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Abstract: Quantum field theory in curved spacetimes suffers in general from an infinite

ambiguity in the choice of Fock representation and associated vacuum. In cosmological

backgrounds, the requirement of a unitary implementation of the field dynamics in the

physical Hilbert space of the theory is a good criterion to ameliorate such ambiguity. In-

deed, this criterion, together with a unitary implementation of the symmetries of the equa-

tions of motion, leads to an equivalence class of unitarily equivalent quantizations that,

even though it is still formed by an infinite number of Fock representations, is unique. In

this work, we apply the procedure developed for fields in cosmological settings to analyze

the quantization of a scalar field in the presence of an external electromagnetic classical

field in a flat background. We find a natural Fock representation that admits a unitary

implementation of the quantum field dynamics. It automatically allows to define a particle

number density at all times in the evolution with the correct asymptotic behavior, when

the electric field vanishes. Moreover we show the unitary equivalence of all the quantiza-

tions that fulfill our criteria, so that they form a unique equivalence class. Although we

perform the field quantization in a specific gauge, we also show the equivalence between

the procedures taken in different gauges.
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1 Introduction

The process of spontaneous creation of particle-antiparticle pairs due to the presence of

strong electromagnetic fields is usually known as Schwinger effect. This effect was proposed

by F. Sauter [1], and first studied by means of the effective action of a charged particle in an

external strong electromagnetic background by Heisenberg and Euler [2] and Weisskopf [3].

Finally, Schwinger gave the explanation of this effect in the full quantum electrodynamics

theory [4] for the case of a constant field. Since these seminal works, the Schwinger effect

has been extensively treated in the literature by means of many different approaches, both

from the theoretical and experimental points of view. Most of the previous theoretical

works focus on the calculation of the particle number density, which has been obtained for

simple external field configurations via the effective action method pioneered by Heisenberg

and Euler [5], the Wigner function formalism [6, 7], the quantum Vlasov equation [8–10]

and the canonical quantization approach [11, 12]. See also [13] for a recent review on these

and other methods. In this work we will address the Schwinger effect within the canonical

quantization approach, making special emphasis in the problem of unitary implementation

of the evolution.

From the experimental point of view, strong-field quantum effects of the QED vac-

uum will be important for electric field intensities of the order of magnitude of the QED
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critical field, E∗ = m2/e ≈ 1.32 × 1018V/m, also called Schwinger limit [14]. Due to the

extreme technical difficulty of creating such strong electric fields, this effect, as well as

other strong-field QED effects such as diphoton conversion to electron-positron pairs (the

so called Breit-Wheeler process, [15]), have not been yet observed. However, it is conceiv-

able to being able to measure electron-positron pair production from the QED vacuum

at planned facilities [16], and there has been an increasing interest about this topic in

the literature in recent years, due also to the fact that both theoretical and experimental

ideas for overpassing and/or reducing the field intensity threshold, such as the dynamical

assistance [17], have been proposed. See also [14, 18] and references therein for recent

experimental proposals to explore the strong-field QED, as well as the state of the art of

high intensity laser facilities and other experiments expected to operate in regimes where

these strong field effects become important.

Similar processes of spontaneous pair creation also appear in the theory of quantum

fields in curved spacetimes [19–21]. Furthermore, there are several common features in both

types of processes, such that they could be gathered into a broader framework, namely the

quantum field theory in nontrivial (classical) background fields, where the nature of this

background may be an external gauge field, the curvature of spacetime, or both at the

same time, and plays an important role in the evolution of the system.

The most common way of describing particle creation by an external field involves the

asymptotic analysis of particle states both in the distant past (before the external field is

‘switched on’) and future (long after the interaction with the external field has finished).

The quantum field operator is assumed to reduce to an expression in terms of creation and

annihilation operators, associated to one-particle states both in the past and the future.

Then, from the relation between both sets of operators in the past and the future we can

compute an expression for the S-matrix of the process, and the number of particles created

in the process. This is the approach followed, for example, in [11, 22].

This approach, however, is not completely satisfactory for several reasons. Firstly, since

it only gives information about the asymptotic states of the quantum field, it cannot give

a complete description of the process when the quantum field and the external background

are still interacting. In particular, there exists an ambiguous definition of the density of

created particles at intermediate times [13, 23–25]. Also, this approach is based on the

concept of asymptotic free-particle states, which, as we have already mentioned, in general

cannot be uniquely defined in a nontrivial background, and may not even exist [26].

Indeed, in these kind of systems, the lack of symmetry of the underlying background

(compared to empty Minkowski spacetime) implies the existence of several ambiguities in

the quantization procedure of the classical field. In particular, one of the problems that

must be dealt with when quantizing a field in a non-trivial background is the infinite am-

biguity that arises whenever one tries to choose a particular representation of the creation

and annihilation operators on the Hilbert space of solutions (Fock representation), since

there usually exist different, non-equivalent Fock representations. These non-equivalent

representations lead to different notions of the concept of particle (or, equivalently, differ-

ent definitions of the vacuum state of the theory). This is not a problem in Minkowski

spacetime, since Poincaré invariance of the vacuum state is usually imposed, and this
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condition uniquely defines a family of basis sets of modes which are related via unitary

transformations (these transformations being the Poincaré transformations represented as

unitary operators). However, in non-trivial backgrounds, symmetry conditions are often

not sufficient to reduce the ambiguity in the choice of vacuum states, and some other

conditions must be imposed in order to obtain a unique quantization procedure.

In this work, we take advantage of the great similarity between the Schwinger pair

creation effect and other pair creation processes due to the curvature of spacetime, and

approach it with the mathematical tools found in the treatment of the latter. In particu-

lar, in the context of quantum fields in cosmological spacetimes a criterion has been put

forward to drastically reduce this ambiguity, which consists in imposing the unitary imple-

mentation of the evolution at all times, as succinctly explained in [27, 28]. This criterion

is well motivated, since time evolution in quantum mechanics is characterized by unitary

operators. Moreover, together with a unitary implementation of the symmetries, it serves

to select a unique family of unitarily equivalent Fock representations in a diverse variety of

cosmological settings, such as isotropic spacetimes with both scalar fields (see e.g. [29, 30])

and fermionic fields (see e.g. [31, 32]), or anisotropic Bianchi I spacetimes with a scalar

field [33]. By imposing this condition, one forces not only the initial and final states of the

field (asymptotic states) to be related by a unitary transformation given by the asymptotic

S-matrix, (whose existence was proven in [22] for general backgrounds) but also that the

intermediate states of the field must be related through a unitary operator, namely, the

evolution operator.

Following the same kind of reasoning, we propose this criterion of unitary quantum

dynamics for the case of a charged scalar field. The problem of the unitary implementation

of the evolution of a quantum field in an arbitrary external electromagnetic field has been

treated in the literature before [34, 35]. These previous works suggest that it is not possible,

in general, to unitarily implement the evolution into the Hilbert space defined by the

Minkowski vacuum whenever an arbitrary external electromagnetic potential is present,

unless the external potential satisfies some rather restrictive conditions. However, as we

show in this work, unitary implementation of the evolution can be achieved for a wider

class of external potentials by choosing an appropriate set of creation and annihilation

variables to quantize the theory. From a mathematical point of view, this means that one

can take advantage of the freedom in the choice of Fock representations of the classical

theory, (equivalently, the choice of a complex structure which defines the set of creation

and annihilation variables) by choosing one that allows the unitary implementation of

the dynamics.

The main result of our study is the proof that all Fock representations that allow

for a unitary quantum implementation of the dynamics (together with a unitary quantum

implementation of the symmetries of the equation of motion) belong to a unique family of

unitarily equivalent quantizations. Thanks to the unitarity of the quantum dynamics, all of

them lead to a particle number density of created particles via Schwinger effect that is well

defined at all times in the evolution. From this perspective, our study complements previous

works that analysed the creation of particles by Schwinger effect, as those of [8–10] which

are based on a concrete choice of quantization characterized by a basis of adiabatic states,
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or the analysis of the time evolution of the number operator done in [23], whose basis choice

is associated with a particular truncation of the adiabatic expansion. We conclude that

any quantization with a well-defined expectation value of the particle number density along

the whole evolution (as the ones mentioned) must belong to our unique equivalence class.

We also show that the gauge freedom in the description of the external field can

be consistently taken into account. In particular, the presented procedure ensures that

quantizations carried out in different gauges yield the same physical predictions, i.e. the

same particle creation.

The structure of this paper is the following. In section 2, we review the classical the-

ory of a complex scalar field and its canonical quantization, emphasizing the important

role played by the complex structure in this procedure. Section 3 is devoted to the anal-

ysis of canonical transformations of the classical field variables (the so-called Bogoliubov

transformations), and to establish under which conditions these transformations can be

implemented as unitary operators into the Fock space of the quantum theory. As a spe-

cial case, we regard the classical evolution as a Bogoliubov transformation, and study the

restrictions imposed on the complex structure by the requirement of unitary implementa-

tion of this transformations. We also analyze the gauge freedom in the description of the

external electromagnetic fields. In section 4, we particularize our analysis to the case of

a spatially homogeneous electric field with arbitrary time dependence. We show that the

unitary implementation of the quantum field evolution reduces the ambiguity on the choice

of complex structure up to unitary equivalence. This is achieved by adapting the analyses

of [31–33] to our system. Finally, in section 5, we provide an explicit example of the appli-

cation of the procedure developed in the previous sections to the scalar Schwinger effect in

a concrete external potential, the Sauter pulse [1]. In particular, we show explicitly how

our method allows to define a particle number density of created particles via Schwinger

effect at any instant of time, which agrees with the one obtained in previous works using

the quantum Vlasov equation [10], and also presents the same asymptotic limit as the one

obtained in [11, 36] by asymptotic approaches. We conclude in section 6 with a recap of

the main results achieved in this paper.

We use units such that c = ~ = 1.

2 Canonical quantization of a charged scalar field in an electromagnetic

background

Let us consider a charged scalar field φ coupled to an electromagnetic field specified by the

four-vector potential Aµ, in flat spacetime. Its action is given by

S = −
∫
d4x
[
(∂µ − iqAµ)φ∗(∂µ + iqAµ)φ+m2φ∗φ

]
, (2.1)

where q is the electric charge of the charged field, m is its mass, and the symbol ∗ denotes

complex conjugation. The equation of motion for this scalar field can be variationally

obtained from this action:

[(∂µ + iqAµ)(∂µ + iqAµ) +m2]φ(x) = 0. (2.2)
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The canonical phase space of the theory Γ is understood as the Cauchy data space

(or space of initial conditions) endowed with the corresponding Poisson bracket structure.

An alternative description of the phase space of the theory can be given in terms of the

(covariant) space of solutions S of the equation of motion (2.2). As discussed in [26], for

a linear field there is a one-to-one correspondence between elements of Γ and those of S.

In other words, the classical theory can be described both by pairs of fields in a Cauchy

hypersurface Σ (canonical approach) or by solutions of (2.2) (covariant formalism).

Equation (2.2) is gauge covariant, in the sense that if φ satisfies (2.2), then eiqf(x)φ

satisfies the same equation, with Aµ replaced by Aµ − ∂µf(x). Indeed, since we are con-

sidering that the gauge field is an external (nondynamical) field, the local gauge symmetry

of the action does not imply that the equations of motion — understood as equations

for the matter fields only — are invariant (as would be the case for global gauge symme-

tries), but covariant under that symmetry in the sense commented above. Thus, gauge

transformations in this sense can be understood as (possibly time-dependent) canonical

transformations of the field variables that may change the explicit form of the equations

of motion. Note that, since the explicit form of the equations of motion depends on the

particular electromagnetic potential chosen, the construction of this space will also de-

pend on that choice. Furthermore, the full covariant phase space will be gauge dependent

(although the relation between the elements of two spaces of solutions corresponding to

two gauge-related potentials is one-to-one, given by a gauge transformation). Physical re-

sults should be the same when describing the system by two gauge-related covariant phase

spaces, since no physically measurable quantity should depend on the particular gauge

chosen to calculate it. We will come back to this issue in section 3.3.

As shown in [37], the covariant phase space S admits a symplectic structure Ω con-

structed from the Lagrangian density. In the case that we are studying, the symplectic

form Ω can be written as

Ω(φ, ψ) = Re
[
µ(φ, ψ)

]
, (2.3)

for each pair of solutions φ and ψ, where µ is the sesquilinear form on S

µ(φ, ψ) =

∫
Σ
d3x
[
ψ∗(∂0 + iqA0)φ− φ(∂0 − iqA0)ψ∗

]
. (2.4)

Note that (2.4) is preserved both by the evolution and gauge transformations and hence,

so is Ω.

In order to quantize the classical theory, we need to define a complex Hilbert space

constructed from the linear space of complex solutions S by means of a (time and gauge-

independent) Hermitian inner product. Note that the application µ defined in (2.4) satisfies

these requirements, but fails to be positive definite. We may thus define an Hermitian inner

product by introducing a complex structure J acting on S such that

〈·, ·〉 ≡ µ(·, J ·) (2.5)
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is a positive definite inner product in S. This also ensures that such J is compatible with

the symplectic structure, i.e. that Ω(J ·, J ·) = Ω(·, ·). Now let

P±J =
1

2
(1∓ iJ) (2.6)

be the projector operators on the spectral eigenspaces of J in S, i.e. JP±J S = ±iP±J S.

A Hilbert space Hp
J can then be constructed from the Cauchy completion of P+

J S with

respect to the norm induced by the inner product (2.5), which we will refer to as one-

particle Hilbert space. Also, from the properties of J , it is straightforward to check that

(P−J S)∗ = P+
J S∗, and hence that the completion of (P−J S)∗ with respect to the complex

conjugate of (2.5) is a Hilbert space, denoted by Hap
J and called one-antiparticle Hilbert

space. The full Hilbert space of the theory is the direct sum of both spaces, HJ = Hp
J⊕H

ap
J .

Let {ψp
n}n be an orthonormal basis set of the one particle Hilbert space Hp

J , and let

{ψap*
n }n be a basis set of Hap

J . Hence {ψp
n, ψ

ap
n }n is a basis set of the entire space of

solutions. Any (complex) solution of the equations of motion can be written as

φ(x) =
∑
n

[bnψ
p
n(x) + d∗nψ

ap
n (x)], (2.7)

where the complex coefficients bn, dn ∈ C are given by

bn = 〈ψp
n, P

+
J φ〉, d∗n = 〈ψap

n , P
−
J φ〉. (2.8)

For definiteness, here we are assuming that the index n runs over a discrete set of values.

In the case of a continuous basis set, the sums in (2.8) and in the rest of this and the

following sections can be regarded as integrals without affecting the discussion.

The coefficients bn are usually called “annihilation-like” variables for particles, and the

coefficients d∗n are “creation-like” variables for antiparticles. The Poisson bracket structure

of the theory induces the following Poisson algebra for these coefficients,

{bn, b∗m} = {dn, d∗m} = −iδnm, {bn, dm} = {bn, d∗m} = 0. (2.9)

We can now proceed to quantize the field. We identify the one-particle Fock space of

particles and antiparticles with HJ = Hp
J⊕H

ap
J . The full Fock space of the quantum theory,

F(HJ), is constructed straightforwardly from HJ by tensor products with the adequate

symmetrization. The classical creation and annihilation-like variables are then promoted

to creation and annihilation operators on Fock space, such that we obtain a representation

of the canonical commutation relations associated to the classical Poisson brackets (2.9):

[b̂n, b̂
†
m] = δnm, [dn, d̂

†
m] = δnm. (2.10)

The Fock vacuum is defined as the state annihilated by all annihilation operators. On

the other hand, the quantum field operator φ̂ associated to the classical complex field is

defined by

φ̂(x) =
∑
n

[b̂nψ
p
n(x) + d̂†nψ

ap
n (x)], (2.11)

which is the quantum version of (2.7).
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An important feature of this Fock space construction is its dependence on the choice

of complex structure J . Note that every complex structure defines a particular splitting

of the one-particle Hilbert space into two mutually orthogonal sectors, one for particles

and one for antiparticles, each of them with their own sets of creation and annihilation

operators. Therefore, this choice of J ultimately defines the particular representation of

the canonical commutation relations, determining uniquely the quantization of the classical

theory. It is physically reasonable to require that the complex structure J be compatible

with the symmetries of the classical system, so that these are implemented unitarily in the

quantum theory. In this way, the associated vacuum state is invariant under such unitary

transformations. For example, in the case of quantum field theory in flat spacetime, and

in the absence of a background gauge field, the Poincaré symmetry group induces a unique

preferred choice of complex structure, which preserves this symmetry group.

However, in the presence of sufficiently strong and/or time-dependent external back-

grounds, the Poincaré symmetry is generally not present, and a unitary implementation of

the symmetries is not enough to remove the ambiguity in the choice of complex structure.

As a consequence, in these situations, an interpretation of the field states in terms of phys-

ical particles becomes difficult, unless extra conditions are imposed as criteria in order to

choose a particular complex structure (or, equivalently, a particle-antiparticle decomposi-

tion). A physically reasonable condition to impose is the unitary implementability of time

evolution in the Fock space, in order to have a well-defined particle interpretation at every

time during the evolution of the system up to unitary equivalence [27, 28].

3 Canonical transformations

In this section, we review how the ambiguity in the choice of a complex structure can be

related to the freedom of performing canonical transformations in the classical theory. We

also show how this fact translates, in the quantum theory, to the existence of different

possibly inequivalent quantizations, and how imposing unitary implementation of both the

symmetries and the evolution can reduce this ambiguity. Finally, we discuss the ambiguities

due to gauge freedom in the description of the classical background.

3.1 Bogoliubov transformations and unitary implementation

The mode decomposition of φ(x) in (2.7) strongly depends on the particular choice for

the complex structure. Had we chosen a different complex structure J̃ with associated

annihilation-like variables for particles b̃n, and creation-like variables for antiparticles d̃∗n,

the procedure described in the last part of section 2 would have been the same, yielding a

different decomposition for the field solutions:

φ =
∑
n

[b̃nψ̃
p
n + d̃∗nψ̃

ap
n ], (3.1)

where {ψ̃p
n}n is an orthonormal basis set of the one particle Hilbert space P+

J̃
S, and {ψ̃ap

n }n
is a basis set of (P−

J̃
S)∗ = P+

J̃
S∗. Since both {ψp

n, ψ
ap
n }n and {ψ̃p

n, ψ̃
ap
n }n provide bases for
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the same space of solutions, we can express the elements of one of the basis in terms of the

elements of the other:

ψp
n =

∑
m

[αp
nmψ̃

p
m + βp

nmψ̃
ap
m ], ψap

n =
∑
m

[βap
nmψ̃

p
m + αap

nmψ̃
ap
m ]. (3.2)

Note that the so-called β-coefficients mix the particle and antiparticle sectors, and therefore,

as long as they are not all vanishing, the concepts of particles and antiparticles in the theory

with complex structure J is different from that of the theory defined by J̃ .

Inserting (3.2) into (2.7) and comparing with (3.1), one finds that the corresponding

creation and annihilation variables are related through the transformation

b̃m =
∑
n

[αp
nmbn + βap

nmd
∗
n], d̃∗m =

∑
n

[βp
nmbn + αap

nmd
∗
n]. (3.3)

The requirement that the annihilation and creation variables so defined must satisfy

the same Poisson bracket relations in eq. (2.9) imposes the following conditions on the

transformation coefficients:∑
j

[αp
jnα

p∗
jm − β

ap
jnβ

ap∗
jm ] = δnm =

∑
j

[αap
jnα

ap∗
jm − β

p
jnβ

p∗
jm],

∑
j

[αp
njα

p∗
mj − β

ap
njβ

ap∗
mj ] = δnm =

∑
j

[αap
njα

ap∗
mj − β

p
njβ

p∗
mj ],∑

j

[αp
jnβ

p∗
jm − β

ap
jnα

ap∗
jm ] = 0 =

∑
j

[αp
njβ

p∗
mj − β

ap
njα

ap∗
mj ]. (3.4)

Hence, any transformation of the form (3.2) that satisfies (3.4) is a canonical transformation

of the field variables, since it preserves the symplectic structure. Transformations of this

kind are known as (classical) Bogoliubov transformations [26].

Let us study now how the Bogoliubov transformation that maps the set of variables

{bn, d∗n}n to the set {b̃n, d̃∗n}n translate into the quantum theory. Let us call
ˆ̃
φ the field

operator in the theory defined by J̃ , namely resulting from promoting b̃n and d̃∗n in (3.1) to

annihilation and creation operators. This Bogoliubov transformation is said to be unitarily

implementable in the quantum theory if there exists a unitary operator Û : F(HJ)→ F(HJ)

such that
ˆ̃
φ = Û φ̂Û †, in which case

ˆ̃
φ belongs to F(HJ) or, in other words, F(HJ̃) = F(HJ).

If such unitary operator exists the two complex structures J and J̃ are said to be unitarily

equivalent, and define unitarily equivalent quantizations.

A way to characterize the unitary transformations that can be unitarily implemented

is a theorem by Shale [38–40], which states that the Bogoliubov transformation admits a

unitary implementation in the space of Fock states if and only if∑
n,m

(
|βp
nm|2 + |βap

nm|2
)
<∞, (3.5)

i.e. the β-coefficients must be square summable.

It turns out that not every canonical transformation can be implemented as a unitary

operator [40]. The fact that the Bogoliubov transformation that relates two given com-

plex structures cannot be unitarily implemented gives rise to two unitarily nonequivalent
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quantizations of the classical field variables. This is the ambiguity that we have previously

referred to. Thus, some conditions must be imposed on the set of complex structures in

order to eliminate, or at least to reduce, this ambiguity.

So far, we have considered only those canonical transformations that relate two sets

of field variables from the same space of solutions S. Nevertheless, one can argue that

the most general canonical transformation does not need to be an endomorphism in the

solution space, since the two sets of canonical variables related through a general time-

dependent canonical transformation will not satisfy the same equations of motion in general.

Therefore, we must consider also canonical transformations that relate two different spaces

of solutions.

Being more specific, in the above discussion the sets {ψ̃p
n, ψ̃

ap
n }n could provide bases for

P+
J̃
S ′ and (P−

J̃
S ′)∗ respectively, with S ′ being another space of solutions, related to S by

means of a time-dependent canonical transformation. Then, in eq. (3.1), the annihilation

and creation-like coefficients would acquire a particular time-dependence, so that φ remains

to be an element of S.

An example of these transformations in the context of quantum fields in cosmology,

corresponds to different parametrizations of the field variables related by a rescaling in

terms of the scale factor of the spacetime [27]. These transformations might be actually

needed in order to achieve a unitary implementation of the dynamics in the quantum

theory, as we will discuss in the next section.

3.2 Evolution as a Bogoliubov transformation

Let us now regard the evolution as a Bogoliubov transformation and further discuss the

implications that the requirement of its unitary implementation may have for the complex

structure. Here we closely follow the discussion in [27].

As previously mentioned, for any time t there is a symplectic isomorphism It between

the covariant phase space S and the canonical phase space Γ, such that Itφ = (ϕ(x), $(x)),

where ϕ(x) = φ(x)|Σt is the field evaluated at time t, and $(x) = π(x)|Σt is the canon-

ically conjugate momentum of the field, also at time t, instant that defines the Cauchy

hypersurface Σt. We can once and for all fix an arbitrary initial time t0 to identify S with

Γ. Then the classical evolution operator on the Cauchy space from the initial time t0 to an

arbitrary time t is given by Tt0,t ≡ ItI−1
t0

, as illustrated in figure 1. In the covariant phase

space S, the evolution is given by the transformation

φ 7→ φ̃ ≡ I−1
t0
Tt0,tIt0φ = I−1

t0
Itφ ≡ T (t0, t)φ. (3.6)

Since both It and It0 are symplectic isomorphisms, the map (3.6) is indeed a symplecto-

morphism, and therefore can be written as a (time-dependent) Bogoliubov transformation.

Let us move now to the quantum theory, for which we introduce a complex structure

J on the covariant phase space S. The isomorphism It induces a one-parameter family of

complex structures Jt on the canonical space Γ given by Jt = ItJI−1
t . In particular, at

initial time t0 we define Jt0 . Then the complex structure Jt generated by time evolution

of Jt0 satisfies by construction Jt = Tt0,tJt0T −1
t0,t

. In turn, the family of complex structures
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S Γ

φ̃(x)

φ(x)

(ϕ̃(x), $̃(x))

(ϕ̃(x), $̃(x))

I−1
t0

It

It0

Tt0,t
Tt0,t

Figure 1. Diagram representing the isomorphic relation between the covariant phase space S and

the canonical phase space Γ. The evolution operator Tt0,t relates two elements of Γ, which can be

understood as the initial conditions for a certain solution φ ∈ S given at two different times.

Jt : Γ → Γ provides a one-parameter family of complex structures Jt = I−1
t0
JtIt0 =

T (t0, t)JT
−1(t0, t) on the covariant space S. A unitary implementation of the evolution

map (3.6) then amounts to the condition that J = Jt0 and Jt define unitarily equivalent

quantum theories for all t. This in turn, will require the square summability of the β-

coefficients corresponding to the evolution map (3.6).

Actually, it might happen that there is no complex structure on the covariant phase

space S that allows for a unitary implementation of the dynamics. Nevertheless, as dis-

cussed at the end of section 3.1, we always have the freedom to consider a time-dependent

canonical transformation mapping the space S to another space S ′, so that unitarity of

the dynamics can be achieved in the Fock space constructed out of a convenient complex

structure defined in S ′. This is precisely what previous works in cosmology pushed for-

ward as criterion to remove the ambiguity in the choice of complex structure [27], and

that we will later exploit in section 4 when quantizing a charged scalar field coupled to

a classical electric field. Finally, let us note that one can always transform the original

field description, i.e. the canonical space S, to a space S ′ with trivial dynamics, in which

case the unitary implementation of the dynamics trivializes. We will avoid that possibility

since unitarity of the dynamics does not longer serve as selection criterion (the identity is

always unitary).

3.3 Gauge transformations and physical equivalence

Another example of time-dependent canonical transformations which is relevant to the

case that we are studying are gauge transformations g that belong to a gauge group G
(in our case U(1)), and that map the potential Aµ to Agµ. Since in our framework we

will not consider the external gauge field as dynamical, gauge transformations cannot be

considered as symmetries (automorphisms of the covariant phase space). Instead, they can

be treated as a set of canonical transformations between field variables corresponding to

different covariant phase spaces, SA and SAg respectively. Then, any gauge transformation

can be described as an operator G(g) : H → Hg, with H and Hg the one-particle Hilbert
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spaces associated to the theories with potential Aµ and Agµ respectively. The quantizations

in the two different gauges will be in general different, but must be physically equivalent.

Namely, the values of all transition amplitudes must be the same in both theories. This is

so if the operator G(g) is unitary, namely if it verifies

〈G(g)φ,G(g)ψ〉Hg = 〈φ, ψ〉H, ∀φ, ψ ∈ H. (3.7)

The condition of physical equivalence is then equivalent to unitary equivalence between the

one-particle Hilbert spaces H and Hg.
One can check that, given a complex structure J on SA, the corresponding complex

structure induced by the gauge transformation G(g) on SAg , Jg = G(g)JG(g−1), render

the two quantum theories physically equivalent.

Indeed, consider the Hilbert space Hp
J as the completion of P+

J SA in the inner product

〈ψ, φ〉Hp
J

= µ(ψ, Jφ), ∀φ, ψ ∈ Hp
J , (3.8)

and Hp,g
J as the completion of P+

JgSAg in the inner product

〈G(g)ψ,G(g)φ〉Hp,g
J

= µ(G(g)ψ, JgG(g)φ), (3.9)

then, using the definition for the induced Jg and the fact that G(g) is unitary,

〈G(g)ψ,G(g)φ〉Hp,g
J

= µ(G(g)ψ,G(g)Jφ) = µ(ψ, Jφ) = 〈ψ, φ〉Hp
J
, (3.10)

as desired for the one-particle Hilbert space of particles. To obtain this result we have used

the fact that the sesquilinear form µ is gauge independent. One would proceed similarly

with the one-particle Hilbert space of antiparticles, arriving at a similar conclusion.

Note that the previous construction implies that gauge transformations are imple-

mented trivially in the Fock space of the theory, namely Ĝ(g) : F(HJ)→ F(HgJ), or in other

words φ̂g = G(g)φ̂, preserving the gauge equivalence principle in the quantum theory.

4 Scalar field in a homogeneous, time dependent electric field

After the previous considerations, we are now ready to consider the Fock quantization of

the system we are interested in: a charged scalar field in a flat spacetime with a spa-

tially homogeneous time-dependent electric field background. We will study the unitary

implementability of the resulting quantum dynamics.

Eq. (2.2) is the equation of motion for a massive complex scalar field coupled to an

external electromagnetic background, for an arbitrary potential Aµ(x). In the particular

case of a spatially homogeneous — possibly time-dependent — external electric field, this

equation of motion reduces to{
−∂2

t +∇2 −m2 + 2iqA(t) · ∇ − q2A(t)2
}
φ(x, t) = 0, (4.1)

where A = |A|. Note that we have already fixed the gauge to the so-called temporal gauge,

in which Aµ(x) = (0,A(t)). There is still a residual gauge freedom that we will fix by
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imposing A(t0) = 0, so that in the absence of electromagnetic field this equation reduces

to the Klein-Gordon equation. In this section, we will study the unitary implementation

of the evolution in this temporal gauge, and, as we have seen in the previous section, this

will induce a unique procedure to implement the unitary evolution in any other gauge.

Due to the independence of the potential vector on the spatial coordinates, spatial

translations are still a symmetry of the equations of motion, so we may expand the solutions

of (4.1) in the basis of plane wave modes:

φ(x, t) =

∫
R3

dk3 eik·xϕk(t). (4.2)

This expansion significantly simplifies the description of the field dynamics, since each

(complex) mode function ϕk(t), labeled by its wave vector k ∈ R3, becomes decoupled

from the others. Furthermore, the discussion of the dynamics is further simplified by

splitting the field modes into their real and imaginary parts,

ϕk(t) = 1√
2
[ξk(t) + iηk(t)], (4.3)

because both of them satisfy the same mode-dependent equation of motion:

z̈k + (k2 +m2 + 2qkAk + q2A2)zk = 0, (4.4)

where zk = (ξk, ηk), k = |k|, A = |A|, and Ak = A · k̂ is the component of A along the

direction k̂ = k/k. The dynamics of the complex field can therefore be written in terms of

a pair of real variables for each mode that evolve independently but according to the same

equation of motion (4.4).

We will now study the classical dynamics of these real mode functions, in order to

understand their asymptotic behavior in the ultraviolet regime of large wave number k.

Our goal is to find the conditions that a complex structure must satisfy for the classical

evolution to be implemented as a unitary transformation in the quantum theory.

4.1 Classical evolution in terms of initial conditions

For a start, let us note that the unique nontrivial equal-time canonical Poisson bracket

between the field modes and their derivatives is {ϕk(t), ϕ̇∗k′(t)} = δkk′ . Thus, the real

and the imaginary parts of the field modes zk satisfy {zk, żk′} = δkk′ . This means that

the canonical phase space of the theory is then given by Γ = {(zk(t0), żk(t0))} for some

initial time t0. From these initial conditions, the values of (zk(t), żk(t)) at any time t is

obtained via (
zk(t)

żk(t)

)
= Tk(t0, t)

(
zk(t0)

żk(t0)

)
, (4.5)

where the evolution operator Tk(t0, t) is a 2× 2 matrix of operators U and V to be deter-

mined from eq. (4.4):

Tk(t0, t) =

(
U1
k(t0, t) U2

k(t0, t)

V1
k(t0, t) V2

k(t0, t)

)
. (4.6)
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Let ζk = eiΘk(t) be a complex solution of (4.4), with Θk a sufficiently smooth complex

function. Then any real solution of that equation (and its time derivative) can be written as

zk(t) = Cke
iΘk(t) + C∗ke

−iΘ∗k(t),

żk(t) = i
[
CkΘ̇k(t)eiΘk(t) − C∗kΘ̇∗k(t)e−iΘ

∗
k(t)
]
, (4.7)

where Ck is a complex constant. These relations allow us to write Ck in terms of the initial

conditions zk(t0) = zk,0, Θk(t0) = Θk,0, and their time derivatives, which in turn lead to

the following expressions for the functions zk and żk,

zk(t) = 2 Re

[
(Θ̇∗k,0zk,0 − iżk,0)

Θ̇∗k,0 + Θ̇k,0

ei(Θk(t)−Θk,0)

]
,

żk(t) = 2 Re

[
(iΘ̇∗k,0zk,0 + żk,0)

Θ̇∗k,0 + Θ̇k,0

Θ̇k(t)ei(Θk(t)−Θk,0)

]
. (4.8)

From these expressions one can easily read the matrix elements of the evolution oper-

ator Tk(t0, t) given in eq. (4.6):

U1
k(t0, t) =

Re
[
Θ̇∗k,0e

i(Θk(t)−Θk,0)
]

Re(Θ̇k,0)
, V1

k(t0, t) = −
Im
[
Θ̇∗k,0Θ̇k(t)ei(Θk(t)−Θk,0)

]
Re(Θ̇k,0)

,

U2
k(t0, t) =

Im
[
ei(Θk(t)−Θk,0)

]
Re(Θ̇k,0)

, V2
k(t0, t) =

Re
[
Θ̇k(t)ei(Θk(t)−Θk,0)

]
Re(Θ̇k,0)

. (4.9)

4.2 Asymptotic analysis of the solutions in the ultraviolet regime

In order to study the behavior of the mode functions at large values of the wave number

k, we do not need the explicit expression of the general solution. Instead, it is enough to

realize (as shown below) that the solution for Θk(t) can be written as

Θk(t) = θk(t) +

∫ t

t0

Λk(τ)dτ, θk(t) = −
∫ t

t0

dτω(τ), (4.10)

where Λk(t) is a function of t of asymptotic order O(k−1), ∀t ∈ R, with initial value

Λk(t0) = 0, and

ω(t) =
√

(k + qA)2 +m2. (4.11)

Note that here we have chosen for convenience and without loss of generality the initial

condition Θk(t0) = 0. A different initial condition would simply introduce an irrelevant

constant phase in the mode solutions.

This implies that Θ̇k(t0) = −
√
k2 +m2 = −ω0 (since we have chosen A(t0) = 0) and

the components of the evolution matrix simplify to:

U1
k(t0, t) = Re

[
eiΘk(t)

]
, V1

k(t0, t) = − Im
[
Θ̇k(t)eiΘk(t)

]
,

U2
k(t0, t) = − Im

[
eiΘk(t)

]
ω0

, V2
k(t0, t) = −

Re
[
Θ̇k(t)eiΘk(t)

]
ω0

. (4.12)
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In the rest of this section we will indeed show that (4.10) gives the correct behavior for

Θk. Inserting zk = exp(iΘk) into (4.4), and considering (4.10), we find a Riccati equation

for the function Λk:

Λ̇k = −i[Λ2
k − 2ω(t)Λk] + ω̇(t). (4.13)

Note that ω̇ is O(k0). By assumption, we have Λk = O(k−1) in the ultraviolet regime

(the self-consistency of this behavior will be checked later). Then we can neglect the

term proportional to Λ2
k with respect to the one proportional to ωΛk, and hence Λk must

asymptotically behave (in the ultraviolet regime) as the function Λ̃k(t) which satisfies

˙̃Λk = 2iωΛ̃k + ω̇(t). (4.14)

For convenience, we choose the same initial condition for Λ̃k as for Λk, namely Λ̃k(t0) = 0.

Then Λ̃k has the form

Λ̃k(t) = e−2iθk(t)

∫ t

t0

dτω̇(τ)e2iθk(τ), (4.15)

with θk(t) defined in (4.10). Note that both θk(t) and θ̇k(t) = −ω(t) are O(k) for all t.

Integration by parts of equation (4.15) yields:

Λ̃k(t) =
i

2

{
ω̇(t)

ω(t)
− e−2iθk(t)

[
ω̇(t0)

ω0
+

∫ t

t0

dτe2iθk(τ) d

dτ

ω̇(τ)

ω(τ)

]}
, (4.16)

and given that ω̇/ω = O(k−1), from (4.16) it is straightforward to see that |Λ̃k| behaves

as O(k−1) in the ultraviolet limit — and hence so does |Λk| as assumed. In other words,

there exists a positive, k-independent function F (t) such that

|Λk(t)| ≤ F (t)

k
(4.17)

for any finite time t, if the integral in (4.16) is well defined. In particular, this happens

whenever ω̇/ω is finite. Note that this condition imposes some mild restrictions on the

set of possible electromagnetic potentials which can be considered for the hypothesis made

in (4.10) to hold.

4.3 Fock quantization and unitary implementation of the dynamics

As we have seen in the previous sections, there is no unique choice for the complex structure

which implements the definition of creation/annihilation variables in the classical theory.

After proceeding with the canonical quantization of the field, this translates into the non

uniqueness of a privileged vacuum state. This ambiguity is particularly problematic when-

ever the choice of two different complex structures results in two vacuum states that are not

unitarily equivalent, because it implies that both complex structures define two different

quantizations that are not directly comparable.

On the other hand, a fundamental property of time evolution in quantum mechanics

is that it must be implemented in the Hilbert space (in Schrödinger’s picture) or the space
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of operators (in Heisenberg’s picture) by means of a unitary operator. With this in mind,

and in order to reduce the ambiguity in the choice of complex structures, we will consider

as physically relevant only those which satisfy the following natural conditions:

1. The complex structure preserves the symmetries of the equations of motion.

2. The complex structure allows the unitary implementation of the time evolution.

In the case under study, condition 1 implies that the complex structure (or, equivalently,

the set of creation and annihilation variables which it defines) does not mix the dynamically

decoupled modes (ξk, ηk). Hence, the considered complex structures will be characterized

by annihilation and creation-like variables of the form:(
ak(t)

a∗k(t)

)
= Jak(t)

(
ξk(t)

ξ̇k(t)

)
,

(
bk(t)

b∗k(t)

)
= Jbk(t)

(
ηk(t)

η̇k(t)

)
, (4.18)

where

Jik(t) =

(
f ik(t) gik(t)

f i∗k (t) gi∗k (t)

)
, i = a, b. (4.19)

The matrix operators Jik(t) are uniquely defined by the chosen complex structure. At the

classical level, equation (4.18) describes a canonical transformation from the field modes

(and their canonically conjugate momenta) to the corresponding creation/annihilation vari-

ables. The full transformation is a block diagonal matrix, and the real and imaginary parts

of the field remain decoupled at every time. Note that, in the most general case, this

transformation is mode-dependent, as well as time-dependent.

Since the pairs (ak(t), a∗k(t)) and (bk(t), b∗k(t)) represent two equivalent copies of the

creation/annihilation varables of a scalar field, we will study only the unitary implementa-

tion of the evolution for one of them — namely, (ak(t), a∗k(t)) —, and the result applies in a

straightforward manner to the other. To simplify the notation, we will omit the superindex

i in Jik(t).

For the variables (ak(t), a∗k(t)) to preserve the canonical Poisson algebra relations

{ak, a∗k} = −i at every time, the components fk, gk of the transformation matrix Jk(t)

must satisfy

fk(t)g∗k(t)− gk(t)f∗k(t) = −i ∀t. (4.20)

Also, condition 2 above imposes that the time evolution must be implemented as an unitary

Bogoliubov transformation of the form(
ak(t)

a∗k(t)

)
= Bk(t0, t)

(
ak(t0)

a∗k(t0)

)
, (4.21)

where

Bk(t0, t) =

(
αk(t0, t) βk(t0, t)

β∗k(t0, t) α
∗
k(t0, t)

)
. (4.22)
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From (4.18) and (4.5), we can obtain an explicit expression for Bk(t0, t):

Bk(t0, t) = Jk(t)Tk(t0, t)J
−1
k (t0), (4.23)

which in turn allows us to read the particular expression for the βk coefficients:

βk(t0, t) =
1

2ω0

{
[fk(t)− igk(t)Θ̇∗k(t)][fk(t0)− iω0gk(t0)]e−iΘ

∗
k(t)

− [fk(t) + igk(t)Θ̇k(t)][fk(t0) + iω0gk(t0)]eiΘk(t)
}
. (4.24)

As we have previously seen, the unitary implementability of a Bogoliubov transforma-

tion implies directly the square summability of the β-coefficients (3.5). In this case, the

(vector) index k plays the role of the subindices in (3.5), and since the components of k

take continuous values, one should understand the sum as the integral
∫
R3 dk. Thus, in

order to analyze the square integrability of our β-coefficients, we need to study the ultra-

violet behavior of |βk|. Taking into account that Θ̇k(t) = −ω(t) + O(k−1), we can write

the modulus of the β-coefficients as

|βk(t0, t)| =
1

2ω0

∣∣∣F+
k (t)F−k (t0)e−iθk(t) −F−k (t)F+

k (t0)eiθk(t)

+ 2igk(t)gk(t0) sin[θk(t)]O(k0)
∣∣∣ [1 +O(k−2)

]
, (4.25)

with F±k (t) = fk(t)±igk(t)ω(t). In the last line of (4.25) we have used that fk ·gk = O(k0),

as deduced from (4.20). Note that, as we have not justified yet the asymptotic order

required for gk(t)gk(t0), we keep this contribution for the time being.

The condition of square integrability for these coefficients for each t requires that their

norm should be at least O(k−2) in order to compensate for the degeneracy (an integral

in k of terms that only depend on k grows as k2). This behavior then translates into a

set of restrictions for the functions fk(t) and gk(t) that characterize the complex struc-

ture. Indeed, the dominant terms must vanish identically in the asymptotic limit k →∞.

Moreover, the dominant terms coming from the first and second terms of (4.25) cannot

compensate one with another, since this would be possible only by trivializing the quan-

tum dynamics (possibility that we disregard). Therefore, they must vanish independently.

These considerations, together with the normalization condition (4.20), make us conclude

that for each t we need to require

lim
k→∞

F+
k (t) = 0. (4.26)

This motivates that fk(t) and gk(t) are related via

fk(t) = −iω(t)gk(t)[hk(t)]−2, (4.27)

with hk(t) a function that verifies

lim
k→∞

hk(t) = 1. (4.28)
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Now, if we substitute the behavior for fk(t) given in (4.27) into (4.20), we obtain

2ω(t)|gk(t)|2Re{[hk(t)]−2} = 1, (4.29)

which must be valid for all k, This condition together with (4.20) fixes completely (up to

a phase) the fk and gk functions. For simplicity, and without loss of generality, we may

choose gk(t) and hk(t) to be real functions. Then, we find

gk(t) =
1√

2ω(t)
hk(t), fk(t) = −i

√
ω(t)

2
[hk(t)]−1, (4.30)

which satisfy both (4.20) and (4.27) by construction. Replacing these expressions back

in (4.25), we obtain

βk(t0, t) =
1

4

{[
hk(t)− 1

hk(t)

] [
hk(t0) +

1

hk(t0)

]
e−iθk(t) (4.31)

−
[
hk(t) +

1

hk(t)

] [
hk(t0)− 1

hk(t0)

]
eiθk(t)

}
[1 +O(k−1)] +O(k−2).

From this we see that the next to leading order of the function hk(t) should be O(k−2) to

guarantee |βk(t, t0)| = O(k−2).

In summary, up to a phase, the whole freedom in the choice of complex structure is en-

coded in the choice of the function hk(t), and the dynamics will be unitarily implementable

as long as

hk(t) = 1 +O(k−2) (4.32)

is verified. A possible (and simplest) choice is

hk(t) = 1. (4.33)

In this case, the functions that characterize the complex structure acquire the simple form:

gk(t) =
1√

2ω(t)
, fk(t) = −i

√
ω(t)

2
. (4.34)

We have thus found a particular complex structure, specified by eq. (4.34), for which

the evolution operator can be unitarily implemented in the Fock space. Furthermore, our

choice of quantization agrees with that of previous approaches based on adiabatic vacua [8–

10]. Namely, from our perspective of unitarity of the quantum dynamics, adiabatic vacua

are natural because they define a quantization in which the evolution is implemented

unitarily in Fock space. Moreover, note that the above expression reduces to the usual

complex structure for quantum fields in flat spacetime when the potential vector goes to

zero, so that the usual quantization for the field modes is recovered in the limit of vanishing

external field. However, it is important to note that, whenever the potential contributes, we

conclude that no complex structure independent of it will admit a unitary implementation
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of the dynamics. In particular, the complex structure usually chosen in flat spacetime and

associated to the Minkowski vacuum corresponds to replacing ω(t) by ω0 in (4.34). This

is obtained by choosing

hk(t) =

√
ω(t)

ω0
= 1 +

qAk(t)

4k
+O(k−2), (4.35)

which does not verify (4.32). Therefore, choosing a quantization based on the Minkowski

vacuum does not allow to implement the dynamics unitarily in the case of a non-vanishing

potential, in agreement with [34].

Taking into account equations (4.34) and recalling that we have parametrized the

complex solutions of the equations of motion as ζk = eiΘk(t), with our choice of complex

structure we may rewrite the beta coefficients (4.24) as

βk(t) =
−1√
2ω0

{√
ω(t)

2
ζ∗k(t) + i

1√
2ω(t)

ζ̇∗k(t)

}
. (4.36)

Hence the squared modulus of these is given by

|βk|2 =
1

4ω0

{
ω|ζk|2 + ω−1|ζ̇k|

2
+ 2 Im(ζ̇kζ

∗
k)
}
, (4.37)

and it is square integrable as we have shown (provided that the mild conditions in the

potential that we have discussed at the end of section 4.2 hold). Note that this expression

for the beta coefficients, closely related to the particle number density, is similar to those

obtained previously in the same context by means of the kinetic equation approach [9, 10].

As a final remark, it is important to note that the choice of the particular function hk
is still arbitrary (as long as it satisfies (4.32)), and so will be the complex structure that it

defines. As a consequence, there still remains some ambiguity in the quantization, which

translates into an ambiguity in the particle number operator. This ambiguity cannot be

fixed with the criterion of unitary dynamics alone, and more criteria are needed in order

to completely remove the ambiguity on the particle number density for quantum fields in

time-dependent backgrounds (possibly coming from experimental conditions). However, as

we will show in the following section, the unitarity criterion allows to drastically reduce

the initial ambiguity up to a unitary equivalence between quantizations — which is not

generally guaranteed, due to the absence of an analogue of the Stone-Von Neumann theorem

in quantum field theory, as we have stated in previous sections.

4.4 Uniqueness of the quantization

In this section, we will show that the Fock representations defined by all of the complex

structures that admit a unitary implementation of the evolution are unitarily equivalent.

In other words, the criterion of unitary implementation of the dynamics indeed reduces

the ambiguity of the quantization by selecting a unique Fock representation, up to unitary

equivalence, similarly as what happens in cosmology [27–33].

Let us consider a reference Fock representation (ak, a
∗
k), defined by the map Jk(t), and

any other Fock representation (ãk, ã
∗
k) defined by a different map J̃k(t), both satisfying the

– 18 –



J
H
E
P
0
4
(
2
0
2
0
)
1
2
0

criteria of the previous section. Both sets of annihilation and creation like variables are

related, at any given time t, by the following Bogoliubov transformation(
ak(t)

a∗k(t)

)
= Kk(t)

(
ãk(t)

ã∗k(t)

)
, (4.38)

with

Kk(t) = Jk(t)J̃−1
k (t) =

(
κk(t) λk(t)

λ∗k(t) κ∗k(t)

)
. (4.39)

Thus, the Fock representation defined by J̃k(t) will be unitarily equivalent to the reference

representation if and only if the Bogoliubov transformation given by Kk(t) can be imple-

mented as a unitary operator in the Fock space defined by the first representation. This

condition, as we have seen, imposes the integrability of the squared modulus of the λk
coefficients, which is given explicitly by

|λk(t)| =
∣∣∣fk(t)g̃k(t)− gk(t)f̃k(t)

∣∣∣, (4.40)

as one can easily obtain from (4.39). But, since we previously required that both Jk(t) and

J̃k(t) must satisfy the criterion of unitary implementation of the dynamics, their coefficients

will be of the form (4.30), and hence

|λk| =
1

2

∣∣∣∣∣ h̃khk − hk

h̃k

∣∣∣∣∣. (4.41)

Provided that both hk and h̃k have the behavior given in (4.32), we conclude that |λk| =
O(k−2) in the ultraviolet regime. Thus, the integral of the squared modulus of these coef-

ficients will converge, and both representations will be unitarily equivalent, as we wanted

to show.

5 Schwinger effect

We now apply the ideas developed in the last sections to a particular example of particle

creation due to Schwinger effect. To do so, we consider the following time dependent

potential, known as Sauter-type potential [1]:

A(t) = (0, 0, 0, A(t)), A(t) = EτHτ (t), (5.1)

where Hτ (t) = 1
2 [tanh(t/τ) + 1]. This corresponds to a pulse in the electric field, rapidly

decreasing both in the asymptotic past and future,

E(t) = −Ȧ(t) =
−E

2 cosh2(t/τ)
, (5.2)

where E/2 is the maximum amplitude of the electric field, and τ is the characteristic

timescale during which the pulse occurs. We set initial conditions in the asymptotic past,
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t0 → −∞, so that A(t0 → −∞) → 0 in agreement with our previous discussion. Note

that for this potential, ω̇/ω is finite and therefore the asymptotic analysis of the dynamics

carried out in section 4.2 applies to this case. Furthermore, we have chosen this particular

potential since it allows for an analytical solution of the equation of motion for each mode,

as we will see.

Substituting (5.1) into (4.4) we obtain the following equation

z̈k +
{

[k3 + qEτHτ (t)]2 +m2 + k2
⊥
}
zk = 0, (5.3)

being k3 the component of the wave vector in the direction of the vector potential, and

k2
⊥ = k2 − k2

3.

We now search for (complex) solutions ζk of (5.3) with asymptotic initial conditions

such that each mode behaves as a plane wave satisfying the free Klein-Gordon equation in

the asymptotic past. In other words, up to an irrelevant phase

ζk(t) ∼ e−iω0t when t→ −∞. (5.4)

A solution of (5.3) satisfying (5.4) is given by [36]:

ζk(t) = e−iω0t
(

1 + e2t/τ
) (1−iδ)

2
2F1

(
ρ+, ρ−; 1− iτω0;−e2t/τ

)
, (5.5)

where 2F1 is the ordinary hypergeometric function [41], and δ, ρ± are constants defined by

δ =
√

(qEτ2)2 − 1, ρ± =
1

2
{1− i[τ(ω0 ± ω∞) + δ]}, (5.6)

with ω∞ ≡ ω(t =∞) =
√

(k3 + qEτ)2 +m2 + k2
⊥.

Substitution of this solution (5.5) into (4.37) gives an explicit expression for |βk(t)|2
as a function of time in terms of hypergeometric functions (indeed, since the derivative of

a hypergeometric function is proportional to other hypergeometric function). Thus, using

the asymptotic properties of these functions [41], it is straightforward to check that in the

asymptotic future t→∞, when the electric field vanishes, we recover the result of [11, 36]:

|βk(t→∞)|2 → cosh [πτ(ω∞ − ω0)] + cosh (πδ)

2 sinh (πτω0) sinh (πτω∞)
, (5.7)

as one would expect. Furthermore, our approach allows for a well-defined particle number

density Nk(t) = |βk(t)|2 at any instant of time.

In other words, thanks to the fact that in our Fock quantization the dynamics is

implemented unitarily, we have a well defined concept of particle (and antiparticle) along

the entire evolution, and we can therefore compute the total number of particles plus

antiparticles created out of the vacuum at any instant of time,

N(t) =
1

2

∫
R3

dk3 (|βak(t)|2 + |βbk(t)|2) =

∫
R3

dk3 |βk(t)|2. (5.8)

Here we have explicitly reminded that there are two contributions coming from the real

and imaginary parts of the original complex scalar field respectively, but we choose Jak(t) =
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Jbk(t), so that these contributions are identical and equal to (4.37) so that charge conser-

vation is not violated. The integral in (5.8) converges by construction, as that is precisely

what we have demanded when choosing our complex structure.

As an example, figure 2 shows the evolution of N(t) for the case Eτ = 5, and for

different values of the mass m of the scalar field and of the parameter τ that measures the

adiabaticity of the electric pulse. To create these plots, for each value of t, the integral

in (5.8) has been effectively computed with a high enough cut-off for the wave numbers k3

and k⊥ so that convergence is reached. Obviously N(t) is finite and also evolves smoothly

in time, converging to a final asymptotic value because the considered electric field rapidly

decreases and vanishes asymptotically. Our results concerning the evolution of the particle

number with time are very similar to those obtained in [42] for a slightly different external

potential, and [10] in the exact same case. We would like to note that the quantization

chosen in [42] is unitarily equivalent to the one that we have proposed in this work, so

that it constitutes another example of the family of unitary equivalent complex structures

which is selected via unitary implementation of the dynamics, although this is not explicitly

justified in [42]. Interestingly, for the range of parameters that we have investigated, we do

not find that N(t) oscillates (as it does in [10]), although it reaches the correct asymptotic

value when the external field vanish. However, it does not monotonically grow either in

all cases. Indeed, for fixed mass, N(t) develops a hump with a local maximum as the

pulse becomes faster, and for fixed pulse, N(t) also develops a similar hump as the mass

of the field increases. This behavior is more similar to the results of [42]. A satisfactory

explanation of this fact would indeed require a physical interpretation of the quantity N(t)

at all times. If we interpret it not as the real particle number, but as an expectation value

of the number of quanta at a given instant, this humps may be explained following the

arguments given in [9] in terms of vacuum fluctuations in the transient region.

In any case, this N(t) is one of many and not necessarily the physical particle number,

understood as the expectation value of the number of quanta of the field that one would

measure at a given time. As commented before, our N(t) is just the consequence of our

choice of quantization. Any other choice within our equivalence class would lead to another

(equally well defined) time dependence of N(t). Our contribution to previous discussions

on this issue (see e.g. [23–25]) is that the unitary implementation of the evolution is a

criterion that the physically correct quantization (chosen according to additional criteria)

should satisfy, so that we think that the correct physical particle number must correspond

to a quantization unitarily equivalent to the one that we present here.

6 Conclusions

In this work, we have come up with a procedure to deal with the ambiguities that appear in

the canonical quantization of a charged scalar field coupled to a (classical, non-dynamical)

gauge field, including the ambiguities due to the gauge freedom in the description of the

external field. We have applied the criterion of unitary implementation of the dynamics

to select a particular family of complex structures, which define a unique Fock repre-

sentation up to unitary equivalence. Our work extends the approach of a long list of
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Figure 2. Evolution of the total number of particles plus antiparticles for Eτ = 5. a) Different

values of qτ and m/q = 0.5. b) Different values of m and qτ = 1.

previous analyses done in gravitational homogeneous spacetimes (see [27–33] and refer-

ences therein) to the case of the Schwinger effect. Although other approaches to the same

problem in this context have been proposed in the literature, e.g. [23], we find that our

criterion allows, in particular, for a well defined notion of the number of particles created

by the external perturbation at all times in the evolution, and not only in the asymp-

totic regime.

More concretely, we have shown that once the gauge freedom is fixed in a specific way

and the quantization of the field is carried out by means of a chosen complex structure

J , there exist a parametric family of complex structures Jg, with g the elements of the

gauge group, which define physically equivalent quantizations in any other gauge fixation.

The gauge transformation is not implemented quantum-mechanically as an operator act-

ing on the Fock space of the original quantization. Instead, it is dealt with as a possibly

time-dependent classical rescaling. In this way, if the initial complex structure J leads to

a unitary implementation of the evolution, any other physically equivalent quantization

defined by such Jg will have the same quantum unitary dynamics up to time-dependent

classical factors.

One encounters a similar situation in cosmological settings, where one has for example

the freedom to canonically transform the field by means of a time-dependent global rescal-

ing [27]. We quantize the field using the most convenient parametrization, which is the

one that will eventually yield the Minkowski vacuum in the absence of external field after

quantization, and deal with the global rescaling classically if later we want to change to a

different parametrization.

In general, whenever one tries to perform the canonical quantization of a field, both

the freedom in the choice of complex structure and the field parametrization (or gauge

choice) can be taken into account at once by letting the complex structure to depend on

time. This is equivalent to splitting the time-dependence of the field when written as an

expansion in terms of bases of functions that span the particle-like and antiparticle-like

sectors of the field: some time-dependence is assigned to the elements of the bases (which

are classical) and the rest to the annihilation and creation-like variables (which are later

promoted to operators in Fock space).
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We have explicitly shown that the joint criteria of requiring the complex structure to

be invariant under the symmetries of the equations of motion, together with the condition

that the quantum dynamics of the creation and annihilation operators to be unitarily im-

plementable in Fock space, restrict quite a lot the form of the allowed complex structures.

More importantly, all the complex structures fulfilling these conditions turn out to define

a unique equivalence class of Fock representations, defining unitarily equivalent quanti-

zations. In summary, we have eliminated the ambiguities in the quantization of a scalar

field in the presence of an arbitrary, spatially-homogeneous and time-dependent external

electric field up to unitary equivalence between quantizations.

The uniqueness proof presented in this work strongly relies on the asymptotic ultravio-

let behavior of the solutions of the Klein-Gordon equation with the electric field written in

the temporal gauge, in which the solutions can be written in terms of their Fourier compo-

nents. By analyzing the most general form that an invariant complex structure may have,

we have seen that the nontrivial unitary implementability of the evolution requires a very

specific asymptotic behavior for the annihilation and creation-like variables, encoded in the

asymptotic behavior of the complex-structure coefficients, given in (4.30)–(4.32) (up to a

phase, according to (4.27)). This asymptotic behavior of the complex structures is in fact

needed for the unitarity of the dynamics, and we have shown that all complex structures

which have this asymptotic behavior will be unitarily equivalent.

Our method applies to a very general class of electric fields, and not just to those that

vanish both in the asymptotic past and future (i.e. field configurations localized in time).

It is worth mentioning that the complex structure that defines the Minkowski vacuum in

the absence of external electromagnetic field, is not included within the equivalence class

of quantizations that allow a unitary dynamics unless the electromagnetic field vanishes.

Hence, the unitary implementation of the evolution in the Fock space associated to the

Minkowski-like vacuum (i.e. without external electromagnetic field) will not be possible for

arbitrary, time-dependent vector potentials, which is in fact the result previously obtained

by Ruijsenaars in [34].

On the other hand, for external fields which vanish both in the asymptotic past and

future, the asymptotic analysis of the particle creation taking into account our reference

complex structure is equivalent to that obtained via the complex structure in Minkowski,

since both complex structures coincide in the limit of vanishing external field. In other

words, the complex structure defining the Minkowski vacuum is perfectly fine to analyze

the asymptotic particle creation spectrum for external electromagnetic fields which vanish

in the asymptotic past and future — see [11] for some analytical examples of this kind

of systems. We have in particular considered a Sauter-like solvable potential. Not only

we recover the particle creation in the asymptotic future that was obtained in previous

literature, but we also show its behavior at any instant of time, and compare it with the

one obtained previously in the literature by means of other approaches.
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