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Beam moments and angular momentum in non-uniformly polarized beams
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The angular momentum of non-uniformly totally polarized beams is investigated using methods from the
beam characterization approach. The relationship between the elements of the beam matrix for the two
components of the field and the angular momentum is given. The unconventional distribution of the
polarization across the beam profile could result in contributions to both the spin and orbital terms of
the angular momentum. To illustrate this, a particular example with a vortex beam is considered.
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Electromagnetic fields can transport energy over a given space
and transfer momentum (linear and angular) onto matter. Angular
momentum is receiving a special attention not only as a funda-
mental aspect of light, but also because it can be used to control
light matter interaction [1–11].

Within the paraxial approach, it is found that the total angular
momentum of polarized light splits naturally in two components:
an intrinsic (or spin) part related to polarization, and an extrinsic
component, also called orbital angular momentum, related to vor-
tices, twisted irradiance beams, general astigmatism and associ-
ated phenomena, as shown in Refs. [1,3,6,11–16]. Several of
those papers present experimental evidences of the decoupling of
spin and orbital angular momentum and its importance in some
applications.

On the other hand, the use of irradiance moments of the beam
has proved to be an essential tool in spatial beam characterization.
Furthermore, angular momentum for partially coherent beams has
been considered in a previous paper [13], in which it was related to
some elements of the beam matrix within the beam matrix formal-
ism [14,15,17,18], assuming a uniformly and totally polarized field.

In this paper, we are interested in non-uniformly totally polar-
ized (NUTP) fields. The relation between some characteristic spa-
tial beam parameters, based on the irradiance beam moments,
and the angular momentum in NUTP beams is derived. Nowadays,
generation and characterization of NUTP beams is a subject of
growing interest in optics due to their various applications [19–
27]. Finally, a particular example of non-uniformly polarized vor-
tex beam is considered.

Let us begin considering a quasimonocromatic beam of mean
angular frequency x propagating along z-axis with a non-uniform
distribution of polarization across the beam profile. Within the
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paraxial approximation such beam can be written using the Jones
formalism as

EðrÞ ¼
EsðrÞ
EpðrÞ

� �
; ð1Þ

where r ¼ ðx; yÞ and Es and Ep are the field components along two
directions orthogonal to the propagation direction (we are consid-
ering that the longitudinal component of the field can be neglected).
From the classical electromagnetic theory we know that the flux of
the time averaged angular momentum density through a z-plane is
given by Allen et al. [1]

J ¼ c
ZZ

Mdxdy; ð2Þ

where MðrÞ ¼ r� S=c2 is the angular momentum density of the
light beam expressed in terms of the time averaged Poynting vector,
S ¼ ð�0c2=2ÞRe½EðrÞ � B�ðrÞ�; �0 being the vacuum permittivity and c
the speed of light.

Using Eq. (2), the z-component of the flux of the time averaged
angular momentum density through a transverse plane, Jz, results

Jz ¼ JL
z þ JS

z ; ð3Þ

with

JL
z ¼

Ps

c
hxvis � hyuisð Þ þ Pp

c
hxvip � hyuip
� �

; ð4Þ

JS
z ¼ �0c Im

ZZ
E�s Ep dxdy ¼ 1

x
ŝ3; ð5Þ

where it is clear the separation between the orbital and the polari-
zation contributions. We also find that the orbital angular momen-
tum term is divided into s and p components, as expected in the
paraxial regime. In Eq. (4) we have used Pi, with i ¼ s; p, for the
power of each component

Pi ¼
�0c
2

ZZ
E�i Ei dxdy; ð6Þ
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Fig. 2. Schematic Mach–Zehnder setup proposed to obtain the field given in Eq.
(10). PBS: polarized beam splitters; M: mirrors; PP: phase plate; SPP: spiral phase
plate.
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and hxvii and hyuii for the crossed irradiance moments used in the
beam matrix formalism [14,15,17,18], also for each component

hxvii ¼
�0c

2kPi

ZZ
x Im E�i

@Ei

@y

� �
dxdy; ð7Þ

hyuii ¼
�0c

2kPi

ZZ
y Im E�i

@Ei

@x

� �
dxdy: ð8Þ

It should be noted that from Eq. (4) we can infer that the orbital
angular momentum can be obtained, in an easy way, from the
measurements of the beam irradiance moments. In this case, since
we are dealing with crossed terms hxvii and hyuii, measurements in
free space are not enough, and an auxiliary cylindrical lens is
needed [12,14]. On the other hand, the polarization term JS

z is pro-
portional to the integrated s3ðx; yÞ Stokes parameter. It can be mea-
sured using standard polarization techniques, with a polarizer, a
quarter wave plate and a CCD camera (see, for example, Refs.
[20,28]). Note that this term is closely connected to a new param-
eter, ~q, recently introduced in the literature to characterize the cir-
cular or linear polarization content of light across the beam profile
in such regions where the irradiance is significative [28].

For the beam in Eq. (1) the photon flux (photons per unit time)
is P=�hx, P being the total power of the beam, P ¼ Ps þ Pp, and �h
being the normalized Planck’s constant. In terms of these parame-
ters the angular momentum per photon jz is found to be

jz ¼ Jz
�hx
P
¼ k

Ps ðhxvis � hyuisÞ þ Pp ðhxvip � hyuipÞ
P

�hþ ŝ3

P
�h: ð9Þ

where k ¼ x=c is the modulus of the wave vector. Note that by
using this expression we can calculate the angular momentum of
non-uniformly polarized beams.

Eqs. (3) and (9) are also important, since they give us the differ-
ent weights of orbital and spin contributions to the total angular
momentum. In that sense it should be remarked that ŝ3 normalized
by the total power P, as appears in Eq. (9), has a value between �1
and 1, while the orbital part has no bounds. In any case both terms
in Eq. (9) should be understood as averaged values, since we are
considering beams with a non-uniform distribution of the angular
momentum contributions.

In order to illustrate how we can obtain the angular momentum
by means of Eqs. (3)–(5), we will study a particular example of
beam with a non-uniform polarization distribution. Let us consider
a non-uniformly totally polarized field defined as

Eðr; hÞ ¼ f ðrÞffiffiffi
2
p

1
einheid

� �
; ð10Þ

where f ðrÞ is a radial function, expðinhÞ is a helical phase, which rep-
resents a single vortex of charge n, h being the azimuthal angle, and
d a constant phase factor. With those phase factors the polarization
state changes from point to point across the transverse section of
x

y y

a b
Fig. 1. Local polarization state of the field defined by Eq. (10) in ca
the beam, as shown in Fig. 1. In that figure we have used ellipses
and arrows to represent the local polarization state with its handed-
ness in several cases.

The field proposed in Eq. (10) can be synthesized by means of a
Mach–Zehnder interferometer with polarized beam splitters, as
suggested in Fig. 2. Starting with a linearly polarized beam at
45�, the polarized beam splitters give us orthogonal polarizations
at each arm with an adequate power balance. The additional phase
terms can be introduced by means of a phase plate and a spiral
phase plate placed in one of the interferometer arms. The phase
plate is used to introduce the d phase. On the other hand, spiral
phase plates generate a vortex in a beam [29–33]. Spiral phase
plates (and analogous systems) are used in a wide range of appli-
cations, and can even be designed with a fractional order n [34–
39]. Fixed spiral phase plates can be made using micromachining,
lithography or holographic methods (see, for example, Refs. [31–
33]). Another approach is to use spatial light modulators (SLM)
with the adequate design [36–38].

By inserting the beam defined in Eq. (10) into Eq. (9) we find
that

jz ¼ jL
z þ jS

z ¼
n
2

�hþ sinðnpÞ sinðnpþ dÞ
np

�h; ð11Þ

where the first term corresponds to the orbital angular momentum,
while the second is the polarization contribution. Note that we have
normalized to the input power. If we analyze the previous expres-
sion a first conclusion is that even though there are two separate
terms, the polarization term includes both contributions from the
device that modifies the polarization (the phase plate), and from
x x

y

c
ses (a) n ¼ 1; d ¼ 0, (b) n ¼ 1; d ¼ p=2 and (c) n ¼ 1=2; d ¼ p=2.
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Fig. 3. Angular momentum per photon for the non-uniformly totally polarized
beam defined in Eq. (10) versus spiral phase plate order n and phases d ¼ 0; d ¼ p=2
and d ¼ p.
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the device that modifies the orbital angular momentum (the spiral
phase plate). From Eq. (11) it is easy to see that if we restrict our-
selves to integer values of the phase step n the polarization term
is cancelled independently of the phase d. We would have a non-
uniformly polarized beam with no polarization term in the angular
momentum. But if we use a fractional phase step we can obtain dif-
ferent values for the total angular momentum per photon jz. In such
case the phase d introduced by the phase plate can be used as an
additional control over the angular momentum, as shown in
Fig. 3. In that figure we have plotted Eq. (11) for several values of
d and for values of n ranging from �2 to 2. We see that jz presents
maxima and minima, and for certain values of n the orbital and spin
terms compensate, resulting in an angular momentum null. In sum-
mary, we have achieved a control over jz by modifying n and d.

Finally, we can compare the previous result with that obtained
for a uniformly and totally polarized beam. If we propagate a line-
arly polarized beam through an spiral phase plate and a waveplate
(retarder) we will obtain

E ¼ f ðrÞffiffiffi
2
p einh 1

eid

� �
: ð12Þ

Note that this beam has the same irradiance profile as the previous
one, but it is a uniformly polarized beam, i.e., the polarization state
is the same everywhere in a transversal plane. If we calculate the
angular momentum for this beam using Eq. (9) we find that

jz ¼ jL
z þ jS

z ¼ n�hþ sin d �h: ð13Þ

In this case the waveplate controls the polarization term of the
angular momentum, independently of the spiral phase plate order
n. To conclude, we could say that the angular momentum of non-
uniformly totally polarized fields reveals physical features that
would not be appreciated if only uniformly totally polarized fields
are considered.
Acknowledgements

This work has been supported by the Ministerio de Educación y
Ciencia of Spain, project FIS2007-63396, and by Comunidad de Ma-
drid-Universidad Complutense, Research Group Program CCG07-
UCM/ESP-3070. We would also like to thank the referees for their
helpful comments on the manuscript.

References

[1] L. Allen, M.W. Beijersbergen, R.J.C. Spreeuw, J.P. Woerdman, Phys. Rev. A 45
(1992) 8185.

[2] S.J. van Enk, G. Nienhuis, Opt. Commun. 94 (1992) 147.
[3] S.J. van Enk, G. Nienhuis, Europhys. Lett. 25 (1994) 497.
[4] H. He, M.E.J. Friese, N.R. Heckenberg, H. Rubinsztein-Dunlop, Phys. Rev. Lett. 75

(1995) 826.
[5] K. Dholakia, N.B. Simpson, M.J. Padgett, L. Allen, Phys. Rev. A 54 (1996) R3742.
[6] N.B. Simpson, K. Dholakia, L. Allen, M.J. Padgett, Opt. Lett. 22 (1997) 52.
[7] M.S. Soskin, V.N. Gorshkov, M.V. Vasnetsov, J.T. Malos, N.R. Heckenberg, Phys.

Rev. A 56 (1997) 4064.
[8] L. Allen, M.J. Padgett, M. Babiker, Prog. Opt. 39 (1999) 291.
[9] A. Mair, A. Vaziri, G. Weihs, A. Zeilinger, Nature 412 (2001) 313.

[10] Special issue: Atoms and angular momentum of light, J. Opt. B: Quantum
Semiclass. Opt. 4 (2002) S1.

[11] A.T. O’Neil, I. MacVicar, L. Allen, M.J. Padgett, Phys. Rev. Lett. 88 (2002) 053601.
[12] B. Eppich, C. Gao, H. Weber, Opt. Laser Technol. 30 (1998) 337.
[13] J. Serna, J.M. Movilla, Opt. Lett. 26 (2001) 405.
[14] J. Serna, F. Encinas, G. Nemes�, J. Opt. Soc. Am. A 18 (2001) 1726.
[15] R. Martínez-Herrero, P.M. Mejías, Opt. Express 14 (2006) 3294.
[16] S.M. Barnett, J. Opt. B: Quantum Semiclass. Opt. 4 (2002) S7.
[17] S. Lavi, R. Prochaska, E. Keren, Appl. Opt. 27 (1988) 3696.
[18] ISO 11146-2:2005. Lasers and Laser-related Equipment – Test Methods for

Laser Beam Widths, Divergence Angles and Beam Propagation Ratios – Part 2:
General Astigmatic Beams, International Organization for Standardization,
2005.

[19] F. Gori, J. Opt. Soc. Am. A 18 (2001) 1612.
[20] P.M. Mejías, R. Martínez-Herrero, G. Piquero, J.M. Movilla, Prog. Quantum

Electron. 26 (2002) 65.
[21] I. Moshe, S. Jackel, A. Meir, Opt. Lett. 28 (2003) 807.
[22] A. Niv, G. Biener, V. Kleiner, E. Hasman, Opt. Lett. 30 (2005) 2933.
[23] G. Nienhuis, J. Phys. B 39 (2006) S529.
[24] C. Maurer, A. Jesacher, S. Fürhapter, S. Bernet, M. Ritsch-Marte, New J. Phys. 9

(2007) 78.
[25] I. Moshe, S. Jackel, A. Meir, Y. Lumer, E. Leibush, Opt. Lett. 32 (2007) 47.
[26] R. Zambrini, S.M. Barnett, Opt. Express 15 (2007) 15214.
[27] G. Machavariani, Y. Lumer, I. Moshe, A. Meir, S. Jackel, Opt. Commun. 281

(2008) 732.
[28] R. Martínez-Herrero, P.M. Mejías, G. Piquero, Opt. Commun. 265 (2006) 6.
[29] M.W. Beijersbergen, R.P.C. Coerwinkel, M. Kristensen, J.P. Woerdman, Opt.

Commun. 112 (1994) 321.
[30] S.S.R. Oemrawsingh, E.R. Eliel, G. Nienhuis, J.P. Woerdman, J. Opt. Soc. Am. A 21

(2004) 2089.
[31] S.S.R. Oemrawsingh, J.A.W. van Houwelingen, E.R. Eliel, J.P. Woerdman, E.J.K.

Verstegen, J.G. Kloosterboer, G.W. ’t Hooft, Appl. Opt. 43 (2004) 688.
[32] W.C. Cheong, W.M. Lee, X.-C. Yuan, L.-S. Zhang, K. Dholakia, H. Wang, Appl.

Phys. Lett. 85 (2004) 5784.
[33] A. Niv, G. Biener, V. Kleiner, E. Hasman, Opt. Commun. 251 (2005) 306.
[34] M.V. Berry, J. Opt. A: Pure Appl. Opt. 6 (2004) 259.
[35] I.V. Basistiy, V.A. Pasko, V.V. Slyusa, M.S. Soskin, M.V. Vasnetsov, J. Opt. A: Pure

Appl. Opt. 6 (2004) S166.
[36] W.M. Lee, X.C. Yuan, K. Dholakia, Opt. Commun. 239 (2004) 129.
[37] J. Leach, E. Yao, M.J. Padgett, New J. Phys. 6 (2004) 71.
[38] S.H. Tao, X.C. Yuan, Opt. Express 13 (2005) 7726.
[39] S.S.R. Oemrawsingh, X. Ma, D. Voigt, A. Aiello, E.R. Eliel, G.W. ’t Hooft, J.P.

Woerdman, Phys. Rev. Lett. 95 (2005) 240501.


	Beam moments and angular momentum in non-uniformly polarized beams
	Acknowledgements
	References


