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Departamento de Óptica, Facultad de Ciencias Fı́sicas, Universidad Complutense,
Ciudad Universitaria s/n, 28040 Madrid, Spain
Received 30 January 1998, in final form 14 April 1998, accepted for publication
23 April 1998
Abstract. An application of multigrid techniques for the separation of principal
stresses in plane stress systems is presented. By establishing the equilibrium
equations and determining the value of shear from photoelastic data a system of
partial differential equations is obtained, which can be solved by applying a multigrid
method. Multigrid methods are comparable to Fourier methods in efficiency and
robustness and can be applied to processing areas of arbitrary shape.
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1. The problem of stress separation
The determination of the values of the principal stresses
at every point in a sample from any kind of direct
experimental measurements is called stress separation. In
photoelastic experiments it is not possible to obtain the
values of the principal stresses in every point of the
sample directly.
What is obtained is the difference
of the principal stresses (associated with isochromatics)
and their orientations (associated with isoclinics) [1, 2].
Therefore, some information must be added to photoelastic
data to separate stresses.
For instance, we can
experimentally determine the value of the sum of principal
stresses by interferometric techniques [2, 3]. Another
possibility is the so-called oblique incidence method. For
this technique different transmission directions are used
giving different retardation measurements, from which it
is possible to compute the principal stresses [1]. The
method that we have chosen is the resolution of the
equilibrium equations, which are relationships between
the spatial variations of the Cartesian components of the
stresses and the value of the shear stress at every point.
The connecting point between photoelastic data and the
equilibrium equations is the shear stress, because it can
be directly measured by photoelasticity [1].
In this way, if σx and σy are the components of
the stress at a given point in a fixed Cartesian system
of reference and σxy is the shear stress, the equilibrium
equations, in the absence of body forces, are given by
∂σxy
∂σx
+
=0
∂x
∂y

(1a)

∂σy
∂σxy
+
= 0.
∂y
∂x

(1b)
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Now, if σ1 and σ2 are the principal stresses at that point
and α is the isoclinic angle, which corresponds to the
local orientation of the principal stresses, the following
relationships hold:
σx − σy = (σ1 − σ2 ) cos(2α)

(2a)

σxy = 12 (σ1 − σ2 ) sin(2α).

(2b)

The difference of the principal stresses can be related to
the isochromatic phase δ, which is obtained in photoelastic
experiments, by
σ1 − σ2 =

λ
δ
2π dC

(3)

where C is the photoelastic constant of the material, d the
thickness of the sample and λ the wavelength.
If we now define
K=

λ
2π dC

(4)

and two new variables

we have

8 = Kδ cos(2α)

(5a)

9 = Kδ sin(2α)

(5b)

∂8 ∂9
∂σ
=−
−
∂x
∂x
∂y

(6a)

∂8 ∂9
∂σ
=
−
∂y
∂y
∂x

(6b)

where σ is the sum of the principal stresses, σ = σ1 + σ2 =
σx + σy . It is interesting to note that this sum satisfies the
Laplace equation,
∇ 2σ = 0
(7)
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where ∇ is the Nabla operator. It is known that in this case
σ can be determined in any region if we know its values
on the boundary of that region [4].
From (6) we can obtain the sum of principal stresses
except for a constant of integration that must be determined
by some a priori knowledge of the state of stress (boundary
conditions) or from another independent measurement.
Since we have by (3) the difference of the principal stresses
obtained from the isochromatics and from (6) the sum, we
can determine σ1 and σ2 (or σx and σy ).
We must then solve (6), a system of partial differential
equations in which the right-hand side is a set of
experimental values, which are of course discrete. We
see that the problem of stress separation is reduced to a
problem of integration of pairs of difference equations,
which correspond to the discrete version of equation (6).
Many numerical methods can be applied to achieve this
goal [4–9]. When dealing with stress separation these
methods must be capable of working with arbitrarily shaped
processing areas and of overcoming the problems associated
with the noise in the data. Noise problems are especially
significant, since we measure 8 and 9 and then we
calculate their partial derivatives and mix them, so the noise
of the experimental data is amplified.
Two different approaches to the stress separation by the
integration of equations (6) should be mentioned. First, a
line integration is presented in the work of Haake et al [10].
The main problem of this technique is that the variance of
the reconstruction error is proportional to the number of
points processed [11]. Also, the starting points for the
line integration are usually points on the border of the
processing area, which are frequently the most problematic
points. This results in a noisy (line by line) distribution of
stresses in the whole body of the sample. Finally, this is a
local method that does not take into account the global
structure of the derivatives, resulting in the possibility
that some local problems can be extended to the whole
processing area.
On the other hand, Mahfuz et al have applied a
successive over-relaxation (SOR) technique [12]. In this
case, the main problem is the slow convergence of the
algorithm—it goes as O(N 3 ), where N is the total number
of processed points –, which is very inadequate in practical
applications, in which the typical size of the images to be
processed is 512 × 512 pixels.
2. Application of multigrid methods to stress
separation
We present here a new method of stress separation that is
based on multigrid techniques [13]. These are methods of
solving partial differential equation on large grids, based
on the idea of applying Gauss–Seidel relaxation schemes
on coarser smaller grids.
From the experimental photoelastic data α and δ we
can compute 8 and 9 at every point, thus obtaining
discrete sets of values 8ij and 9ij , where i and j are the
indices that correspond to the columns and the rows of the
image, respectively. If we calculate the first differences of
these points and combine them in the way that appears in

Figure 1. A schematic diagram of the diametrically loaded
disc used to test the algorithms. The arrows show the
points where the loads have been applied.

Figure 2. A schematic diagram of the second sample used
to test the algorithms. The sample consists of a plate with
a hole and a cut joining the hole with the border. The
arrows show the points where the loads have been applied.
The line CD is at a distance from the border of the hole
equal to one diameter of the hole.

equations (6), we will obtain a discrete estimation of the
partial derivatives of the sum of the principal stresses, σ ,
with respect to x and y, that we will denote by 1xij and
y
1ij :
1xij = −Dx 8ij − Dy 9ij
(8a)
y

1ij = −Dy 8ij − Dx 9ij

(8b)

where we are assuming square pixels with 1x = 1y and
Dx and Dy are the discrete first-difference operators defined
as
Dx fij = fij − fi−1,j
(9a)
Dy fij = fij − fi,j −1 .

(9b)

y
1ij

From the estimations 1xij and
we must obtain a
set of values σij whose partial first differences fit best to
y
1xij and 1ij . We must take into account that the values of
1205
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(a)

(a)

(b)
(b)
Figure 3. Distributions of isoclinics, 4α (modulo 2π) (a)
and isochromatics, δ (modulo 2π) (b) for the disc of
figure 1. The scale is in radians.

Figure 4. Distributions of the sum of principal stresses, σ ,
for the disc of figure 1, obtained with our multigrid method
(a) and theoretically (b). Contour lines are included for the
sake of clarity. In this and all the following figures the units
for the stresses are arbitrary.

y

1xij and 1ij come from experimental measures and are in
principle noisy. This will mean that, for some points of the
grid (that is, for some values of i, j ) the values of 1xij and
y
1ij will not be reliable. For this reason, we must choose
a criterion to obtain the best estimation of σij from our
set of experimental values of differences. We will impose
a least-squares criterion [14]: the gradient of the field σij
must minimize the energy functional
X
X
y
(Dx σij − 1xij )2 +
(Dy σij − 1ij )2 .
(10)
U=
i,j

i,j

It can be shown [15] that the function σij that minimizes
U is the solution of a Poisson equation given by
∇ 2 (σij ) = ρij

(11)

where ∇ 2 denotes the Laplacian operator, that in discretized
form is given by
(σi+1,j −2σij +σi−1,j )+(σi,j +1 −2σij +σi,j −1 ) = ρij (12)
1206

and
y

y

ρij = 1xi+1,j − 1xij + 1i,j +1 − 1ij .

(13)

The classical method of solving equation (11) is the
so-called Gauss–Seidel relaxation method. In this method
the array σij is initialized to zero and then the following
updates are performed in an iterative fashion:
σij = 14 [(σi+1,j + σi−1,j + σi,j +1 + σi,j −1 ) − ρij ].

(14)

The problem is that the Gauss–Seidel relaxation converges
too slowly, even if optimizations such as the so-called red–
black method are used [4].
Equation (14) is usually solved by Fourier methods
when all the points of the rectangular grid are valid.
However, in realistic cases not all points are valid. To
take into account this fact we can introduce some weights
that corresponds to the degree of reliability of each point,
0 ≤ wij ≤ 1. We can adopt, for instance, a binary mask in
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(a)

(a)

(b)
Figure 5. Profiles of the principal stresses σx (a) and σy (b)
for the line AB of the disc of figure 1. The theoretical result
is represented as a full line. The circles represent the
points obtained with our algorithm.

which the invalid pixels are given a weight 0 and a weight
1 is given to the valid points. If we do this, we obtain
a different Poisson equation and a corresponding Gauss–
Seidel relaxation equation [14],
σij =

1
y
x
[(wi+1,j
σi+1,j + wijx σi−1,j + wi,j +1 σ1,j +1
vij

(b)

y

+wij σi,j −1 ) − ρ̂ij ]

(15)

where
2
)
wijx = min(wij2 , wi−1,j

y

2
wij = min(wij2 , wi,j
−1 ) (16)
y

y

x
vij = wi+1,j
+ wijx + wi,j +1 + wij
y

y

(17)
y

y

x
1xi+1,j −wijx 1xij +wi,j +1 1i,j +1 −wij 1ij . (18)
ρ̂ij = wi+1,j

Equation (15) cannot be solved in an easy way using Fourier
methods; it must be solved iteratively.
Gauss–Seidel relaxation provides the high-frequency
details of the function very fast, but it propagates this
information very slowly, since in each step of the iteration
each point receives information only of its immediate
neighbours, so that low-frequency features of the function
are difficult to obtain. For this reason, multigrid methods

Figure 6. Distributions of isoclinics, 4α (modulo 2π ) (a)
and isochromatics, δ (modulo 2π ) (b) for the plate of
figure 2. The scale is in radians.

are especially well suited to improve the efficiency of the
Gauss–Seidel relaxation scheme.
The key idea of the multigrid approach is to transform
the low-frequency components of the solution obtained by a
Gauss–Seidel relaxation into high-frequency components of
a coarser grid. With a coarser grid, Gauss–Seidel relaxation
works very well and we need only translate the results
obtained to the finer grids. A set of grids, each with
a double spacing between points, can be used and the
information must be transferred first from finer to coarser
and then from coarser to finer grids. This is accomplished
by the action of two operators, prolongation and restriction.
The specific details of the multigrid algorithm and the forms
1207
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(a)

(a)

(b)

Figure 8. Profiles of the principal stresses σ1 (a) and σ2 (b)
for the line AB in the plate of figure 2. The circles
represent the points obtained with our algorithm and the
results obtained with the finite-element technique are
represented as a full line.

(b)
Figure 7. Distributions of the sum of principal stresses, σ ,
for the plate of figure 2, obtained with our multigrid method
(a) and with a finite-element technique (b). Contour lines
are included for the sake of clarity.

of these operators, as well as a pseudo-code listing, can be
found in [14].
Multigrid methods are comparable in speed to
Fourier methods and can be used with arbitrarily shaped
processing areas. Also, these algorithms are very easily
implementable. Therefore these methods are a good choice
to perform the integration of pairs of differences with
realistic image sizes (up to 512 × 512 pixels) and noise
levels. The results obtained are good, as the examples of
the next section show.
3. Experimental results
To illustrate the performance of our method we have
chosen two examples. The first one is quite academic: a
diametrically compressed disc (figure 1). The image size
was 256 × 256 points. A more realistic sample is used for
the second example: a plate with a hole and a cut joining
the hole with the border (image size 512 × 512 pixels). A
compressive force is applied as indicated in figure 2.
In figure 3 the distributions of isoclinics (a) and
isochromatics (b) for the disc are shown. These parameters
1208

can be determined using various algorithms [16–18]. We
have used the one depicted in [18]. This is a phase-shiftbased algorithm in which the retardation and the angle
of isoclinics are computed by an arctangent computation,
in this way we measure modulo 2π the retardation δ
and four times the isoclinic angle 4α as figures 3 and
6 show. The fundamental difficulty associated with the
accurate location of isoclinics is overcome by these phaseshift-based algorithms because the arctangent calculation is
performed from the values of intensity at every point of the
area of interest, so we do not need to locate the isoclinic
fringes explicitly.
In figure 4(a) we show the distribution of the sum
of principal stresses, σ = σ1 + σ2 , obtained with the
multigrid method. For purposes of comparison, we show
in figure 4(b) that distribution computed theoretically [1].
In figure 5 the theoretical and experimental profiles of the
distributions of principal stresses σ1 (a) and σ2 (b) along
the line AB of figure 1 are shown. The reconstruction error
may be computed by evaluating
P
P
y 2
x 2
i,j (Dx σij − 1ij ) +
i,j (Dy σij − 1ij )
P
E=
(19)
y 2
x 2
i,j [(1ij ) + (1ij ) ]
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As these results show, the performance of the multigrid
method for the stress separation is good. For both samples,
the number of multigrid cycles required has been three,
with a total number of Gauss–Seidel relaxations at each
grid level of four. The total computing time was 13.36 s
for the disc and 60 s for the plate. We can see that this
method is useful for this type of problem.
The multigrid algorithm has been implemented under
the MATLAB environment as MEX files. The programs
have been run on a Pentium PC at 120 MHz.
We can see that multigrid methods are well suited
to the process of stress separation from photoelastic
data. The use of this method, together with the phasemeasuring algorithms for determination of isoclinics and
isochromatics, permits the complete evaluation of the stress
state of a plane sample in a few minutes.
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(b)
Figure 9. Profiles of the principal stresses σ1 (a) and σ2 (b)
for the line CD in the plate of figure 2. The circles
represent the points obtained with our algorithm and the
results obtained with the finite-element technique are
represented as a full line.

that measures the total normalized least-squares error. Also,
we can compute the corresponding errors in x and y:
P
x 2
i,j (Dx σij − 1ij )
P
(20a)
Ex =
x 2
i,j (1ij )
P
Ey =

i,j (Dy σij

P

y

− 1ij )2

y 2
i,j (1ij )

.

(20b)

In the case of the disc the values for the errors were
E = 0.0636, Ex = 0.0661 and Ey = 0.0607.
Results of the same type are obtained for the other
sample. In figure 6 we show the distributions of isoclinics
(a) and isochromatics (b). In figure 7(a) the distribution
of σ is represented. In this case we do not have the
theoretical distribution and we have tested the validity of
our algorithm with a finite-element technique, whose result
is shown in figure 7(b). In figures 8(a) and (b) the profiles
of σx and σy are shown for both results for the line AB
of figure 2. The profiles of σx and σy for the line CD are
shown in figures 9(a) and (b). The reconstruction errors
were E = 0.1166, Ex = 0.1194 and Ey = 0.1142.
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