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Abstract
We consider Fresnel and Fraunhofer diffraction on regular structures
generated by multiplicative iterative procedures. We prove that the iterative
procedure of field construction is preserved during Fresnel diffraction, while
the initiator of the structure in the Fresnel region is the Fresnel transform of
the original structure. The diffractive field in the Fraunhofer region is
quasi-periodic. The theoretical results are proved experimentally.

Keywords: Paraxial diffraction, Fourier optics, fractals, multiplicative
gratings

1. Introduction

Over the last decade the concept of fractal geometry,
introduced by Mandelbrot [1], has been explored in diverse
areas of science, including optics. Thus, exciting experiments
on light scattering and diffraction by fractal objects have
been performed and explained theoretically [2–8]. Moreover,
it was shown that some optical fields have fractal structure
themselves. So, after propagation of a coherent plane wave
through a periodic grating with sharp-edged slits, the field
observed at a distance equal to the product of an irrational
number and the Talbot distance has fractal properties [9].
Another example of fractal fields is the fractal structure of
the eigenmodes of unstable-cavity lasers [10]. Research
on wave interactions with fractal objects and the discovery
of fractal features of electromagnetic fields has led to the
development of fractal electrodynamics and fractal optics.
Nevertheless, consideration of diffraction by fractal gratings
is mostly restricted to the well known regular fractal objects,
such as Cantor sets, Koch curves, Sierpinski’s carpet etc [3–8].

A typical property of fractal objects is that they are
constructed by iterative procedures. In this paper we consider
the peculiarities of paraxial diffraction (in the Fresnel and
Fraunhofer regions) on the regular structures generated by
multiplicative iterative procedures which, in particular cases,
correspond to the fractal and to the periodic gratings. Note that
not only the amplitude but also the phase or complex amplitude
gratings can be represented this way.

2. Structures generated by multiplicative iterative
procedures

The gratings generated by multiplicative procedures can be
described fully by the complex transmittance initiator function
F0(x), the size of the elementary cell a = (ax , ay), and
the generator f1, represented by matrix Mx × My , which
characterises the translation rule of the initiator. Here, for
simplicity, we will consider the one-dimensional case and
therefore f1 = [ f1(0), f1(1), . . . , f1(M − 1)]. Moreover,
we suppose that an initiator F0(x) is defined in the one-
dimensional interval x ∈ [0, a] in order to simplify the
description of the transmittance function of the entire grating.
A grating of level n, constructed through the multiplicative
iterative procedure, is defined as

Fn(x) =
M−1∑
m=0

f1(m)Fn−1(x) ∗ δ(x − m Mn−1a)

=
M−1∑
m=0

f1(m)Fn−1(x − m Mn−1a), (1)

where ∗ stands for the convolution operation. In particular, the
grating of level 1 is given by F1 (x) = ∑M−1

m=0 f1(m)F0(x−ma).
Note that, in general, the signal Fn(x) is a complex function,
because the initiator as well as the generator matrix can take
complex values.

Such types of multiplicative cascades for real non-negative
values of the generator matrix produce a variety of well
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Figure 1. A multiplicative grating of level 5, constructed using a
generator f1 = [1,−1;−1, 1].

known regular fractals. Thus, when the initiator is a bar
and the generator is f1 = [1, 0, 1], the triadic Cantor set
is obtained. Meanwhile, the generator f1 = [p, q], where
p and q are positive numbers (p + q = 1), produces
the binomial multiplicative measures [1]. The generator
with equal elements ( f1(m) = 1) corresponds to periodic
objects of Mn periods. In the context of this paper, we
will call these structures finite periodic structures. The two-
dimensional generators f1 = [1, 0, 1; 0, 1, 0; 1, 0, 1] and f1 =
[1, 1, 1; 1, 0, 1; 1, 1, 1], where the initiator is a square, lead
to the Vicsek fractal and the Sierpinski carpet, respectively.
Moreover, we can enlarge the class of structures if the negative
or complex values of the generator matrix are considered. Thus
one can use the 2 × 2 Hadamard matrix f1 = [1, 1; 1,−1] as
a generator. The grating used for our diffraction experiments
(see figure 1) is obtained from the square a × a as an initiator
and f1 = [1,−1;−1, 1] as the generator after N = 5
iterations. Note that the lighter colour reproduces the negative
values. We used this substitution to be able to work with an
amplitude grating.

The discrete signals obtained through the multiplicative
procedures and their Fourier spectra have been studied
in [11, 12]. We can generalize these results for the case
of multiplicative gratings. Thus, introducing a row vector
fn = [ fn(0), fn(1), . . . , fn(Mn − 1)] of level n constructed
from the generator vector f1 such that

fn =




[fn−1]t f1(0)

[fn−1]t f1(1)

. . .

[fn−1]t f1(M − 1)




t

, (2)

one can represent the multiplicative grating in the form

Fn(x) =
Mn−1∑
m=0

fn(m)F0(x) ∗ δ(x − ma)

=
Mn−1∑
m=0

fn(m)F0(x − ma). (3)

It is easy to see that decimation of the vector of level n
produces the vector of the lower level

fn(k + Mn−1m) = f1(m) fn−1(k), (4)

and therefore

Fn(x + Mn−1ma) = f1(m)Fn−1(x). (5)

Iterating equation (4), we derive that the j th element of vector
fn can be written in the form

fn( j ) =
n−1∏
s=0

f1(ms), (6)

where

j = m0 + m1 M + · · · + ml M
l + · · · + mn−1 Mn−1 (7)

and ms = 0, . . . , M − 1 (s = 0, . . . , n − 1). This means that
the multiplicative vector fn can be represented as an element-
by-element product of n finite periodic vectors pk:

fn =
n∏

k=1

pk (8)

constructed as

pk =
[
vk, vk, . . . , vk︸ ︷︷ ︸

Mn−k

]
, (9)

where

vk =
[

f1(0), . . . , f1(0)︸ ︷︷ ︸
Mk−1

, f1(1), . . . , f1(1)︸ ︷︷ ︸
Mk−1

, . . . ,

f1(M − 1), . . . , f1(M − 1)︸ ︷︷ ︸
Mk−1

]
. (10)

The following table helps us understand the generating
procedure of vector fn , represented by equations (2), (6)
and (8), for the case M = 2, n = 3:

f1(0) f1(1) f1(0) f1(1) f1(0) f1(1) f1(0) f1(1)

f1(0) f1(0) f1(1) f1(1) f1(0) f1(0) f1(1) f1(1)

f1(0) f1(0) f1(0) f1(0) f1(1) f1(1) f1(1) f1(1)

.

Every kth row, in according with equation (9), is a finite
periodic vector with Mn−k = 23−k periods. By multiplying
the two first rows element-by-element, the vector [f2, f2]
is obtained. Then, after multiplication on the third row, the
vector f3 is constructed: f3 = [ f1(0)f2, f1(1)f2], which
corresponds to equation (2).

The multiplicative grating with initiator F0(x) that is
limited by the cell size a (F0(x) = 0, for x /∈ [0, a]) can be
represented correspondingly as a product of n+1 finite periodic
gratings, constructed the following way. The first grating T0(x)

is finite and periodic, with Mn periods, and is obtained from the
initiator F0(x) in accordance with equation (3) ( f1(m) = 1):

T0(x) =
Mn−1∑
m=0

F0(x) ∗ δ(x − ma). (11)

Next, grating P1 is periodic, with Mn−1 periods, and is
constructed from the rectangular function R(x) (defined in the
interval x ∈ [0, a]) and vector v1 = f1 as

P1(x) =
Mn−1−1∑

j=0

M−1∑
m=0

R(x)v1(m)∗δ(x−ma)∗δ(x− ja). (12)
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In general, the kth grating Pk is periodic, with Mn−k periods,
and is defined by the same rectangular function R(x) and vector
vk as

Pk(x) =
Mn−k−1∑

j=0

Mk−1∑
m=0

R(x)vk (m)∗δ(x−ma)∗δ(x− ja). (13)

Note that Pn , the last grating in this series, is not really periodic
because it contains only one period. Moreover, we observe that
the grating Pk is obtained from the grating P1 by the coordinate
scaling Pk(x) = P1(x/Mk−1). Finally, the multiplicative
grating can be represented as a product of the form factor T0 (x),
defined by the initiator F0, and the structure factor, defined by
the generator f1:

Fn(x) = T0(x)

n∏
k=1

Pk(x) = T0(x)

n∏
k=1

P1(x/Mk−1). (14)

Similar presentations of some fractal gratings such as Cantor
bars, the Sierpinski carpet and Sierpinski gasket have been
used for the analysis of Fraunhofer diffraction in [8]. Since
the initiator of these fractals is a rectangular or square function
for one- or two-dimensional structures correspondingly, the
additional multiplication on the grating T0(x) has not been
used in [8]. Note that representation (14) of the multiplicative
gratings defined by equation (1) is possible only if the initiator
function F0(x) is zero outside the elementary cell of size a.

3. Fraunhofer diffraction on multiplicative gratings

Let us consider Fraunhofer diffraction of a plane wave on a
multiplicative grating. The complex field amplitude in the
Fraunhofer region is described through the Fourier integral
of the input. Here we use dimensionless variables. Thus,
in the one-dimensional case, for the Fourier transform (FT)
of the multiplicative structure Fn(x), which is defined by
equation (1), we obtain

Gn(u) =
∫ ∞

−∞
Fn(x) exp(−i2πxu) dx

= Gn−1(u)

M−1∑
m=0

f1(m) exp(−i2πum Mn−1a)

= G0(u)

n∏
j=1

M−1∑
m=0

f1(m) exp(−i2πum M j−1a),

(15)

where G0(u) is the FT of initiator F0(x). As is usual for fractal
structures [3], the FT of the multiplicative signal is divided into
two parts: the form and structure factors:

Gn(u) = G0(u)Sn(u). (16)

The form factor G0(u) is defined by the FT of the initiator;
the structure factor Sn(u) reveals the iterative procedure of the
grating construction. By introducing a periodic function Hj (u)

with period (M j−1a)−1,

Hj (u) =
M−1∑
m=0

f1(m) exp(−i2πum M j−1a) = H1(uM j−1),

(17)

we derive that the structure factor of the FT of a multiplicative
signal of level n can be written as either a product of n periodic
functions Hj (u)( j = 1, 2, . . . , n) with frequencies M j−1a or
a product of n scaled replicas of the structure factor of the first
level H1(u):

Sn(u) =
n∏

j=1

Hj (u) =
n∏

j=1

H1(uM j−1). (18)

Alternatively, if Fn(x) in the form (3) is introduced in the
Fourier integral, then the structure factor can be represented
by the Fourier series

Sn(u) =
Mn−1∑
m=0

fn(m) exp(−i2πuma), (19)

which clearly indicates its periodicity with period a−1.
In the particular case of the periodic gratings ( f1(m) = 1),

the structure factor Sn(u) can be written as

Sn(u) =
Mn−1∑
m=0

exp(−i2πuma)

= exp[−iπua(Mn − 1)]
sin(πuMna)

sin(πua)
. (20)

We observe that the structure factor of the finite periodic
gratings is a periodic function with period a−1. For the case
where M or n goes to infinity, Sn(u) transforms to a comb
function.

Comparing equation (14) with (16) and (18), we observe
a similarity in the construction of the multiplicative grating
itself and its FT. Indeed, the structure factors in both cases are
constructed as a product of n scaled replicas of the periodic
signals (for the case of the grating, these signals have finite
support) with scaling coefficients M j−1 for j = 1, . . . , n. The
form factors in both cases are defined only by the initiator
function F0(x). Nevertheless, such representation of the FT is
valid for all multiplicative gratings described by equation (1),
even if the initiator F0(x) is spread outside the elementary cell,
which is not the case for the validation of relationship (14).

In figure 2(a), which displays the experimental Fourier
spectrum of the grating represented in figure 1, the quasi-
periodic behaviour of Sn can be observed, slightly masked
by the form factor. Thus, in figure 2(b), we show part of
the spectrum—indicated by the white box in figure 2(a) and
enlarged by a factor of two—which is similar to certain parts
of the whole spectrum. In our experiments we used an He–
Ne laser (wavelength λ = 632.8 nm), a Fourier lens of focal
distance 50 cm, and a Hitachi KP-140 CCD camera. The size
of the initiator was a = 0.49 mm.

4. Fresnel diffraction on multiplicative gratings

The Fresnel diffraction of a plane wave on a grating is
described mathematically as a convolution of the grating
transmittance function g(x) and the quadratic chirp function
W (x, z) = g(x)∗(iz)−1/2 exp(iπx2/z), where z = λd, λ is the
wavelength, and d is the distance from the object plane. It has
been proved in various articles (see, for example, [5–7]) that,
for objects with a scaling symmetry g(x/m) = mαg(x) (which
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Figure 2. (a) The Fourier spectrum of the multiplicaive grating
shown in figure 1; (b) the replica of part of the Fourier
spectrum—scaled by a factor of two—indicated by the white box in
(a).

is the case for some fractal gratings), the scaling property in
the Fresnel diffraction region is observed to be

W (x, z) = m−αW (x/m, z/m2). (21)

In this paper we stress another important property of
Fresnel diffraction that is valid for all kinds of multiplicative
gratings. This consists of preserving the iterative structure of
the diffracted field.

Let us analyse the complex field amplitude in the Fresnel
region at a distance d from the multiplicative grating of level
n. For the one-dimensional case,

Wn(x, z) = Fn(x) ∗ 1√
iz

exp(iπx2/z). (22)

Representing Fn(x) in the form (1) and using the
convolution property f ∗ g ∗ h = h ∗ f ∗ g, we obtain

Wn(x, z)

=
M−1∑
m=0

f1(m)Fn−1(x) ∗ δ(x − m Mn−1a) ∗ 1√
iz

exp(iπx2/z)

=
M−1∑
m=0

f1(m)Wn−1(x, z) ∗ δ(x − m Mn−1a)

=
M−1∑
m=0

f1(m)Wn−1(x − m Mn−1a, z). (23)

Comparing equations (1) and (23), we conclude that the
complex field amplitude Wn(x, z) in the Fresnel region is
constructed through the same multiplicative iterative procedure
as the original grating, but with initiator W0(x, z) as the Fresnel
transform of F0(x).

By analogy with equation (3), Wn(x, z) can also be written
as

Wn(x, z) =
Mn−1∑
m=0

fn(m)W0(x − ma, z). (24)

Note that, even if the expression (14) is valid for the grating
itself, the corresponding relationship in general does not
hold for the diffractive fields because, due to the diffraction,
W0(x, z) is spread out of the elementary cell. Only for
relatively small distances (where the initiator W0(x, z) is
confined to the same region a as the initiator F0(x)) might it be

a

b

Figure 3. (a) The intensity distribution of part of the original
multiplicative grating (indicated by arrows in figure 1) and its
initiator, enlarged by a factor of two. (b) The intensity distribution
of the Fresnel pattern of the multiplicative grating at a distance
d = 23.6 cm and its initiator (the Fresnel transform of the initiator
of the original grating), enlarged by a factor of two.

possible to approximate equation (23) in the form (14), where
W0(x, z) is used instead of F0(x). Moreover, in this case, the
intensity distributions of the Fresnel patterns In(x, z) are also
constructed through the multiplicative iterative procedure:

In(x, z) = |Wn(x, z)|2

=
∣∣∣∣

M−1∑
m=0

f1(m)Wn−1(x − m Mn−1a, z)

∣∣∣∣
2

≈
M−1∑
m=0

| f1(m)|2 In−1(x − m Mn−1a, z)

=
M−1∑
m=0

t1(m)In−1(x − m Mn−1a, z), (25)

where generator t1 = [| f1(0)|2, | f1(1)|2, . . . , | f1(M − 1)|2]
and the initiator is |W0(x, z)|2.

Figure 3 shows (a) the intensity distributions of part of
the original grating, indicated by the arrows in figure 1, and
(b) the corresponding Fresnel diffraction pattern for a distance
d = 23.6 cm (πa2/dλ ≈ 5) and the intensity distributions of
their initiators, enlarged by a factor of two. As we can see, for
small d the intensity distribution satisfies relationship (25).
For larger d, the initiator of the multiplicative field in the
Fresnel region W0(x, z) is spread out of the elementary cell
and the intensity diffraction patterns cannot be approximated
by equation (25).
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5. Conclusions

Two important properties of the paraxial diffraction of a plane
wave on multiplicative gratings have been discussed: the
quasi-periodicity of the field in the Fraunhofer region and
the invariance of the iterative procedure of field construction
during Fresnel diffraction. In has been shown that Fresnel
diffraction of the plane wave on the multiplicative grating
produces iterative, fractal-like field structure, with a complex
initiator that is the Fresnel transform of the initiator of the
original grating. The characteristics of these multiplicative
fields can not always be determined from an analysis of their
intensity patterns.

Since only the convolution property of the Fresnel
integral has been used to obtain relationship (23), we can
conclude that another convolution-type transformation of a
multiplicative function also preserves the iterative procedure
of its construction. In this case, a new initiator will be the
result of the corresponding transform of the initiator F0(x).
It means that, by performing the convolution-type filtering
operation of the multiplicative field, we obtain a multiplicative
field constructed by the same iterative procedure.

The redundancy of multiplicative gratings (where a similar
information-carrying structure repeats in different parts of the
grating) leads to redundancy of the corresponding diffractive
fields (in the Fraunhofer and Fresnel regions), which may be
used for optical communication.
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