
Kinetic dominance and the wave function of the Universe

Gabriel Álvarez and Luis Martínez Alonso
Departamento de Física Teórica, Facultad de Ciencias Físicas, Universidad Complutense,

28040 Madrid, Spain

Elena Medina
Departamento de Matemáticas, Facultad de Ciencias, Universidad de Cádiz,

11510 Puerto Real, Cádiz, Spain

(Received 27 September 2021; accepted 10 March 2022; published 6 April 2022)

We analyze the emergence of classical inflationary universes in a kinetic-dominated stage using a
suitable class of solutions of the Wheeler-DeWitt equation with a constant potential. These solutions are
eigenfunctions of the inflaton momentum operator that are strongly peaked on classical solutions
exhibiting either or both a kinetic-dominated period and an inflation period. Our analysis is based on
semiclassical WKB solutions of the Wheeler-DeWitt equation interpreted in the sense of Borel (to
perform a correct connection between classically allowed regions) and on the relationship of these
solutions to the solutions of the classical model. For large values of the scale factor the WKB Vilenkin
tunneling wave function and the Hartle-Hawking no-boundary wave functions are recovered as particular
instances of our class of wave functions.
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I. INTRODUCTION

Inflationary cosmology is a successful theoretical frame-
work to understand the evolution and structure of our
Universe [1–7]. In particular, the study of the appropriate
initial conditions for the emergence of an inflationary
universe requires the use of quantum cosmology. Thus,
in the standard descriptions of the early Universe (like those
based on the Hartle-Hawking no-boundary wave function
[8,9] or on the Vilenkin tunneling wave function [10–14]),
the interest is focused on the Universe nucleation at the
appropriate initial condition for inflation.
Nevertheless, a series of recent results [15–18] (see

also [19]) show that for broad classes of solutions of
classical inflationary (INF) models the resulting early
Universe is in a state of kinetic dominance (KD). The
KD period of inflationary models is a preinflationary stage
[5,14–16,20–28] which occurs when the kinetic energy of
the inflaton field dominates over its potential energy, a
stage that quickly evolves to the INF stage. Moreover, it
has been proved [16] that KD initial conditions are a
consistent alternative to the standard INF, or slow-roll,
initial conditions.
Moreover, due to the fact that during the KD stage the

comoving Hubble horizon grows, it follows that initial KD
conditions give rise to oscillations and to a cutoff at large
scales in the cosmic microwave angular power spectra.
Periods of KD behavior occur near a singularity a ¼ 0,

and since a neighborhood of this singularity is outside the
range of validity of the classical treatment, it is natural to

expect that the transition to the quantum regime of INF
models might be of a KD character and that it might be
studied with semiclassical approximations. In the present
work we analyze the emergence of KD classical universes
using semiclassical solutions of the Wheeler-DeWitt
(WDW) equation [29].
More concretely, we consider single inflaton models in a

closed Friedmann universe with unit curvature [8–13,30].
The standard analysis of the well-known Hartle-Hawking
no-boundary [8,9] and Vilenkin tunneling [10,11] semi-
classical wave functions does not lead to classically
allowed regions of KD type, because these wave functions
are independent of the inflaton field for small values of the
scale factor. Some semiclassical solutions of the WDW
equation whose corresponding classical solutions exhibit
KD behavior have indeed been considered in Refs. [10,11],
but we could not find in the literature a more extensive
exploration of these solutions.
The usual hypothesis on the inflaton potential VðϕÞ of

the WDW equation is that it is slowly varying on a region
around a certain value ϕ0 of the inflaton [11,31]. In the
present work we consider wave functions that are eigen-
functions of the momentum conjugate to the inflaton
variable, and show that under the assumption of a constant
inflaton potential Vðϕ0Þ, the set of these wave functions
includes a variety of families with WKB approximations
strongly peaked about classical solutions on either or both
KD and INF states. Our discussion is guided by the
properties of the solutions of the classical version of the
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inflationary model with a constant potential and establishes
a close correspondence between its solutions and appro-
priate wave functions of the WDWequation. Moreover, our
family of wave functions includes functions which for large
values of the scale factor a reduce to products of phase
factor expðikϕ=ℏÞ times Hartle-Hawking no-boundary
wave functions [8,9] and Vilenkin tunneling wave func-
tions [10,11], while for a near zero they manifest classically
allowed regions of KD type. We formulate an approxima-
tion scheme to obtain the explicit form of the associated
WKB wave functions and we obtain the corresponding
connection rules between classically allowed regions
INF → KD and KD → INF. We also discuss the emergence
of classical universes in KD and INF periods in terms of the
solutions of the classical version of the model. We also
consider the probability distributions provided by the wave
functions of the model representing expanding universes
with an inflation period. Then we prove that the WKB
approximations for a near zero (KD region) and for large a
(INF region) lead to the same result.
The paper is organized as follows. In Sec. II we describe

the basic aspects of the KD period of solutions of classical
inflationary models, and in particular we introduce the
solutions of the classical inflaton model with a constant
inflaton potential and analyze their KD and INF periods. In
Sec. III we review the properties of the WDWequation and
of its WKB solutions, paying special attention to the
concept of WKB solutions peaked about classical solutions
in classically allowed regions. In Sec. IV we discuss the
WDWequation with a constant potential. We introduce our
family of wave functions and determine the explicit form of
their associated WKB wave functions. We also obtain the
correspondingWKB connection rules. Section V is devoted
to the classification of emergent universes which arise from
our wave functions, and in Sec. VI we discuss probability
distributions. Finally, we defer to the Appendix the exact
solution of the WDW near a ¼ 0 that provides expressions
of the corresponding WKB wave functions on the KD
region in terms of first-kind modified Bessel functions.

II. CLASSICAL INFLATON MODELS

We consider classical single-field inflaton models in a
closed Friedmann universe with unit curvature [4–7],

ds2 ¼ −dt2 þ aðtÞ2
�

dr2

1 − r2
þ r2ðdθ2 þ sin2θdϕ2Þ

�
: ð1Þ

The dynamical variables are the scale factor aðtÞ ≥ 0 and
the real field −∞ < ϕðtÞ < ∞, which are functions of the
cosmic time t. They satisfy the evolution equation,

ϕ̈þ 3H _ϕþ V 0ðϕÞ ¼ 0; ð2Þ

and the Friedmann equation,

H2 ¼ 1

3M2
pl

�
1

2
_ϕ2 þ VðϕÞ

�
−

1

a2
; ð3Þ

where dots denote derivatives with respect to t, H ¼ _a=a
is the Hubble parameter, VðϕÞ is a given positive
smooth potential, and Mpl ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏc=8πG

p
is the reduced

Planck mass.
The energy density is

ρ ¼ 1

2
_ϕ2 þ VðϕÞ; ð4Þ

which using Eq. (3) can be expressed as

ρ ¼ 3M2
pl

�
H2 þ 1

a2

�
; ð5Þ

while its cosmic-time derivative, which follows from
Eqs. (2) and (3), is

_ρ ¼ −3H _ϕ2: ð6Þ

Note also that for the classical inflaton models to be
reliable, the energy density ρ must be smaller than the
Planck density ρpl ¼ M4

pl, i.e.,

ρ < M4
pl; ð7Þ

which combined with Eq. (5) give a classical lower limit for
the scale factor

a >

ffiffiffi
3

p

Mpl
: ð8Þ

A. Inflationary regime and kinetic dominance

The acceleration equation,

ä
a
¼ −

1

3M2
pl

ð _ϕ2 − VðϕÞÞ; ð9Þ

which also follows from Eqs. (2) and (3), shows that the
inflationary regime ä > 0 is determined by the condition

_ϕ2 < VðϕÞ; ð10Þ

or, in terms of the energy density,

ρ <
3

2
V: ð11Þ

Therefore, as a consequence of Eq. (5), during the infla-
tionary period

a >

ffiffiffiffi
2

V

r
Mpl: ð12Þ
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Kinetic dominance is the opposite regime, wherein the
energy density is dominated by the kinetic energy of the
inflaton field,

_ϕ2 ≫ VðϕÞ; ð13Þ

or, equivalently,

ρ ≫
3

2
V: ð14Þ

In the KD regime we may neglect V, V 0, and 1=a2 in
Eqs. (2) and (3), which then decouple into an equation for
the inflaton field,

ϕ̈�
ffiffiffi
3

2

r
1

Mpl
j _ϕj _ϕ ∼ 0; ð15Þ

and an equation to calculate H ¼ _a=a given any solution
ϕðtÞ of the former,

_a
a
∼� 1ffiffiffi

6
p

Mpl

j _ϕj: ð16Þ

Thus we obtain the following two families of asymptotic
solutions of Eqs. (2) and (3) near a singularity a ¼ 0: for
the plus sign in Eq. (15), solutions expanding from the
singularity,

ϕðtÞ ∼�
ffiffiffi
2

3

r
Mpl logðt − t�Þ þ ϕ�;

aðtÞ ∼ a�ðt − t�Þ1=3 as t → ðt�Þþ; ð17Þ

and for the minus sign in Eq. (15), solutions collapsing
toward the singularity,

ϕðtÞ ∼�
ffiffiffi
2

3

r
Mpl logðt� − tÞ þ ϕ�;

aðtÞ ∼ a�ðt� − tÞ1=3 as t → ðt�Þ−; ð18Þ

where t�, ϕ�, and a� > 0 are arbitrary integration
constants. Note also that these asymptotic solutions are
independent of the inflaton potential VðϕÞ. This behavior
is illustrated in Fig. 1, which shows the results of numerical
integrations of Eqs. (2) and (3) for the quadratic potential
VðϕÞ ¼ m2ϕ2 and for the Starobinski potential VðϕÞ ¼
Λ2½1 − expð− ffiffiffiffiffiffiffiffi

2=3
p

ϕ=MplÞ�2. (The KD regime may have
different behaviors if the potential is not everywhere non-
negative [32]. We do not consider those potentials in
this paper.)

B. The classical inflaton model
with a constant potential

We consider inflaton models with a constant potential
as their solutions exhibit one or both periods of kinetic
dominance and of inflationary expansion. These models are
relevant on the domain of interest of models with slowly
varying potentials around a value ϕ0, where the potential
may be approximated by a constant V0,

VðϕÞ ≈ Vðϕ0Þ ¼ V0: ð19Þ

For example, the Starobinski model with potential VðϕÞ ¼
Λ2½1 − expð− ffiffiffiffiffiffiffiffi

2=3
p

ϕ=MplÞ�2 is slowly varying around any
large value of ϕ, where VðϕÞ ≈ Λ2.
For a constant potential Eq. (2) reduces to

_ϕðtÞaðtÞ3 ¼ _ϕðt0Þaðt0Þ3; ð20Þ

where t0 is a given value of the cosmic time, and Eq. (3) can
be written as

FIG. 1. Scale factor as a function of cosmic time obtained by numerical integration of Eqs. (2) and (3) (continuous lines) for (a) the
quadratic potential VðϕÞ ¼ m2ϕ2 with initial values t0 ¼ 0, ϕ0 ¼ Mpl, _ϕ0 ¼ 10mMpl, and a0 ¼ m−1; (b) the Starobinski potential
VðϕÞ ¼ Λ2½1 − expð− ffiffiffiffiffiffiffiffi

2=3
p

ϕ=MplÞ�2 with initial values t0 ¼ 0, ϕ0 ¼ Mpl, _ϕ0 ¼ 10Λ, a0 ¼ Mpl=Λ. Both models exhibit the KD
behavior (dashed lines) aðtÞ ∼ a�ðt − t�Þ1=3 as t → ðt�Þþ.

KINETIC DOMINANCE AND THE WAVE FUNCTION OF THE … PHYS. REV. D 105, 083502 (2022)

083502-3



_a2 ¼ a2

a2þ
þ bþ

a4
− 1; ð21Þ

where

aþ ¼ Mpl

ffiffiffiffiffiffiffiffiffiffiffi
3=V0

p
; ð22Þ

and

bþ ¼ ð _ϕðt0Þaðt0Þ3Þ2
6Mpl

2
: ð23Þ

Equation (21) can be solved by separation of variables,

t − t0 ¼ �
Z

aðtÞ

aðt0Þ

daffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

a2þ
þ bþ

a4 − 1
q : ð24Þ

These solutions can be classified into four types depending
on the number of zeros of the right-hand side of Eq. (21)
on the domain a > 0. For convenience, in the following
discussion we denote this right-hand side by fðaÞ,
i.e., fðaÞ ¼ a2=a2þ þ bþ=a4 − 1.
(a) If ð4=27Þa4þ < bþ, then there are no zeros of fðaÞ in

the domain a > 0, and the solutions give rise to the
two families of trajectories in the ða; _aÞ phase map
shown in Fig. 2(a). The upper trajectory A1 describes
an expanding universe starting from a KD stage near a
singularity a ¼ 0 at cosmic time

t� ¼ t0 þ
Z

0

aðt0Þ

daffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

a2þ
þ bþ

a4 − 1
q ; ð25Þ

such that _a first decreases toward a positive minimum
value at

FIG. 2. Trajectories in the ða; _aÞ phase space of the solutions of the classical model with constant inflaton potential given by Eq. (21) in
the four possible cases: (a) ð4=27Þa4þ < bþ, (b) 0 < bþ < ð4=27Þa4þ, (c) bþ ¼ ð4=27Þa4þ, and (d) bþ ¼ 0.
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ain ¼ ð2bþÞ1=6a1=3þ ; ð26Þ

and then enters an unlimited period of inflationary
expansion. The solutions giving rise to the trajectory
A2 describe the corresponding contracting, time-
reversed evolution.

(b) If 0 < bþ < ð4=27Þa4þ, then fðaÞ has two positive
zeros 0 < a1 < a2,

ak¼aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3
þ2

3
cos

�
1

3
arccos

�
1−

27bþ
2a4þ

�
−ðk−1Þ2π

3

�s
;

k¼1;2; ð27Þ

and there are the two classes of trajectories shown in
Fig. 2(b). The trajectory B1 represents solutions with
a ≤ a1 that describe universes which expand from a
KD stage near a singularity a ¼ 0 until they reach a
maximum aðtÞ ¼ a1, and then contract toward another
KD stage near a ¼ 0. These solutions do not have an
INF period. The trajectory B2 represents solutions
with a ≥ a2 which describe universes without any KD
period: They contract until they bounce at a ¼ a2 and
begin a period of unlimited INF expansion.

(c) If bþ ¼ ð4=27Þa4þ, fðaÞ has a unique positive zero at

a0 ¼
ffiffiffi
2

3

r
aþ; ð28Þ

but fðaÞ ≥ 0 for a > 0. The corresponding trajectories
are shown in Fig. 2(c), which includes the constant
solution a ¼ a0 as well as four families of trajectories,
two of which (C1 and C2) tend asymptotically to a0 in
the future, and the other two (C3 and C4) in the past.

(d) Finally, if bþ ¼ 0, then fðaÞ has a unique positive zero
at a ¼ aþ, but fðaÞ ≥ 0 only for a ≥ aþ. The corre-
sponding trajectories are shown in Fig. 2(d), which
features the constant solutions a ¼ aþ as well as two
families of solutions (D1, expanding, and D2, con-
tracting), without KD periods, and which tend asymp-
totically to aþ in the past and in the future,
respectively. The solutions corresponding to D1 are
in an unlimited period of INF expansion. The par-
ticular case aðt0Þ ¼ aþ can be explicitly integrated to
give the de Sitter form,

aðtÞ ¼ aþ cosh

�
1

aþ
ðt − t0Þ

�
: ð29Þ

III. THE WDW EQUATION
AND ITS WKB SOLUTIONS

In this section we briefly recall the derivation of the
WDWequation, the structure of its WKB solutions, and the
relation of the latter to the classical inflaton Eqs. (2) and (3).

This relation will be particularized in the following section
to the case of a constant inflaton potential, which in turn
will be used to discuss possible types of emerging
universes.

A. The WDW equation

The momenta conjugate to the variables a and ϕ in
the Hamiltonian formulation of the inflaton model turn out
to be [11]

Pa ¼ −12π2Mpl
2a _a ð30Þ

and

Pϕ ¼ 2π2a3 _ϕ; ð31Þ

respectively. If we substitute these values in Eq. (3)
rewritten in the form

6Mpl
2a _a2 − a3 _ϕ2 þ 6Mpl

2

�
a −

VðϕÞ
3Mpl

2
a3
�

¼ 0; ð32Þ

we arrive at

P2
a −

6Mpl
2

a2
P2
ϕ þ Uða;ϕÞ ¼ 0; ð33Þ

where Uða;ϕÞ is the superpotential function

Uða;ϕÞ ¼ 1

λ2

�
a2 −

VðϕÞ
3Mpl

2
a4
�
; ð34Þ

and where

λ ¼ 1

12π2Mpl
2
: ð35Þ

Incidentally, since the left-hand side of Eq. (33) is propor-
tional to aH, where H is the Hamiltonian of the inflaton
model [11], Eq. (33) shows that the solutions of Eqs. (2)
and (3) satisfy the zero-energy constraint H ¼ 0.
Quantization is performed by the rules,

Pa → −iℏ
∂
∂a ; Pϕ → −iℏ

∂
∂ϕ ; ð36Þ

with the proviso of an ambiguity in the ordering of a and
∂=∂a in the quantization of P2

a, which in effect leads to the
quantization rule

P2
a → −ℏ2

1

ap
∂
∂a a

p ∂
∂a ; ð37Þ
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where p is an (in principle) arbitrary parameter. Thus we
arrive at the celebrated WDW equation [29],

� ∂2

∂a2þ
p
a
∂
∂a−

6Mpl
2

a2
∂2

∂ϕ2
−

1

ℏ2
Uða;ϕÞ

�
Ψða;ϕÞ¼0: ð38Þ

B. General remarks on the WKB solutions
of the WDW equation

WKB solutions of Eq. (38) have the usual exponential
form

Ψða;ϕÞ ¼ exp ðiSða;ϕÞ=ℏÞ; ð39Þ

where S is expanded as an asymptotic power series in ℏ,

S ¼ S0 þ
ℏ
i
S1 þ

�
ℏ
i

�
2

S2 þ � � � ; ℏ → 0: ð40Þ

By substituting Eqs. (39) and (40) into the WDW Eq. (38)
and setting to zero terms with the same power of ℏ we
obtain a sequence of two-dimensional WKB equations for
the Sn, which have to be solved recursively.
The first equation, for S0, is the Hamilton-Jacobi

equation,

�∂S0

∂a
�

2

−
1

2π2λa2

�∂S0

∂ϕ
�

2

þ U ¼ 0; ð41Þ

and the second equation, for S1, is

∂2S0

∂a2 −
6Mpl

2

a2
∂2S0

∂ϕ2
þ 2

∂S0

∂a
∂S1

∂a −
12Mpl

2

a2
∂S0

∂ϕ
∂S1

∂ϕ
þ p

a
∂S0

∂a ¼ 0: ð42Þ

Note that the Hamilton-Jacobi Eq. (41) does not depend on
the ordering parameter p, while Eq. (42) does.
WKB solutions of the WDW equation in the classically

allowed regions are oscillatory, and these are the regions
where the nucleation of classical universes with specific
properties may emerge [13,31]. We also recall that the
potential VðϕÞmust be positive and smaller than the Planck
density Mpl

4 for the semiclassical solutions obtained from
Eqs. (41) and (42) to be valid [10]. The identification
between the classical momenta as defined in Eqs. (30) and
(31) and the corresponding derivatives of S0,

Pa ¼
∂S0

∂a ; Pϕ ¼ ∂S0

∂ϕ ð43Þ

leads to the system of first-order differential equations,

_a ¼ −
λ

a
∂S0

∂a ; _ϕ ¼ 1

2π2a3
∂S0

∂ϕ : ð44Þ

Thus, each solution of Eq. (41) corresponds to a bipara-
metric (the initial conditions for a and ϕ) family of
solutions of Eqs. (2) and (3), and this family in turn
characterizes the properties of the emergent classical
universes in the classically allowed regions. It is then said

]13,31 ] that the wave function Ψða;ϕÞ is peaked about the
associated solutions of the system (44).

IV. THE WDW EQUATION WITH
A CONSTANT POTENTIAL

In this section we look for solutions of the WDW
equation with a constant potential using the ansatz

Ψðk; a;ϕÞ ¼ ψðk; aÞeikϕ=ℏ; ð45Þ

where k is a real parameter. Variables in the WDWequation
separate and we get the following equation for ψðk; aÞ:

�
d2

da2
þ p

a
d
da

− ℏ−2Uðk; aÞ
�
ψðk; aÞ ¼ 0; ð46Þ

where

Uðk; aÞ ¼ −
6Mpl

2k2

a2
þ Uða;ϕ0Þ

¼ −
6Mpl

2k2

a2
þ a2

λ2

�
1 −

a2

a2þ

�
: ð47Þ

The first term in the modified superpotential Uðk; aÞ is a
consequence of the phase factor expðikϕ=ℏÞ in the wave
function ansatz Eq. (45), and induces a dependence of the
solutions of the WDWequation on the scale factor different
from those in Refs. [11,31]. This term is dominant as
a → 0þ, and in the next sections we will discuss its effect
on the overall behavior of the WKB solutions via con-
nection formulas.

A. WKB solutions

The actions S and S of the WKB solutions for Ψðk; a;ϕÞ
and

ψðk; aÞ ¼ eiSðk;aÞ=ℏ ð48Þ

in Eq. (45) are related by S ¼ Sþ kϕ, which after
expansion in powers of ℏ leads to S0 ¼ S0 þ kϕ and Sn ¼
Sn for n ≥ 1 (with Sn independent of ϕ). Therefore, the
classical system Eq. (44) on whose solutions the wave
functions Ψðk; a;ϕÞ are strongly peaked is

_a2 ¼ −
λ2

a2
Uðk; aÞ; _ϕ ¼ k

2π2a3
; ð49Þ

ÁLVAREZ, ALONSO, and MEDINA PHYS. REV. D 105, 083502 (2022)

083502-6



which using Eq. (47) reduces to Eqs. (20) and (21) with

bþ ¼ k2

24π4Mpl
2
: ð50Þ

Likewise, Eqs. (41) and (42) reduce to equations for S0
and S1, �

dS0
da

�
2

þ Uðk; aÞ ¼ 0; ð51Þ

d2S0
da2

þ 2
dS0
da

dS1
da

þ p
a
dS0
da

¼ 0; ð52Þ

which can be readily solved. On the classically allowed
regions Uðk; aÞ < 0 we find

S0ðk; aÞ ¼
Z

a

ar

pðk; a0Þda0; ð53Þ

where

pðk; aÞ ¼ ð−Uðk; aÞÞ1=2; ð54Þ

ar is an appropriate reference point, and

S1ðk; aÞ ¼ −
1

2
logðappðk; aÞÞ: ð55Þ

Therefore, the basic WKB solutions of Eq. (46) on the
classically allowed regions are

ψ�ðk;aÞ¼
1

ðappðk;aÞÞ1=2exp
�
� i
ℏ

Z
a

ar

pðk;a0Þda0
�
: ð56Þ

Equation (47) shows that for k ≠ 0 the modified super-
potential Uðk; aÞ is strictly negative both for large and small
values of a > 0, and therefore these regions are classically
allowed regions for nonvanishing values of k, values to
which we restrict hereafter. The classical system Eq. (44)
on whose solutions the wave functions ψ are strongly
peaked is

_a ¼∓ λ

a
pðk; aÞ; _ϕ ¼ k

2π2a3
; ð57Þ

which reduces to Eqs. (20) and (21) with bþ defined in
Eq. (50). Note in particular that the first equation of this
system shows that ψþ and ψ− describe contracting and
expanding universes, respectively.

B. Leading behavior of the WKB solutions
at large scale factor

As we mentioned earlier, at large a we may neglect the
k-dependent term in the modified superpotential Eq. (47),

Uðk; aÞ ∼UþðaÞ ¼
a2

λ2

�
1 −

a2

a2þ

�
; as a → ∞; ð58Þ

in effect recovering the well-known model for studying the
emergence of inflation from the WDW equation discussed,
e.g., in Refs. [11,31],

�
d2

da2
þ p

a
d
da

− ℏ−2UþðaÞ
�
ψ ð∞ÞðaÞ ¼ 0: ð59Þ

Since in our case k ≠ 0 these results apply only to large a,
we have labeled the wave function as ψ ð∞ÞðaÞ. We
summarize here the relevant notations and results.
The generic shape of the superpotential UþðaÞ is shown

in Fig. 3, and corresponds to a quantum tunneling problem
with a classically forbidden region 0 < a < aþ and a
classically allowed region a > aþ.
Since aþ is the unique positive zero of UþðaÞ, it is

natural to take it as the reference point for the WKB
solutions. By using Eq. (56) with Uðk; aÞ replaced by
UþðaÞ and ar ¼ aþ, we obtain the following (k-indepen-

dent) approximations ψ ð∞Þ
� ðaÞ to the (k-dependent) func-

tions ψ�ðk; aÞ valid for large a:

ψ ð∞Þ
� ðaÞ ¼ λ1=2a−p=2

�
a4

a2þ
− a2

�−1=4

× exp

�
� i
ℏ

Mpl
2

λV0

�
a2

a2þ
− 1

�
3=2

�
; aþ < a:

ð60Þ

The wave functions ψ ð∞Þ
þ ðaÞ and ψ ð∞Þ

− ðaÞ represent con-
tracting and expanding universes in the inflationary period,
respectively.
Two distinguished wave functions are usually defined in

terms of the ψ ð∞Þ
� ðaÞ. The Vilenkin tunnelingwave function

ψTðaÞ is defined as [11,31]

FIG. 3. Generic shape of the superpotential UþðaÞ defined in
Eq. (58).
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ψTða > aþÞ ¼ eiπ=4Aψ ð∞Þ
− ðaÞ; ð61Þ

where

A ¼ e−Mpl
2=ðℏλV0Þ: ð62Þ

The function ψTðaÞ represents an expanding universe in the
region a > aþ, and the corresponding complete wave
function in that region is

ΨTðk; a;ϕÞ ¼ ψTðaÞeikϕ=ℏ: ð63Þ

Likewise, the Hartle-Hawking no-boundary wave
function [8,9] is defined by the following superposition
of wave functions representing contracting and expanding
universes,

ψNBða>aþÞ¼A−1ðe−iπ=4ψ ð∞Þ
þ ðaÞþeþiπ=4ψ ð∞Þ

− ðaÞÞ; ð64Þ

and the corresponding complete wave function is

ΨNBðk; a;ϕÞ ¼ ψNBðaÞeikϕ=ℏ: ð65Þ

Note that if V0 ≪ Mpl
4, then aþ is much larger than the

classical lower limit for the scale factor given by Eq. (8),

aþ ≫
ffiffiffi
3

p

Mpl
; ð66Þ

and from Eq. (12) it follows that during the classical
inflation regime

a >

ffiffiffi
2

3

r
aþ: ð67Þ

Therefore, aþ is an appropriate lower limit for a classical
inflationary stage.

C. Leading behavior of the WKB solutions
at small scale factor

For a near zero we neglect the term proportional to a4

in Uðk; aÞ,

Uðk;aÞ∼U−ðk;aÞ¼
a2

λ2

�
1−

a−ðkÞ4
a4

�
; as a→0þ; ð68Þ

where

a−ðkÞ ¼ ð
ffiffiffi
6

p
MplλjkjÞ1=2 ð69Þ

is the unique positive zero of U−ðk; aÞ. The superpotential
U−ðk; aÞ illustrated in Fig. 4 corresponds to quantum

tunneling between the classically allowed region 0 < a <
a−ðkÞ and the classically forbidden region a−ðkÞ < a.
The analog of Eq. (59) is

�
d2

da2
þ p

a
d
da

−
1

ℏ2
U−ðk; aÞ

�
ψ ð0Þðk; aÞ ¼ 0: ð70Þ

Again, since a−ðkÞ is the unique positive zero of
U−ðk; aÞ, it is natural to take it as the reference point
for the WKB solutions. By using Eq. (56) with Uðk; aÞ
replaced by U−ðk; aÞ and ar ¼ a−ðkÞ, we obtain the

following approximations ψ ð0Þ
� ðk; aÞ to the functions

ψ�ðk; aÞ valid for small a:

ψ ð0Þ
� ðk; aÞ ¼ λ1=2a−

pþ1
2

�
a−ðkÞ4
a4

− 1

�−1=4

× exp

�
� i
ℏ

Z
a

a−ðkÞ
p−ðk; a0Þda0

�
; ð71Þ

where

Z
a

a−ðkÞ
p−ðk; a0Þda0

¼ 1

2λ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a−ðkÞ4 − a4

q
þ a−ðkÞ2 loga2

− a−ðkÞ2 log ða−ðkÞ2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a−ðkÞ4 − a4

q
Þ
�
: ð72Þ

Since for a ≪ a−ðkÞ,
Z

a

a−ðkÞ
p−ðk; a0Þda0 ∼

a−ðkÞ2
λ

log a; ð73Þ

Eq. (71) implies

FIG. 4. Generic shape of the superpotential U−ðk; aÞ (with
k ≠ 0) defined in Eqs. (68) and (69).
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ψ ð0Þ
� ðk; aÞ ∼ λ1=2

a−ðkÞ
að1−pÞ=2 exp

�
� i
ℏ

ffiffiffi
6

p
Mpljkj log a

�
;

a ≪ a−ðkÞ: ð74Þ

Thus the complete wave functions can be approximated as

Ψð0Þ
� ðk; a;ϕÞ ∼ λ1=2

a−ðkÞ
a2ν exp

�
� i
ℏ
ð

ffiffiffi
6

p
Mpljkj log a� kϕÞ

�
;

a ≪ a−ðkÞ; ð75Þ

where ν ¼ ð1 − pÞ=4. The admissible wave functions
should be regular at a ¼ 0 and this is satisfied only if
ν ≥ 0 or, equivalently, if p ≤ 1.
The wave fronts of these approximations are given by the

classical trajectories of ða;ϕÞ in the KD period,

ffiffiffi
6

p
Mpl log a� ϕ ¼ const; ð76Þ

and the wave functions Ψð0Þ
þ ðk; a;ϕÞ and Ψð0Þ

− ðk; a;ϕÞ
represent contracting and expanding universes in the KD
period, respectively.
Finally, taking into account Eq. (35), from Eq. (69) we

find that

a2− ¼ jkj
2

ffiffiffi
6

p
π2Mpl

: ð77Þ

Therefore, a− satisfies the classical limit condition Eq. (8)
for the scale factor if

jkj > 6
ffiffiffi
6

p
π2

Mpl
: ð78Þ

V. TYPES OF EMERGENT UNIVERSES

In this section we will describe the different types of
classical universes which may emerge from the solutions
Eq. (45) of the WDW equation with a constant potential.

A. Type-A universes

Classical universes evolving according to solutions of
type A1 (expanding) and A2 (contracting) of Eqs. (20) and
(21) with both KD and INF periods arise provided that
ð4=27Þa4þ < bþ, which restated in terms of the parameters
appearing in the corresponding semiclassical wave func-
tions is equivalent to [see Eq. (50)]

k2 > 32π4
Mpl

6

V2
0

: ð79Þ

In this case Uðk; aÞ is strictly negative on the domain
a > 0, and the wave functions

Ψ�ðk; a;ϕÞ ¼ ψ�ðk; aÞeikϕ=ℏ; ð80Þ

where

ψ�ðk;aÞ¼
1

ðappðk;aÞÞ1=2exp
�
� i
ℏ

Z
a

aþ
pðk;a0Þda0

�
; ð81Þ

are well-defined oscillatory functions on the whole classi-
cally allowed domain a > 0.
In Sec. IV B we showed that for large a the function

Ψ−ðk; a;ϕÞ describes expanding INF universes. If we
factorize ψ−ðk; aÞ in the form

ψ−ðk; aÞ ¼
1

ðappðk; aÞÞ1=2 exp
�
−
i
ℏ

Z
a−ðkÞ

aþ
pðk; a0Þda0

�

× exp

�
−
i
ℏ

Z
a

a−ðkÞ
pðk; a0Þda0

�
; ð82Þ

we see that near a ¼ 0 the last factor behaves as ψ ð0Þ
− ðk; aÞ

and, from the analysis of Sec. IV C, in this small-a region
Ψ−ðk; a;ϕÞ describes expanding universes in the KD
regime. Therefore Ψ−ðk; a;ϕÞ is indeed peaked about a
type-A1 solution.
A similar argument shows that Ψþðk; a;ϕÞ is peaked

about a type-A2 solution.

B. Type-B universes

Classical universes evolving according to solutions of
type B1 or B2 of Eqs. (20) and (21) arise if 0 < bþ <
ð4=27Þa4þ, or, equivalently,

0 < k2 < 32π4
Mpl

6

V2
0

: ð83Þ

In this case Uðk; aÞ has two positive zeros 0 < a1 < a2
given by Eq. (27), and corresponds to the potential barrier
illustrated in Fig. 5.

FIG. 5. Generic shape of the superpotential Uðk; aÞ for
0 < k2 < 32π4Mpl

6=V2
0 with the two classically allowed regions

0 < a < a1 and a2 < a.
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There are two classically allowed regions, 0 < a < a1
and a2 < a, with respective basic WKB wave functions
given by

ψ ðrÞ
� ðk; aÞ ¼ 1

ðappðk; aÞÞ1=2 exp
�
� i
ℏ

Z
a

ar

pðk; a0Þda0
�
;

r ¼ 1; 2; ð84Þ

which in turn can be approximated by ψ ð0Þ
� ðk; aÞ and

ψ ð∞Þ
� ðaÞ for r ¼ 1 and r ¼ 2 respectively.
Using the standard WKB connection formulas (wherein

the semiclassical expansions are interpreted as asymptotic
expansions in the sense of Poincaré) to connect these
two sets of WKB solutions across the barrier leads to a
well-known loss of unitarity [33,34]. To circumvent this
problem, we interpret the asymptotic expansions in the
sense of Borel, and use the ensuing connections formulas of
Silverstone [35], which follow from writing the exact wave
function in Langer-Cherry form [36,37],

ψðaÞ ¼ 2π1=2ℏ−1=6ð _ϕða;ℏÞÞ−1=2½αAið−ℏ2=3ϕða;ℏÞÞ
þ βBið−ℏ2=3ϕða;ℏÞÞ�; ð85Þ

expanding the new independent variable ϕða;ℏÞ as a power
series in ℏ2, and using the Borel summability of the Airy
functions AiðzÞ and BiðzÞ. Since the classically forbidden
region is a Stokes line, it is necessary to “pick sides,”
and we choose to take Im a → 0þ. The calculation is
analogous to the calculation corresponding to the piecewise
linear potential in Fig. 1(b) of Ref. [38], where all the three
intermediate steps are carried out in detail: (i) connecting
the properly normalized semiclassical wave functions
across a1, (ii) changing the reference point of the semi-
classical wave functions to a2, and (iii) connecting the
properly normalized semiclassical wave functions across a2.
The connection formulas themselves are given in
Eqs. (37)–(40) of Ref. [38]. Using them we find

ψ ð2Þ
þ ðk; aÞ → eKðkÞðψ ð1Þ

þ ðk; aÞ − iψ ð1Þ
− ðk; aÞÞ; ð86Þ

ψ ð2Þ
− ðk; aÞ → eKðkÞðψ ð1Þ

− ðk; aÞ þ iψ ð1Þ
þ ðk; aÞÞ

− ie−KðkÞψ ð1Þ
þ ðk; aÞ; ð87Þ

and, conversely,

ψ ð1Þ
þ ðk; aÞ → eKðkÞðψ ð2Þ

þ ðk; aÞ þ iψ ð2Þ
− ðk; aÞÞ; ð88Þ

ψ ð1Þ
− ðk; aÞ → eKðkÞðψ ð2Þ

− ðk; aÞ − iψ ð2Þ
þ ðk; aÞÞ

þ ie−KðkÞψ ð2Þ
þ ðk; aÞ; ð89Þ

where

KðkÞ ¼ 1

ℏ

Z
a2

a1

jpðk; aÞjda: ð90Þ

As a consequence it follows that

ψ ð1Þ
þ ðk; aÞ − iψ ð1Þ

− ðk; aÞ → e−KðkÞψ ð2Þ
þ ðk; aÞ ð91Þ

and

ψ ð2Þ
þ ðk; aÞ þ iψ ð2Þ

− ðk; aÞ → e−KðkÞψ ð1Þ
þ ðk; aÞ: ð92Þ

[The standardWKB connection formulas would have led to
Eqs. (91) and (92) with their right-hand sides equal to zero,
with the apparent result that a nonzero oscillatory wave
function at one side of the barrier connects to a zero wave
function on the other side of the barrier. These connection
formulas do not capture the physically intuitive result that
the wave function on the other side of the barrier is also
oscillatory but suppressed by an exponentially small factor
of the order of expð−KðkÞÞ.]
Therefore, the wave function corresponding to the WKB

approximation given by

Ψð1Þðk;a;ϕÞ¼ðψ ð1Þ
þ ðk;aÞ− iψ ð1Þ

− ðk;aÞÞeikϕ=ℏ; 0<a<a1

ð93Þ

is a superposition of an expanding component and a
contracting component peaked about classical solutions
of Eqs. (20) and (21) in a KD period. In addition, this WKB
wave function is suppressed by an exponentially small
factor for a > a2 and, consequently, Ψð1Þðk; a;ϕÞ is peaked
about B1 solutions of Eqs. (20) and (21).
Likewise, the wave function corresponding to the WKB

approximation

Ψð2Þðk;a;ϕÞ¼ðψ ð2Þ
þ ðk;aÞþ iψ ð2Þ

− ðk;aÞÞeikϕ=ℏ; a2<a<∞

ð94Þ

is a superposition of expanding and contracting compo-
nents peaked about classical solutions of Eqs. (20) and (21)
in an inflationary period, and is suppressed by an expo-
nentially small factor for 0<a<a1. ThereforeΨð2Þðk; a;ϕÞ
is peaked about the B2-type solutions of Eqs. (20) and (21).
Note that for large a the no-boundary wave function
ψNBðk; a;ϕÞ and Ψð2Þðk; a;ϕÞ are related by

ΨNBðk; a;ϕÞ ¼ A−1e−iπ=4Ψð2Þðk; a;ϕÞ: ð95Þ

C. Type-C and type-D universes

Type-C universes emerge as semiclassical limits of wave
functions for k2 ¼ 32π4Mpl

6=V2
0, and are limiting cases of

type-B universes as a1 → a2.
Finally, type-D universes are associated with wave func-

tions with k ¼ 0, and are the same as those studied in
Ref. [11]. The subtype D1 describes expanding inflationary
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universes without a KD period and corresponds to ψ ð∞Þ
− ðaÞ

wave functions in Eq. (60). SubtypeD2 describes contracting
universes without a KD period and corresponds to wave

functions ψ ð∞Þ
þ ðaÞ in Eq. (60).

VI. PROBABILITY DISTRIBUTIONS

The probabilistic interpretation of the solutions of the
WDWequation is formulated in terms of the components of
the current [10,11,29,31]

ja ¼ i
2
ℏapðΨ�∂aΨ −Ψ∂aΨ�Þ; ð96Þ

jϕ ¼ −i3Mpl
2ℏap−2ðΨ�∂ϕΨ −Ψ∂ϕΨ�Þ; ð97Þ

which satisfy the continuity equation

∂aja þ ∂ϕjϕ ¼ 0: ð98Þ
In general, these components are not positive definite
and their interpretation requires the analysis of an appro-
priate time variable [10,11]. If a is taken as a time variable,
then ρϕ0

ðaÞ ¼ ja is interpreted as the probability density
for ϕ ¼ ϕ0 at a given value of a. The quantity ∂ϕjϕ for the
solutions Ψðk; a;ϕÞ of the form of Eq. (45) vanishes
identically and, consequently, the density ρϕ0

ðaÞ is a
independent. It turns out that the ρϕ0

ðaÞ for a generic
WKB wave function of the WDW equation is positive
(negative) if the wave function corresponds to expanding
(contracting) universes [10].
Let us consider the expanding universes with an infla-

tionary period A1, B2, C3, andD1. Their wave functions for
large a are approximated by ψ ð∞Þ

− ðaÞ, and from Eq. (56) it
follows that

ψ ð∞Þ�
− ∂aψ

ð∞Þ
− − ψ ð∞Þ

− ∂aψ
ð∞Þ�
− ¼ −

2i
ℏap

; ð99Þ

which leads to a constant density

ρϕ0
ðaÞ ¼ 1: ð100Þ

As a consequence of Eq. (100), Vilenkin’s tunneling
wave function ψT on the region a > aþ satisfies

ρT;ϕ0
ðaÞ¼ exp

�
−
24π2Mpl

4

ℏVðϕ0Þ
�
¼ exp

�
−

2

3Vðϕ0Þ
�
; ð101Þ

where V ¼ ℏV=ð6πMpl
2Þ2 is the potential function with

the Vilenkin normalization [see Eq. (4.15) in Ref. [11]].
This expression is the standard result for the probability
density for the Vilenkin tunneling function [11,31].
Of the four types of universes A1, B2, C3, and D1 under

consideration, only the type A1 has a KD period in addition
to the inflationary period. Moreover, from Eq. (82) we have
that near a ¼ 0 the wave function corresponding to the A1

type is approximated by

ψ−ðk;aÞ¼ exp

�
−
i
ℏ

Z
a−ðkÞ

aþ
pðk;a0Þda0

�
ψ ð0Þ
− ðk;aÞ: ð102Þ

Then, using Eqs. (75) and (69) we obtain

ρϕ0
ðaÞ ¼ λ

a2−

ffiffiffi
6

p
Mpljkj ¼ 1 ð103Þ

which is the same constant density as that calculated for
large a in Eq. (100).

VII. CONCLUSIONS

In the present work we have discussed the emergence of
KD classical universes in closed Friedmann universes with
unit curvature from a certain family of WKB solutions of
theWDWequation with a constant inflaton potential. These
WKB solutions are semiclassical approximations to eigen-
functions of the momentum operator conjugate to the
inflaton; i.e., they depend on the inflaton field ϕ through
a phase factor exp iðkϕ=ℏÞ. The standard treatment of this
problem has been restricted to k ¼ 0, and leads to a large-a,
classically allowed, INF region, and to a small-a, classi-
cally forbidden region. Allowing for k ≠ 0 replaces this
scenario with a new one, in which two classically allowed
regions separated by a potential barrier via two turning
points may arise. In the innermost region there are semi-
classical solutions peaked about KD classical solutions,
and in the outermost region we find, among others, the
well-known Vilenkin tunneling and Hartle-Hawking no-
boundary solutions times the ϕ-dependent phase factor.
We have also discussed how these solutions connect in our
setting to superpositions of semiclassical wave functions in
the KD regime. We have recovered within our approach the
standard results on the INF region. Finally, in the Appendix
we use the explicit integrability of the WDWequation near
a ¼ 0 to provide expressions for the wave functions with
WKB approximations on the KD regions in terms of first-
kind modified Bessel functions.
Future work will involve alternative models for the

possible emergence of classical universes which arise
from the quantization of Friedmann equations exhibiting
classically allowed regions for small values of the scale
factor. Appropriate candidates are, e.g., the inflaton models
originated from cosmology driven by conformal field
theory presented in Refs. [39,40], wherein the effective
potentials in the corresponding Friedmann equations
indeed turn out to be negative at small scale factors.
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APPENDIX: SOLUTION OF THE WDW
EQUATION NEAR a = 0 IN TERMS

OF BESSEL FUNCTIONS

The general solution of Eq. (70) is a linear combination
of the functions

f�ðk; aÞ ¼ I�ωðkÞða2=2ℏλÞa2ν; ðA1Þ

where I�ω are the first-kind modified Bessel functions [41]
and

ωðkÞ ¼ 1

2
½ð2νÞ2 − 6Mpl

2k2=ℏ2�1=2: ðA2Þ

The generic shape of the real and imaginary parts of
Eq. (A1) are illustrated in Fig. 6. From the asymptotic
formula [41]

IωðxÞ ∼
1

Γð1þ ωÞ
�
x
2

�
ω

; as x → 0; ðA3Þ

it follows that

f�ðk; aÞ ∼ C�a2ðν�ωðkÞÞ; as a → 0; ðA4Þ

where

C� ¼ 1

Γð1� ωðkÞÞð4ℏλÞ�ωðkÞ : ðA5Þ

A necessary condition for the validity of the WKB
approximation Eq. (71) is

6M2
plk

2

ℏ2
≫ 4ν2; ðA6Þ

in which case ωðkÞ is purely imaginary and in fact
ωðkÞ ∼ i

ffiffiffi
6

p
Mpljkj=ð2ℏÞ. Therefore, using Eq. (A4) for

functions f�ðk; aÞ with values of k satisfying Eq. (A6),
it follows that

F�ðk; a;ϕÞ ¼ f�ðk; aÞeikϕ=ℏ ðA7Þ

∼C�a2ν exp
�
� i
ℏ
ð

ffiffiffi
6

p
Mpljkj loga�kϕÞ

�
; asa→0: ðA8Þ

Therefore, in view of Eqs. (75) and (A8) it is clear that as

a → 0 the wave functions Ψð0Þ∓ ðk; a;ϕÞ are proportional to
the semiclassical expansions of the explicit functions

F�ðk; a;ϕÞ ¼ I�ωðkÞða2=2ℏλÞa2νeikϕ=ℏ: ðA9Þ
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