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Abstract The basic reproduction number, R0, is probably the most important quan-
tity in epidemiology. It is used to measure the transmission potential during the initial
phase of an epidemic. In this paper, we are specifically concerned with the quantifi-
cation of the spread of a disease modeled by a Markov chain. Due to the occurrence
of repeated contacts taking place between a typical infective individual and other in-
dividuals already infected before, R0 overestimates the average number of secondary
infections. We present two alternative measures, namely, the exact reproduction num-
ber, Re0, and the population transmission number, Rp, that overcome this difficulty
and provide valuable insight. The applicability of Re0 and Rp to control of disease
spread is also examined.

Keywords Disease spread · Basic reproduction number · Stochastic epidemic ·
Vaccination coverage

1 Introduction

Early literature on the mathematical modeling of an infectious disease was primar-
ily deterministic. Both deterministic and stochastic models are important, but in
small communities stochastic models are preferable (Andersson and Britton 2000;
Britton 2010). This is the case of communities sharing confined spaces such as
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intensive care units in hospitals (Forrester and Pettitt 2005; Artalejo and Lopez-
Herrero 2011; Wang et al. 2011), educational establishments (Stone et al. 2008;
Artalejo et al. 2010), prisons (Hotta 2010), or small herds (de Koejier et al. 2008;
Orsel et al. 2009). Even when the population size is not small, the random nature
of the disease dynamics should not be ignored. Among other stochastic techniques,
stochastic epidemic models often employ continuous time Markov chains (CTMC)
for describing the dynamics of disease spread (Allen 2003; Keeling and Ross 2008).

Throughout this paper, attention is focused on the quantification of disease spread
in stochastic epidemic models. Specifically, we are concerned with the susceptible-
infective-susceptible (SIS) model and the susceptible-infective-removed (SIR) model.

The basic reproduction number is the most widely used measure of disease spread.
Originally developed in a demographic context (Böckh 1886), it is now widely used
in epidemiology and population dynamics. R0 is usually defined as follows (Heester-
beek and Dietz 1996; Hethcote 2000):

R0 is the expected number of secondary cases produced, in a completely sus-
ceptible population, by a typical infective individual during its entire period of
infectiousness.

Some remarkable features of R0, which are commonly mentioned in the literature
(Roberts 2007; Li et al. 2011) include the following: (i) the threshold value of R0
that establishes that an infection persists only if R0 > 1, (ii) the usefulness of R0 as
a direct measure of the control effort required to eradicate the infection, and (iii) the
fact that pathogens evolve to maximize their R0 value. The validity of the final size
equation (Ma and Earn 2006) and the uniqueness of its solution are also important
topics which are related to the threshold value of R0 (Andreasen 2011).

These basic properties of R0 are true for many models, but it is also well known
that they can fail (Roberts 2007; Li et al. 2011). Discussion on the flaws of R0 exceeds
the static case where transmission rates are constant. In the case where the infectious
disease is affected by seasonal changes, large epidemics can happen even if R0 < 1
and the final size may not be an increasing function of R0 (Bacaër and Gomes 2009).
Metapopulation models (Cross et al. 2005) and networks (Green et al. 2006) are ex-
amples of spatial contexts where R0 presents a variety of problems. There exist vari-
ous methods to calculate R0 for deterministic epidemic models. The next-generation
method developed by Diekmann et al. (1990), and popularized by van den Driess-
che and Watmough (2002), is perhaps the most frequently used. For an overview of
methods of estimation of R0 from epidemiological data, see Heffernan et al. (2005)
and Diekmann et al. (2013). An excellent overview including exhaustive discussion
of the problems with R0, the comparative analysis of methods for its calculation and
an examination of a number of alternatives to R0 can be found in Li et al. (2011). In
this survey, the authors estimate the number of papers that employ R0 in tens of thou-
sands. For more sources of information on R0, one might consult the review papers
(Heesterbeek and Dietz 1996; Heffernan et al. 2005; Roberts 2007).

The above general comments implicitly assume a deterministic approach. How-
ever, in this paper we are concerned with stochastic epidemic models. Keeling and
Grenfell (2000) observed the importance of incorporating individual-based consid-
erations to the calculation of R0 when the transmission of the infection is governed
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by a stochastic process involving discrete individuals. This idea is fully reflected in
a Markov chain formulation, since it is assumed that events are due to the changes
observed in the individuals.

Of course, in the stochastic framework, R0 is well defined as the expected num-
ber of secondary cases. However, the stochastic literature frequently assumes a
value for R0 that is usually inherited from the deterministic approach. For exam-
ple, it is well known that the classical reproduction number for the basic stochas-
tic SIS and SIR models (see Sect. 2) is R0 = β/γ (Andersson and Britton 2000;
Allen 2003), but the ratio β/γ is not the exact average number of secondary infec-
tions. This fact provides the initial motivation for investigating the alternative mea-
sures considered in this paper. In a recent paper, Pellis et al. (2012) assume the clas-
sical definition of R0 for stochastic SIR epidemics in randomly mixing homogeneous
populations of finite size N . The authors mention that R0 is well approximated, as
N → ∞, by the expected value of the first generation of a Galton–Watson process. In
fact, the idea of using branching processes to explain the initial states of an epidemic
has a long tradition (Bailey 1975; Andersson and Britton 2000). In the same direc-
tion, there also exists a large number of stochastic papers that contribute to the un-
derstanding of the threshold value of R0 in combination with asymptotic results and
approximations. The literature for birth-and-death epidemic models is particularly
rich. We refer the reader to the work done by Nåsell for the SIS model (Nåsell 2011)
and the Verhulst logistic model (Nåsell 2001). As a related work, we also mention
the paper by Roberts (2012) who presented a method for incorporating uncertainty in
the estimate of R0 in a deterministic epidemic model. As a result, both deterministic
and stochastic elements are integrated in Roberts’ work.

At this point, we stress that R0 essentially measures the maximum reproductive
potential for an infectious disease. Since R0 aims to be a measure of the initial spread
of the disease, it is defined at the invasion time when a typical infective is intro-
duced into a virgin population. Then the deterministic point of view states that “we
only consider expected values and we linearize; that is, we neglect that the agent it-
self diminishes the availability of susceptibles” (Diekmann and Heesterbeek 2000,
Sect. 5.1; Diekmann et al. 2013, Sect. 7.1). These assumptions are commonly as-
sumed in the literature but their effect, when we deal with a stochastic model with
finite population, is that R0 is clearly not the exact expected number of secondary
cases. Our main goal in this paper is to present two alternative measures, namely,
the exact reproduction number, Re0, and the population transmission number, Rp ,
which do not count those repeated contacts that R0 overestimates. In this way, an
exact quantification of the disease spread is provided.

In the next section, we briefly summarize the mathematical formulation of the
classical SIS and SIR stochastic epidemic models. The role of the threshold property
of R0 in these models is explained. The subsequent two sections introduce the pro-
posed measures Re0 and Rp . Obviously, the most remarkable difference between R0
and the alternatives Re0 and Rp lies in the possibility of providing an exact measure
of the number of secondary cases. We also notice that Re0 and Rp are defined as
random variables, rather than as an average number. For this reason, we are able to
provide in an exhaustive way their characteristics, including probability generating
functions, probability mass functions and factorial moments, as well as an appropri-
ate comparison of Re0 and Rp versus R0. We then proceed to show the applicability
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of our two alternative measures to the design of control strategies for prevention of
a major outbreak. We conclude with some discussion about the implications of our
results, possible limitations and extensions of our study.

2 The SIS and SIR Stochastic Epidemic Models

In the stochastic SIS epidemic model in continuous time there is a closed popula-
tion of size N , where each individual is classified as either a susceptible or as an
infective. Let S(t) and I (t) be the number of susceptibles and infectives, respec-
tively, at time t . In the SIS model, a recovered individual does not acquire immunity,
but it becomes once again susceptible to infection. Thus, the SIS formulation pro-
vides an accurate representation of the population dynamics for many bacterial and
sexually transmitted infections. The disease ends when I (t) = 0, so the epidemic dy-
namics can be modeled as a birth-and-death process {I (t); t ≥ 0} on the state space
S = {0,1, . . . ,N}. The birth rates are denoted by λi > 0, for 1 ≤ i ≤ N − 1, whereas
the death rates are denoted by μi > 0, for 1 ≤ i ≤ N . The origin is an absorbing state
so λ0 = 0, while N is a reflecting state.

The stochastic SIS epidemic model corresponds to the choice

λi = βi ≡ β

N
i(N − i), 0 ≤ i ≤ N, (1)

μi = γi ≡ γ i, 0 ≤ i ≤ N, (2)

where β is the pairwise contact rate and γ is the individual recovery rate.
In the stochastic SIR epidemic model, individuals recover and develop perma-

nent immunity. Thus, the SIR formalism is more appropriate to model acute infec-
tions including chickenpox, measles, and rubella. At time t , the population con-
sists of I (t) infectives, S(t) susceptibles and R(t) = N − I (t) − S(t) immune
individuals, where N is the constant population size. We assume the initial con-
dition (I (0), S(0),R(0)) = (m,n,0), with m ≥ 1, so N = m + n. When in state
(i, j), for i ≥ 1, the population state moves either to (i + 1, j − 1) due to an in-
fection, or to (i − 1, j) due to the removal of an infective. In the states (i,0), for
i ≥ 1, only a removal can occur. The state space of the SIR epidemic model is
S = {(i, j); 0 ≤ i ≤ m + n, 0 ≤ j ≤ min{n,m + n − i}}. We notice that S can be
decomposed into the set of absorbing states SA = {(0, j); 0 ≤ j ≤ n} and the set of
transient states ST = S − SA.

The process {(I (t), S(t)); t ≥ 0} can be modeled as a bidimensional CTMC with
infection rates λij and removal rates μi . Then the typical choice for these rates is

λij = βij ≡ β

N
ij, (i, j) ∈ S, (3)

μi = γi ≡ γ i, 0 ≤ i ≤ m + n, (4)

where, once more, β and γ denote the pairwise contact and the recovery rate, respec-
tively.
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Since in the SIS and SIR epidemic models we deal with a closed finite size popu-
lation, epidemic extinction is certain regardless of the magnitude of R0. This means
that R0 loses its role as a threshold parameter when N < ∞. However, the utility
of R0 to quantify the spread and severity of the epidemic still holds. In fact, the ex-
pected time until the absorption can be very large. The time to extinction depends on
the model under consideration, the transmission rates, and the initial state at t = 0.
In the SIS model, small values of R0 lead to short epidemics, while the epidemic
tends to persist for a very long time when R0 is large. In fact, in the latter case only
a random fluctuation leads to the extinction of the epidemic. In the SIR model, ST

is a reducible set and each transient state is visited at most once and, therefore, the
epidemic becomes extinct in a relatively short period. However, the magnitude of R0
influences the shape of the final size distribution and the extinction time distribution
(Ball and Nåsell 1994; Artalejo et al. 2012).

3 The Exact Reproduction Number Re0

In this section, we focus on the study of the distribution of the exact reproduction
number Re0. This random variable is defined as follows:

Re0 is the exact number of secondary cases produced by a typical infective
individual during its entire infectious period.

We remark that the essential feature of Re0 is that it does not count the number
of contacts taking place between the typical infective individual and any contacted
individual which has previously been infected. Nothing happens when such a contact
occurs (Ball and Nåsell 1994). Since these contacts are in vain, their effect should
be ignored. The convenience of eliminating the effect of the repeated contacts when
we deal with small structures in a community was already observed in Diekmann
et al. (1998). In a nutshell, the goal of Re0 is to correct the effect of the linearization
assumption. Then a real measurement of disease spread is obtained, as it was intended
in the classical reproduction number R0.

It should be pointed out that R0 is defined at the time of invasion, when the typical
infective is introduced into a completely susceptible population. In contrast, Re0 can
be defined at all times. If the epidemic is already in progress and an infective individ-
ual is tagged, then Re0 measures the exact number of secondary cases generated by
the tagged infective. In particular, by assuming that the invasion starts at time t = 0
with I (0) = 1 (i.e., the typical infective is introduced in a virgin population), the ex-
pected value Re0 = E[Re0|I (0) = 1] amounts to the exact quantification of disease
transmission described in the classical definition of R0.

We also emphasize that Re0 is a random variable, rather than an expected value.
Consequently, in what follows we will investigate its whole probability distribution
(i.e., the probability mass function) as well as its moments (i.e., expected value and
higher order moments).

3.1 The Stochastic SIS Epidemic Model

First of all, we decompose the birth rate of the SIS model (1) as βi = β∗
i + ˜βi−1,

for 1 ≤ i ≤ N , where β∗
i = β

N
(N − i) gives the individual rate at which the typical
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infective contacts with the susceptible population, and ˜βi−1 = β
N

(i − 1)(N − i) is
associated with the superposition of the contact rates of the remaining i−1 infectives.
We note that ˜β0 = 0.

Let ϕi(z) be the probability generating function of Re0, starting with i infectives,
for 1 ≤ i ≤ N ; that is, ϕi(z) = E[zRe0 |I (0) = i] = ∑∞

k=0 zkP {Re0 = k|I (0) = i}, for
|z| ≤ 1. The next transition of the Markov chain is associated with one of the follow-
ing events: (i) recovery of the tagged (typical) infective, (ii) recovery of a nontagged
infective, (iii) effective contact between the tagged infective and any susceptible in-
dividual, and (iv) effective contact between a nontagged infective and any susceptible
individual.

Conditioning on the first transition, we have

ϕi(z) = γ

βi + γi

+ γ (i − 1)

βi + γi

ϕi−1(z) + β∗
i

βi + γi

zϕi+1(z)

+ ˜βi−1

βi + γi

ϕi+1(z), 1 ≤ i ≤ N. (5)

We observe from (5) that the distribution of Re0 can be nondimensionalized, so
that the characteristics of Re0 depend on the pair (β, γ ) only through the reproduc-
tion number R0 = β/γ . This observation also holds for the stochastic SIR model
(Sect. 3.2) and for the distribution of the population transmission number (Sect. 4).

Now we focus on the factorial moments of Re0, which are defined by mk
i =

dk[ϕi(z)]
dzk |z=1 = E[Re0(Re0 − 1) · · · (Re0 − k + 1)|I (0) = i], for 1 ≤ i ≤ N and k ≥ 0.

We observe that m0
i = ϕi(1) = P {Re0 < ∞|I (0) = i} = 1, for 1 ≤ i ≤ N , because

the set of transient states ST = S − {0} is a nondecomposable set of states.
Differentiating k times expression (5) and setting z = 1, we obtain

mk
i = γ (i − 1)

βi + γi

mk
i−1 + βi

βi + γi

mk
i+1 + β∗

i

βi + γi

kmk−1
i+1 ,

1 ≤ i ≤ N, k ≥ 1. (6)

From formula (6), we can compute the kth factorial moments in terms of the mo-
ments of order k − 1. Expected values and, in particular, Re0 = m1

1, are derived from
the first recursion for k = 1.

Methods for solving tridiagonal systems of equations have been largely discussed
in the literature devoted to numerical linear algebra (Ciarlet 1989; Press et al. 2007).
In particular, solutions for birth-and-death processes sometimes lead to explicit ex-
pressions (Kulkarni 1995; Allen 2003; Nisbet and Gurney 2003). For example, this is
the case of the moments of the time to extinction (Norden 1982). Note, however, that
the system (6) cannot lead to an explicit expression. The reason is that the sum of the
elements in each row of the coefficient matrix is not 0. We next employ a recursive
scheme, from which the computation of the expected values {m1

i ; 1 ≤ i ≤ N} can be
performed at a low computational cost. In fact, the proposed scheme only deals with
algebraic operations involving positive terms, which guarantees that the computation
is stable.
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Theorem 1 The expected values {m1
i ; 1 ≤ i ≤ N} can be computed from the equa-

tions

m1
N = (N − 1)DN−1

NaN−1 + βN−1
, (7)

m1
i = Di + βim

1
i+1

ai + βi

, i = N − 1, . . . ,1, (8)

where the coefficients ai and Di , for 1 ≤ i ≤ N − 1, are given by

a1 = γ, (9)

ai = γ (iai−1 + βi−1)

ai−1 + βi−1
, 2 ≤ i ≤ N − 1, (10)

D1 = β∗
1 , (11)

Di = β∗
i + γ (i − 1)Di−1

ai−1 + βi−1
, 2 ≤ i ≤ N − 1. (12)

Proof For every state i, (6) for k = 1 can be expressed in the tridiagonal form

εim
1
i−1 + αim

1
i + ηim

1
i+1 = νi, 1 ≤ i ≤ N, (13)

where εi = −γ (i − 1), αi = βi + γi , ηi = −βi , and νi = β∗
i , for 1 ≤ i ≤ N .

By using forward elimination, the tridiagonal system (13) becomes

Aim
1
i + ηim

1
i+1 = Di, 1 ≤ i ≤ N − 1, (14)

where A1 = β1 + γ1, Ai = βi + γi − γi−1βi−1
Ai−1

, for 2 ≤ i ≤ N − 1, D1 = β∗
1 and

Di = β∗
i + γi−1Di−1

Ai−1
, for 2 ≤ i ≤ N − 1.

To avoid subtractions so that the recursive scheme is stable, we introduce new
coefficients ai = Ai − βi , for 1 ≤ i ≤ N − 1. Then we easily find that ai and Di are
as claimed in (9)–(12).

Iterating (14), we find that

m1
i =

N−1
∑

k=i

Dk

βk

k
∏

n=i

βn

an + βn

+ m1
N

N−1
∏

k=i

βk

ak + βk

, 1 ≤ i ≤ N − 1. (15)

Combining (15) (for i = N − 1) and (13) (for i = N ), we easily arrive at for-
mula (7) for m1

N . Finally, we apply backward substitution to (14) in order to compute
reversely m1

i , for i = N − 1, . . . ,1. This yields (8), which completes the proof. �

The computation of higher order moments can be implemented in a similar man-
ner. With respect to Theorem 1, the following minor modifications are needed to com-
pute the kth factorial moments: (i) change the unknowns from m1

i to mk
i , and (ii) up-

date the independent term, which is now given by νi = β∗
i kmk−1

i+1 , for 1 ≤ i ≤ N .
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Fig. 1 R0, Re0 and Rp versus
the contact rate β

Figure 1 displays the classical basic reproduction number, R0, versus the expected
values Re0 and Rp (see Sect. 4). Without loss of generality, we assume γ = 1 so that
R0 = β , corresponding to the bisector of the first quadrant in the figure. We take three
population sizes N = 100,1000,10000. As the contact rate β increases, we observe
increasing difference between R0 and Re0. When β = 20, we find that Re0 = 5.35,
for N = 100, and Re0 = 8.50, for N = 10000. These magnitudes show an important
difference between R0 and the exact measurement provided by Re0, because repeated
contacts are not counted in Re0.

Numerical results, not reported here, suggest that limN→∞ Re0 = R0 and
limβ→∞ Re0 = 1 + ∑N−1

k=1
1
k

. The first limiting result indicates that the existence
of repeated contacts between two individuals (e.g., the tagged typical individual
and any other individual) is negligible when the population size increases. Now
we give intuition behind the second limiting result. An exponential contact time
becomes instantaneous if β → ∞, so the number of infectives jumps from the
initial state 1 to N . Ordering the N − 1 cases of infection, the kth one is due
to an effective contact where the tagged infective is involved with probability 1

k
.

This argument explains the term
∑N−1

k=1
1
k

. Then, once the whole population is in-
fected, the current state is updated as I (0) = N . Let ξ |I (0) = N be the num-
ber of recoveries taking place during the infectious period of the tagged indi-
vidual. We recall that β → ∞ so ξ |I (0) = N is a geometric random variable
with parameter p = 1

N
(i.e., P {ξ = k|I (0) = N} = (1 − p)kp, for k ≥ 0). Be-

cause of this fact, E[Re0|ξ = k, I (0) = N ] = k
N−1 , since Re0|ξ = k, I (0) = N

is a binomial B(k, 1
N−1 ) random variable (i.e., each recovered individual is in-

fected by the tagged infective with probability 1
N−1 ). Hence, E[Re0|I (0) = N ] =

(1−p)/p
N−1 = 1, which completes the desired limiting result. Since the distribution of

Re0 is nondimensionalized, the same limiting results hold if we make γ → 0, for a
fixed β .

We now turn our attention to the direct computation of the probabilities xk
i =

P {Re0 = k|I (0) = i}, for 1 ≤ i ≤ N and k ≥ 0. By appealing to a first-step argument,
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we find that

xk
i = δk0

γ

βi + γi

+ γ (i − 1)

βi + γi

xk
i−1 + (1 − δk0)

β∗
i

βi + γi

xk−1
i+1

+ ˜βi−1

βi + γi

xk
i+1, 1 ≤ i ≤ N, k ≥ 0, (16)

where δab stands for the Kronecker function defined by 1, when a = b, and it equals 0,
otherwise.

The recursive computation of xk
i from (16) is a minor variant of Theorem 1. In the

case k = 0, the necessary modifications are: (i) replace m1
i by x0

i , and (ii) update ηi =
−˜βi−1 and νi = γ , for 1 ≤ i ≤ N . On the other hand, the subsequent computation of
probabilities xk

i , for k ≥ 1, needs of the following changes: (i) the unknowns are xk
i ,

and (ii) update ηi = −˜βi−1 and νi = β∗
i xk−1

i+1 , for 1 ≤ i ≤ N . For any fixed i, the

computation can be stopped as soon as the cumulative mass function Xk
i = ∑k

l=0 xl
i

reaches a desired percentile.

3.2 The Stochastic SIR Epidemic Model

We now turn our attention to the classical stochastic SIR model. Given the actual
state (i, j) ∈ ST , we are concerned with the distribution of the exact reproduc-
tion number. Let ϕij (z) be the generating function defined by ϕij (z) = ∑j

k=0 zk ×
P {Re0 = k|(I (0), S(0)) = (i, j)}, for (i, j) ∈ ST and |z| ≤ 1, with factorial mo-
ments mk

ij , for k ≥ 0.
Conditioning on the event that determines the exit from state (i, j), we find that

the generating functions ϕij (z) verify the following triangular system of equations:

ϕij (z) = γ

βij + γi

+ γ (i − 1)

βij + γi

ϕi−1,j (z) + β∗
ij

βij + γi

zϕi+1,j−1(z)

+ ˜βi−1,j

βij + γi

ϕi+1,j−1(z), (i, j) ∈ ST , (17)

where β∗
ij = β

N
j and ˜βi−1,j = β

N
(i − 1)j , for (i, j) ∈ ST .

After appropriate differentiation of (17), we derive recursive equations for the mo-
ments mk

ij

mk
ij = γ (i − 1)

βij + γi

mk
i−1,j + βij

βij + γi

mk
i+1,j−1

+ β∗
ij

βij + γi

kmk−1
i+1,j−1, (i, j) ∈ ST , k ≥ 1. (18)

For k = 0, we observe that m0
ij = P {Re0 < ∞|(I (0), S(0)) = (i, j)} = 1, for

(i, j) ∈ ST . Then (18) can be efficiently solved in the recursive order k ≥ 1, 0 ≤ j ≤ n

and 1 ≤ i ≤ m + n − j .
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Fig. 2 Variance of Re0 as a
function of β

An important difference between R0 and Re0 = m1
1n is that R0 ∈ (0,∞) (i.e.,

it can take arbitrarily large values) whereas Re0 ∈ (0, n).
Our numerical results for Re0 show that its behavior is very similar in both the SIS

model (see Fig. 1) and the SIR model. A minor difference observed now for the SIR
model is that limβ→∞ Re0 = ∑n

k=1
1
k

. Comparing the parallel limiting results in both
epidemic models, we observe that the difference of one unit is explained because the
stochastic SIR model assumes that an infected individual acquires immunity after the
recovery.

Figure 2 provides insight on the influence of the contact rate β on the variance of
Re0. We fix γ = 1 and display σ 2

1 = m2
1 + m1

1 − (m1
1)

2 (SIS model) and σ 2
1,N−1 =

m2
1,N−1 + m1

1,N−1 − (m1
1,N−1)

2 (SIR model), for N = 100,10000.

We observe that σ 2
1 > σ 2

1,N−1. Moreover, in both epidemic models the variance
increases to a maximum, and then decreases as far as β increases. This behavior is
not unusual because one expects that the variability decreases as far as β → 0 or
β → ∞.

To conclude this section, we now propose a direct method for the computation of
the probability mass function of Re0. For each (i, j) ∈ ST , we denote xk

ij = P {Re0 =
k|(I (0), S(0)) = (i, j)}, for 0 ≤ k ≤ j . A new appeal to the first-step argument yields

xk
ij = δk0

γ

βij + γi

+ γ (i − 1)

βij + γi

xk
i−1,j + (1 − δk0)

β∗
ij

βij + γi

xk−1
i+1,j−1

+ (1 − δkj )
˜βi−1

βi + γi

xk
i+1,j−1, (i, j) ∈ ST , 0 ≤ k ≤ j. (19)

Equations (19) provide an effective recursive scheme, which should be performed
in the natural order k ≥ 0, k ≤ j ≤ n and 1 ≤ i ≤ m + n − j .

4 The Population Transmission Number Rp

Our next objective is to propose an alternative measure of disease spread, which is
based on the measurement of disease transmission caused by the whole actual infec-
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tive population during the infectious period in progress. Specifically, the population
transmission number Rp is defined as follows:

Rp is the exact number of secondary cases produced by all currently infective
individuals prior to the first recovery.

The aim of the random variable Rp is to count the exact number of effective con-
tacts, irrespectively of the identity of the infective involved in each contact, during
the elapsed time until the first recovery occurs. Since specific individuals are not
tagged here, the random variable Rp can be viewed as a global measure of the dis-
ease transmission. We observe that Rp can be defined either at the invasion time or
at any time after the invasion. In the former case, we denote its expected value as
Rp = E[Rp|I (0) = 1].

In what follows, we will derive explicit results for the probability mass function
and the moments (i.e., expected value, variance and higher order moments) of Rp in
the SIS and SIR stochastic models. As in the case of Re0, first-step analysis plays a
central role for deriving our results. In order to avoid repetitive arguments, we will
summarize our main findings in a concise manner.

4.1 The Stochastic SIS Epidemic Model

We first present results for a general birth-and-death process on S = {0,1, . . . ,N}
with an absorbing state 0. Then, for the classical SIS model with rates (1) and (2), we
will show how the obtained results reduce to simple explicit formulas.

Let Ψi(z) be the generating function of Rp , given that the current number of in-
fectives is i. The dynamics of Ψi(z), for 1 ≤ i ≤ N , is governed by the bidiagonal
system of equations

Ψi(z) = μi

λi + μi

+ (1 − δiN )
λi

λi + μi

zΨi+1(z), 1 ≤ i ≤ N.

The kth factorial moment Mk
i has the following expression in terms of the mo-

ments of (k − 1)th order:

Mk
i = (1 − δi,N−1)k

N−2
∑

l=i

Mk−1
l+1

l
∏

j=i

λj

λj + μj

+ δk1

N−1
∏

j=i

λj

λj + μj

,

1 ≤ i ≤ N − 1, k ≥ 1.

In addition, we also know the boundary equations

M0
i = 1, 1 ≤ i ≤ N,

Mk
N = 0, k ≥ 1,

which respectively reflect that P {Rp < ∞|I (0) = i} = 1, for 1 ≤ i ≤ N , and Rp = 0,
when I (0) = N .
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For 1 ≤ i ≤ N − 1, the probabilities yk
i = P {Rp = k|I (0) = i} are given by

yk
i = μi+k

λi+k + μi+k

i+k−1
∏

l=i

λl

λl + μl

, 0 ≤ k ≤ N − i, (20)

where
∏i−1

l=i
λl

λl+μl
≡ 1. Moreover, for i = N , we have y0

N = 1.

For the classical stochastic SIS model, we find that the expected values, M1
i , and

the variances, σ 2
i = M2

i + M1
i − (M1

i )2, for 1 ≤ i ≤ N , are reduced to the simple
formulas

M1
i = (N − i)R0

R0 + N
, 1 ≤ i ≤ N, (21)

σ 2
i = N(N − i)R0((N − i + 1)R0 + N)

(2R0 + N)(R0 + N)2
, 1 ≤ i ≤ N. (22)

From formulas (21) and (22), we observe that both M1
i and σ 2

i decrease as far as
the number of infectives increases.

We observe that R0 ∈ (0,∞) whereas Rp ∈ (0,N − 1). However, Rp converges
to R0, as far as the population size increases, that is,

lim
N→∞Rp = lim

N→∞
(N − 1)R0

R0 + N
= R0. (23)

In the light of (23), we conclude that Rp provides an exact quantification of disease
spread which is close in average to R0 (as far as N is large). We refer again to Fig. 1
for a better understanding of the convergence speed of Rp to R0. In fact, Rp is not
plotted for N = 10000 because R0 and Rp are graphically undistinguished. We also
notice that Rp < Re0, when β ≤ 1.

Since Rp is a random variable, we know indeed its whole probability distribution.
This fact is a strength that can be used to determine a vaccination policy (Keeling and
Rohani 2008); see the next Sect. 5.

4.2 The Stochastic SIR Epidemic Model

Results for Rp in the stochastic SIR model are a minor variant of the formulas given
in Sect. 4.1 for the SIS model. The similarity follows from the definition of Rp , which
essentially counts a run of successive infections prior the first recovery.

Given that the Markov chain is visiting the state (i, j) ∈ ST , the moment generat-
ing functions of Rp satisfy the equations

Ψij (z) = μi

λij + μi

+ (1 − δj0)
λij

λij + μi

zΨi+1,j−1(z), (i, j) ∈ ST .
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Then the kth factorial moment Mk
ij relates to the factorial moments of one order

less as follows:

Mk
ij = (1 − δj1)k

i+j−2
∑

p=i

Mk−1
p+1,i+j−p−1

p
∏

l=i

λl,i+j−l

λl,i+j−l + μl

+ δk1

i+j−1
∏

l=i

λl,i+j−l

λl,i+j−l + μl

, i ≥ 1, j ≥ 1, k ≥ 1.

Moreover, we notice that M0
ij = 1 and Mk

i+j,0 = 0, for (i, j) ∈ ST and k ≥ 1.

On the other hand, the probabilities yk
ij = P {Rp = k|I (0) = i, S(0) = j}, for i ≥ 1

and j ≥ 1, are given by

yk
ij = μi+k

λi+k,j−k + μi+k

i+k−1
∏

l=i

λl,i+j−l

λl,i+j−l + μl

, 0 ≤ k ≤ j. (24)

Finally, we assume the classical SIR formulation given in (3) and (4). Then we
observe that yk

ij in (24) are independent of i. The expected values, M1
ij , and the vari-

ances, σ 2
ij , are given by

M1
ij = jR0

R0 + N
, (i, j) ∈ ST , (25)

σ 2
ij = NjR0((j + 1)R0 + N)

(2R0 + N)(R0 + N)2
, (i, j) ∈ ST . (26)

The above expressions (25) and (26) are parallel to formulas (21) and (22) for the
SIS model, so comments given earlier still remain valid.

5 Applications to the Control of Infectious Disease

Perhaps the most practical use of a measure of disease spread lies in its application
to the design of control strategies for prevention of an outbreak. Control of infectious
diseases can be achieved in several forms including vaccination, isolation, contact
tracing and culling (Keeling and Rohani 2008).

Here, we suppose that a perfect vaccine is available so the key point is to determine
the proportion of the population that needs to be immune in order to prevent a major
outbreak. Control based on the classical reproduction number proposes to reduce R0
by the fraction of susceptible individuals, 1 − v, needed to ensure that R0(1 − v) < 1.
This vaccination policy leads to the critical vaccination coverage, vc, defined by

vc =
{

1 − 1
R0

, if R0 > 1,

0, otherwise,
(27)

which is interpreted in terms of the critical proportion of the population that should
be vaccinated to prevent the spread of the infection.
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Fig. 3 Critical vaccination
levels as a function of R0

Suppose a stochastic SIR model starting with (m,n) = (1,999). We again assume
that γ = 1 so R0 = β . For this model, in Fig. 3 we display vc as a function of R0. For
a disease with R0 = 10 (e.g., chickenpox), it follows from (27) that vc = 0.9. Then
the herd immunity phenomenon establishes that it is enough to vaccinate 90 % of the
susceptible population, and this provides protection to the whole population against
a major outbreak. In Sect. 3, Re0 was presented as an exact measure of the number
of effective contacts, that is, Re0 excludes from R0 the repeated contacts established
between the typical infective and those individuals already infected before. It is hence
natural to reformulate the critical vaccination level in terms of Re0. If we replace R0
by the expected value Re0 and we look again for the fraction of susceptibles such that
Re0(1 − v) < 1, then we arrive to the critical level

v1
ec =

{

1 − 1
Re0

, if Re0 > 1,

0, otherwise.
(28)

The reduction obtained when v1
ec is used instead of vc is also shown in Fig. 3. For

R0 = 10, we obtain Re0 = 5.45712, and hence we can conclude that the fraction that
should be vaccinated is only v1

ec = 0.81.
There exists a second possibility to reformulate vc with the help of Re0. We let

jc = max{j : m1
1j < 1}, so that one may define the critical vaccination coverage

v2
ec = 1 − jc

N
.

It is remarkable here that there exists a significant difference between R0 and
Re0 = m1

1n, but the difference between the effective reproduction number R0
j
N

and
m1

1j becomes very small, as far as j decreases. This explains the observed proximity

between vc and v2
ec in Fig. 3. This fact supports the classical vaccination policy based

on vc, despite that R0 is not the exact expected number of secondary cases.
We now show how the probability mass functions of Re0 and Rp can be used to

control the disease spread. Since formulas (24) for the probabilities yk
ij are explicit,

we concentrate on Rp . However, a parallel computational analysis can be replicated
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for Re0 by using the recursive formulas (19) for xk
ij . Despite that vaccinating at the

level vc, or even at the level v1
ec, is enough to guarantee protection, the eradication of

the disease requires a random time which depends not only on the transmission speed
but also on its variability. In other words, the usefulness of the expected number of
secondary cases is limited by a non-desired large variance. From formula (26), we
notice that the variance of Rp increases as a function of j . It means that the larger the
number of susceptibles who are vaccinated, the shorter the variance of Rp . In fact, the
variance is 0, if j = 0. Mass vaccination of the entire susceptible population seems
unfeasible due to logistical difficulties and cost constraints. Therefore, in what fol-
lows, we use the probability mass function of Rp to determine a vaccination strategy
going beyond the levels v1

ec and vc.
If we look at the probabilities (24), we first observe that y0

ij > 0.5 if and only if

R0
j
N

< 1. On the other hand, given the current state (i, j), the fraction of susceptible

individuals is j
N

, so 1 − v = j
N

. Consequently, y0
ij > 0.5 amounts to the classical

vaccination policy based on vc. Moreover, we also find that

yk+1
ij

yk
ij

= (j − k)R0

(j − k − 1)R0 + N
, i ≥ 1, j ≥ 1, 0 ≤ k ≤ j − 1. (29)

For a fixed (i, j), it follows from (29) that Rp has a decreasing probability mass
function if and only if R0 < N . The idea now is to take advantage of this simple be-
havior of Rp in order to guarantee that the decay of the disease spread is controlled
by a fixed level ρ ∈ (0,1), after having vaccinated a fraction v of susceptible individ-
uals. To reach this goal, we look for the largest number of susceptibles j such that
the ratio in (29) remains below ρ, that is,

yk+1
ij

yk
ij

< ρ ⇔ (1 − ρ)R0(j − k) < ρ(N − R0), for k = 0, . . . , j − 1. (30)

Monotonicity of the above expression reduces the problem to the index k = 0, so
assuming that R0 < N and putting k = 0 and j = (1 − v)N in (30), we find that
the proportion vc(ρ) of susceptibles necessary to vaccinate in order to guarantee the
ρ-control decay of Rp is given by

vc(ρ) = 1 − ρ

1 − ρ

(

1

R0
− 1

N

)

. (31)

It is now easy to check that

vc(ρ) > vc ⇔ ρ <

(

2 − R0

N

)−1

.

As a result, we propose to employ the vaccination policy based on the ρ-control
decay of Rp only if R0 ∈ (1,N) and ρ < (2 − R0/N)−1. In such a case, the critical
level vc(ρ) (31) provides not only the coverage required to prevent a major outbreak,
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Fig. 4 The expected time to
extinction as a function of v

but also a control on the decay of the distribution of the random variable Rp measur-
ing the disease spread.

The critical vaccination coverage vc(ρ) is plotted in Fig. 3 for the levels ρ =
0.2,0.3,0.4. For a fixed R0, vc(ρ) is decreasing with ρ, reflecting that a smaller level
ρ implies a stronger control of the decay. For an infectious disease with R0 = 5, we
notice that vc(0.2) = 0.95, vc(0.3) = 0.91, and vc(0.4) = 0.86, while vc = 0.8 and
v1
ec = 0.75.

The above discussion can be easily extended to the stochastic SIS epidemic model.
In particular, starting from (20) we can prove that formula (31) for vc(ρ) remains
valid. However, it should be interpreted in a different manner, because the control of
an SIS disease should be based in isolation rather than in vaccination. While vacci-
nation reduces the transmission potential by turning a proportion of the susceptible
population to the immune state, isolation is oriented toward the infectious individu-
als which are removed from the population to prevent further contacts (Keeling and
Rohani 2008; Britton 2010). Taking this important difference in mind, the control of
an SIS epidemic is still similar to the mechanism already discussed for the SIR model
(Andersson and Britton 2000, Sect. 12.2).

For the stochastic SIR model, we define the random variable L1j as the ex-
tinction time given that the current state is (1, j) ∈ ST . For the initial condition
(m,n) = (1,999), in Fig. 4 we illustrate the effect of the vaccination on the ex-
pected time to extinction, E[L1j ], which is plotted as a function of the proportion
v = 1 − j

N
. Computation of E[L1j ] was done by using the recursive scheme pro-

posed by Artalejo et al. (2012). We now assume that γ = 0.2, while β is chosen to
match R0 = 2.5,5,15.

The three curves in the figure exhibit a similar shape so we next focus on the case
R0 = 5. The curve decreases from the starting value E[L1,999] = 38.72 until the final
value E[L1,0] = 5. For small values of v, the expected duration exhibits a flat shape.
However, it experiences a rapid decline when v becomes close to the critical vacci-
nation coverage. In fact, from the numerical results, it is inferred that the expected
time to infection has an inflection point around v1

ec. Dot lines are associated with the
vaccination coverages v1

ec = 0.75, vc = 0.8, and vc(0.4) = 0.86. The corresponding
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Fig. 5 The expected final size
as a function of v

values on the vertical axis for the expected time to infection are 19.75, 12.61, and
7.97, respectively.

We end this section by showing the effect of the vaccination on the final epidemic
size. Given the initial condition (1, j), we denote by N1j the total number of individ-
uals infected prior to disease extinction. Algorithmic results for the computation of
the expected final size, E[N1j ], can be found in Artalejo et al. (2010).

For the SIR epidemic model with (m,n) = (1,999) and R0 = 2.5,5,15, in Fig. 5
we plot the expected percentage of finally infected individuals (i.e., E[N1j ] 100

N
) as

a function of v. For each fixed proportion v, in agreement with the intuitive expec-
tations, we observe that E[N1j ] is an increasing function of R0. On the other hand,
the expected final size decreases as far as the proportion of vaccinated individuals in-
creases. The starting values of E[N1,999] show that the epidemic affects a significant
proportion of the population. Indeed, the smallest case R0 = 2.5 leads to a percentage
of 53 %. The most relevant observation here is that the plotted curves start exhibit-
ing an almost linear pattern with a slope close to −1, reflecting that the decrease of
E[N1j ] is mainly explained by the reduction of one susceptible in the index j . This
trend is kept for a while, but finally the slope drastically drops to 0, as j → 0 (i.e.,
v → 1).

6 Discussion

The basic reproduction number is the most useful concept in mathematical epidemi-
ology. Despite its fundamental role and the apparent simplicity of its definition, R0
is an intricate concept. This paper is oriented to the study of the disease dynamics in
a stochastic framework where a Markov chain model is used for modeling the dis-
ease spread. When a deterministic approach is adopted, the impact of the depletion
of susceptibles due to the infection process is neglected. As a result, R0 overesti-
mates the reproductive potential. This paper presents two alternative measures called
the exact reproduction number, Re0, and the population transmission number, Rp ,
which eliminate the effect of repeated contacts and, consequently, they provide a real
measurement of the spread of a disease represented by a stochastic epidemic model.
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Taking Re0 and Rp as a starting point, we can easily define other variants. In par-
ticular, one would complete the underlying casuistry by defining “the exact number of
secondary cases produced by all currently infective individuals during the infectious
period of a typical infective” and “the exact number of secondary cases produced by
a typical infective individual prior the first recovery.”

The most relevant features of Re0 and Rp , compared to R0, can be summarized as
follows:

• Since we deal with Markov chains with a finite population size, the epidemic dies
out in a finite time with probability one. This fact is indeed an important difference
between the deterministic and the stochastic approaches. Although R0, Re0, and
Rp are not actually a threshold, the three measures are valuable to quantify the
spread and severity of the infectious disease.

• The classical reproduction number, R0, aims to measure the expected number of
secondary cases. The alternative measures, Re0 and Rp , are random variables so
we can calculate not only their expected values but also their complete distributions
(i.e., probability mass functions, higher order moments).

• R0 is only defined at the time of invasion, when a typical infective is introduced
into a virgin population. In contrast, Re0 and Rp can be defined at the initial inva-
sion time or at any later time.

• When control measures are possible, R0 provides a measure of the effort needed to
prevent a major outbreak. Once the repeated contacts are discounted, the expected
value Re0 contributes to vaccination policy by providing the exact vaccination cov-
erages v1

ec and v2
ec. The use of the probability mass function of Rp leads to a cover-

age level vc(ρ), which provides not only the preventive coverage required, but also
a control on the decay of the distribution of the number of secondary infections.

The above comments provide a clear picture of the advantages of Re0 and Rp .
However, it is fair to comment on the weakness of our study. In this sense, we first
mention that the theory of CTMCs relies on two strong assumptions: the exponen-
tial distribution and the independence of the involved random events (e.g., contact
periods, recovery times). The basic SIS and SIR stochastic models are important but
simple mathematical models. In particular, they are based on many ideal and simpli-
fying assumptions like fixed population size, individual homogeneity, and randomly-
mixing transmission. The possibility of extending the calculation of Re0 and Rp to
more realistic but sophisticated epidemic models (e.g., multitype models, household
models, contact networks) seems feasible from a mathematical point of view. How-
ever, as a consequence of the excessive dimensionality of the resulting models, one
can expect computational difficulties.

Generalizations to more sophisticated models is a challenging topic but a compro-
mise between mathematical tractability and realistic assumptions is always a goal.
One possibility is to consider real applications where the involved community has
a small size (see again Sect. 1). More concretely, in the intensive care unit frame-
work, the infectious disease follows vector-borne transmission, where patients are
viewed as hosts while the health care workers play the role of the transient vectors.
An appropriate choice of an extended Markov chain is helpful to investigate the exact
reproduction number in this setting. The evaluation of the benefits and impact of the
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use of Re0 and Rp in intensive care units will be the subject matter of a subsequent
paper.
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