violations of the energy
conditions confined to the tiniest possible region [38, 39].
If the radius of the shell is located above the would-be
Schwarzschild radius (for spherically symmetric objects)
then one gets a traversable wormhole [40].

Traversable, thin-shell wormholes are usually con-
structed assuming the same space-time patch on both
sides of its throat, but nothing prevents one from consid-
ering reflection-asymmetric wormholes, namely, different
solutions on each side [41, 42]. For the sake of this work
we are interested in the results of Ref. [43], where the
authors construct reflection-asymmetric wormholes from
two patches of Reissner-Nordström (RN) space-times of
different masses and charges. They show that, in addi-
tion to the standard shadow on each side, on the side with
the lower peak in the effective potential another shadow
is present, which is originated from those photons whose
impact factor allows them to overcome the maximum of
the effective potential and bounce back across the worm-
hole throat after hitting the potential slope on the other
side (for an stability analysis of these solutions see [44]).
This phenomenon, known as double shadows, could hint
at the existence of new physics beyond the one of GR.
The construction of [43], despite being gravity-model-
independent, still has the potential problem of the vi-
olation of the energy conditions at the shell. However,
this difficulty can go away if we frame wormholes within
the context of modified gravity, where the existence of ad-
ditional gravitational corrections, understood as a kind
of matter fluid, are able to restore geodesic completeness
without unavoidably violating the energy conditions, see
e.g. [45–54].

The main aim of this work is therefore to build
reflection-asymmetric thin-shell wormholes from two
patches of RN geometries with different masses and
charges using a Palatini f(R) extension of GR. In the
Palatini formalism, metric and affine connection are re-
garded as independent entities, which in the f(R) case
yields a suitable framework to test the strong-field regime
of the gravitational interaction without bumping into
conflicts with current solar system observations and grav-
itational wave astronomy results [55]. Recently, some of
us [56] developed a suitable junction conditions formal-
ism for this theory, and moreover found spherically sym-
metric stable thin-shell wormholes supported by positive
energy matter fields [57]. Here we shall extend these re-
sults to the asymmetric case. We shall show that while
the matching of a Schwarzschild solution with a RN one
does not allow for such stable and positive-energy asym-
metric wormholes, the RN-RN matching do contain such
solutions for some regions in the space of parameters.
Moreover, we shall show that there is a subset of them

such that the shell radius is above the event horizon
(when present) but below the photon sphere radius (on
both sides of the shell), therefore finding the existence of
stable, positive-energy, traversable thin-shell wormholes
having two distinct photon spheres. We shall illustrate
our results with an explicit example and construct the
corresponding light trajectories and double shadow.

II. THEORETICAL FRAMEWORK

A. Junction conditions in Palatini f(R) gravity

Let us start our analysis by considering two smooth
manifoldsM± (with metrics g±µν), bounded by some hy-
persurfaces Σ±. In the thin-shell formalism one matches
both bulks to form a single manifold M = M+ ∩M−,
which has a time-like hypersurface Σ = Σ± where both
manifolds are joined and coincide with their respective
boundaries. Since there may be discontinuities on sev-
eral geometric and matter quantities across the hyper-
surface, the appropriate mathematical framework to deal
with this scenario is to upgrade the concept of tensorial
functions to that of tensorial distributions. The corre-
sponding conditions that the geometry and the matter
fields need to satisfy at the matching hypersurface and
across it are called junction conditions [58, 59]. One basic
such condition is that the space-time metric components
gµν have to be continuous across the hypersurface, that
is

g+
µν |Σ = g−µν |Σ . (1)

The remaining junction conditions are heavily influenced
by the theory of gravity chosen and its corresponding
field equations. Therefore, we need now to define our
specific framework.

The action of f(R) gravity is given by

S =
1

2κ2

∫
d4x
√
−gf(R) +

∫
d4x
√
−gLm(gµν , ψm) ,

(2)
where κ2 is Newton’s constant in suitable units, g is the
determinant of the space-time metric gµν , f(R) is a func-
tion of the Ricci scalar R ≡ gµνRµν(Γ), which is con-
structed out of the Ricci tensor as Rµν(Γ) ≡ Rαµαν(Γ),
which only depends on the affine connection Γ ≡ Γλµν ,
the latter being independent of the metric (Palatini ap-
proach). As for the matter Lagrangian, Lm, it is a func-
tion of the space-time metric and the matter fields ψm,
but not of the independent connection.

In the Palatini formulation, by taking the trace of the
field equations associated to the variation of the action
(2) with respect to the metric, one finds that [55]

RfR − 2f = κ2T , (3)

where fR ≡ df/dR and T = gµνTµν is the trace of the

stress-energy tensor defined as Tµν = 2√
−g

δSm
δgµν . The
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above equation makes a clear distinction with respect
to the metric formulation of f(R) theories [60], in that it
represents an algebraic relation between the Ricci scalar
and the matter fields, R ≡ R(T ), which implies that
the curvature can be effectively removed out in terms of
the matter fields (being thus closer to the spirit of GR,
where R = −κ2T ). Due to this property, and to the
fact that the equation for the independent connection,
∇Γ
µ(
√
−gfRgµν) = 0, implies that Γ is Levi-Civita of

qµν ≡ fR(T )gµν , then Palatini f(R) gravity and its gen-
eralizations are sometimes interpreted as GR with extra
couplings in the matter fields [61]. For the sake of this
paper, the fact that the field equations of Palatini f(R)
gravity are second-order introduces significant changes
in the shape of its junction conditions not only with re-
spect to their metric cousins [62], but surprisingly with
GR itself.

Introducing the matter content on M± as given by
some energy-momentum tensors T±µν , and denoting by
Sµν their restriction to the hypersurface Σ (with S ≡
Sµµ denoting its trace), the distributional version of the
field equations of Palatini f(R) gravity straightforwardly
leads to the conditions [56]

[T ] = 0 and S = 0 , (4)

where brackets denote the discontinuity of the quantity
inside them across Σ, that is, [T ] = T+|

Σ
− T−|

Σ
. Com-

paring such conditions to the ones in GR one can see that
the second one is absent there [58, 59].

There are further junction conditions. Let us define
the pullback of the first fundamental form on the hyper-
surface as hµν = gµν −nµnν , where nµ is the unit vector
normal to Σ, and the pullback of the second fundamental
form (the extrinsic curvature) as

K±µν ≡ hρµhσν∇±ρ nσ . (5)

Plugging this result into the singular part of the Palatini
field equations on the shell and applying the junction
conditions found in Eq.(4) one gets

− [Kµν ] +
1

3
hµν [Kρ

ρ] = κ2 Sµν
fRΣ

, (6)

where the subscript Σ means that the function is evalu-
ated in the shell. Note that this equation departs from
its GR counterpart, −[Kµν ] + hµν [Kρ

ρ] = κ2Sµν , since
the Lagrangian density of GR with a cosmological con-
stant, f(R) = R−2Λ, is a singular case in this formalism
(which justifies why the second condition of (4) does not
hold in GR, being replaced by [Kρ

ρ] = S/2).
The last two junction conditions are obtained from the

Bianchi identities on the shell. These can be expressed
as energy conservation equations as

DρSρν = −nρhσν [Tρσ] (7)

(K+
ρσ +K−ρσ)Sρσ = 2nρnσ[Tρσ]− 3R2

T f
2
RR

fR
[b2] , (8)

where RT ≡ dR/dT and b ≡ nµ[∇µT ].

B. Electrovacuum spherically symmetric
space-times

Let us consider two static, spherically symmetric
space-times on M± defined as

ds2 = A±(r±)dt2 −B−1
± (r±)dr2 − r2

±dΩ2 , (9)

where A±(r±), B±(r±) are the metric functions on each
side and dΩ2 = dθ2+sin2 θdϕ2 is the unit volume element
on the two-spheres. The induced metric on the shell is
written as

ds2
Σ = −dτ2 +R2(τ)dΩ2 , (10)

and is parameterized in terms of the proper time τ of a
comoving observer in Σ, with R(τ) representing its areal
radius.

The non-vanishing components of the second funda-
mental form Ki

j = diag (Kτ
τ , K

θ
θ, K

θ
θ) in Eq.(5) have

been computed in [57] and are given by the expressions

Kτ
τ± = ±

R2
τ (AR±B± −A±BR±) + 2A±B±Rττ +AR±B

2
±

2A±B±
√
B± +R2

τ

Kθ
θ± = ±

√
B± +R2

τ

R
,

where we have introduced the notation AR ≡ dA/dR1.
As for the matter content of our shell we assume a per-
fect fluid of the form Sµν = diag(−σ,P,P), where σ and
P are the energy density and pressure, respectively. Re-
markably, the second of the junction conditions (4) tells
us that P = σ/2, which means that the energy content
of the shell is entirely determined by its energy density,
and therefore no equation of state is required to close the
system. Now, the junction condition (6) with this matter
content yields the equation

[Kτ
τ ]−

[
Kθ
θ

]
=

3κ2

2fRΣ

σ . (11)

We now call upon the energy conservation equation (7),
which for the present spherically symmetric case reads

−DρS
ρ
ν = −σ̇ +

2Ṙ

R
(σ + P) . (12)

Equating this to the energy conservation equation (7) one
gets

− σ̇ +
2Ṙ

R
(σ + P) = −nρhσν [Tρσ] , (13)

1 We point out that while the metric components must be contin-
uous across Σ this does not need to be so for their derivatives,
which is by we have kept the ± in labelling the metric functions
and their derivatives there.
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which relates quantities of the fluid defined on the shell
with the discontinuity in the energy-momentum tensor
across the normal direction to it.

Let us now consider electrovacuum space-times. For
any electrostatic, spherically symmetric field described
by a given non-linear electrodynamics (defined by the
two field invariants of the electromagnetic field), the
corresponding energy-momentum tensor can be written
as Tµ

ν = diag(−φ1(r),−φ1(r), φ2(r), φ2(r)), where the
functions {φ1, φ2} characterize each particular model
(for instance, in Maxwell electrodynamics, φ1 = φ2 =
−q2/r4). In such a case, one can show that the quanti-
ties in the bracket of the right-hand side of Eq.(13) vanish
on both sides of Σ± [57] and, therefore, also does its dis-
continuity across Σ. Under such conditions, and recalling
that P = σ/2, then Eq.(13) integrates as

σ =
C

R3
, (14)

(where C is an integration constant), which nicely relates
the energy density of the matter fields with the radius of
the shell. This completes our formalism for the analysis
of reflection-asymmetric thin-shell wormhole solutions.
In the next two sections we shall seek explicit examples
of this construction using electrovacuum space-times.

III. TRAVERSABLE WORMHOLES FROM
SURGICALLY JOINED SCHWARZSCHILD-RN

SPACE-TIMES

We shall first start by considering the simplest case
leading to reflection-asymmetric solutions, as given by
the matching of a Schwarzschild and a RN space-time.
Our aim here is to study whether the resulting thin-shell
wormholes can be supported by matter energy sources
on the shell with a positive energy density, and if such
a construction is stable against small perturbations. We
first note that for any f(R) theory, the fact that the
dependence on the curvature goes via the trace of energy-
momentum tensor, R = R(T ), implies that in vacuum
(Schwarzschild) or for a vanishing trace (Maxwell), one
has that κ2/fRΣ

= κ̃2 =constant, regardless of the form
of the f(R) Lagrangian chosen. Moreover, thanks to this
property both the first of the junction conditions (4) and
(7) automatically hold.

If we turn now our attention to Eq.(11), recalling the
above property, and combining with (14), one gets

(Kτ+
τ −Kθ+

θ ) + (Kτ−
τ −Kθ−

θ ) =
3κ̃2

2
σ . (15)

Now, let us consider a Schwarzschild space-time in M+

and a RN one in M−, that is

ds2
+ = −

(
1− 2M+

r

)
dt2 +

dr2

1− 2M+

r

+ r2dΩ2

ds2
− = −

(
1− 2M−

r
+
Q2
−
r2

)
dt2 +

dr2

1− 2M−
r +

Q2
−
r2

+ r2dΩ2

where (M+,M−) are the corresponding masses and Q−
the charge. This turns Eq.(15) into

γ

R3
=

3M+ +R
(
RRττ −R2

τ − 1
)

R2

√
1− 2M+

R +R2
τ

+
3M−R− 2Q2

− +R2
(
RRττ −R2

τ − 1
)

R3

√
1− 2M−

R +
Q2

−
R2 +R2

τ

, (16)

where γ = 3κ̃C
2 and we recall that R refers to the shell ra-

dius these two space-times are matched at. Note that the
continuity on the metric components across Σ, Eq.(1), for
the above two line elements gives the extra condition

Q2
− = 2R(M− −M+) , (17)

which requires the masses on each side to be different
in order to have a non zero amount of charge (otherwise
one would be matching two Schwarzschild space-times,
yielding a symmetric wormhole). Obviously, for constant
M± and Q−, this condition can only be met in those
static configurations for which there exist stable solutions
with R0 = Q2

−/2(M− −M+).
In order to study the (linear) stability of these solu-

tions, we first note that Eq.(16) can be rewritten in a
more convenient form as

Rττ =

γ − 3M+R−R2(R2
τ+1)√

1− 2M+
R +R2

τ

− 3M−R−2Q2
−−R

2(R2
τ+1)√

1− 2M−
R +

Q2
−
R2 +R2

τ

R3

(
1√

1− 2M−
R +

Q2
−
R2 +R2

τ

+ 1√
1− 2M+

R +R2
τ

) .

(18)
We shall now assume that there is an equilibrium configu-
ration given by Rτ = 0. Therefore, by expanding Eq.(18)
in series of (R−R0), where R0 is the shell radius of that
equilibrium configuration, one finds, to first order:

Rττ ≈ C1(R0) + C2(R0)(R−R0) +O(R−R0)2, (19)

where C1 and C2 are some cumbersome functions of the
shell radius R0, the parameter γ, the masses of each side,
and the charge. In order to have an equilibrium config-
uration the first term in this expression must be zero,
C1 = 0, while the second must be negative for such an
equilibrium to be stable. This first condition allows us
to solve for the parameter γ as

γ
SRN

= −
R2

0 − 3M−R0 + 2Q2
−√

1− 2M−
R0

+
Q2

−
R2

0

− R2
0 − 3M+R0√

1− 2M+

R0

. (20)

Therefore, this expression links the energy density to the
masses and charge of the solutions as well as to the ra-
dius of the shell. Since we are interested in the equilib-
rium configurations supported by positive energy sources,
γ
SRN

> 0, we must deal with this expression with care in
order to sort its dependence on its variables. To do it so,
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we find it convenient to define the following dimensionless
variables

R = xM− (21)

M+ = ξ M− (22)

Q2
− = yM2

−, (23)

In terms of these variables, the continuity of the metric
parameters across the shell, Eq.(17), becomes simply

ξ = 1− y

2x0
, (24)

so that the parameter γ in (20) turns into

γ̃
SRN
≡ γ

SRN

M2
−

= −x0
4(x0 − 3)x0 + 7y

2
√
x0(x0 − 2) + y

. (25)

From the above equation it is straightforward to find the
conditions for its positivity. Indeed, these amount to the
fulfilment of

x0 >
2

3
; x0(2− x0) < y <

4x0(3− x0)

7
, (26)

where the second condition also enforces that x0 < 3.

Let us now deal with the stability of these solutions.
Going back to the perturbation equation, (19), and re-
placing the value of γ̃SRN of (25) there, one finds an
expression of the form

δtt + ω2
SRN

δ(t) = 0, (27)

where δ ≡ R − R0, and we have introduced the dimen-
sionless time variable τ → tM−, while the parameter

ω2
SRN

=
−8
(
2x2

0 − 8x0 + 9
)
x2

0 + 4(17− 7x0)x0 y − 17y2

8x4
0 ((x0 − 2)x0 + y)

.

(28)
In order to have perturbations of bounded amplitude
leading to stable solutions we have to require that
ω2
SRN

> 0. This yields the conditions

x0 > 0; y < x0(2− x0) . (29)

For the purpose of having stable thin-shell wormholes
supported by positive energy-density matter sources both
sets of conditions (26) and (29) must hold at the same
time. However, it is readily seen that this cannot hap-
pen, since the curve y = x0(2 − x0) bounds the region
(from below and from above, respectively) in which each
condition is satisfied and, therefore, there is no overlap
between them (see Fig. 1). Thus, this type of solu-
tions cannot arise by matching a Schwarzschild and RN
space-times for any values of the masses and charge of
the solutions. In the next section we shall generalize this
framework to deal with two RN solutions on each side.

γe>0

y=9/7

y=1

ω>0

0.0 0.5 1.0 1.5 2.0 2.5 3.0
x00.0

0.2

0.4

0.6

0.8

1.0

1.2

y

Figure 1. Parameter space of γ̃SRN in Eq.(25) and of ω2
SRN

>
0 in Eq.(28) as a function of the dimensionless radius of the
shell, x0, and of the charge-to-mass ratio y = Q2

−/M
2
−. The

orange curve corresponds to y = (4x0(3−x0))/7, which is the
upper limit of the (orange-shaded) region where the energy
density is positive (check Eq.(26)). On this boundary curve,
we have γ̃SRN = 0. On the other hand, the black curve is given
by y = x0(2 − x0). The portion in contact with the orange
shaded region, from 2/3 < x0 < 2, represents both the lower
limit of γ̃SRN > 0 and the upper limit of the (blue-shaded)
region ω2

SRN
> 0. On this curve, we have γ̃SRN → +∞ and

ω2
SRN

→ ±∞, with the plus sign in the blue region. Given
that the transition from the orange region to the blue one is
not continuous, one concludes that there is no intersection be-
tween them, meaning that there are no stable positive-energy
configurations. Note also that traversable wormholes could
only exist in the region x0 > 2 in order to avoid the presence
of horizons in both the Schwarzschild and RN sides, but this
region has no stable solutions.

IV. TRAVERSABLE WORMHOLES FROM
SURGICALLY JOINED RN SPACE-TIMES

Let us now assume two RN space-times, described by
their respective masses and charges, that is

ds2
+ = −

(
1− 2M+

r
+
Q2

+

r2

)
dt2 +

dr2

1− 2M+

r +
Q2

+

r2

+ r2dΩ2

ds2
− = −

(
1− 2M−

r
+
Q2
−
r2

)
dt2 +

dr2

1− 2M−
r +

Q2
−
r2

+ r2dΩ2

We shall now follow the same procedure as in the previous
section. Then Eq.(18) generalizes to

Rττ =

γ − 3M+R−2Q2
+−R

2(R2
τ+1)√

1− 2M+
R +

Q2
+

R2 +R2
τ

− 3M−R−2Q2
−−R

2(R2
τ+1)√

1− 2M−
R +

Q2
−
R2 +R2

τ

R3

(
1√

1− 2M−
R +

Q2
−
R2 +R2

τ

+ 1√
1− 2M+

R +
Q2

+

R2 +R2
τ

)
(30)

with the same definitions as before. Expanding in series
of (R − R0) and demanding the zeroth term in such an
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expansion to vanish, one generalizes (20) to

γ
RN

= −
R2

0 − 3M−R0 + 2Q2
−√

R2
0−2M−R0+Q2

−
R2

0

−
R2

0 − 3M+R0 + 2Q2
+√

R2
0−2M+R0+Q2

+

R2
0

.

(31)
Our next step is to rewrite the expression above under a
more compact form. To do it, we use again the dimen-
sionless variables introduced in Eqs.(21)-(23), with the
addition of

Q2
+ = η Q2

− . (32)

This way, the condition on the continuity of the metrics
(24) generalizes to

ξ = 1− y

2x0
(1− η) , (33)

while Eq.(31) becomes

γ̃
RN

= −x0
4(x0 − 3)x0 + (η + 7)y

2
√

(x0 − 2)x0 + y
, (34)

which recovers the expression (25) of the previous case
when η = 0 (i.e., when Q+ = 0). The above expression
allows us to classify two regions for its positiveness

2/3 < x0 < 2 and 0 < η <
3x0 − 2

2− x0
(35)

x0 ≥ 2 and η > 0 (36)

supplemented with the additional condition

x0(2− x0) < y <
4x0(3− x0)

η + 7
. (37)

This region is qualitatively similar to that shown in or-
ange in Fig. 1, which depicts the η = 0 case. This last
condition can actually be split into two: if 0 < y < 1
then the radius of the shell must satisfy x0 > 1+

√
1− y,

while if 1 < y < 9
7+η then it must be contained in the

interval

3−
√

9− (7 + η)

2
< x0 <

3 +
√

9− (7 + η)

2
. (38)

Substituting now the expression of γ̃
RN

of Eq.(34) into
the expansion of Rττ , one gets formally the same equa-
tion as in (27) but in this case ω2

RN
is given by

ω2
RN

= −
8
(
2x2

0 − 8x0 + 9
)
x2

0 + 4x0y(η − (η − 7)x0 − 17)

8x4
0 ((x0 − 2)x0 + y)

−
(
(η − 1)2 + 16

)
y2

8x4
0 ((x0 − 2)x0 + y)

. (39)

There are again two regions in which the condition ω2
RN

>
0 for stability is fulfilled:

y < x0(2− x0) (40)

a− 2
√
b

(η − 1)2 + 16
< y <

a+ 2
√
b

(η − 1)2 + 16
, (41)

Figure 2. Three-dimensional plot of the limiting surfaces for
γ̃RN > 0, ω2

RN
> 0 as a function of the dimensionless shell

radius, x0, the charge ratio, η, and the dimensionless charge,
y (on M−). The solutions with positive energy density lie
between the orange and the blue surfaces, corresponding to
y = x0(2−x0) and y = 4x0(3−x0)/(η+7), respectively (recall
Eq.(37)). Those configurations stable under perturbations are
located either below the orange surface or inside the green and
purple surface described by the functions of Eq.(41). Remark-
ably, there is a non-vanishing overlapping region between the
green and blue surfaces, described by Eq.(44), thus leading to
stable solutions with positive energy density.

where in the last condition we have defined the constants

a = 2x0 (η(x0 − 1) + 17− 7x0) (42)

b = −3η2x4
0 − 6ηx4

0 − 19x4
0 + 14η2x3

0 + 16ηx3
0

+34x3
0 − 17η2x2

0 + 2ηx2
0 − 17x0 . (43)

Note that the region (40) can also be spelled out as 1−√
1− y < x0 < 1 +

√
1− y provided that 0 < y < 1.

Our next goal is to inspect the existence of overlapping
regions between the positivity of the energy, γ̃

RN
> 0,

and the stability of the corresponding solutions, ω2
RN

> 0.
To this end, in Fig. 2 we depict the limiting surfaces
for each of such features in terms of x0 and η, which
clearly shows the existence of such an overlapping region.
The latter corresponds to the dimensionless charge being
contained within the curves

a− 2
√
b

η2 − 2η + 17
< y <

4x0(3− x0)

η + 7
, (44)

where the lower limit corresponds to the lower part of the
ω2
RN

> 0 region (the green surface in Fig. 2), whereas the
upper limit is the upper function of y when γ̃

RN
> 0 (the

blue surface in Fig. 2). The parameter space in terms of
x0 and η for which stable, positive-energy configurations
are found is plotted in Fig. 3. The corresponding values
of the charge-to-mass ratio y can be found by substituting
these values of the parameter space in the above relations.

In order to make the above explanation more transpar-
ent and easier to compare with the previous case using
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γ
˜
RN>0,

ωRN
2 >0

x0=1.264

x0=1.680

x0=1.755

x0=0.912

η=0.268 η=3.732

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
η

1.0

1.2

1.4

1.6

1.8

x0

Figure 3. Parameter space for the region contained within
(44) in terms of the charge ratio, η, and of the dimensionless
shell radius, x0. All those values falling inside the spaceship-
shaped orange region will lead to stable, positive energy con-
figurations. The blue dashed lines will be useful later when
illustrating the double shadows.

Figure 4. Representation of the domains with ω2
RN > 0

(shaded light blue regions) and with γ̃RN > 0 (shaded or-
ange) for a reference value η = 0.6. Note the emergence of a
new region with ω2

RN > 0 above the parabola y = x0(2− x0).
This region always has bounded ω2

RN everywhere (see Fig.
5), vanishing at the boundary. Note that now there is a non-
empty intersection with the positive energy region (shaded
red) which represents the parameter space with stable posi-
tive energy solutions.

Fig. 1, we cut different planes x0 − y at some η of Fig.
2. Take for example η = 0.6, for which the resulting
plot is given in Fig. 4, where the blue region corresponds
to ω2

RN
> 0 while the orange one to γ̃

RN
> 0. Now it

is a piece of cake to see that there is a nonzero overlap
between such regions (shaded in red) thanks to the new
blue domain above the parabola y = x0(2−x0) (compare
with Fig. 1) that emerges when η 6= 0 is not too big.

When considering different values of η (see Fig. 6) sim-
ilar regions arise, the only difference being that the upper

Figure 5. Representation of ω2
RN > 0 on the x0 − y plane for

a reference value η = 0.6. Note that ω2
RN is always bounded

and vanishes along the boundary of the blue shaded upper
patch of Fig. 4.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

x0

y

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

x0

y

Figure 6. Same plots as in Fig. 4 but representing η = 0.2
(left) and η = 3.2 (right). Note how the overlapping red region
does not exist for small values of η and becomes smaller as η
grows, eventually disappearing as well. The interval of η in
which there exists an intersection is plotted in Fig. 3. See
also Figs. 7 and 8 for more details on the evolution of the
upper blue patch and the overlapping region as η changes.

blue patch changes in size and shape and slightly moves
from left to right as η grows (see Fig. 7). Moreover,
the orange region also changes with η according to (37)
and, therefore, the overlapping region sweeps as η grows,
as shown in Fig. 8. The union of all the pink patches
is bounded by an envelope curve shown in Fig. 8 as a
red closed curve, which is exactly the same region whose
projection on the x−η plane is plotted in Fig. 3 but this
time projected on the x0−y plane. That bounded region
represents the domain in parameter space that represents
stable, positive energy thin-shell solutions.

V. STRUCTURE OF THE ASYMMETRIC
RN-RN WORMHOLE: HORIZONS AND

PHOTON SPHERES

We shall now look for the conditions of these stable,
positive-energy density wormholes to have their shell ra-
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Figure 7. Representation of the regions with ω2
RN > 0 as η

grows from zero to its maximum value η ≈ 5.85. The contours
drift from left to right as η grows.

Figure 8. Representation of the regions with ω2
RN > 0 for

all values of η including the overlap with γ̃RN > 0 (shaded
red regions). The overlapping banana-shaped region admits
an envelope curve, represented here in red color. That patch
corresponds to the projection on the x−y plane of the (finite)
volume of parameter space that represents stable, positive
energy thin-shell solutions.

dius properly placed in order to represent traversable
wormholes with a photon sphere on both sides of Σ. Re-
garding the horizon radius, since we are dealing with two
RN space-times, their locations (on M±) are found by
solving

grr± = 0→ r2
h − 2M±rh +Q2

± = 0 , (45)

which leads to the following radius

rh± = M± + (M2
± −Q2

±)1/2 , (46)

where we have kept the positive sign in front of the
square-root because we are just interested here on the

outermost (event) horizon. It is convenient to write such
a radius in terms of the same dimensionless functions
introduced in Eq.(21)-(23) and (32), which yields

x−h = 1 +
√

1− y (47)

x+
h = ξ (1 +

√
1− η y/ξ2) , (48)

in M− and M+, respectively. Therefore, event horizons
are absent in M− when y > 1, and in M+ when y >
ξ2/η.

To compute the photon sphere, we note that it is de-
fined as a region around a compact object with unstable
circular null geodesics [63]. From the point of view of an
asymptotic observer it is determined by tracing back a
given photon towards a bound orbit where it would have
orbited the object many times before being released. The
shape of this curve is therefore entirely determined by the
geometry of the compact object, and its interior is com-
monly known as the shadow2. Let us thus consider null
geodesics, pµpµ = 0, which in a RN space-time read

− p2
t

f
+ p2

rf +
p2
φ

r2
= 0 , (49)

where pµ = dxµ/ds is the photon four-momentum, s is
the affine parameter and f = 1 − 2M/r + Q2/r2 the
only non-vanishing metric function in the RN geometry,
ds2 = −fdt2 + f−1dr2 + r2dΩ2 (on one of the sides of
M±). Thanks to the staticity and spherical symmetry
of the corresponding space-time, both components pt and
pφ are conserved along the geodesic path. This allows to
define the so-called impact parameter, b = −pφ/pt, in
such a way that the equation above can be rewritten as

1

r4

(
dr

dφ

)2

=
1

b2
− Veff(r) . (50)

This equation is akin to the motion of a particle in a
one-dimensional effective potential of the form Veff(r) =
f(r)/r2. Photons can propagate in those regions where
the impact parameter satisfies 1/b2 − Veff ≥ 0, with the
equality representing the turning point. When such a
point coincides with the maximum of the potential, then
the light rays describe the last (unstable) orbit, defin-
ing the photon sphere of the object; this yields a critical

impact parameter bc = V
−1/2
max . Thus, imposing the con-

dition dVeff/dr = 0 on our two RN space-times, we find

r2
γ − 3M±rγ + 2Q± = 0 . (51)

Using again our set of dimensionless variables, these two
equations can be solved as

x−γ =
3 +
√

9− 8 y

2
(52)

x+
γ = ξ

(
3 +

√
9− 8η y/ξ2

2

)
. (53)

2 For a much more detailed discussion on photon spheres, black
hole shadows, and lensing rings, see e.g. Ref. [64].
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Our next task is to classify all possible combinations
between the locations of the horizons and the photon
spheres on each side. Let us first study the manifold
M−, and combine the horizon equation (47) with the
photon sphere one (52). One then finds seven different
possibilities:

1. When 0 < x0 ≤ 1 and 0 < y ≤ 1 then x0 ≤ x−h ,
which means that the thin-shell wormhole will be
always covered with a (event) horizon.

2. When 0 < x0 < 1 and y ∈ (1, 9/8], then no horizon
is present and the shell radius is always below the
photon sphere.

3. When 1 < x0 < 3/2 and there is no horizon (y > 1),
then a photon sphere is always present.

4. When 3/2 < x0 < 2 and there is no horizon, then

y < x0(3−x0)
2 must be fulfilled for a photon sphere

to be present.

5. When 1 < x0 < 2 and a horizon is present (0 <
y ≤ 1) then x0(2 − x0) < y < 1 must be fulfilled,
and a photon sphere is always present.

6. When 2 ≤ x0 < 3 then a horizon must be present
and for a photon sphere to exist the condition 0 <

y < x0(3−x0)
2 must be fulfilled.

7. When x0 ≥ 3 no photon sphere can be present,
as follows from a glance at Eq.(56), whose upper
limit comes from setting y → 0, yielding the photon
sphere radius of the Schwarzschild solution, x0 = 3.

We need now to add to this discussion the previously
obtained parameter space for the existence of stable and
positive-energy solutions, namely, Eq.(44), which is de-
picted in Fig. 3 in the plane (η, x0). As it can be seen,
there is both a minimum and maximum absolute values
for x0, given by xmin0 ≈ 0.911 and xmax0 ≈ 1.75497. In
view of this constraint, from the above list it is clear that
only the full case 3, and some parts of cases 2, 4, and
5 have the potential to represent traversable thin-shell
wormholes having a photon sphere.

We now focus our attention upon the side M+ of
the wormhole. In this case one might expect a similar
discussion as in the M− case save by the replacement
y → yη/ξ2 and a global factor ξ in the scaling of the
corresponding horizon and photon sphere radius (recall
Eqs.(48) and (53)). However, enforcing the constraint
(33), which allows to eliminate one of these variables in
terms of the others and of the shell radius x0, and by
requiring that x+

h ≤ x0 ≤ x+
γ , the complexity of classi-

fying the different regions becomes far more noticeable
than before. A subset of such regions is given by the
following:

• 0 < x0 ≤ 1 :

0 < η ≤ x0

8−3x0
: x0(2− x0) ≤ y ≤ 2x0(3−x0)

η+3

x0

8−3x0
< η < x0

2−x0
: x0(2− x0) ≤ y ≤ yL

• 1 < x0 <
8
5 :

0 < η ≤ x0

8−3x0
: x0(2− x0) ≤ y ≤ 2x0(3−x0)

η+3

x0

8−3x0
< η < 1 : x0(2− x0) ≤ y ≤ yL

1 < η < x0

2−x0
: x0(2− x0) ≤ y ≤ yL

• 8
5 ≤ x0 < 2 :

0 < η ≤ x0

8−3x0
: x0(2− x0) ≤ y ≤ 2x0(3−x0)

η+3

x0

8−3x0
< η < 1 : x0(2− x0) ≤ y ≤ yL

1 < η < 4 : x0(2− x0) ≤ y ≤ yL

• x0 = 2 :

0 < η < 1 : 0 < y ≤ 4
η+3

1 < η < 4 : 0 < y ≤ 4(η+1−2η1/2)
(η−1)2

• 2 < x0 <
32
13 :

0 < η ≤ x0

8−3x0
: 0 < y ≤ 2x0(3−x0)

η+3

x0

8−3x0
< η < 4 : 0 < y ≤ yL

• 32
13 ≤ x0 < 3 :

0 < η < 4 : 0 < y ≤ 2x0(3−x0)
η+3

where we have introduced the quantity

yL = 2
η x2

0 + (η − 1)x0 −
√
η2 x4

0 + 2 (η − 1) η x3
0

(η − 1)2
,

(54)
which is found by setting the squared root in Eq.(48)
to zero and implementing the constraint (33); in other
words, it is the maximum allowed charge in order to have
a horizon in M+. It shall be also noticed that in some
cases we may need to surpass this limit so we can find
stable configurations hold by non-exotic matter sources.
The maximum allowed value is found by requiring to have
a photon sphere, which comes from equalling the squared
root in Eq.(53) to zero and using again (33), and is given
by the expression

yp =
2
(
8ηx2

0 − 9ηx0 + 9x0

)
− 8
√

4η2x4
0 − 9η2x3

0 + 9ηx3
0

9(η − 1)2
.

(55)
In addition, we point out that in some regions the lower
limit of y is x0(2 − x0), which coincides with the one
needed to have γ̃RN > 0, as is written in Eq.(37). This
might seem a pleasant coincidence but in fact a glance
at Eq.(31) reveals that the denominator is the equation
of the horizon (Eq.(45)) when R = R0, and after mov-
ing to dimensionless variables both equations become the
same. Consequently, when we set the horizon radius to
be smaller or, at least, equal to the shell radius, this limit
found in γ̃RN pops up.

For a more visual discussion of the different regions in
parameter space that lead to i) stable solutions, ii) stable
and positive energy solutions, iii) stable solutions with
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Figure 9. Representation of the parameter space regions that
have a photon sphere in a traversable wormhole geometry
on M− (shaded green) and an analogous scenario on M+

(shaded gray) in the case η = 0.6. Note that the shaded gray
region has a large overlap with the green one and completely
contains the orange region that represents γ̃RN > 0. When-
ever gray and green overlap, we find a traversable wormhole
with two photon spheres. When gray and green overlap on
a blue region, those configurations are stable. If they meet
on the red region, then they are stable and the thin shell has
positive energy density.

η=1.0

0.0 0�� 1.0 1�� 2.0 2�� 3�0
0.0

0.2

0��

0��

0��

1.0

1.2

1��

x0

y

η=3.2

0.0 0�� 1.0 1�� 2.0 2�� 3.0
0.0

0.2

0��

0��

0��

1.0

1.2

1��

x0

y

Figure 10. Same situation as in Fig. 9 but with η = 1.0
(left) and η = 3.2 (right). When η = 1.0, the gray and green
shaded regions exactly coincide. Note how the upper blue
patch representing positive frequencies changes its shape and
location with η, reducing its overlap with the orange region as
η grows. Though the green shaded region remains always the
same, the gray one has significant changes as η grows. Re-
markably, there exist large regions with two photon spheres,
and one can always find stable regions with positive energy
within this range of η.

one or two photon spheres, and iv) stable and positive
energy solutions with one or two photon spheres, see Figs.
9 and 10 and their captions.

Figure 11. Same representation as in Figs. 9 and 10 but for
η = 2.0. The relevant points used in the discussion of the
double shadow of Sec. VI are highlighted.

VI. DOUBLE SHADOW

Once we have identified the different regions that one
may encounter in this reflection-asymmetric wormhole
space-time, we can now focus on those stable, positive-
energy configurations having a shell radius which lies
above the event horizon (when present) but below the
photon sphere (on each side) in order to characterize
their shadows. For concreteness of our analysis, and
given the large complexity of the spectrum of solutions
depending on model parameters, we shall illustrate our
results by setting the charge-to-mass ratio to η = 2 (see
Fig. 11). For stable solutions with positive energy den-
sity within this choice, the corresponding dimensionless
shell radius will have the lower and upper limits given
by 1.264 < x0 < 1.680 (see Fig. 4). For this analysis
we shall choose the value x0 = 1.5. Plugging these val-
ues in Eq.(44), one finds the limits for the charge ratio
0.92 < y < 1 in order to have stable and positive-energy
density solutions, which means we are in the case where
the RN solution on M− would have an event horizon
(case 5 of our analysis above), but the shell radius is
above it. On the other hand, if we compare this result
with the upper limit to have an event horizon on M+

smaller than the shell radius x0 then from Eq.(54) we
find yL− = 0.803848. This implies that x+

h is imagi-
nary, which means that there are no horizons on M+

regardless on where we place the shell. We choose then
for convenience the value y = 0.95, which is clearly (see
Fig. 11) within the desired (red) region of stability and
positive-energy density. The last step is to use the con-
straint Eq.(33) to determine the mass ratio for this case
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Figure 12. Euclidean embedding of the reflection-asymmetric
RN-RN wormhole of Sec.VI on M− (top orange) and M+

(bottom blue), corresponding to the parameters η = 2, x0 =
1.5 and y = 0.95, which via the constraint (33) imply ξ ≈
1.316.

as ξ ≈ 1.316. The reflection-asymmetric wormhole built
this way is depicted in Fig. 12.

Regarding the location of the photon sphere radius,
from Eqs.(52) and (53) we can compute their values for
the choices above, which yields

x−γ = 2.09161 (56)

x+
γ = 2.29221 , (57)

which are larger than the shell radius x0 on both sides,
as expected. Recall that the effective potential Veff (r)
attains a maximum at these two radii, as shown in Fig.
13.

With this setup we can analyze the critical parame-
ter bc leading to circular photon orbits of radius xγ us-
ing Eq.(50), that corresponds to the value for which the
right-hand side of this equation vanishes. Thus, rewriting
this equation in terms of our dimensionless variables and
evaluating at xγ of each side, one finds that the impact
parameter leading to unstable circular orbits (on each
side) is given by

b̃c± =
xγ±√
f±(xγ)

, (58)

where b̃ ≡ b/M−. As it can be seen from Fig. 13, for a
light ray travelling from M+ to M−, when the impact

parameter is larger than b̃c+ it will not be able to over-
come the potential barrier and cross the throat, being
deflected at a radius x > x+

γ . However, when the im-

pact parameter satisfies b̃c− < b̃c < b̃c+, which means we
are in the region above the maximum of V +

eff but below

the one of V −eff , then the light rays will pass through the
wormhole throat and will bounce back toM+ due to the
larger potential barrier of M−. Therefore, observers on
the manifold M+ will be able to see a double shadow
(since there is no event horizon preventing the informa-
tion to travel back), corresponding to the radii associated

ℳ-

246810
0.00

0.02

0.04

0.06

0.08

VeffM-
2

ℳ+
x0

1/bc-
2

1/bc+
2

2 4 6 8 10
x

Figure 13. The effective potential Veff = f(r)/r2 on each
side of the wormhole (blue curve onM+ and orange onM−)
as a function of the dimensionless radius x for the parameters
η = 2, x0 = 1.5, y = 0.95 and ξ ≈ 1.316. The vertical
black dashed line is the wormhole throat (the location of the
shell), x = x0, while the green and purple dotted vertical
lines are the photon sphere radius of M− and M+, as given
by (56) and (57), respectively. The horizontal black dashed
lines are the maxima of the effective potential of each side and
correspond to the critical impact parameters 1/b2c±, as given
by Eq.(58) after its evaluation for the chosen values of this
problem, yielding b+c = 4.969 and b−c = 4.095.
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Figure 14. The light ray trajectory when the impact parame-
ter lies between the critical ones of each side of the wormhole,
4.095 < b̃ < 4.969, taking here the particular value b̃ = 4.1.
The blue lines correspond to the light ray reaching and de-
parting from the wormhole inM+, whereas the orange is the
part of the trajectory in M−. The black region corresponds
to x < x0 = 1.5 and represents the scissored part of the man-
ifold, and does not belong to the available space-time.

to the critical impact parameter on each side, while those
observers on M− will see the single shadow of its side,
as usual. In Fig. 14 we have plotted the light ray tra-
jectory for the impact parameter b̃ = 4.1. Finally, by
substituting the different values of the parameters into
Eq.(58), the corresponding photon rings can be plotted
and an illustration of the effect is shown in Fig. 15, where
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Figure 15. Illustration of the double shadow as seen from
the M+ side using celestial coordinates (α, β). From the
M− region one would only see the inner ring. The dark re-
gion between the two rings represents the region of impact
parameters contained between the critical values of M+ and
M− (i.e. b̃c− < b̃c < b̃c+), whereas the dark region within
the inner ring corresponds to impact parameters smaller than
b̃c−. We have used a gradient of colors to better illustrate the
different intensities one would expect in the different regions.

the yellowish thick rings represent the regions with accu-
mulation of photons that an observer from M+ would
see.

VII. CONCLUSION

In this work we have studied reflection-asymmetric
thin-shell wormholes within Palatini f(R) theories of
gravity using a junction conditions formalism suitably
adapted to the peculiarities of these theories. Such con-
ditions involve a number of restrictions on the geomet-
rical quantities and matter fields at the shell and across
it, with the main highlight that, for spherically symmet-
ric electrovacuum space-times, the number of effective
degrees on the shell is reduced to just one, character-
ized solely by its energy density. Using these conditions
we have built thin-shell wormholes from surgically joined
Reissner-Nordström space-times on each side of the shell
with different masses and charges. In the case in which
one of the sides has a vanishing charge (surgically joined
Schwarzschild-RN space-times) we have shown that it is
not possible to have (linearly) stable solutions supported
by positive energy density matter sources at the shell.
However, in the full RN-RN thin-shell wormholes case a
non-empty overlapping region with stable and positive-
energy solutions is found, via some restrictions involving

the radius of the shell with the mass and charge of each
side of the wormhole.

For such stable, positive-energy solutions we have care-
fully analyzed the conditions upon which the radius of
the thin-shell is above the event horizon (when present)
but below the photon sphere radius of each manifold
M±. We found some regions where all these conditions
(stability, positivity of the energy, traversability, and ex-
istence of photon spheres) can be all met at the same
time, graphically illustrated with some particular exam-
ples. This proves that within the Palatini f(R) frame-
work it is possible to find families of well behaved thin-
shell wormhole geometries having two different photon
spheres on each side, allowing for the generation of dou-
ble shadows. Finally we have considered a particular ex-
ample of model parameters, depicting its Euclidean em-
bedding and the effective potentials on each side of the
wormhole as well as the corresponding light trajectories
and double shadows. These results explicitly implement
with a particular framework and specific solutions the
detailed gravity-model-independent analysis carried out
in Ref.[43] on double shadows from reflection-asymmetric
wormholes, and supports the feasibility of this approach
with well behaved theories and solutions.

The relevance of these double shadows in the multi-
messenger astronomy era is promising: they open up a
new avenue to find qualitatively new observational sig-
nals that may allow to discriminate black hole mimickers
and exotic compact objects from the canonical ones in
GR [65], as well as to seek out traces of modified grav-
ity. To this end, within the context of our framework one
would need to generalize the toy model presented here to
account for the presence of rotation in order to seek for
multiple critical curves qualitatively different from the
Kerr black hole expectations (for instance, similarly as
done in Ref. [66]). Though this is easier said than done
due to the intrinsic complexity of the field equations of
modified gravity, that largely prevents the finding of ax-
ially symmetric solutions of physical interest, recently a
new procedure has been introduced within the context of
Palatini theories of gravity which allows to find the coun-
terpart of a GR-based solution on the modified gravity
side using a set of algebraic transformations [67]. The
power of this method has been recently exploited to find
exact rotating black hole solutions within different such
theories [68, 69]. We are currently working on imple-
menting this strategy (analytically and numerically) to
generalize the current results to more physically realistic
scenarios, and hope to report soon on it.
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cicule vol 25 (Paris: Gauthier-Villars, 1927).
[60] G. J. Olmo, Phys. Rev. Lett. 95, 261102 (2005).
[61] V. I. Afonso, C. Bejarano, J. Beltran Jimenez, G. J. Olmo

and E. Orazi, Class. Quant. Grav. 34 (2017) 235003.
[62] J. M. M. Senovilla, Phys. Rev. D 88 (2013) 064015.

http://arxiv.org/abs/2012.09193
http://arxiv.org/abs/2010.14578
http://arxiv.org/abs/2101.07060


14

[63] C. M. Claudel, K. S. Virbhadra and G. F. R. Ellis, J.
Math. Phys. 42 (2001) 818.

[64] S. E. Gralla, D. E. Holz and R. M. Wald, Phys. Rev. D
100 (2019) 024018.

[65] T. Ohgami and N. Sakai, Phys. Rev. D 91 (2015) 124020.
[66] F. H. Vincent, M. Wielgus, M. A. Abramowicz, E. Gour-

goulhon, J. P. Lasota, T. Paumard and G. Perrin,

[arXiv:2002.09226 [gr-qc]].
[67] V. I. Afonso, G. J. Olmo and D. Rubiera-Garcia, Phys.

Rev. D 97 (2018) 021503.
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