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Cosmological magnetic fields from inflation in extended electromagnetism
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Departamento de Fı́sica Teórica, Universidad Complutense de Madrid, 28040, Madrid, Spain
(Received 26 May 2010; published 19 January 2011)
In this work we consider an extended electromagnetic theory in which the scalar state which is usually
eliminated by means of the Lorenz condition is allowed to propagate. This state has been shown to
generate a small cosmological constant in the context of standard inflationary cosmology. Here we show
that the usual Lorenz gauge-breaking term now plays the role of an effective electromagnetic current.
Such a current is generated during inflation from quantum fluctuations and gives rise to a stochastic
effective charge density distribution. Because of the high electric conductivity of the cosmic plasma after
inflation, the electric charge density generates currents which give rise to both vorticity and magnetic
fields on sub-Hubble scales. Present upper limits on vorticity coming from temperature anisotropies of the
CMB are translated into lower limits on the present value of cosmic magnetic fields. We find that, for a
nearly scale invariant vorticity spectrum, magnetic fields B > 1012 G are typically generated with
coherence lengths ranging from subgalactic scales up to the present Hubble radius. Those fields could act
as seeds for a galactic dynamo or even account for observations just by collapse and differential rotation of
the protogalactic cloud.
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Traditionally it has been argued that due to the electric
neutrality of the universe on large scales, the only relevant
interaction in cosmology should be gravitation. However,
the behavior of electromagnetic fields on astrophysical and
cosmological scales is still far from clear, the most evident
example being the unknown origin of magnetic fields
observed in galaxies and galaxy clusters.
Magnetic fields with large coherence lengths (around
10 kpc or even larger) and strengths around 106 G [1]
have been measured in galaxies of all types and in galaxy
clusters located at very different redshifts. Also, recent
works [2] show evidence for the existence of strong extragalactic magnetic fields above 3  1016 G with coherence lengths much larger than the cluster scales and
eventually reaching the present Hubble radius.
Two different types of scenarios have been considered
for the generation of such fields. On one hand is the
primordial field hypothesis, i.e. the existence of relic
magnetic fields from the early Universe with comoving
strengths around 1010 –1012 G which permeated the protogalactic medium and were amplified to the present values
by collapse and differential rotation. On the other hand,
we have the dynamo mechanism, in which much weaker
fields, around 1019 G [3], could have been amplified by
the galactic rotation. However, it is known that the latter
scenario has certain limitations since the time scales for
dynamo amplification may be too long to explain the
observed fields in young objects [4].
Both scenarios require preexisting seed fields to be
amplified and proposals for their generation include astrophysical mechanisms [5], production during inflation [6],
in phase transitions [7], and others [8]. Although some of
those mechanisms could seed a galactic dynamo, the generation of the stronger seeds required in the primordial field
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hypothesis is much more problematic. In any case, according to [2], astrophysical processes, generation in phase
transitions or during recombination, could not explain the
claimed extragalactic detection, and, in principle, only
production during inflation could account for observations.
Generation of magnetic fields during inflation requires the
breaking of the conformal triviality of standard electromagnetism in a Robertson-Walker background. For that
reason, modified electromagnetic theories, including nonminimal curvature couplings or couplings to extra fields
such as the inflaton or dilaton, have been studied in the
literature [6].
Recently, the possibility of producing a small cosmological constant during inflation in the context of an
extended electromagnetic model has been considered in
[9–11]. The proposed theory involves a modification of the
nontransverse electromagnetic sector, which breaks conformal triviality but respects the ordinary (transverse)
photon dynamics. Unlike previous models, the modified
equations remain linear, without potential terms, dimensional parameters, or explicit curvature couplings. The aim
of this work will be to explore the possibility that largescale cosmic magnetic fields could be generated in this
extended theory.
Let us start by writing the generalized electromagnetic
action which includes, apart from the coupling to the
conserved current J  , a gauge-breaking term [9,10]:


Z
1

pﬃﬃﬃ
S ¼ d4 x g  F F þ ðr A Þ2 þ A J  :
4
2
(1)
Because of the presence of the gauge-breaking term, this
action does not respect the invariance under arbitrary
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gauge transformation, but it still preserves a residual gauge
symmetry given by A ! A þ @  provided h ¼ 0.
The corresponding modified Maxwell equations read
r F þ r ðr A Þ ¼ J  :

(2)

Taking the 4-divergence of these equations we obtain
hðr A Þ ¼ 0;

(3)

where we have used the fact that the electromagnetic
current is covariantly conserved.
Thus we see that due to the presence of the  term, the
free theory contains three propagating physical fields,
which correspond to the two ordinary transverse photons
and a third scalar state related to r A (in principle, we
should include a fourth polarization for A ; however, it can
be seen to correspond to the pure gauge mode @ ). Notice
that in the ordinary approach to electrodynamics [12] the
same action (1) is considered, but r A is imposed to be
zero (Lorenz condition), so that we are left only with the
two transverse polarizations. However, in the modified
approach we will follow, we allow this state to propagate.
Despite the fact that the extended theory is not gauge
invariant, the transverse photon dynamics is not affected
and remains gauge invariant. This implies that ordinary
QED phenomenology is recovered in Minkowski spacetime. On the other hand, the fact that the theory contains an
additional polarization could suggest the possibility that
such a mode is a ghost and the theory would be quantummechanically unstable. However, as shown in [10], thanks
to the residual gauge symmetry of the theory it is possible
to eliminate the ghost state, so that the new mode has a
positive norm (details on theoretical and experimental
aspects of the theory can be found in [9–11], and references
therein).
As seen from (3) the new state is completely decoupled
from the conserved currents, although it is nonconformally
coupled to gravity. This means that this state cannot be
excited from electromagnetic currents. However, it could
be produced from quantum fluctuations in a curved spacetime, in a similar way as inflaton fluctuations during
inflation. Moreover, due to the well-known fact that a
massless scalar field gets frozen on super-Hubble scales for
a Robertson-Walker universe [ds2 ¼ a2 ðÞðd2  dx~ 2 Þ],
we get r A  const on scales larger than the Hubble
radius, giving rise to a cosmological-constant-like term in
the action (1). This constant has been shown to agree with
observations provided inflation took place at the electroweak scale [9,10]. On the other hand, for sub-Hubble
~
scales, we have that r A  a1 eiðkk xÞ~ .
It is interesting to note that the  term can be seen, at the
equations of motion level, as a conserved current acting as
a source of the usual Maxwell field. To see this, we can

write r ðr A Þ  JrA
, which, according to (3), sat
isfies the conservation equation r JrA
¼ 0, and we can
express (2) as

r F ¼ JT

(4)


and r JT ¼ 0. Physically, this
with JT ¼ J  þ JrA
means that, while the new scalar mode can only be excited
gravitationally, once it is produced it will generally behave
as a source of electromagnetic fields. Therefore, the modified theory is described by ordinary Maxwell equations
with an additional ‘‘external’’ current.
In the following we will study the phenomenological
consequences of the presence of this new effective current.
We will show that it can be generated during inflation,
and we will compute its corresponding power spectrum.
This implies that the universe will acquire a nonvanishing
Gaussian stochastic distribution of effective electric charge
with zero mean but a nonvanishing dispersion. This, in
vacuum, could also be seen as the generation of a stochastic background of longitudinal electric waves. Because of
the high electric conductivity after inflation, an electrically
charged universe has been shown to lead necessarily to the
generation of vorticity and the presence of magnetic fields
on cosmological scales [13,14]. Notice that, even though
conductivity will be in general high after reheating also in
ordinary electromagnetism, the presence of a nonvanishing
effective charge density is the crucial ingredient leading to
the generation of cosmological magnetic fields. Finally, we
will show that the existing upper limits on vorticity coming
from CMB anisotropies impose a lower limit on the amplitude of the produced magnetic fields.
The power spectrum of super-Hubble fluctuations of
r A produced during an inflationary phase characterized
by a slow-roll parameter  can be written as [9]
9Hk40  k 4
PrA ðkÞ ¼
;
(5)
162 k0

where Hk0 is the Hubble parameter when the k0 mode left
the horizon, and we have fixed  ¼ 1=3. As shown in [9],
this value of  corresponds to canonical normalization of
commutation relations for creation and annihilation operators for states built out of the standard Bunch-Davies
vacuum. Of course, in curved space-time it would be
possible to choose a different normalization condition,
but as long as it is a natural choice, we do not expect
deviations from  being of order unity and, thus, the results
obtained in this work will remain essentially unchanged.
The pivot point will be chosen as k0 ’ H0 with H0 the
Hubble parameter today. The corresponding field variance
will read
Z H0 dk 9Hk4  k 4
9Hk40 H0 4
0
 2
hðr A Þ i ¼
’
;
2 k
642  kc
kc k 16
0
(6)
where kc is the infrared cutoff which is usually set by the
comoving Hubble radius at the beginning of inflation (see
[15] and references therein for problems with infrared
divergences during inflation). The above expression, for
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super-Hubble modes today, can be identified with the
cosmological constant scale M ’ 2  103 eV and, thus,
9Hk40 H0 4
4 ’
:
(7)
M
642  kc
Since  is positive, we see that, in general, Hk0 & M .
Notice that r A is constant on super-Hubble scales and
starts decaying as 1=a once the mode reenters the Hubble
radius. Thus, today, a mode k will have been suppressed by
a factor ain ðkÞ (we are assuming that the scale factor today
is a0 ¼ 1). This factor will be given by ain ðkÞ ¼ M H02 =k2
for modes entering the Hubble radius in the matter era,
i.e. for k < keq with keq ’ ð14 MpcÞ1 M h2 the value of
the mode which entered at matter-radiation equality. For
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k > keq we have ain ðkÞ ¼ 2M ð1 þ zeq Þ1=2 H0 =k. It is
then possible to compute the corresponding power
spectrum for the effective electric charge density today:
0
0

g ¼ JrA ¼ @0 ðr A Þ. Thus from
~ ¼ ð2Þ3 ðk~  hÞ
~ 2 ðkÞ
~  ðhÞi
(8)
h ðkÞ

PHYSICAL REVIEW D 83, 023514 (2011)

~  v~ is the fluid vorticity, 0g is
~
where v~ ¼ dx=d,
!
~ ¼r
the effective charge density today, and the B~ components
scale as Bi / 1=a as can be easily obtained from
 F ; ¼ 0 to the lowest order in v. Thus, as commented before, the presence of the nonvanishing cosmic
effective charge density necessarily creates both magnetic
field and vorticity. In the absence of sources, vorticity
scales as a3w1 [16], with w the equation of state parameter
of the dominant component. However, due to the presence
of the effective current, we find that vorticity grows as
j!j
~ / a, from the radiation era until present.
Using (11), it is possible to estimate a lower limit on the
present amplitude of the magnetic fields generated. Since
we are not assuming any particular mechanism for the
generation of the primordial magnetic and vorticity perturbations in the early Universe, we will consider them for
simplicity as Gaussian stochastic variables such that
3

~  ðhÞi
~ ¼ ð2Þ Pij ðk~  hÞB
~ 2 ðkÞ;
hBi ðkÞB
j
2
3
~  ðhÞi
~ ¼ ð2Þ Pij ðk~  hÞ!
~ 2 ðkÞ
h!i ðkÞ!
j
2

3

k
2
ðkÞ, which is given by
we define P ðkÞ ¼ 2
2
8
>
>
0;
k < H0 ;
>
 
>
>
>
< 2M H02 Hk04 k 42 ; H < k < k ;
0
eq
k0
162
P ðkÞ ¼


>
>
4
4
>
2 H02 Hk0
k
>
> 16M2 ð1þz
; k > keq :
>
:
eq Þ k0

(9)

Therefore
R the corresponding charge variance will read
h 2 i ¼ dk
k P ðkÞ. Notice that for modes entering the
Hubble radius in the radiation era, the power spectrum is
nearly scale invariant. Also, due to the constancy of r A
on super-Hubble scales, the effective charge density power
spectrum is negligible on such scales, so that we do not
expect magnetic field nor vorticity generation on those
scales. Notice that, on sub-Hubble scales, the present amplitude of the longitudinal electric fields would be precisely EL ’ r A .
For an observer moving with the cosmic plasma
with four-velocity u , it is possible to decompose the
Faraday tensor in its electric and magnetic parts as F ¼
pﬃﬃﬃ
2E½ u þ ð = gÞB u , where E ¼ F u and
p
ﬃﬃﬃ
B ¼  =ð2 gÞF u . In the infinite conductivity
limit, Ohm’s law J   u u J  ¼ F u implies
E ¼ 0. Therefore, in that case the only contribution
would come from the magnetic part. Here, J  is the current
generated in the plasma which is assumed neutral, i.e.
J u ¼ 0. Thus, from (4), we get

F ; u ¼ pﬃﬃﬃ B u
g

; u


¼ JrA
u

(10)

that for comoving observers in a Robertson-Walker metric
imply (see also [14])
0
1
~ ¼ g;
!
~

B
2
a
a2

(11)

(12)

with B2 ðkÞ ¼ Bkn and !2 ðkÞ ¼ km and where Pij ¼
^ ^
ij  ki kj is introduced because of the transversality properties of Bi and !i . The spectral indices n and m are in
principle arbitrary. Notice that when the plasma conductivity becomes large after reheating, we expect constraints
on the power spectra coming from (11). We will be interested in calculating the mean fluctuation of the magnetic
field in a region of size  using a Gaussian window
function:
4 Z dk 3 n 2
B2 ¼
(13)
k Bk W ðkÞ;
k
ð2Þ3
where WðkÞ ¼ expðk2 2 =2Þ. Similar expressions can
be written for ! and  . Thus from (11) it is possible to
obtain [14,17]
2


¼

1 B
Sð; n; mÞ
ð2Þ3 22

(14)

with
Sð; n; mÞ ¼

Z 1 dk
H0



Z

k

k3 W 2 ðkÞ

b~  pÞ
^~ 2 ; (15)
~ m pn ½1 þ ðk~  p
d3 pjk~  pj

~ > H0 . For the upper cutwhere H0 < p < kcB and jk~  pj
off of the magnetic power spectrum, we take a conservative
value corresponding to the magnetic diffusion scale which
is given by kcB ’ 1011 Mpc1 [18] (a more detailed analysis can be found in [19]). Let us define
Z kmax dk
k3 kn W 2 ðkÞ;
Gð; nÞ ¼
(16)
kmin k
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JOSE BELTRÁN JIMÉNEZ AND ANTONIO L. MAROTO

PHYSICAL REVIEW D 83, 023514 (2011)

B2 ’

4

2 Gð; nÞGð; mÞ

:
!2 Sð; n; mÞ

10

13

10

15

10

17

10

19

10

(18)

(19)

with  ¼ 0  rec . We will consider the minimum of
the right-hand side of (18) with respect to l which, for
m < 1, is located at l  29 and, for m > 1, at l  1200,
which is the highest multipole measured by WMAP.
These stringent upper limits on vorticity can be translated using (17) into lower limits on the present value of the
magnetic field created by the effective current. For the sake
of concreteness, we take Hk0 ’ 2  106 eV in (9). This
value corresponds to a scale of inflation around 100 GeV,
i.e. in the electroweak range. It satisfies Hk0 & M and
also the limits on the primordial electromagnetic fluctuations coming from their imprint on CMB anisotropies (see
[11]). We have evaluated numerically the integrals appearing in (17) for  ’ 0:01, although the  dependence of the
bounds is very small. In Fig. 1 we show the lower limits on
the magnetic fields generated by this mechanism on scales
 ¼ 0:1h1 Mpc [which is the relevant scale for galaxies
and clusters (see [18])] and  ¼ 3000h1 Mpc. These
results show that the produced fields could have strong
amplitudes even in the largest scales and act as seeds for a
galactic dynamo or even play the role of primordial fields
and account for observations just by amplification due to
the collapse and differential rotation of the protogalactic
cloud.
It is interesting to note that, since super-Hubble modes
of the effective electromagnetic current are not generated,
we expect magnetic fields to be present only on subHubble scales. This means that the constraints coming
from the dissipation of super-Hubble magnetic fields into

4

2

0

2

n

B G

where l2 Cl =ð2Þ ’ 1010 and
Z1
j2 ðk Þ m
dk l
k
Rðl; mÞ ¼
ðk Þ2
krec

10

Mpc

(17)

Vorticity perturbations generate anisotropies in the CMB
temperature at the recombination time whose amplitude
should be compatible with present observations. Taking
into account the scaling properties of vorticity derived
before, such limits on a scale  can be written today as [14]
l2 Cl =ð2Þz2rec Gð; mÞ
!2 &
;
8l3 ðl þ 1ÞRðl; mÞ

1

0.1 h

B G

where, as before, due to the vanishing of the charge density
on super-Hubble scales, kmin is typically given by the
comoving Hubble horizon at the time the fluctuations are
evaluated and kmax ¼ kcB ð1Þ in the magnetic (vorticity)
cases, respectively. Thus, we finally obtain for the magnetic fluctuation on a scale 
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FIG. 1 (color online). Lower limits on the magnetic fields
generated on galactic scales (upper panel) and Hubble horizon
scales (lower panel) in terms of the magnetic spectral index n for
different values of the vorticity spectral index m. The dot-dashed
blue curve is for m ¼ 0, the dashed green curve for m ’ 3, and
the full red curve for m ’ 5.

gravity waves before nucleosynthesis [17] do not apply in
the present case. In any case, these results show that a more
precise determination of the magnetic and vorticity spectra
on cosmological scales could help establish the feasibility
of the extended theory in (1) for producing the observed
cosmic magnetic fields.
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