‘H 15 April 1998

X

ELSEVIER

Optics Communications 149 (1998) 230-234

OPTICS
COMMUNICATIONS

Parametric characterization of non-uniformly polarized beams

JM. Movilla, G. Piquero, R. Martinez-Herrero, P.M. Megjias

Departamento de épti ca, Facultad de Ciencias Fisicas, Universidad Complutense, 28040 Madrid, Spain

Received 22 July 1997; revised 6 November 1997; accepted 7 January 1998

Abstract

A new overal parameter is defined, namely, the generalized degree of polarization, which involves the spatial
distribution of the polarization of a light beam. This parameter is introduced on the basis of a genera treatment recently
proposed [Optics Lett. 22 (1997) 206] to characterize partially polarized fields, which extends the Stokes-Mueller formalism
to describe the intensity moments of a quasimonochromatic beam. The main properties and the physical meaning of this
parameter with regard to the spatial inhomogeneities of the polarization state are analysed, and a genera measurement

procedure is proposed. © 1998 Elsevier Science B.V.

1. Introduction

As is well known [1-5], the spatial characterization of
light beams by means of overall spatial parameters have
been defined in the scalar case. In fact, it was assumed so
far that the radiation has uniform polarization properties
over its cross-sectional area. For this kind of fields the
Stokes parameters provide a well-known tool for a system-
atic analysis of the state of polarization. In practice, how-
ever, a problem arises when radiation exhibits spatial
variations in the polarization state, for example, in birefrin-
gent Nd:YAG rods [6]. In such cases, the phase difference
between the orthogonal components of the electric field
vector has no fluctuations (the field behaves as totaly
polarized at each point), but its polarization state (linear,
circular or eliptical) would depend on the position across
the aperture (we refer to this kind of fields as non-uni-
formly totally polarized (NUTP) beams). A general simple
way to create NUTP beams is to combine two orthogo-
nally linearly polarized beams, which have tailored inten-
sity and/or phase distributions (see, for example, Refs.
[7—9]). This would generate spatial inhomogeneities in the
polarization across the beam profile. The relative impor-
tance of these inhomogeneities would be closely related to
the intensity values over the region where they appear.
Consequently, it would be interesting to describe and
characterize these features by means of some kind of

overall parameter, understood as a measure of the uniform-
ity of the polarization state of the field over those cross-
sectional regions where the beam intensity is significant.
This is the aim of this paper.

To this end, some kind of link should be established
between the spatialy distributed state of polarization and
the second-order intensity moments of the beam (in partic-
ular, the beam width and the far-field divergence). In this
connection, the Stokes-Mueller formalism has been quite
recently extended [10] to describe the intensity moments of
partially non-uniformly polarized quasimonochromatic
beams. On the basis of this generalized formalism, we will
introduce in the next section a new overal parameter,
namely, the so-called generalized degree of polarization,
P, which characterizes the spatial distribution of the polar-
ization over the beam profile. This is of particular rele-
vance concerning the international standards that evaluate
the polarization status of a general beam [11]. Its physical
meaning is illustrated by means of an example in Section
3, and a genera experimental procedure that can be used
to measure P is explained in Section 4. Finally, Section 5
summarizes the main conclusions of this paper.

2. Formalism and definitions

We will consider guasimonochromatic optical fields
represented as stationary random processes, propagating as
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a beam (paraxial approach) aong, say, the z-axis. It has
been shown [12] that, to be consistent with the Maxwell
equations, the transverse nature of the electromagnetic
field demands a nonzero transverse cross-polarization com-
ponent in addition to the longitudina component of the
field vector along the beam axis. It was shown for Gauss-
ian beams that the longitudinal component as well as the
cross-polarization component are weaker than the principal
polarization component by 1 and 2 orders of magnitude in
(koWo) 2, where k, is the mean wavenumber and w,, the
waist size of the beam [12]. Taking this into account, we
will assume in the following that, for the beams we handle
in the present work, the product (kow,) ™! takes small
enough values to ignore the effects of both kinds of
components. Note, for example, that, in the visible range,
Ko~ 10* mm~* and w, > 102 mm, so that (kow,) ™2 <
10~4, and the above assumption is fulfilled.

Accordingly, from now on, we denote the associated
dimensionless field vector perpendicular to the z-axis by

E(r,z;a))=(E5(r,z;a)),Ep(r,z;a))), [€))

where w represents the angular frequency and sand p are
the axes of an arbitrary orthogona coordinate system. In
Eq. (1), E; and E, are the field components along these
directions (we use in this paper s and p, not x and vy, to
describe the polarization direction of the field). For conve-
nience, the spatial variables (x,y) =r are considered here
dimensionless variables. They are defined as the product of
ko by the Cartesian coordinates of the point at which we
are evaluating the field.

Let us first introduce the electric field cross-spectral
density matrix [13,14], G, which, for our purposes, we
write in the form

G(rqy,r5,2;0) =E"(r,,z;0) E(r,,z;0), 2

where the overbar symbolizes an ensemble average (the
field can, in general, be partially polarized) and

ES
(5

P

is the adjoint of the field vector E (see Eqg. (1)). In terms
of the matrix G, the so-called Wigner matrix, H, can be
defined as follows [10,15],

H Y J P is- ) d
(rm.2) kgf (r i 2,Z)exp(lS n)ds,

C)

where 5 =(u,v), with u and v representing angles of
propagation (without taking the evanescent waves into
account). For simplicity, the dependence on » has been
omitted. To write Eq. (4) it has been implicitly considered
that the optical devices are non-dispersive systems for the
assumed beam spectral widths. If we write

R=(x,y,uv)=(rm), (5)

the Stokes matrices associated to a partialy polarized field
are defined in the form [10]

S=[ [RRu(oH(rm))drdn, i=0123, (6)

where the superscript ‘t' indicates the transposed matrix,
the symbol ‘tr’ denotes the trace of the matrix, and

oo {1 0} ,_(L O
°“lo 1) *7lo -1)

(2 3) me(2 1)

Note that oy, o, and o, are the Pauli matrices. In
addition, matrix &, involves all (measurable) second-order
intensity moments of the beam. In fact, the matrix S, can
be written as follows

Al ®
where

w(i Al
(i )
(i )

and the square brackets [ ] represent spatial averages,
namely

[@B]=[aptrHdrdy=([aBlu+[aB]pm),

a’B=le7u7U7 (10)
where
[@Bly=[aBH;drdy, ij=sp. (11)

It should be noted that the averages [r2] and [5?] are
related with the usual second-order intensity moments by
means of the following equations:

[r?]

(r = 472Kk2| (12)
2
-1l (13)

where (r?) (squared length) and {n2) (dimensionless
quantity) represent the standard (squared) beam width and
divergence, respectively (see, for example, Ref. [4]), and |
is the total power of the beam (integrated throughout the
beam profile).

Within the framework of the above formalism, let us
now introduce a new parameter, P, in terms of the traces
of the Stokes matrices

L[y sy ars)*
(r$)” |

(14)
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We call P the generalized degree of polarization of the
beam because it formally resembles the well-known ex-
pression

2, 2142 172
pP= m , (15)
%

where P is the usua degree of polarization [16], and s,
i =0,1,2,3, are the standard Stokes parameters. It can be
shown [10] that, for a general partialy polarized beam, we
have

(r )= () + (rS,)* + (r )% (16)
which, in a sense, is similar to the expression [16]
>+ S5+ (17)

Taking this into account, it follows at once that
O<P<1 (18)

In addition, the case P = 1 corresponds to totally polarized
beam s whose polarization state is independent of the
transversal coordinate r. In other words, P=1 means
uniformly totally polarized fields. On the other hand, when
the field components E, and Eg are mutually incoherent
(natural light) P =0. Note however, that P =0 does not
necessarily imply completely unpolarized beams in the
usua sense, i.e., natura light: it suffices to consider, for
example, beams with random spatial (but not temporal)
variations in the state of polarization across their apertures.
It is also important to note that, without any prior knowl-
edge, no conclusion can be inferred from a particular value
of P (# 1) concerning whether the field is partially polar-
ized or exhibits a spatia dependence of the polarization
state over the beam profile (NUTP beams).

In addition, it can be shown that the parameter P is
invariant under rotation of the Cartesian coordinate axes.
This result follows from a well-known theorem of matrix
algebra, namely, the invariance of the traces under rota
tion.

To know how P propagates through optical systems it
suffices to recall the corresponding propagation laws of the
Stokes matrices, namely [10]

S, =M§M!, n=0,123, (19)
and
3
S5= Y LimSw n,m=0,123, (20)
m=0

where S, and S, denote the Stokes matrices at the output
and input plane, respectively, M represents the 4 X 4
ABCD matrix of a non-polarizing first-order system, and
L,m are the elements of the Mueller matrix that character-
izes a polarizing optical system (it is assumed that each
L, is independent of r). Accordingly, application of Egs.

(19) and (20) provides P at the output plane in terms of the
values of the Stokes matrices at the initid plane. In
particular, P does not change under propagation through
any 4 X 4 ABCD optical systemin the following two cases:
(i) uniform totally polarized field (P = 1); (i) beams for
which S, =S, =S;=0. Natural light belongs to this sec-
ond type of fields.

b)

Fig. 1. Schematic diagrams of the spatial distribution of the
polarization of a beam whose electric field amplitude is given by
Eqg. (21). In al the figures the radii of the dotted and solid-line
circles are a~! and wy, respectively. Each mark indicates the
azimuth of the linear polarization state at each point across the
beam profile.
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3. Physical meaning of parameter P for NUTP beams

To get deeper insight into the physica meaning of
parameter P, let us now consider, for illustrative purposes,
aNUTP beam whose electrical field is represented at plane
z= 0 by the following Jones vector

E(r)= Eo(cos{gexp[—(ar)m]},

sin{gexp[—(ar)m]})exp[_(w%)z

where E, is an amplitude factor, r represents here the
radial polar coordinate, and w, and a are constants. It is
easy to see from Eq. (21) that the global intensity of this
beam, |EJ| +|E,|?, is purely Gaussian, and, at each point
of its cross-section area, the field is linearly polarized
whose azimuth depends on the radial distance to the beam
centre.

Figs. 1la—1c show the spatially distributed polarization
of the beam for several values of the product aw,. Inspec-
tion of these figures reveals that inside a circle whose
radius is =a~! the beam approximately behaves as a
uniformly linearly polarized field with negligible s-compo-
nent, whereas outside such a circle, the beam remains
uniformly polarized but now with E, = 0.

The abrupt transition between both regimes follows
from the super-Gaussian structure of the exponential factor
within the cosine and sine functions. Also, in Fig. la
(awy < 1) the field behaves as p-polarized over that
cross-sectional area over which the beam intensity takes
appreciable values. In fact the beam intensity outside the
dotted circle is negligible. In Fig. 1b (aw, > 1), the beam
behaves as s-polarized over the entire beam profile except
over a small area around its centre. Findly, in Fig. 1c
(aw, = 1) the global beam intensities associated to the s
and p-polarized regions are balanced.

Let us now plot the value of P in terms of the product
aw, (see Fig. 2). We get P = 1 for the cases sketched in

. (21)

1.00
0.75 —
a  0.50 —
0.25 —
0.00 I | I
0 1 2 3 4
aw,

Fig. 2. Generalized degree of polarization P versus the product
aw, for the example represented by Eq. (21).

Figs. 1la and 1c, but P drastically reduces (P < 0.3) when
aw,, approaches 1. Taking this into account, it can be said
that, for NUTP beams, the parameter P is a measure of
the uniformity of the polarization state of the beam over
those cross-sectional regions where the beam intensity is
important. In other words, values of P close to 1 means
that the beam has uniform polarization at least over the
beam profile region where the intensity takes the most
significant values and the value P=0 means that no
overall definite state of polarization can be assigned over
such peak intensity region.

4. Measurement of P

Parameter P can be measured in different ways. We
will next propose a simple experimental procedure that
resembles the well-known method applied to determine the
standard Stokes parameters. By using a polarizer and a
quarter-wave plate, one only needs to measure the global
intensity and the second-order beam moments (beam width
and divergence) for severa orientations of the transmission
axis of the polarizer, and solve the corresponding relations
obtained from the propagation law (20). The method fol-
lows four steps:

1. We measure the total power |, the (squared) beam
width and the (squared) divergence of the beam at the
observation plane in the free propagation case.

2. We measure the same parameters as before but now
the beam travels through a polarizer which accepts linear
polarization in the azimuth « = 0°, where shows « the
orientation of the transmission axis of the polarizer with
respect to the s-axis.

3. The same measurements as in step 2 but now with
a =45

4. We again measure the same parameters as above but
now the beam propagates successively through the
quarter-wave plate (whose fast axis makes an angle 0° with
the s-axis) and the polarizer oriented so as to transmit the
component in the azimuth « = 45°.

Of course, the observation plane remains unchanged
during the procedure. After application of Eq. (20) the
resulting equations for the traces of the matrices § (in
terms of the averages defined in Eqg. (10)) are

rS=[r?lee+ [1%]e, (22a)
rs - Tlsz{[z([r21a=oa+ [7]0-0)]

—(T,+ T S}, (22b)
e {[2([r?Tamas + [°]amss)]

—(T+ OIS}, (22)
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1
08 (2l [7usnon) + (7] s0)]

~[(T+ T s ]} (22d)

where the subscript ‘FP' denotes free propagation to the
observation plane and the subscript ‘A/4, 6 =45 refers
to step 4 of our procedure. Remember that [r?2] and [1?]
are connected with the respective standard measurable
second-order intensity moments through Egs. (12) and
(13). We have also included in Egs. (22) the coefficients
T, and T, that characterize the mgjor and minor principal
transmittances of any imperfect polarizer (see, for exam-
ple, Refs. [17] and [18]). From the above expressions, the
value of P can be inferred at once.

5. Conclusions

On the basis of the Stokes-Mueller formalism, the
distributed state of polarization of a non-uniformly totally
polarized quasimonochromatic light beam has been charac-
terized by means of a new overall parameter, namely, the
so-called generalized degree of polarization, P. The limit
values of P have been given, along with some invariance
properties. Moreover, P is shown to be closely related with
the well-known second-order intensity moments, such as
the beam width and the far-field divergence. This enables
us to measure P by means of a simple experimental
procedure that resembles the method used to determine the
standard Stokes parameters.
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