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Abstract: All pseudo-Schell model sources have been shown to possess the same continuous set of
circularly symmetric modes, all of them presenting a conical wavefront. For keeping energy at a finite
level, the mode amplitude along the radial coordinate is modulated by a decreasing exponential
function. A peculiar property of such modes is that they exist in the Laplace transform’s realm. After
a brief discussion of the near-zone, we pass to the far-zone, where the field can be evaluated in closed
form. The corresponding features of the intensity distribution are discussed.

Keywords: coherence; modes; propagation; near field; far field

1. Introduction

A partially coherent source whose degree of coherence between two points is shift-
invariant (i.e., depends only on the difference between the position vectors of the two
points) is said to be of the Schell-model type [1]. Sources of this class have found application
in the study of the radiation emitted by many natural sources and, since they can always
be synthesized starting from spatially incoherent sources, they have represented for a long
time the main tool for experimentally validating results of the scalar theory of coherence.

More general sources, though, can be envisaged with different behaviors of the
correlation function. In particular, since their coherence properties affect the features
of the radiated beam [2–18], this opens a new way to searching for particular light sources
that best fit for specific applications, such as particle trapping [12,19], free space optical
communications [20,21], or sub-Rayleigh imaging [22–25], among others.

Here we deal with a wide class of nonconventionally correlated partially coherent
sources, the so called pseudo-Schell model sources [11] that are characterized by a degree
of coherence that depends only on the difference of the radial coordinates between the
involved points. The cross-spectral density (CSD) of the fields produced by such sources
was found to possess several peculiar properties [11,12].

In the present paper, we investigate the structure of the modes underlying pseudo-
Schell sources and study their behavior upon free propagation. It will be found that such
modes have a universal conical form regardless of the particular function representing the
degree of coherence, thus establishing a connection with the subject of circular gratings.
This suggests the use of an exponentially decreasing window function on accounting for
the finite radius of the grating instead of the Gaussian or rectangular windows typically
used when utilizing circular gratings for light concentration (axicons [26]). This leads to
the unusual occurrence of the Laplace transform as the proper mathematical tool to study
free propagation.

The mode structure changes upon propagation. In the Fresnel region some analytic
results can be obtained in closed form whereas, in general, they require numerical evalu-
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ation. In the far zone instead the propagation integrals are solved exactly and reveal the
nature of the field. Contrary to many far-zone field distributions, which are real (except
for simple factors, like curvature or twist-phase functions), we find intrinsically complex
disturbances where the connection between real and imaginary parts will be investigated.

2. Mode Evaluation

Pseudo-Schell model sources have a CSD [1] of the form [11]

W0(r1, r2) = τ∗(r1)τ(r2)µ0(r1 − r2), (1)

where rj = (rj, θj) (with j = 1, 2) are the position vectors of two arbitrary points across
the source plane. While the transmission function τ can depend on the direction of the
position vectors, the degree of coherence is assumed to depend only on the difference of
the radial distances of the two points from the origin.

Whatever the specific form of the degree of coherence µ0 across the source we can
assume that a Fourier expansion

µ0(r1 − r2) =
∫ ∞

−∞
µ̃0(β)eiβ(r1−r2)dβ, (2)

holds. The degree of coherence is genuine if µ̃0(β) is non-negative [27]. This amounts
to saying that we can always assume the field associated to µ0 to be the superposition
of uncorrelated fields (pseudomodes) [28] belonging to a continuous family with conical
wavefronts of the form

v0β(r) =
√

µ̃0(β)e−iβr, (3)

with real β. The CSD associated to a single pseudomode (3) is

w0β(r1, r2) = v∗0β(r1)v0β(r2) = µ̃0(β)eiβ(r1−r2), (4)

and, of course, specifies a coherent contribution [1]. The universal structure of the modes (3)
for all pseudo-Schell model sources gives to such modes a peculiar importance. Hence it is
of interest to study their features.

The right-hand side of Equation (3) can be read as the transmission function of a
circular phase grating with constant radial period. This kind of object, as well as its
variations, has been studied in numberless papers, which began almost a century ago and
kept appearing up to the present (for a sample through decades see [26,29–38]).

Since modes (3) have a diverging norm an important role is played by the windowing
function τ appearing in Equation (1) for which from now on a dependence on r = |r|
will be assumed. The need of a windowing function has been faced in various ways, a
frequent choice in the literature being a Gaussian filter. Often the propagation integrals
had to be treated numerically. It is to be noted that in previous studies major importance
has been given to the near (Fresnel) region. This is because that is the region where energy
concentration around the z-axis can occur, which is the aim of axicons [26], one of the most
relevant applications of circular gratings. We are ultimately interested instead in coherence
propagation, and we shall pay attention to the far-zone where closed form expressions for
the propagated disturbance can be derived. Furthermore, in partially coherent light the
so-called far-zone is known to be reached at shorter distances from the source than in the
case of coherent light [39]. Nonetheless, we devote some space to the near-zone.

As for the windowing function we shall assume a circularly symmetric real decreasing
exponential function. Accordingly, the complete field distribution across the source plane
has the simple form

v0β(r) = Ae−γr, (5)

where A is a complex amplitude and

γ = α + iβ, (6)
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with positive α and real β. This kind of distribution does not seem to have been frequently
used in previous research. Yet, in a sense, the real decreasing exponential function is
the natural completion of the simple exp(−iβr) structure. In fact the complete form of
Equation (5) shows that the spatial part of the pseudomode exp(−γr) is ruled by a single
complex number. When we look at Equation (5) as a function of γ we can generalize it by
assuming A to be a function of γ. Furthermore, since exp(−γr) is an analytic function [40],
we can assume A to be an analytic function of γ, too, so that Equation (5) is replaced by an
equation of the form

V0(r) = A(γ)e−γr. (7)

It will be noted that in this view Equation (2) could be replaced by an integral in the γ
complex plane, done along the imaginary axis. In other words, the integral of (2) can be
thought of as an inverse Laplace transform [41], i.e., by an integral along a suitable path in
the γ plane. This type of superposition process is well known in coherence theory [28,42]
and is mathematically specified in reproducing kernel Hilbert spaces [43]. In the following
however, since we shall work at a fixed γ, we shall simply assume the amplitude A(γ) to
be constant. Then note that we can say the pseudomode to depend only on the angle that
characterizes the complex number γ in the Argand–Gauss plane. The modulus |γ| can in
fact be modified at will by using a suitable unit of length for r.

Let us begin our analysis about the expression of the propagated field. A relevant
question is: does the structure in Equation (7) of the field keep holding upon free propaga-
tion? Let us assume the answer is positive. In particular, let us make the hypothesis that
the field produced at a plane z = z1 > 0 has the same form of that across the plane z = 0,
possibly with different parameters. In other words, if the field at z = 0 is

V0(r) = A0e−γ0r, (<{γ0} > 0), (8)

we assume the field at z = z1 to be of the form

V1(r) = A1e−γ1r, (<{γ1} > 0), (9)

where A1 and γ1 could differ from A0 and γ0, respectively.
Note that since we deal with circularly symmetric functions the two-dimensional

Fourier transform goes over the Hankel transform of zero order. The Fourier Trans-
forms (FT) of V0(r) and V1(r), say Ṽ0(ν) and Ṽ1(ν), respectively, are deducible from
Formula (6.623.2) of [41], which gives

Ṽ0(ν) =
A0γ0

(γ2
0 + ν2)3/2

, (10)

and
Ṽ1(ν) =

A1γ1

(γ2
1 + ν2)3/2

, (11)

Then the FT Ṽ0(ν) and Ṽ1(ν) are equal to each other, apart from scale and proportion-
ality factors. In fact from Equations (10) and (11) we have

Ṽ1(ν) = G Ṽ0(gν) =
GA0γ0

(γ2
0 + g2ν2)3/2

, (12)

with

G =
A1γ2

0
A0γ2

1
; g =

γ0

γ1
. (13)
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Then, the ratio between Ṽ1(ν) and Ṽ0(ν) can be expressed as

Ṽ1(ν)

Ṽ0(ν)
= G

(
γ2

0 + ν2

γ2
0 + g2ν2

)3/2

. (14)

Now, assuming paraxial propagation along the z axis (passing through the center of
symmetry of the grating), V1(r) is the convolution of V0(r) with the Fresnel wavelet

f (r) = − ikeikz1

2z1
exp

(
i

k
2z1

r2
)

, (15)

where k = 2π/λ is the wavenumber. Then, by virtue of the convolution theorem, Ṽ0(ν)
and Ṽ1(ν) are connected by the relation

Ṽ1(ν) = f̃ (ν)Ṽ0(ν), (16)

where

f̃ (ν) = πeikz1 exp
(
−i

2π2z1

k
ν2
)

(17)

is the FT of Equation (15).
Accordingly, from Equation (16) we have

Ṽ1(ν)

Ṽ0(ν)
= πeikz1 exp

(
−i

2π2z1

k
ν2
)

. (18)

Since the functional structures of the right-hand sides of Equations (14) and (18) are
different the equality cannot hold for any ν. Then the hypothesis is false. Therefore,
if a wavefront is conical across a certain plane, it cannot be conical in any other plane.
Since we have shown that the modes of a pseudo-Schell source must be conical, the
property of a partially coherent source of being of the pseudo-Schell model is not preserved
during propagation.

3. Mode Propagation in Near Zone

The propagated field at the observation point r, z can be evaluated in the paraxial
approximation. Using the Fresnel integral and denoting the radial distance in the source
plane by ρ, we have [44]

V(r, z; γ) = − ikA
z

eikz exp
(

i
kr2

2z

) ∫ ∞

0
e−γρ exp

(
i
kρ2

2z

)
J0

(
krρ

z

)
ρdρ , (19)

which is seen to have the form of a (direct) Laplace transform [41]. If read as a function of γ,
V turns out to be an analytic function. This could lead us to deduce some of its properties.
Nonetheless, we shall use a more elementary approach.

Some general features can be deduced from integral (19). Note that the α and β
parameters appearing in γ (see Equation (6)) have a clear physical meaning. In fact, we
can let

α =
1
L

, β = ±2π

P
, (20)

where L is the decay length of the function τ and P is the radial period of the phase modu-
lation (the positive and negative sign in β corresponding to a converging or a diverging
wavefront, respectively). We then give γ the form

γ =
1
L
(1 + i ε), (21)
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with
ε =

β

α
, (22)

and introduce the Fresnel number

NF =
L2

λz
. (23)

In such a way, the integral in Equation (19) takes the form

V(r, z; γ) = U(s, NF; ε) = −i2πNF A eikz eiπNFs2×
∫ ∞

0
e−(1+iε)t exp

(
iπNFt2

)
J0(2πNFst)t dt ,

(24)

where the normalized radial coordinates s = r/L and t = ρ/L have been used.
Although in general the integral in Equation (24) cannot be given a closed form, it

shows that the shape of the propagated field depends only on two real parameters, namely,
the Fresnel number and the ratio ε between β and α. As an example, Figure 1 shows the
intensity calculated by means of numerical evaluation of Equation (24) at several z−planes
for two different values of the grating periodicity P and a fixed value of the attenuation
length L.

Figure 1. Evolution of the field. The curves for z/λ = 104 are multiplied by a factor 100 and their s
axis is compressed by a factor 5.

A closed form for the propagated field is obtained if we limit ourselves to points r = 0,
i.e., points of the z-axis, in which case the propagated field takes the form

U(0, NF; ε) = −i2πNF A
∫ ∞

0
e−(1+iε)teiπNFt2

t dt . (25)

Here, for brevity, the unessential phase term exp(ikz) has been omitted.
Solving Equation (25) with the aid of Equation (17.13.27) of [41] yields

U(0, NF; ε) = A

{
1− 1 + i ε

2

√
i

NF
exp

[
i
(1 + i ε)2

4πNF

]
Erfc

[
1 + i ε

2

√
i

πNF

]}
, (26)

where Erfc is the complementary error function [41]. Actually, Equation (17.13.27) of [41]
would require the quadratic exponent in Equation (25) to include a real negative coefficient.
According to symbolic evaluation software codes this condition can be omitted provided
that the real coefficient of t in the first exponential function, 1 in our case, is (strictly) >0. As
a matter of fact, numerical evaluations of Equation (26) coincide with numerical estimates
of the integral (25).
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Plots of the axial intensity |U(0, NF; ε)|2 are shown in Figure 2a (for positive ε) and
Figure 2b (for negative ε) as a function of the normalized coordinate

ζ =
1

4πNF
=

λz
4πL2 (27)

for several values of ε.

(b)

Figure 2. Axial intensity for (a) positive and (b) negative values of ε.

Qualitatively different behaviors can be noticed, depending on the sign of ε. When
ε is positive (Figure 2a), the diffracted wavefronts are inclined toward the z-axis and this
produces an intensity increase along the axis itself (principle of axicons). Such an effect
cannot be observed when the effective length of the beam (L) is small with respect to the
grating period (P), i.e., when ε tends to zero. Changing sign to ε the wavefronts are inclined
to outside and a drop of intensity is seen, as in Figure 2b (note the change of scale in the
vertical axis).

4. Mode Propagation in Far Zone

Let us now pass to the far-zone. Using Equation (19), introducing the dimensionless
coordinate, and disregarding proportionality and curvature terms, the far-field can be
written as

U∞(R; ε) =
∫ ∞

0
e−(1+iε)t J0(Rt)t dt , (28)

with
R =

kL
z

r . (29)

Using Formula (17.13.104) of [41] we find

U∞(R, ε) =
1 + i ε

[(1 + i ε)2 + R2]
3/2 , (30)

which corresponds to Equation (10) with different symbols. Equation (30) is fairly simple.
At first it could even seem a trivial monotonically decreasing function of R. Actually, since
U∞ is a complex function, its behavior is far richer than that. We begin by examining the
intensity, which, up to a constant, is given by |U∞(R, ε)|2. We then find

I∞(R, ε) = |U∞(R, ε)|2 =
1 + ε2

[(1− ε2 + R2)2 + 4ε2]
3/2 . (31)

Let us discuss the behavior of this expression as a function of R depending on the
values of the parameter ε. When |ε| ≤ 1 the maximum intensity is reached for R = 0, while
if |ε| ≥ 1, the maximum intensity is reached at R = RM =

√
ε2 − 1.

A few curves of I∞(R, ε), normalized to its maximum value are shown in Figure 3.
Since the horizontal coordinate is proportional to r, the corresponding two-dimensional
figures are annular rings (except for the first two values of ε), whose radius increases
with β.
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Figure 3. Far-zone intensity (normalized to its maximum value) for several values of ε.

Using now physical quantities (L and P) we look at the intensity plots when P is kept
fixed and L is varied. (see Figure 4).

Figure 4. Far-zone intensity (normalized to its maximum value) for P/λ = 2π and several values
of L.

It is seen that on increasing L, i.e., the grating extent, the curves become slimmer and
slimmer. We could think that when L tends to infinity the curve of the far-zone field U∞
tends to an (annular) Dirac delta function (use of half-integer order delta functions has
been suggested in [35]). A moment’s thought however reveals that this cannot be true. An
annular delta in the far-field in fact corresponds in the near-field to a Bessel function of
zero order [45] and not to an exponential function as in Equation (7).

For a more complete description let us consider the real and imaginary parts of U∞.
We shall limit ourselves to the case in which |ε| is much greater than 1. Then, the most
significant region for R in Equation (30) is around R = |ε|. Accordingly, we consider the
function V∞(x) = U∞(|ε|+ x, ε) where |x| � |ε|. Neglecting x2 and 1 with respect to |ε|,
Equation (30) can be approximated by

V∞(x) =
1 + iε

[(1 + x2) + 2|ε|(x± i)]3/2 ' ±i
(8|ε|)−1/2

(x± i)3/2 , (32)

where ± refers to the sign of ε.
Figure 5 shows the squares of the real and imaginary parts of V∞(x) separately. It

is seen that the two functions are symmetrical with respect to the vertical axis. It will be
also noted that ε (provided it is much greater than 1) only determines a proportionality
factor, so that the shapes of the curves of Figure 5 do not depend on ε. It is to be stressed
though that their width is to be compared with their mean abscissa, which equals |ε|. Hence
the two curves become more and more narrow with respect to their mean abscissa when
|ε| increases.
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For |ε| � 1, an interesting feature of the far-zone field is that its squared real and
imaginary parts have clearly separated maxima and minima. This opens the way to
experiments where the corresponding peaks can be altered in phase thus leading to additive
or subtractive combinations. It can be further noticed that if the basic field exp(−γr) is
replaced by its real (or imaginary) part the same will occur to the far-zone field.

Figure 5. Squared real (blue) and imaginary (red) parts of V∞(x) for large |ε|, in arbitrary units.

5. Discussion

We found that the modes of pseudo-Schell model sources form a continuous set. Dif-
ferently from other cases, like that of plane or spherical waves though their analytical struc-
ture changes upon propagation until the rather simple asymptotic form of Equation (30) is
reached. It could be expected that the latter would take on the form of an annular delta
function, but this is not the case because, even for L→ ∞, the squared real and imaginary
parts have maxima and minima at different positions.

The occurrence of the Laplace transform in the evaluation of propagated modes was
evident even if slightly surprising. At the origin of its appearance there was indeed the
kernel (5), but the other key element was the single sided integration domain (0, ∞), implied
by circular symmetry, but readable as a trademark of customary Laplace transform [41].
These elements make it likely that this type of mathematical tool can play a role in several
other cases.
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