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Abstract: A wide class of nonuniformly totally polarized beams that preserve their transverse
polarization pattern during paraxial propagation was studied. Beams of this type are of interest, in
particular, in polarimetric techniques that use a single input beam for the determination of the Mueller
matrix of a homogeneous sample. In these cases, in fact, it is possible to test the sample response
to several polarization states at once. The propagation invariance of the transverse polarization
pattern is an interesting feature for beams used in these techniques, because the polarization state of
the output beam can be detected at any transverse plane after the sample, without the use of any
imaging/magnifying optical system. Furthermore, exploiting the great variety of the beams of this
class, the ones that better fit specific experimental constrains can be chosen. In particular, the class
also includes beams that present all possible polarization states across their transverse section (the
full Poincaré beams (FPB)). The use of the latter has recently been proposed to increase the accuracy
of the recovered Mueller matrix elements. Examples of FPBs with propagation-invariant polarization
profiles and its use in polarimetry are discussed in detail. The requirement of invariance of the
polarization pattern can be limited to the propagation in the far field. In such a case, less restrictive
conditions are derived, and a wider class of beams is found.

Keywords: polarization; polarimetry; propagation; invariance

1. Introduction

It is well known that the transverse polarization pattern of a completely coherent
and nonuniformly totally polarized (NUTP) beam changes, in general, upon paraxial free
propagation. The proposal of new NUTP beams [1–10] and the study of how they propagate
through different systems is a subject of increasing interest (see, for example, [11–23]). At
the same time, researchers have also focused on studying invariance upon propagation of
some NUTP beams characteristics, such as their irradiance, state or degree of polarization,
coherence, etc. [24–32]. Conditions ensuring the polarization invariance in propagation
have been studied also for the case of partially coherent electromagnetic beams [26,31,33].

On the other hand, in a variety of applications, such as polarimetry, lidar, microscopy,
manipulation of particles, etc., NUTP beams with invariant transverse polarization distribu-
tions can be convenient. The most used NUTP beams that remain invariant in polarization
during propagation are the spirally polarized beams [2,6,32,34], especially in the particular
cases of radial and azimuthal polarization.

Polarimetry is a noninvasive testing technique that provides information about the
optical properties of a sample [35]. Since partially polarized light can be described by the
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4× 1 Stokes vector S, the optical behavior of a sample can be described by its 4× 4 Mueller
matrix, M̂ [36–38]. To measure its Mueller matrix, a sample is generally tested sequentially
by at least four different input polarization states [36]. The latter must be represented by
four independent 4× 1 Stokes vectors, to recover the Mueller matrix elements by means of
an inversion procedure [36,37].

A polarimetric technique has recently been proposed for the analysis of linear, de-
terministic, and homogeneous samples [16]. It uses a single test beam but endowed with
nonuniform polarization across its transverse profile, and the response of the sample is
then analyzed at different points of the transverse beam profile. To this aim, beams that
potentially provide the best performances are those that present all possible polarization
states across their profile, because using a large number of input polarization states results
in a reduction in the uncertainties on the measured values of the Mueller matrix [39]. Beams
of this type were introduced by Beckley et al. [8] and are known as full Poincaré beams
(FPBs) [9,40,41]. The term Full-Poincaré Polarimetry (FPP) is used to denote this technique.

It should be recalled that a different technique using FPBs is currently employed in
(Stokes) polarimetry. In this case, the polarization state of a beam is recovered from the
image of the FPB generated through a stress-engineered optic [42–45].

In previous experimental verifications of FPP, the input FPB was obtained on exploit-
ing the anisotropy properties of a calcite crystal [39,46]. The transverse dimensions of the
tested samples were large enough to allow the use of an input FPB with a spot size of the
order of a few millimeters, so that no optical magnifying systems were needed to image
the output beam onto a CCD sensor and perform measurements.

For smaller samples, or when their optical properties are not uniform, the input
beam needs to be focused onto the region to be tested. Analysis of the output beam
would necessarily require the use of optical systems, which could affect the polarization
measurements. Therefore, it would be convenient to have a FPB that keeps its polarization
profile in free-space propagation, except for a transverse scaling factor, so that the same
pattern would be observed at any distance from the sample. The most comfortable beam
size for the detection could be selected simply choosing the right distance from the sample
to locate the sensor.

In this article, we first present a class of perfectly coherent and NUTP beams [47] that
fulfill the above requirements, that is, they retain the shape of their transverse polarization
pattern during paraxial propagation, the only change being a scaling of the transverse
coordinates as one goes from one transverse plane to another. To the same class belongs all
beams that are obtained by transforming one of the above beams by means of a general
linear, deterministic, and homogeneous optical element. In other terms, if the input beam
fulfills the above requirement, the propagation invariance is also guaranteed for the beam
exiting the sample. Within such a class, we identify NUTP beams that are FPB and study
their applicability in Mueller matrix polarimetry.

A less strict condition is found if the propagation invariance of the transverse pattern
is required only in the far zone. It was shown that in such a case a wider class of fields is
obtained and that four different polarization-invariant fields are obtained in a simple way
from any pair of Fourier-transformable functions.

The article is structured as follows. This section constitutes the introduction, while,
in Section 2, a condition for the invariance of the polarization pattern is reviewed, and some
examples are given. Afterward, the fields whose polarization patterns repeat at the far-field
is studied in Section 3. The main result of this work is the study of invariant full Poincarè
beams and their use in polarimetry, which is presented in Section 4. Finally, the main
findings of this work are discussed in Section 5.

2. Invariant Fields

In this section, we review a class of light beams that exhibit a propagation-invariant
intensity profile and polarization pattern. A condition ensuring the shape-invariance of the
transverse polarization pattern of a field is that the latter be expressible as the superposition
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of two component fields, having orthogonal and uniform polarizations, chosen in such a
way that the ratio between their values at any point of a transverse plane (taking the above
scaling factor into account) remains invariant at any propagation distance z. In the trivial
case of uniform polarization, this happens because one of the two fields can always be set
to zero. Let us denote by V0(r) a typical vector field across the plane z = 0, writing it as

V0(r) =
2

∑
i=1

V(i)
0 (r) ε̂i , (1)

where r = (r, θ) is a point in the source plane, and ε̂i (i = 1, 2) are unit vectors specifying
two orthogonal polarization states, which look for two component fields, V(i)

0 (r), fulfilling
the above condition.

Within the paraxial approximation, the field propagated at any distance z can be
evaluated by expressing the initial one in terms of Gaussian modes, whose propagation
expression can be given in closed form. This can be made either in rectangular or in
polar coordinates, where Hermite–Gaussian (HG) or Laguerre–Gaussian (LG) functions,
respectively, can be used [48]. We denote both families of functions by Ψh(r; w0), regardless
of the specific coordinate system we are using, while the meaning of the index h depends
on the particular class of functions: it may represent either the indexes (say, n and m) of the
two Hermite polynomials involved in the definition of HG functions or the two parameters
(say, p and s) specifying a generalized Laguerre polynomial, for the case of LG modes. Both
classes of functions depend on a further parameter, namely, the spot size w0, which fixes
the transverse extent of the modes at their waist.

Gaussian functions form a complete set in L2. This allows for any paraxial beam to be
written as a superposition of modes of the above types, with arbitrary w0. In particular,
we have

V(i)
0 (r) = ∑

h
c(i)h Ψh(r; w0) , (2)

where
c(i)h =

∫
V(i)

0 (r) Ψ∗h(r; w0) dr , (3)

the integral being extended to the whole plane z = 0. The field propagated at a distance z
is therefore evaluated taking into account the effects of propagation on each of the modes.
The latter, in fact, keep their initial form, up to a scaling factor, and acquire both a spherical
curvature and a phase depending on the mode indices. More precisely, we have

V(i)
z (r) =

w0

wz
eikz exp

(
ikr2

2Rz

)
∑
h

c(i)h Ψh(r; wz) e−i(N + 1)Φz , (4)

where k is the wave number and

wz = w0

√
1 +

(
z

zR

)2
; Rz = z

[
1 +

( zR
z
)2
]
; Φz = arctan

(
z

zR

)
, (5)

with zR = kw2
0/2 being the Rayleigh distance. The parameter N is related to the indexes of

the modes. It equals n + m for HG modes and 2p + |s| for LG modes and contributes to the
phase term (N + 1)Φz appearing in Equation (4). Such a term is known as phase anomaly or
Gouy phase [49]. It is important to stress that, since each of the modes is shape-invariant
during propagation, the phase anomaly is the only factor responsible for the fact that a
general beam changes in shape during propagation [50,51].

According to Equation (1), the polarization pattern of a beam across a transverse plane
is determined by the relative amplitude and phase of the two component fields at any
point of the plane and, in general, changes during propagation because the two fields
generally change in shape and acquire different phases. On the other hand, from the above
results, it turns out that a condition ensuring that the relative amplitudes and phases of
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the two beams remain unchanged at any point is to require that, in the modal expansion
of its component fields (Equation (4)), only those terms are present for which the phase
anomaly changes in the same way during propagation [50,51]. This means that either of
the two orthogonally polarized components of the beam have to be expressed as the sum
of HG (and/or LG) modes with one and the same value of N. This condition implies that,
except for overall amplitude and phase terms, the propagated field is an exact replica of
the initial one, scaled by the factor w0/wz.

It is worth recalling here that the LG mode with indices p and s can be expressed as
the sum of HG modes for which n + m = 2p + |s| [48,52], and, conversely, the HG mode
with indices n and m can be expressed as the sum of LG modes for which 2p + |s| = n + m.
This means that every beam obtained following the above rule can be thought of equally
as a superposition of either HG or LG modes, the involved expansion coefficients being
related by linear transformation rules [53].

A significant remark can be made before dealing with particular examples. If a beam
presents a propagation-invariant polarization profile, the same property holds for any
other beam obtained from the first one by placing in its path a general linear, deterministic,
and homogeneous optical element. In fact, any optical element of this kind can be described
by a constant Jones matrix, Ĵ, and its effect on a beam at z = 0 is to produce at its output
the field

V ′0(r) = Ĵ V0(r) . (6)

If we introduce the direct propagator in free space, Kz(r, ρ), such that

V z(r) =
∫∫

Kz(r, ρ)V0(ρ)dρ , (7)

the expression for the propagated field V ′z reads

V ′z(r) =
∫∫

Kz(r, ρ)V ′0(ρ)dρ =
∫∫

Kz(r, ρ) Ĵ V0(ρ)dρ =

= Ĵ
∫∫

Kz(r, ρ)V0(ρ)dρ = Ĵ V z(r) ,

(8)

so that if V preserves its transverse polarization pattern during propagation, the same
occurs for V ′.

Incidentally, we note that the shape-invariance property holds not only when Kz
is the direct propagator in free space but for whatever linear scalar operator. Hence,
in particular, it holds for the propagation of the beam through any isotropic optical systems,
characterized by an ABCD transformation matrix [49].

Examples

The best known examples of NUTP fields whose polarization pattern remains un-
changed on propagation are donut beams with radial or azimuthal polarization. A method
to produce them is through the superposition of a LG0,1 mode, with circular polarization
ε̂1 = (x̂ + i ŷ)/

√
2, and a LG0,−1 mode, with the same amplitude and orthogonal polar-

ization ε̂2 = (x̂− i ŷ)/
√

2 (in both cases N = 1) [2,7,54]. An analogous scheme leads to
azimuthally polarized beams. Unfortunately, such beams present only linear polarization
states across their profile, and this is not enough to perform complete polarimetric char-
acterization. In fact, all linear states present a zero value of the third component of its
Stokes vector, S3 = 0, so that any selection of four different linear polarization states of the
input field cannot be independent. The use of a homogeneous anisotropic optical element
placed before the sample would not help, because even in this case we could not find four
independent states across the beam cross section.
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As the first example, consider, for instance, the superposition of two linearly polarized
component beams, and take ε̂1 = x̂ and ε̂2 = ŷ. Then, if we choose the field across the
plane z = 0 as

V0(r) = HG11(r, w0)ε̂1 + i HG20(r, w0)ε̂2 , (9)

where HGnm(r, w0) denotes the HG mode of order nm (here, N = m + n = 2), we obtain
the amplitude and polarization patterns shown in Figure 1a. It can be easily checked that,
for the field in Equation (9), its Stokes component S2 = 0 everywhere, so the states of
polarization are distributed on a meridian of the Poincaré sphere as it can be observed in
Figure 1b. Here, 21× 21 points evenly distributed across the transverse section of the beam
in Figure 1a were selected for calculating the corresponding polarization states, which were
represented over the intensity map as polarization ellipses. In Figure 1b, every state of
polarization is represented as a dot on the Poincaré sphere surface. The same sampling of
the polarization pattern will be chosen for the subsequent figures.

-1.5 0 1.5
-1.5

0

1.5

(a) (b)

Figure 1. (a) Transverse intensity and polarization pattern for the field in Equation (9) where
handedness is codified by the color of the ellipses (green = right, red = left, and red is also used for
linear polarization), and distances are normalized to the beam spot size; (b) corresponding states
of polarization represented by black dots on the Poincaré sphere; the red dot indicates horizontal
linearly polarized light.

A richer polarization pattern can be obtained by selecting a superposition of several
modes for at least one of the components, for example,

V0(r) = HG11(r, w0)ε̂1 + [HG20(r, w0) + iHG02(r, w0)] ε̂2 , (10)

whose polarization pattern is shown in Figure 2a. It can be observed in Figure 2b that the
polarization states covers a wider area on the Poincaré sphere.

For both previous examples, the intensity profile and the polarization pattern remain
invariant, up to a scale factor, in free-space propagation.

To simplify the notations, in the following, we use normalized coordinates, i.e., we
adopt units for which w0 is unitary.
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0.8
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(a) (b)

Figure 2. (a) Transverse intensity and polarization pattern for the field in Equation (10) where
handedness is codified by the color of the ellipses (green = right, red = left, and red is also used for
linear polarization), and distances are normalized to the beam spot size; (b) corresponding states
of polarization represented by black dots on the Poincaré sphere; the red dot indicates horizontal
linearly polarized light.

3. A Looser Condition: Invariance in the Far Field

A wider class of fields can be identified if the condition of shape invariance of the
polarization pattern is required only when the propagated field reaches the far zone. Using
the same approach as in the previous case, we require that, in the modal expansion of the
component fields (Equation (4)), only those terms for which the phase anomalies take the
same value in the far field (i.e., when z� zR), up to an integer multiple of 2π, are present.
In this case, while in the near zone the mutual phases among the Gaussian modes generally
change, thus modifying also the polarization state of the total field, they align again in the
far zone. From a mathematical point of view, the phase anomaly of each of the Gaussian
modes saturates to the value (N + 1)π/2 in the far field. So, to guarantee shape invariance
in the far field, it is sufficient that either of the two orthogonally polarized components of
the beam could be expressed as the sum of HG (and/or LG) modes with values of n + m
(and/or of 2p + |s|) that only differ for 4 j, with integer j, that is to say,

N2 − N1 = 4j, with j = 0, 1, 2.., (11)

where N1 and N2 are the orders of the x and y components of the field, respectively.
An interesting aspect of this approach is that, in practice, it is not necessary to resort

to superpositions of modes of suitable order to obtain propagation-invariant polarization
patterns. In fact, using an analogous procedure as that used to conceive self-Fourier
functions [55,56], it can be shown that four different beams of this class can be obtained in
a simple way starting from any pair of Fourier-transformable functions.

Let us consider an arbitrary Fourier-transformable function g(x, y) and define the
following auxiliary functions:

g(+)(x, y) =
1
2

g(x, y) , g(−)(x, y) =
1
2

g(−x,−y) ,

(12)

g̃(+)(x, y) =
1
2

g̃(x, y) , g̃(−)(x, y) =
1
2

g̃(−x,−y) ,

where g̃(ν, µ) is the two-dimensional Fourier transform of g(x, y). Then, four linear combi-
nations of the auxiliary functions, namely, gq(x, y), with q = 0, 1, 2, 3, can be defined as
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g0(x, y)
g1(x, y)
g2(x, y)
g3(x, y)

 =
1
2


1 1 1 1
1 −1 i −i
1 1 −1 −1
1 −1 −i i




g(+)(x, y)
g(−)(x, y)
g̃(+)(x, y)
g̃(−)(x, y)

 . (13)

Such functions are generalized self-Fourier functions, in the sense that they reproduce
themselves on Fourier transformation, up to a proportionality factor [56]. More precisely,
the relation g̃q(ν, µ) = i−qgq(ν, µ) holds.

Let us now apply this result to the vectorial case and consider the following vectorial
function:

G(x, y) =
(

gX(x, y)
gY(x, y)

)
, (14)

where gX(x, y) and gY(x, y) are two arbitrary Fourier-transformable functions. Then,
on applying Equations (12) and (13) to the two components gX(x, y) and gY(x, y), four
vector fields are obtained as

Gq(x, y) =

(
gX

q (x, y)
gY

q (x, y)

)
, (15)

which present the same polarization pattern profile across the source plane and in the
far field, because their components reproduce themselves after Fourier transformation,
with the same proportionality factor.

An Example

To give a simple example, let us consider the following field:

G(x, y) =

 Ax(1 + 2x) exp
(
−x2 − y2)

Ay(−1 + iy + 2y2) exp
(
−x2 − y2)

 , (16)

where Aj are constants whose squares have intensity dimensions. The Fourier transform of
G(x, y) is

G̃(ν, µ) = π

 Ax(1− 2iπν) exp
[
−π2(ν2 + µ2)]

Ay2πµ(1− 2πµ) exp
[
−π2(ν2 + µ2)]

 . (17)

Note that neither the field given by Equation (16) nor its Fourier transform present an
invariant polarization pattern. They are not self-Fourier transform fields either. However,
by using Equations (13) and (15), the following four different self-Fourier fields can be built

G0(x, y) =

 2Ax
[
exp

(
−r2)+ π exp

(
−π2r2)]

2Ay
[
(−2 + 4y2) exp

(
−r2)+ 4π3y2 exp

(
−π2r2)]

 , (18)

G1(x, y) = 4
[
exp

(
−r2

)
+ π2 exp

(
−π2r2

)] Ax x

iAy y

 , (19)

G2(x, y) =

 2Ax
[
exp

(
−r2)− π exp

(
−π2r2)]

2Ay
[
(−2 + 4y2) exp

(
−r2)− 4π3y2 exp

(
−π2r2)]

 , (20)

and

G3(x, y) = 4
[
exp

(
−r2

)
− π2 exp

(
−π2r2

)] Ax x

iAy y

 . (21)
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The intensity profile and the polarization pattern corresponding to these four self-
Fourier fields for Ax = Ay = 1 are represented in Figure 3. In Figure 3b,d, the polarization
varies from linear to circular, moving along the azimuthal direction. Polarization structures
of this kind have recently been investigated in the case of focusing of vector beams with
polarization singularities [19,20].

0
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1
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(a) (b)

0
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0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

(c) (d)

Figure 3. Polarization pattern and intensity profile normalized to its maximum (color scale) for the
beams generated from the field in Equation (16) for (a) q = 0; (b) q = 1; (c) q = 2; and (d) q = 3.
Green for right-handed elliptical polarization and red for left-handed and linear polarization.

Richer self-Fourier polarization patterns and self-Fourier intensity profiles can be
obtained by using more complex generating vectorial functions.

4. Full Poincaré Invariant Fields and Their Application in Polarimetry

In the above examples, several polarization states were simultaneously present across
the plane z = 0, and the polarization pattern was preserved during propagation. However,
in some cases, such as those concerning polarimetric techniques, it can be useful to have
beams that present across a transverse plane the greatest possible number of polarization
states. To this aim, the best solution is represented by the full Poincaré beams. Such
beams were introduced in [8] as examples of totally but non-uniformly polarized fields
that present, across any transverse plane, every possible polarization state. Using the
present approach we can find, within the class of FPB’s, those fields that preserve their
polarization pattern during propagation. An example of these fields with low-order modes
in Equation (2) is presented in the following.

We take two linearly polarized component fields: a single LG mode with indices ` = 1
and s = 0 (as the field V(1)

0 ) and a single LG mode with indices ` = 0 and s = 2 (as V(2)
0 ).

The sum 2`+ |s| gives 2 in both cases.
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Using the definition of LG modes [49], the total field can be written as

V0(r) =
(

1− 2r2

α r2 e−2iϑ

)
e−r2

, (22)

where common constant factors were omitted, and the coefficient α was introduced to let
change the amplitude ratio between the two fields. The intensity distribution, together
with the polarization states of the field across the plane, are shown in Figure 4a, for α = 2.

-0.8 0 0.8
-0.8

0

0.8

0

0.2

0.4

0.6

0.8

1

0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

(a) (b) (c)

Figure 4. (a) Transverse intensity and polarization pattern for the beam in Equation (22); where handedness is codified by
the color of the ellipses (green = right, red = left, and red is also used for linear polarization), and distances are normalized
to the beam spot size; (b) corresponding states of polarization represented by black dots on the Poincaré sphere, and the red
dot indicates horizontal linearly polarized light; (c) intensity profile and contribution of each field component where the
black dots represent distances, r, where the optimum polarization for polarimetric measurements can be found.

From Figure 4b, it seems that these states of polarization could cover the entire surface
of the Poincaré sphere. It is possible to show that any possible polarization state on the
Poincaré sphere is present across the transverse plane and even evaluate the coordinate
where it occurs. In fact, from the definition of Stokes parameters [36,37]

S0(r) = |Vx(r)|2 + |Vy(r)|2

S1(r) = |Vx(r)|2 − |Vy(r)|2

S2(r) = 2<{Vx(r)V∗y (r)} (23)

S3(r) = 2={Vx(r)V∗y (r)}

where <{·} and ={·} stand for the real and the imaginary part, respectively, and ∗ denotes
the complex conjugate. It turns out that the elements of the normalized Stokes vector
(si = Si/S0, i = 1, ..., 3) are

s1 =
1− F2

1 + F2 ; s2 =
2F cos(2ϑ)

1 + F2 ; s3 =
2F sin(2ϑ)

1 + F2 , (24)

where the auxiliary function F is defined as

F =
α r2

1− 2r2 . (25)

We first note that F can assume all possible values from zero to infinity when r spans
the interval (0, 1/

√
2). As a consequence, in the same interval, s1 can take any value from

−1 and 1. Then, on choosing ϑ, all possible values of s2 and s3 can be selected. In the
present case, the angles ϑ and ϑ + π give rise to the same polarization [8,9].
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The expressions in Equation (24) can be inverted to obtain the coordinates where a
given polarization appears across the transverse plane. Solving for F in the first of these
expressions and using Equation (25), the following value is obtained

r2 =
1

2 + α

√
1 + s1

1− s1

, (26)

while, from the second and third expressions, the corresponding values of the angle ϑ are
derived as

ϑ =
1
2

arg[s2 + is3] (+π) . (27)

Since we were interested in using an FPB as a parallel polarization state generator,
we had to select the four optimum states of polarization to be used in FPP and find the
points where they are located. It is well known that the optimal configuration with a
minimum number of polarization testing states in a Mueller matrix polarimeter involves
four input states that form a regular tetrahedron inscribed in the Poincaré sphere [57,58].
This configuration is optimal in the sense that the errors propagated in the derivation of
the Mueller matrix are minimized. A rather natural choice for one of the points is the
center of the beam (where a local maximum of the intensity is found), which fixes the
Stokes vector of one of the tetrahedron vertices (say, V0) at [1, 0, 0]T . Therefore, the three
remaining vertices (Vi, with i = 1, 2, 3) are located on the circle formed by the intersection
of the Poincaré sphere with the plane s1 = −1/3.

We introduce, for brevity, the symbol σ to denote s2(V1) and assumed that the polariza-
tion at vertex V1 is left-handed. As the normalized Stokes parameters satisfy s2

1 + s2
2 + s2

3 = 1
and s2

1 = 1/9, then s2
2 cannot exceed 8/9. As a consequence, σ can only take values in

the interval −
√

8/3 ≤ σ ≤
√

8/3. If we choose a value for σ, the polarization states of all
vertices will become fixed. In particular, the three polarization states with s1 = −1/3 are
located along a circle with radius

r2 =
1

2 + α/
√

2
, (28)

at values of ϑ given by the following expressions:

cos(2ϑ1) =
3σ

2
√

2
, (29)

cos(2ϑ2,3) =
3

2
√

2

−σ

2
±

√
2
3
− 3σ2

4

. (30)

The points across the beam section corresponding to σ = 0 are shown in Figure 4a as
red points, together with the intensity and polarization maps. The red circle has radius√

2 and encloses the region where all polarization states are present (twice). On varying
σ, the three outermost points move along the light blue circle, whose radius is given by
Equation (28). For the present case, this radius turns to be r = 0.54, corresponding to the
vertical dashed line in Figure 4c.

For the beam described by Equation (22), it is not easy to find four points of its
transverse section whose polarization states form a regular tetrahedron on the Poincaré
sphere and show a similar high intensity (see Figure 4c), which is also convenient to
reduce the propagated errors in the determination of the Mueller matrix from polarimet-
ric measurements.

For the next example, we took the following component fields: a single LG mode
with indices p = 1 and s = 3 (linearly polarized along x̂) and a single LG mode with
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indices p = 2 and s = 1 (linearly polarized along ŷ). The sum 2p + |s| gives 5 in both cases.
Following the use of normalized coordinates, the total field can be written as

V0(r) =
(

2r4 − 6r2 + 3
α r2(2− r2) e−2iϑ

)
r e−iϑe−r2

. (31)

The intensity distribution together with the polarization states of the field across
the plane are shown in Figure 5a for α = 1.25

√
2. These states of polarization are also

represented on the Poincaré sphere (see Figure 5b).
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Figure 5. (a) Transverse intensity and polarization pattern for the field in Equation (22) where handedness is codified by the
color of the ellipses (green = right, red = left, and red is also used for linear polarization), and distances are normalized to
the beam spot size; (b) corresponding states of polarization represented by black dots on the Poincaré sphere, and the red
dot indicates horizontal linearly polarized light; (c) intensity profile and contribution of each field component where the
black dots represent distances, r, where the optimum polarization for polarimetric measurements can be found.

As in the previous example, it is possible to show that any possible polarization state
on the Poincaré sphere is present across the transverse plane and even to evaluate the
coordinate where it occurs. In fact, expressions in Equation (24) remain valid only by
replacing the value of the auxiliary function F by

F =
α r2(2− r2)

2 r4 − 6r2 + 3
. (32)

The latter expression takes all possible values from zero to infinity when r spans the
interval [0, r1], where

r1 =

√
3−
√

3
2

(33)

is the lowest positive root of the denominator of F. Inverting expressions in Equation (24),
with F given by Equation (32), allows us to obtain the polar coordinates where a given
polarization (chosen at will) appears across the transverse beam section. For r ≤ r1 we have:

r2 =
1 + 3β−

√
3β2 + 3β + 1

1 + 2β
, (34)

ϑ =
1
2

arg[s2 + is3] (+π) , (35)

with

β =
1
α

√
1− s1

1 + s1
, (36)
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so that the whole Poincaré sphere is mapped twice in the circle 0 ≤ r ≤ r1, regardless of
the value of α. It can be shown that the Poincaré sphere is mapped again (twice) in the
region r1 ≤ r ≤ r2 and in the region r2 ≤ r ≤ r3, with

r2 =
√

2 ; r3 =

√
3 +
√

3
2

. (37)

The three regions are identified by the solid red circles in Figure 5a.
A useful choice for using this beam as a parallel polarization state generator for

polarimetry consists of selecting four points where the intensity values are sufficiently high.
In this way, a more precise measurement of the Stokes parameters on these points can be
obtained. This can be achieved, for instance, by selecting one of the points on the circle of
radius r1 (all of them having vertical polarization), then fixing the Stokes vector of one of
the tetrahedron vertices (say, P0) at [−1, 0, 0]T .

The three remaining vertices (Pi, with i = 1, 2, 3) are located at the intersection of the
Poincaré sphere with the plane s1 = 1/3. Using again the parameter σ = s2(P1), it turns
out that, limiting ourselves to the region r ≤ r1, the three polarization states with s1 = 1/3
are located along a circle having radius

r2 =
3 + α

√
2−

√
2α2 + 3α

√
2 + 3

2 + α
√

2
, (38)

at values of ϑ given by

cos(2ϑ1) =
3σ

2
√

2
; cos(2ϑ2,3) =

3
2
√

2

−σ

2
±

√
2
3
− 3σ2

4

. (39)

More solutions exist for r > r1, but the intensity is lower there.
The measurement points across the beam section, corresponding to σ = 0, are shown

in Figure 5 as red dots (together with any point on the smallest red circle). On varying σ,
the three red points move along the blue circle, whose radius is given by Equation (38),
but their intensities are always the same. Furthermore, the intensities at all measurement
points are very high (always over 75% of the maximum), as can be seen in Figure 5c, where
the radii of the blue circle (r = 0.56) and that of the inner red circle (r = r1, given by
Equation (33)) are indicated as vertical dashed lines.

We point out that if a different polarization basis is chosen for the component fields
(instead of x̂, ŷ), a different polarization pattern is obtained, but the four selected points
continue presenting relatively high intensity (more than 75% of the maximum) and po-
larization states that are on the vertices of a regular tetrahedron inscribed in the Poincaré
sphere and can be used profitably for FPP measurements.

The best method to exploit the potential offered by this type of beams is to use a CCD
sensor to detect the polarization states across the beam section. Due to the propagation-
invariant feature of the transverse polarization pattern, no imaging optical elements are
required before the sensor. On taking (at least) four images of the field profile after
suitable configurations of linear polarizers and phase plates [36,37] and processing them,
the whole maps of the Stokes parameters (without and with the sample, respectively) can
be obtained. Therefore, in the evaluation of the Mueller matrix of the sample, all possible
input polarization states are available at once. A reduction in the propagated errors can be
achieved by averaging the results pertaining to different sets of measurement points or by
increasing the number of points used in each measurement [16,39,57–59].

5. Discussion

Since in polarimetric techniques at least four linearly independent states of polariza-
tion at the input of a sample are required for a complete Mueller matrix characterization [36],
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NUTP beams can be profitably used as parallel polarization state generators [16,35,39,59–61].
Moreover, the invariance upon propagation of the polarization pattern of the input beam
can be an advantage in these systems because the sample can be positioned at any trans-
verse plane along the beam path, and no imaging systems are required after the sam-
ple [16,39,59]. Here, a class of NUTP beams whose polarization and intensity transverse
profiles remain invariant during propagation, up to a scaling factor, were analyzed. In par-
ticular, in view of applications in Mueller polarimetric techniques, beams of this class that
are also FPBs were studied. Some examples were given for which not only the transverse
polarization map had been obtained but also the coordinates of the points where mea-
surements should be taken to reduce the propagated errors in the determination of the
Mueller matrix of the sample. Finally, we showed that, when the invariance condition is
only required at the far field, a great variety of fields can be envisaged following simple
analytical procedures.

Author Contributions: All authors contributed equally to this work. All authors have read and
agreed to the published version of the manuscript.

Funding: This research was funded by Spanish Ministerio de Economía y Competitividad under
grant number PID2019 104268GB-C21.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest. The funders had no role in the design
of the study; in the collection, analyses, or interpretation of data; in the writing of the manuscript; or
in the decision to publish the results.

Abbreviations
The following abbreviations are used in this manuscript:

FPB Full Poincaré beam
NUTP Non-uniformly totally polarized
FPP Full Poincaré polarimetry
HG Hermite–Gaussian
LG Laguerre–Gaussian

References
1. Freund, I. Polarization flowers. Opt. Commun. 2001, 199, 47–63. [CrossRef]
2. Gori, F. Polarization basis for vortex beams. J. Opt. Soc. Am. A 2001, 18, 1612–1617. [CrossRef] [PubMed]
3. Piquero, G.; Vargas-Balbuena, J. Non-uniformly polarized beams across their transverse profiles: An introductory study for

undergraduate optics courses. Eur. J. Phys. 2004, 25, 793–800. [CrossRef]
4. Niziev, V.G.; Chang, R.S.; Nesterov, A.V. Generation of inhomogeneously polarized laser beams by use of a Sagnac interferometer.

Appl. Opt. 2006, 45, 8393–8399. [CrossRef] [PubMed]
5. Maurer, C.; Jesacher, A.; Fürhapter, S.; Bernet, S.; Ritsch-Marte, M. Tailoring of arbitrary optical vector beams. New J. Phys. 2007,

9, 78. [CrossRef]
6. Martínez-Herrero, R.; Mejías, P.M. Propagation of light fields with radial or azimuthal polarization distribution at a transverse

plane. Opt. Express 2008, 16, 9021–9033. [CrossRef] [PubMed]
7. Zhan, Q. Cylindrical vector beams: From mathematical concepts to applications. Adv. Opt. Photon. 2009, 1, 1–57. [CrossRef]
8. Beckley, A.M.; Brown, T.G.; Alonso, M.A. Full Poincaré beams. Opt. Express 2010, 18, 10777–10785. [CrossRef] [PubMed]
9. Galvez, E.J.; Khadka, S.; Schubert, W.H.; Nomoto, S. Poincaré-beam patterns produced by nonseparable superpositions of

Laguerre-Gauss and polarization modes of light. Appl. Opt. 2012, 51, 2925–2934. [CrossRef]
10. Vyas, S.; Kozawa, Y.; Sato, S. Polarization singularities in superposition of vector beams. Opt. Express 2013, 21, 8972–8986.

[CrossRef]
11. Korotkova, O.; Wolf, E. Changes in the state of polarization of a random electromagnetic beam on propagation. Opt. Commun.

2005, 246, 35–43. [CrossRef]
12. Wang, T.; Pu, J. Propagation of non-uniformly polarized beams in a turbulent atmosphere. Opt. Commun. 2008, 281, 3617–3622.

[CrossRef]

http://dx.doi.org/10.1016/S0030-4018(01)01533-4
http://dx.doi.org/10.1364/JOSAA.18.001612
http://www.ncbi.nlm.nih.gov/pubmed/11444552
http://dx.doi.org/10.1088/0143-0807/25/6/011
http://dx.doi.org/10.1364/AO.45.008393
http://www.ncbi.nlm.nih.gov/pubmed/17086246
http://dx.doi.org/10.1088/1367-2630/9/3/078
http://dx.doi.org/10.1364/OE.16.009021
http://www.ncbi.nlm.nih.gov/pubmed/18545613
http://dx.doi.org/10.1364/AOP.1.000001
http://dx.doi.org/10.1364/OE.18.010777
http://www.ncbi.nlm.nih.gov/pubmed/20588931
http://dx.doi.org/10.1364/AO.51.002925
http://dx.doi.org/10.1364/OE.21.008972
http://dx.doi.org/10.1016/j.optcom.2004.10.078
http://dx.doi.org/10.1016/j.optcom.2008.03.081


Photonics 2021, 8, 491 14 of 15

13. Ding, C.; Pan, L.; Lü, B. Changes in the state of polarization of apertured stochastic electromagnetic modified Bessel–Gauss
beams in free-space propagation. Appl. Phys. B 2010, 99, 307–315. [CrossRef]

14. Santarsiero, M.; de Sande, J.C.G.; Piquero, G.; Gori, F. Coherence-polarization properties of fields radiated from transversely
periodic electromagnetic sources. J. Opt. 2013, 15, 055701. [CrossRef]

15. Davis, J.A.; Moreno, I.; Badham, K.; Sánchez-López, M.M.; Cottrell, D.M. Nondiffracting vector beams where the charge and the
polarization state vary with propagation distance. Opt. Lett. 2016, 41, 2270–2273. [CrossRef] [PubMed]

16. de Sande, J.C.G.; Santarsiero, M.; Piquero, G. Spirally polarized beams for polarimetry measurements of deterministic and
homogeneous samples. Opt. Lasers Eng. 2017, 91, 97–105. [CrossRef]

17. Doronin, A.; Vera, N.; Staforelli, J.P.; Coelho, P.; Meglinski, I. Propagation of Cylindrical Vector Laser Beams in Turbid Tissue-Like
Scattering Media. Photonics 2019, 6, 56. [CrossRef]

18. Funes, G.; Peters, E.; Anguita, J. Singular Warped Beams Controlled by Tangent Phase Modulation. Photonics 2021, 8, 343.
[CrossRef]

19. Kotlyar, V.V.; Stafeev, S.S.; Nalimov, A.G. Sharp Focusing of a Hybrid Vector Beam with a Polarization Singularity. Photonics 2021,
8, 227. [CrossRef]

20. Kotlyar, V.V.; Stafeev, S.S.; Kozlova, E.S.; Nalimov, A.G. Conversion of a Strongly Focused Light Wave with High-Order
Cylindrical–Circular Polarization. Sensors 2021, 21, 6424. [CrossRef]

21. López-Morales, G.; Sánchez-López, M.d.M.; Lizana, A.; Moreno, I.; Campos, J. Mueller Matrix Polarimetric Imaging Analysis of
Optical Components for the Generation of Cylindrical Vector Beams. Crystals 2020, 10, 1155. [CrossRef]

22. Khonina, S.N.; Porfirev, A.P.; Volotovskiy, S.G.; Ustinov, A.V.; Fomchenkov, S.A.; Pavelyev, V.S.; Schröter, S.; Duparré, M.
Generation of Multiple Vector Optical Bottle Beams. Photonics 2021, 8, 218. [CrossRef]

23. Zhou, C.; Mou, Z.; Lu, P.; Teng, S. Compound Vector Light Generator Based on a Metasurface. Photonics 2021, 8, 243. [CrossRef]
24. Tervo, J.; Turunen, J. Generation of vectorial propagation-invariant fields by polarization-grating axicons. Opt. Commun. 2001,

192, 13–18. [CrossRef]
25. Pääkkönen, P.; Tervo, J.; Vahimaa, P.; Turunen, J.; Gori, F. General vectorial decomposition of electromagnetic fields with

application to propagation-invariant and rotating fields. Opt. Express 2002, 10, 949–959. [CrossRef]
26. Wolf, E. Polarization invariance in beam propagation. Opt. Lett. 2007, 32, 3400–3401. [CrossRef]
27. Santarsiero, M. Polarization invariance in a Young interferometer. J. Opt. Soc. Am. A 2007, 24, 3493–3499. [CrossRef]
28. Gori, F. Partially correlated sources with complete polarization. Opt. Lett. 2008, 33, 2818–2820. [CrossRef]
29. Ramírez-Sánchez, V.; Piquero, G.; Santarsiero, M. Synthesis and characterization of partially coherent beams with propagation-

invariant transverse polarization pattern. Opt. Commun. 2010, 283, 4484–4489. [CrossRef]
30. Zhao, X.; Yao, Y.; Sun, Y.; Xu, X.; Tian, J.; Liu, C. Condition of Keeping Polarization Property Unchanged in the Circle Polarization

Shift Keying System. J. Opt. Commun. Netw. 2010, 2, 570–575. [CrossRef]
31. Korotkova, O. Sufficient condition for polarization invariance of beams generated by quasi-homogeneous sources. Opt. Lett.

2011, 36, 3768–3770. [CrossRef]
32. Wu, G.; Wang, F.; Cai, Y. Coherence and polarization properties of a radially polarized beam with variable spatial coherence. Opt.

Express 2012, 20, 28301–28318. [CrossRef]
33. Martínez-Herrero, R.; Mejías, P.M. Electromagnetic fields that remain totally polarized under propagation. Opt. Commun. 2007,

279, 20–22. [CrossRef]
34. Philip, G.M.; Viswanathan, N.K. Generation of spirally polarized propagation-invariant beam using fiber microaxicon. Opt. Lett.

2011, 36, 3906–3908. [CrossRef]
35. He, C.; He, H.; Chang, J.; Chen, B.; Ma, H.; Booth, M.J. Polarisation optics for biomedical and clinical applications: A review.

Light Sci. Appl. 2021, 10, 194. [CrossRef]
36. Chipman, R.; Lam, W.; Young, G. Polarized Light and Optical Systems; CRC Press: Boca Raton, FL, USA, 2018.
37. Goldstein, D.H. Polarized Light, 2nd ed. (revised and expanded); CRC Press: Boca Raton, FL, USA, 2003.
38. Gil, J.J.; Ossikovski, R. Polarized Light and the Mueller Matrix Approach; CRC Press Taylor & Francis Group: Boca Raton, FL, USA,

2016. [CrossRef]
39. Suárez-Bermejo, J.C.; de Sande, J.C.G.; Santarsiero, M.; Piquero, G. Mueller matrix polarimetry using full Poincaré beams. Opt.

Lasers Eng. 2019, 122, 134–141. [CrossRef]
40. Alpmann, C.; Schlickriede, C.; Otte, E.; Denz, C. Dynamic Modulation of Poincaré beams. Sci. Rep. 2017, 7, 8076. [CrossRef]
41. Li, D.; Feng, S.; Nie, S.; Chang, C.; Ma, J.; Yuan, C. Generation of arbitrary perfect Poincaré beams. J. Appl. Phys. 2019, 125, 073105.

[CrossRef]
42. Ramkhalawon, R.D.; Brown, T.G.; Alonso, M.A. Imaging the polarization of a light field. Opt. Express 2013, 21, 4106–4115.

[CrossRef] [PubMed]
43. Zimmerman, B.G.; Brown, T.G. Star test image-sampling polarimeter. Opt. Express 2016, 24, 23154–23161. [CrossRef] [PubMed]
44. Sivankutty, S.; Andresen, E.R.; Bouwmans, G.; Brown, T.G.; Alonso, M.A.; Rigneault, H. Single-shot polarimetry imaging of

multicore fiber. Opt. Lett. 2016, 41, 2105–2108. [CrossRef] [PubMed]

http://dx.doi.org/10.1007/s00340-009-3818-z
http://dx.doi.org/10.1088/2040-8978/15/5/055701
http://dx.doi.org/10.1364/OL.41.002270
http://www.ncbi.nlm.nih.gov/pubmed/27176980
http://dx.doi.org/10.1016/j.optlaseng.2016.11.008
http://dx.doi.org/10.3390/photonics6020056
http://dx.doi.org/10.3390/photonics8080343
http://dx.doi.org/10.3390/photonics8060227
http://dx.doi.org/10.3390/s21196424
http://dx.doi.org/10.3390/cryst10121155
http://dx.doi.org/10.3390/photonics8060218
http://dx.doi.org/10.3390/photonics8070243
http://dx.doi.org/10.1016/S0030-4018(01)01174-9
http://dx.doi.org/10.1364/OE.10.000949
http://dx.doi.org/10.1364/OL.32.003400
http://dx.doi.org/10.1364/JOSAA.24.003493
http://dx.doi.org/10.1364/OL.33.002818
http://dx.doi.org/10.1016/j.optcom.2010.04.081
http://dx.doi.org/10.1364/JOCN.2.000570
http://dx.doi.org/10.1364/OL.36.003768
http://dx.doi.org/10.1364/OE.20.028301
http://dx.doi.org/10.1016/j.optcom.2007.07.002
http://dx.doi.org/10.1364/OL.36.003906
http://dx.doi.org/10.1038/s41377-021-00639-x
http://dx.doi.org/10.1201/b19711
http://dx.doi.org/10.1016/j.optlaseng.2019.05.030
http://dx.doi.org/10.1038/s41598-017-07437-9
http://dx.doi.org/10.1063/1.5079850
http://dx.doi.org/10.1364/OE.21.004106
http://www.ncbi.nlm.nih.gov/pubmed/23481944
http://dx.doi.org/10.1364/OE.24.023154
http://www.ncbi.nlm.nih.gov/pubmed/27828381
http://dx.doi.org/10.1364/OL.41.002105
http://www.ncbi.nlm.nih.gov/pubmed/27128085


Photonics 2021, 8, 491 15 of 15

45. Dewage, A.A.G.; Brown, T. Interferometric polarimetry using full-Poincaré beams. In Complex Light and Optical Forces XV; Galvez,
E.J., Rubinsztein-Dunlop, H., Andrews, D.L., Eds.; International Society for Optics and Photonics, SPIE: Bellingham, WA, USA,
2021; Volume 11701, pp. 31–39.

46. Piquero, G.; Monroy, L.; Santarsiero, M.; Alonzo, M.; de Sande, J.C.G. Synthesis of full Poincaré beams by means of uniaxial
crystals. J. Opt. 2018, 20, 065602. [CrossRef]

47. Piquero, G.; Martínez-Herrero, R.; de Sande, J.C.G.; Santarsiero, M. Synthesis and characterization of non-uniformly totally
polarized light beams: Tutorial. J. Opt. Soc. Am. A 2020, 37, 591–605. [CrossRef] [PubMed]

48. Abramochkin, E.; Volostnikov, V. Beam transformations and nontransformed beams. Opt. Commun. 1991, 83, 123–135. [CrossRef]
49. Siegman, A.E. Lasers; University Science Books: Sausalito, CA, USA, 1986.
50. Otte, E.; Denz, C. Sculpting complex polarization singularity networks. Opt. Lett. 2018, 43, 5821–5824. [CrossRef]
51. de Sande, J.C.G.; Piquero, G.; Suárez-Bermejo, J.C.; Santarsiero, M. Beams with propagation-invariant transverse polarization

pattern. arXiv 2021, arXiv:physics.optics/2102.00024.
52. Allen, L.; Beijersbergen, M.W.; Spreeuw, R.J.C.; Woerdman, J.P. Orbital angular momentum of light and the transformation of

Laguerre-Gaussian laser modes. Phys. Rev. A 1992, 45, 8185–8189. [CrossRef]
53. O’Neil, A.T.; Courtial, J. Mode transformations in terms of the constituent Hermite–Gaussian or Laguerre–Gaussian modes and

the variable-phase mode converter. Opt. Commun. 2000, 181, 35–45. [CrossRef]
54. Ramírez-Sánchez, V.; Piquero, G.; Santarsiero, M. Generation and characterization of spirally polarized fields. J. Opt. A: Pure

Appl. Opt. 2009, 11, 085708. [CrossRef]
55. Caola, M.J. Self-Fourier functions. J. Phys. A Math. Gen. 1991, 24, L1143–L1144. [CrossRef]
56. Cincotti, G.; Gori, F.; Santarsiero, M. Generalized self-Fourier functions. J. Phys. A Math. Gen. 1992, 25, L1191–L1194. [CrossRef]
57. Layden, D.; Wood, M.F.G.; Vitkin, I.A. Optimum selection of input polarization states in determining the sample Mueller matrix:

A dual photoelastic polarimeter approach. Opt. Express 2012, 20, 20466–20481. [CrossRef]
58. Twietmeyer, K.M.; Chipman, R.A. Optimization of Mueller matrix polarimeters in the presence of error sources. Opt. Express

2008, 16, 11589–11603. [CrossRef] [PubMed]
59. de Sande, J.C.G.; Piquero, G.; Santarsiero, M. Polarimetry with azimuthally polarized light. Opt. Commun. 2018, 410, 961–965.

[CrossRef]
60. Tripathi, S.; Toussaint, K.C. Rapid Mueller matrix polarimetry based on parallelized polarization state generation and detection.

Opt. Express 2009, 17, 21396–21407. [CrossRef] [PubMed]
61. Kenny, F.; Rodríguez, O.; Lara, D.; Dainty, C. Vectorial polarimeter using an inhomogeneous polarization state generator. In

Frontiers in Optics 2011/Laser Science XXVII; Optical Society of America: Washington, DC, USA, 2011; p. FThQ5.[CrossRef]

http://dx.doi.org/10.1088/2040-8986/aabdad
http://dx.doi.org/10.1364/JOSAA.379439
http://www.ncbi.nlm.nih.gov/pubmed/32400535
http://dx.doi.org/10.1016/0030-4018(91)90534-K
http://dx.doi.org/10.1364/OL.43.005821
http://dx.doi.org/10.1103/PhysRevA.45.8185
http://dx.doi.org/10.1016/S0030-4018(00)00736-7
http://dx.doi.org/10.1088/1464-4258/11/8/085708
http://dx.doi.org/10.1088/0305-4470/24/19/004
http://dx.doi.org/10.1088/0305-4470/25/20/001
http://dx.doi.org/10.1364/OE.20.020466
http://dx.doi.org/10.1364/OE.16.011589
http://www.ncbi.nlm.nih.gov/pubmed/18648480
http://dx.doi.org/10.1016/j.optcom.2017.10.002
http://dx.doi.org/10.1364/OE.17.021396
http://www.ncbi.nlm.nih.gov/pubmed/19997379
http://dx.doi.org/10.1364/FIO.2011.FThQ5

	Introduction
	Invariant Fields
	A Looser Condition: Invariance in the Far Field
	Full Poincaré Invariant Fields and Their Application in Polarimetry
	Discussion
	References

