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We show the adaptation of a multifunctional optical system consisting of two spatial light modulators for the optimal measurement of the Radon–Wigner transform of one-dimensional signals. The proposed Radon–Wigner display
allows reconstructing the Wigner distribution and the phase or the mutual intensity of fully or partially coherent
fields, respectively. It is also suitable for the analysis of two-dimensional rotationally symmetric or separable in
Cartesian coordinates optical fields. The feasibility of the proposed scheme is experimentally demonstrated in
several examples. © 2011 Optical Society of America
OCIS codes: 030.0030, 070.0070, 090.1760, 050.5082, 100.5070, 080.5084.

The Wigner distribution (WD) plays an important role in
analysis and synthesis of different types of signals, including fully and partially coherent optical fields. The set of the
WD projections at an arbitrary angle in phase-space,
known as a Radon–Wigner transform (RWT) [1], contains
the same information about the signal as the WD. In contrast to the WD, the RWT takes only nonnegative values
and, therefore, can be directly measured [2]. We regard
that the fractional Fourier transform (FT) yields to the rotation of the WD in phase-space, while the fractional
power spectra coincide with the WD projections.
In the case of one-dimensional (1D) signals, the RWT is
a two-dimensional (2D) function defined as
Z
Pðα; xÞ ¼

dqW ðx cos α − s2 q sin α; q cos α þ s−2 x sin αÞ;
ð1Þ
R

where W ðx; qÞ ¼ dx0 Γðx þ x0 =2; x − x0 =2Þ expð−i2πx0 qÞ
is the WD of the signal, ðx; qÞ are the space and frequency
coordinates, Γðx1 ; x2 Þ ¼ hf ðx1 Þf  ðx2 Þi is the mutual intensity of the signal f ð·Þ, and s is a normalization parameter with dimension of length that depends on the
system implementation. The transformation angle α
varies in a π interval. The kernel of the fractional FT
needed for the acquisition
of the corresponding projecR
tions, Pðα; xÞ ¼ hj duf ðuÞK α ðx; uÞj2 i, is given by
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Several schemes for the RWT visualization—Radon–
Wigner displays (RWDs)—have been proposed. They
are based on the use of either combinations of Fresnel
zone plates [3] or varifocal glass lenses [4,5]. In spite
of important achievements, these setups have not found
wide application in signal processing due to their complex design and the involvement of nonconventional optical elements. Moreover, in most of the schemes, each
projection has a different magnification depending on
the angle α.
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The use of spatial light modulators (SLMs) allows constructing an RWD that avoids the previous inconveniences and provides flexibility to the system. Here, we
demonstrate how a multifunctional optical scheme consisting of two SLMs can be easily converted into an RWD.
Its performance is verified experimentally. We also show
that the RWD, primarily created for the description of 1D
signals, can also be applied for the analysis of 2D optical
fields.
A recently proposed optical system for measuring the
2D fractional FT power spectra for arbitrary angles
(αx , αy ) in the interval ½π=2; 3π=2 without magnification
depending on the angle is reported in [6]. It consists of
two generalized lenses implemented by reflective SLMs
working in phase-only modulation and a CCD camera
used for the spectra registration. The optical path length
z between these three elements is fixed. Each generalized lens is a combination of two orthogonally crossed
cylindrical lenses whose powers depend on the transformation angles. The change of the parameters (αx , αy ) is
produced almost in real time by the modification of the
digital lens power. Note that the same optical setup is
suitable for other tasks, including 2D signal filtering,
correlation and wavelet performance, gyrator transformation, mode conversion, etc. [7].
This setup can be easily adapted for single-shot registration of the RWT of 1D signals (see Fig. 1). We suppose
that the x-dependent 1D signal is first converted into a 2D
one, which is its multiple-copy along the y-axis, by the
use of a conventional cylindrical lens arrangement
(e.g. see Fig. 1 of [8]). Then, it is projected onto the first
SLM. Each SLM encodes a varifocal lens with phase
modulation in the jth row given by [6]
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(Color online) Radon–Wigner display scheme.
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Fig. 2. (Color online) (a) Experimental and (c) numerically
simulated RWT of a window signal. WD reconstructed from
the (b) experimental and (d) simulated RWT.

of measurement precision by increasing the number of
channels. In particular, the fine interferometric fringes
of the WD are clearly observed. The values of the chirp
parameter estimated from the RWT registered by singleand double-shot measurements are f c ¼ 1:09 m and
f c ¼ 0:91 m, respectively, and from the corresponding
WDs are f c ¼ 1:15 m and f c ¼ 0:95 m.
Since the mutual intensity corresponds to the FT of the
WD, knowledge of the RWT or the WD is also very important for the analysis of the beam coherence properties. In the case of coherent signals, i.e., Γðx1 ; x2 Þ ¼
f ðx1 Þf  ðx2 Þ, its phase, apart from a constant, can be retrieved when one variable x2 is fixed and f ðx2 Þ ≠ 0. A successful phase recovery is demonstrated in Fig. 4 for the
case of single- and double-shot RWT registration of the
studied chirp signal.
The RWD can also be used for the analysis of 2D
optical fields. It has been shown in [8] that the fourdimensional WD of rotationally symmetric beams can be
reconstructed from the WD of the 1D field corresponding
1
1
x (mm)

where j ¼ 1; …; N, N is the number of rows of the SLM,
angle assoαj ¼ π=2 þ ðj − 1Þπ=N is the transformation
pﬃﬃﬃﬃﬃﬃﬃ
ciated with the jth channel, s ¼ 2λz is the system
normalization parameter, and λ is the wavelength. To
compensate for the diffraction and match the channels
between the SLMs and the CCD, two identical convergent
cylindrical lenses (L in Fig. 1) of power 4=z operating
along the y-axis are placed at a distance z=2 from each
SLM. The CCD camera captures the image associated
with the N-channel RWT of the 1D signal.
Note that all registered WD projections have the same
magnification and, therefore, can be used for signal analysis without additional post processing. Moreover, the
use of SLMs allows for increasing the number of channels
(mN), and, hence, the precision of the measurement, if
the RWT is captured in m shots. For example, the concatenation of the N WD projections obtained for angles in
the region α ∈ ðπ=2; π and α ∈ ðπ; 3π=2 acquired in two
independent registrations leads to the 2N-channel RWT.
Let us now discuss the experimental realization and
application of the RWD presented in Fig. 1. The collimated beam from an Nd:YAG laser (λ ¼ 532 nm) is
projected onto the first SLM. In order to avoid the conversion of the 1D signal into the 2D one, we implement
this last one together with the corresponding digital varifocal lens tð1Þ by the first SLM. This field amplitude is
encoded by a phase-only hologram synthesized using
the method proposed in [9]. In each reflective SLM
(Holoeye LCR-2500, pixel pitch of 19 μm and 1024 pixels ×
768 pixels), N ¼ 293 channels are addressed. The optical
path length between the SLMs is z ¼ 1 m, leading to
s ¼ 0:1 mm. The output intensity is registered by a CCD
camera (Spiricon SP620U, 12 bit gray level, pixel pitch of
4:4 μm and 1600 pixels × 1200 pixels) placed at z ¼ 1 m
from the second SLM.
To demonstrate the feasibility of the experimental
setup, a window signal rectðx=wÞ of width w ¼ 2:47 mm,
yielding a WD of rather fine structure, has been considered. The WD is reconstructed from the RWT using the
inverse Radon transform. A good agreement between
the RWTs and the WDs obtained experimentally [see
Figs. 2(a) and 2(b)] and simulated numerically [see
Fig. 2(c) and 2(d)] is observed.
Measuring the RWT allows the identification of the
quadratic chirp components of signals [1], which is particularly relevant for the characterization of optical systems. The angle α corresponding to the intensity peak in
the RWT indicates that the chirp exp½iπx2 =ðλf c Þ has
parameter f c ¼ −s2 λ−1 tan α. Another method of chirp
characterization is the estimation of the angle between
the distinctive line structure of its WD and the x-axis.
The RWT and the reconstructed WD of the windowed
chirp rectðx=wÞ exp½iπx2 =ðλf c Þ, with w ¼ 2:47 mm and
f c ¼ 0:93 m, are displayed in Figs. 3(a) and 3(b), respectively. The WD obtained from double-shot (m ¼ 2) RWT
registration shown in Fig. 3(c) confirms the improvement
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Fig. 3. (Color online) (a) Experimental RWT of a windowed
chirp signal and its WD recovered from (b) single- and
(c) double-shot measurements. (d) Simulated WD.
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Fig. 4. (Color online) Theoretical (solid black line) and experimental phase profiles retrieved from single- and double-shot
measurements of the RWT of a windowed chirp signal with
parameter f c ¼ 0:93 m.

to its radial profile in a transversal plane. The required 1D
signal is obtained by placing across the beam a fine slit
aperture along the x-axis. This signal is further converted
into a 2D x-dependent one. As an example, we have considered the rotational symmetric beam LG0;0 þ 2LG2;0 ,
where LGp;l is the helical Laguerre-Gaussian mode with
radial p and azimuthal l indices. Note that this beam is reciprocal under the FT and, therefore, its original form is
recovered in the far field. Furthermore, its transversal intensity distribution transforms from a central spot into the
doughnutlike structure and vice versa during the propagation. In Figs. 5(a) and 5(b), the experimental and simulated WD of its radial profile are shown. Based on this
data, the four-dimensional WD of the entire beam can
be reconstructed.
The WD of 2D fields separable into Cartesian coordinates, for example the Hermite-Gaussian (HG) beams,
can also be reconstructed by applying the RWD. The
mutual intensity and the WD of such beams are also separable [10]: W ðr; qÞ ¼ W x ðx; qx ÞW y ðy; qy Þ. The transformation of such beams into two 1D ones is achieved by a
system consisting of two cylindrical lenses that performs
the FT and imaging operation in the y and x directions,
respectively. Thus,
R the output field amplitude has the
form Fðx; uÞ ¼ dyf ðx; yÞ expð−i2πyuÞ, which is converted into the 1D signal proportional to f ðxÞ for
u ¼ 0. To select f ðxÞ, we apply again a fine slit aperture
along the x-axis. In order to reconstruct the WD of both
1D signals, either the input beam or the cylindrical lenses
of the setup, including the digital lenses (but not the
SLMs), have to be rotated at π=2. The Cartesian product
of the WDs corresponds to the four-dimensional WD of
the 2D field. In Figs. 5(c) and 5(d), the experimental and
simulated WDs for the 1D HG signal HG4 are compared.
The multifunctionality and flexibility of the proposed
RWD, along with the good agreement between the
experimental results and the numerical simulations,
make the system a versatile tool for characterization
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Fig. 5. (Color online) (a), (c) Experimental and (b), (d) simulated WD of the radial profile of the LG0;0 þ 2LG2;0 beam and of
the HG4 signal, respectively.

of 1D and 2D optical fields of different degrees of spatial
coherence.
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