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We demonstrate that the multipoles associated with the den-

sity matrix are truly observable quantities that can be un-

ambiguously determined from intensity moments. Given

their correct transformation properties, these multipoles

are the natural variables to deal with a number of problems

in the quantum domain. In the case of polarization, the mo-

ments are measured after the light has passed through two

quarter-wave plates, one half-wave plate, and a polarizing

beam splitter for specific values of the angles of the wave-

plates. For more general two-mode problems, equivalent

measurements can be performed. © 2021 Optical Society of

America

http://dx.doi.org/10.1364/XX.XX.XXXXXX

Quantum information science capitalizes on the peculiar features

of quantum mechanics to store, manipulate, and transfer information

in ways that are inaccessible to any classical strategy. Various plat-

forms have been proposed for implementing these tasks in practice.

Among them, photons are one of the most effective probes to process

information: they epitomize a naturally mobile and low-noise system

with quantum-limited detection available [1].

Photon-based quantum information employs suitable degrees of

freedom, related to propagation direction (path encoding), light spa-

tial structure (orbital angular momentum encoding), and time (time-

bin encoding) [2, 3]. Yet polarization is the degree of freedom most

frequently used to encode the relevant information. Its ubiquitous pres-

ence has been further enhanced by recent advances in entanglement

generation, manipulation, and distribution and by the development of

experimental frameworks for exploiting polarization using integrated

devices [4].

In the continuous-variable regime, polarization is mostly utilized

for the generation of nonclassical light, a basic resource for quantum

information processing applications. Polarization squeezing [5, 6],

which has been observed in numerous experiments [7–10], is perhaps

the most tantalizing illustration. Stokes polarimetry [11] is the mea-

surement method of choice in this area; in fact, complete tomographic

schemes are available in this case [12] and have been implemented in

the laboratory [13, 14].

In the discrete-variable regime of single, or few, photons, one treats

the system in terms of multiphoton two-mode states. As a result, the

polarization can be determined from correlation functions [15–20].

Since the Hilbert spaces involved have small dimensions, the state

reconstruction can be efficiently achieved.

Irrespective of the regime, there is nowadays a general consensus

that grasping all the intriguing effects emerging in the quantum world

requires a proper understanding of higher-order polarization fluctua-

tions [21]. This is in the same vein as what happens in coherence

theory, where a hierarchy of correlation functions is required to fully

characterize the field state [22].

However, we should always bear in mind that polarization has a

natural SU(2) invariance [23], by which we mean that two field states

connected by an SU(2) transformation are equivalent concerning po-

larization statistics. Put differently, physics should be independent of

the polarization basis chosen. Situations where such an invariance is

not explicit can be a source of confusion.

An elegant way to incorporate this SU(2) invariance is by resorting

to the notion of state multipoles [24, 25]. Their standard formulation

is in terms of the angular momentum formalism and they correspond

to the successive moments of the generators (in our case, the Stokes

variables): the dipole term is the first-order moment and can thus be

identified with the classical picture, whereas the other multipoles ac-

count for higher-order fluctuations we want to examine.

The two-mode formulation clearly reveals the vector nature of the

field and the quantum excitations should appear in terms of multi-

poles. Since the modes are connected to Stokes variables via the

time-honoured Jordan-Schwinger map [26, 27], one is naturally led

to examine the aspect of the state multipoles in the two-mode pic-

ture. This is precisely the problem we address in this Letter. The

http://arxiv.org/abs/2109.04474v2
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Letter Optics Letters 2

approach is by no means restricted to polarization, but encompasses

many other instances, such as, e.g., strongly correlated systems [28],

Bose-Einstein condensates [29], and Gaussian-Schell beams [30] (see

Ref. [31] for a complete review). We emphasize that the mode ampli-

tudes are precisely the experimentally accessible variables in most of

those examples.

We work out a new compact expression for the state multipoles

that allows us to reinterpret them in terms of field correlation func-

tions. This allows one to determine these multipoles from simple mea-

surements. More importantly, since the pioneering contributions of

Wolf [32], we know that there is an intimate relationship between po-

larization properties of a random beam and its coherence properties at

the classical level. Our results extend such a connection to arbitrary

higher orders in the quantum domain.

Let us set the stage for our discussion. We will be considering

a monochromatic field specified by two operators âH and âV , repre-

senting the complex amplitudes in two linearly polarized orthogonal

modes that we indicate as horizontal (H) and vertical (V ), respectively.

These operators obey the bosonic commutation rules [âσ , â
†
σ ′ ] = δσσ ′

(σ ,σ ′ ∈ {H,V}), with the superscript † standing for the Hermitian

adjoint and h̄ = 1 throughout. The operator N̂ = â
†
H âH + â

†
V âV repre-

sents then the total number of photons.

In classical optics, the polarization state is portrayed as a point on

the Poincaré sphere, with coordinates given by the Stokes parameters.

As the total intensity is a well-defined quantity, the Poincaré sphere

has a distinct radius (equal to the intensity). In quantum optics, how-

ever, fluctuations in the number of photons are unavoidable and we

are forced to consider instead a three-dimensional Poincaré space that

can be envisioned as a set of nested spheres with radii proportional to

the different total photon numbers that contribute to the state.

In this onion-like picture, each shell (also known as a Fock

layer [33]) has to be addressed independently. This can be stressed

if the Fock states {|nH 〉⊗ |nV 〉}, which comprise the standard ba-

sis for two-mode fields, are relabeled as |S,m〉 ≡ |nH = S+m〉 ⊗
|nV = S−m〉. Equivalently, one has S = 1

2 (nH +nV ) and m= 1
2 (nH −

nV ) in a standard angular-momentum notation. In this way, for each

fixed S (i.e., fixed number of photons), m runs from −S to S and these

states span a (2S+ 1)-dimensional subspace HS that corresponds to

a single Fock layer of spin S.

The density matrix ρ̂ of a general two-mode state spans many Fock

layers. However, expanding ρ̂ in the basis {|S,m〉} is not a conve-

nient choice because it does not explicitly reflect the aforementioned

SU(2) invariance. It is more convenient to use instead the so-called

irreducible tensor operators T̂Kq, which are tailored to transform co-

variantly under SU(2); viz. [24, 25],

R̂(φ ,θ ,ψ) T̂Kq R̂†(φ ,θ ,ψ) = ∑
q′

DK
q′q(φ ,θ ,ψ) T̂Kq′ , (1)

where R̂ is the operator representing a rotation of Euler angles

(φ ,θ ,ψ) and DK
q′q(φ ,θ ,ψ) stands for the Wigner D-matrix [34],

which encodes the matrix elements of R̂ in the basis {|S,m〉}; i.e.,

DS
m′m(φ ,θ ,ψ) = 〈S,m′|R̂(φ ,θ ,ψ)|S,m〉.

The standard construction of these tensors is in terms of the angular

momentum basis. However, its two-mode counterpart is, surprisingly,

missing. To overcome this lack, we define a set of tensor operators

different from the usual construction:

T̂Kq =
â

†K+q
H â

†K−q
V√

(K + q)!(K −q)!
, (2)

with K taking any integer or half-integer value and −K ≤ q ≤ K.

These new operators indeed transform as required by Eq. (1) and will

play a crucial role in what follows.

PBS

D1

D2

Fig. 1. Sketch of the setup with an SU(2) gadget, composed of two

quarter-wave plates and one half-wave plate whose orientation angles

may be adjusted, and a polarizing beam splitter (PBS) that separates

components H and V . We assume that, at the detectors D1 and D2,

the Kth-order intensity moment is measured.

Notice that we have chosen the numerical factors in Eq. (2) so as

to fulfill T̂Kq|vac〉 = |K,q〉, where |vac〉= |0〉⊗ |0〉 is the two-mode

vacuum. This is tantamount to ensuring that the tensors connect two

Fock layers whose total numbers of photons differ by 2K. The defini-

tion of the Wigner D-matrices through |K,q′〉= ∑q DK
q′q|K,q〉 and that

R̂†(φ ,θ ,ψ)|vac〉= |vac〉 immediately validate the covariant nature of

our chosen operators T̂Kq. With this choice, for a fixed S, we have

that Tr(T̂KqT̂
†

K ′q′ ) = C(2K + 2S + 1,2K + 1)δKK ′δqq′ , where C(n,k)
is a binomial coefficient. This has to be taken into consideration when

expanding observables in terms of these tensors.

Next, let us consider the setup sketched in Fig. 1. The light beam

first encounters a half-wave plate and two quarter-wave plates, all

mounted coaxially. This wave plate arrangement constitutes a uni-

versal SU(2) gadget for polarized light: to realize a given R̂(φ ,θ ,ψ)
one simply has to rotate these plates about the common axis to angular

positions characteristic of the element [35]. Recall that SU(2) transfor-

mations do not change the number of photons. For each fixed value of

the Euler angles (φ ,θ ,ψ), the setup measures the intensity moments

of the rotated state, as suggested in Ref. [36] and implemented experi-

mentally in Ref. [37].

To analyze such measurements in a completely SU(2)-invariant

form, we restrict our attention to a single Fock layer. When the photon

number is indefinite, we parse the state in Fock layers and apply the

same technique to each layer [33]. We first note that the matrix

GK
qq′ = Tr(ρ̂T̂Kq T̂

†
Kq′) (3)

does contain (apart from an unessential global constant) all Glauber-

ordered Kth field correlations [38], which are indispensable for a com-

plete state characterization. For example, the state |ψ〉 = ∑q ψq|K,q〉
has correlations GK

q,q′ = ψ∗
q ψq′ . In consequence, from this perspec-

tive, the intensity moments measured by the setup, which enacts

ρ̂ 7→ R̂(φ ,θ ,ψ) ρ̂ R̂†(φ ,θ ,ψ) before splitting and measuring the two

polarization modes, can be appropriately described by

IKq(θ ,φ ) = Tr[ρ̂ R̂(φ ,θ ,ψ) T̂KqT̂
†

Kq R̂†(φ ,θ ,ψ)]

= ∑
q′q′′

GK
q′′q′ DK

q′′q(φ ,θ ,ψ)DK∗
q′q(φ ,θ ,ψ) . (4)

If we take into account that DK∗
q′q = (−1)q−q′DK

−q′−q and the expres-

sion for the product of two D-functions [34], it turns out that

IKq(θ ,φ ) =
2K

∑
L=0

√
4π

2L+ 1
∑

q′ ,q′′
(−1)q−q′CL0

Kq,K−qGK
q′′q′

×∑
m

CLm
Kq′′ ,K−q′ Y

∗
Lm(θ ,φ ) , (5)
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where CLm
L1m1,L2m2

is a standard Clebsch-Gordan coeffi-

cient and we have taken into account that DL
m0(φ ,θ ,ψ) =

[4π/(2L+ 1)]1/2Y ∗
Lm(θ ,φ ), where Y ∗

Lm denotes the correspond-

ing spherical harmonic [34]. To lighten notation, we omit everywhere

the limits on summations over the third component of an angular

momentum, as they always extend to their natural domain; e.g.,

−L ≤ m ≤ L. This is the sense in which we have multipole moments:

we are looking to find the expansion coefficients of the intensity

moments in terms of spherical harmonics, which are uniquely

determined by the correlations GK
qq′ .

This remarkable expression clearly shows that the intensity mo-

ments depend exclusively on the correlation functions GK
q′′q′ and thus

on the corresponding multipoles. In order to be truly useful, we should

be able to invert this formula so as to express GK
q′′q′ in terms of the

measured IKq, such that all of the field correlations can be determined

from simple intensity measurements [39]. This can be accomplished

by multiplying both sides of Eq. (5) by YL′m′ (θ ,φ ) and integrating

over all angles

∫
dΩ IKq(θ ,φ )YL′m′(θ ,φ ) =

√
4π

2L′+ 1
CL′0

Kq,K−q

× ∑
q′ ,q′′

(−1)q−q′ CL′m′
Kq′′,K−q′ G

K
q′′q′ , (6)

where dΩ = sinθ dθdφ is the invariant measure on the sphere. Fi-

nally, we multiply by CL′m′
K p′′,K−p′ , sum over L′ and m′, and use the or-

thogonality relations of the Clebsch-Gordan coefficients; the inversion

we are looking for reads

GK
q′′q′ = (−1)q−q′

2K

∑
L=0

∑
m

√
2L+ 1

4π

(
CL0

Kq,K−q

)−1

×
∫

dΩ IKq(θ ,φ )YLm(θ ,φ )CLm
Kq′′,K−q′ , (7)

where any value of the index q can be taken. To determine all of

the correlations and all of the intensity moments, only a single type

of projection needs to be measured: by simply varying the rotations

imparted on the state by the waveplates in Fig. 1 and repeating the

measurement, all of the polarization information can be recovered.

When the initial state has an exact number of photons (i.e., lies in a

single Fock layer), either one of the two detectors in the setup will suf-

fice for determining IKq(θ ,φ ), as can be directly verified by choosing

q = ±K.

The inversion in Eq. (7), although simple and elegant, requires

a continuum sampling of the angles Ω, which is a serious disad-

vantage from an experimental point of view. On physical grounds,

one would expect that the Kth-order correlations GK
q′′q′ can be decom-

posed in terms of multipoles of order L = 0, · · · ,2K, which can each

be determined by performing 2L + 1 independent measurements to

capture the angular information in the 2L + 1 linearly independent

spherical harmonics YLm(θ ,φ ) of order L; i.e., measure IKq(θi,φi) for

∑2K
L=0(2L+ 1) = (2K + 1)2 values of i in total.

To formalize this idea, we first note that, using the property

∑qCS0
Kq,K−q CL0

Kq,K−q = δSL, Eq. (5) can be recast as

∑
q

CL0
Kq,K−q IKq(θ ,φ ) =

√
4π

2L+ 1
∑

q′,q′′
(−1)q−q′′GK

q′′q′

×
L

∑
m=−L

CLm
Kq′,K−q′′Y

∗
Lm(θ ,φ ) . (8)

If we define

ĨL(θ ,φ ) = ∑
q

CL0
Kq,K−q IKq(θ ,φ ) ,

(9)

G̃
(m)
L = ∑

q′ ,q′′
(−1)q−q′CLm

Kq′′,K−q′ G
K
q′′q′ ,

the result (8) can be finally written in the compact form

ĨL(θ ,φ ) =

√
4π

2L+ 1
∑
m

Y ∗
Lm(θ ,φ ) G̃

(m)
L . (10)

Here, ĨL(θ ,φ ) and G̃
(m)
L are Schur transforms of the intensity mo-

ments IKq(θ ,φ ) and GK
q′′q′ , respectively, which can readily be in-

verted by again using the orthonormality relations among the Clebsch-

Gordan coefficients. We have suppressed the dependence of the trans-

forms on K because the inversion formula will be independent from

K. This transform, sometimes referred to as a Clebsch-Gordan trans-

form [40, 41], maps the computational basis (in our case, the two-

mode Fock basis |nH 〉 ⊗ |nV 〉) to the Schur basis (in our case, the

|L,m〉 basis). We now see that the multipole moments for expand-

ing the intensity distribution in terms of spherical harmonics come

from a Clebsch-Gordan transform of the correlation functions in the

polarization state.

The method then proceeds independently for each order: first, we

measure the first-order intensity moments I1q (θ ,φ ) in the directions

of the three coordinate axes (or any other equivalent directions) so the

resulting system in Eq. (10) can be immediately solved independently

from K, getting




G̃
(1)
1

G̃
(0)
1

G̃
(−1)
1


=

1√
3




−1 i 0

0 0
√

2

1 i 0







Ĩ1(x)

Ĩ1(y)

Ĩ1(z)


 . (11)

This allows us to infer all of the first-order properties.

Next, we proceed much in the same way: measure the second-

order intensity moments in five optimal independent directions and

solve the ensuing system. For example, we can choose the directions

that maximize the minimum angle between the lines and thus in some

sense spread the measurements over the Poincaré sphere as widely as

possible [42].

For the Lth moment, the inversion of the system can be achieved

in a closed manner [42], again without the inversion depending on K

or the previous orders:

G̃L =
4π

2L+ 1
P−1

L Y
†
L ĨL . (12)

We have introduced the vectors G̃L = (G̃
(−L)
L , . . . , G̃

(L)
L )⊤ and ĨL =

(ĨL(θ1,φ1), . . . , ĨL(θ2L+1,φ2L+1))
⊤ (the superscript ⊤ denoting the

transpose) and, in addition, we have

[YL] jk = YLk(θ j,φ j) , [PL] jk = PL(χ jk) , (13)

with cos χ jk = cosθ j cosθk + sinθ j sinθk sin(φ j −φk), and PL(x) rep-

resenting Legendre polynomials. That is our central result: we have

provided an explicit method for determining all of the intensity corre-

lations GK
qq′ and thereby the multipole moments of the intensity dis-

tribution from a set of (2K + 1)2 identical measurements on the po-

larization state rotated to (2K + 1)2 different orientations. These can

then be readily determined for all orders K, which cannot exceed S for

states with fixed total number of photons 2S.
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Choosing the appropriate directions is, in general, a tricky question

if one wants to be sure about the linear independence, but it has been

thoroughly studied [43, 44]. In practice, methods such as maximum

likelihood are much more efficient at handling that inversion [45].

Nature conspires to make a gadget that measures intensity mo-

ments more useful than one that directly measures some correlation

GK
qq′ for q 6= q′. In contrast to the intensity correlations given by

IKq(φ ,θ ,ψ), a gadget that measures the correlations GK
qq′ for some

particular q 6= q′ would be insufficient for determining all of the

Glauber-ordered Kth field correlations, as the correlation is not a sum

of (2K + 1)2 linearly independent functions of (φ ,θ ,ψ).
An extension of these results could be obtained if one had access

to a gadget that measures a correlation between different Fock lay-

ers, such as some particular GKK ′
qq = Tr(ρ̂ T̂KqT̂

†
K ′q). Then, the mea-

surements 〈R̂(φ ,θ ,ψ) T̂KqT̂
†

K ′q R̂†(φ ,θ ,ψ)〉 over an appropriate set of

angles (φ ,θ ,ψ) could be inverted to produce all of the correlations

GKK ′
qq′ for that particular pair of K and K′. This sort of analysis is only

possible because we expressed our tensors as two-mode operators.

As the simplest example, a gadget that replaces the detectors in

Fig. 1 with ones that measures the correlation 〈â†
H â

†
V 〉 could be used

to determine all of the correlations 〈â†
H â

†
V 〉, 〈â

†2
H 〉, and 〈â†2

V 〉, which

could be achieved using photon addition. Again, this would be more

useful than a gadget that measures a particular correlation GKK ′
qq′ for

q 6= q′, as the latter does not contain sufficient information to repro-

duce all of the desired correlations.

In summary, we have worked out a detailed formulation of the

machinery of SU(2) irreducible tensors for two-mode fields. Since,

in many instances, the experimentally accessible observables are pre-

cisely the mode amplitudes, our formalism should play a major role

in a proper analysis of these kinds of experiments. As a confirma-

tion, we have demonstrated that the state multipoles are nothing but

the Glauber correlation functions when expressed in the mode picture.

This confirms a conspicuous relation between polarization and coher-

ence in the fully quantum realm.
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