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Abstract: In this paper we present a model to determine the
light scattered by a metallic cylinder when it is illuminated
with alight beam in oblique incidence. Thismodel isbased on
an approximate sol ution to the Hel mholtz-Kirchhoff integral by
means of the Stationary Phase Method. The polarization of the
beam, its width, and the misalignment between the beam and
the cylinder are considered, aswell asthe reflection coefficient
of the surface.
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1. Introduction

The diffraction of light by cylindersis awell-known canon-
ical problem. Its rigorous solution, when the cylinder isil-
luminated by a plane wave in normal incidence, was ob-
tained many years ago by Rayleigh [1]. This problem has
also been deeply studied by several diffraction models, both
for dielectric and conductor materials: Boundary Diffrac-
tion Wave (BDW) [3], Geometrical Theory of Diffraction
(GTD) [1], Uniform Theory of Diffraction (UTD) [4], Com-
bined method of ray tracing and diffraction [5], etc. Also
severa studies have been developed in which the incident
light is a Gaussian beam [6-8].

A rigorous solution to the diffraction of plane waves in
oblique incidence was also studied by Wait [2, 9]. The so-
lution obtained is given in terms of asummatory whose cal-
culationisquitetimeconsuming. There have also been some
works studying the scattering of a diagonally incident fo-
cused Gaussian beam by dielectric cylinder [10, 11].

Recently diffraction by metallic cylinders in oblique in-
cidence has grown in interest since there have appeared
some devices to obtain information of the cylinder surface
which works in oblique incidence [12]. Some theoretical
work, based in geometrical optics, has been done [13, 14].
However, to the knowledge of the authors, there has been
no deep analysis of this configuration, in particular consid-
ering intensity distributions different to a plane wave with
misalignments between the beam and the cylinder, or con-
sidering the reflection coefficient of the cylinder surface.
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Experimentally, it is observed that the diffracted light by a
metallic cylinder generates a cone. At the direction of inci-
dence, thereisamaximum of intensity accompanied of sev-
eral diffraction maxima and minima. By means of these
minima the cylinder diameter can be determined [15].
These maxima and minimagradually disappears aswe sep-
arate from the direction of incidence and, in the rest of the
cone, there is a smooth intensity distribution (fig. 1).

In this paper we present an approximate solution to the
problem of diffraction by cylinders when an off-axis Gaus-
sian beam illuminates ametallic cylinder. We have used the
Kirchhoff approximation with the boundary conditions
given by Beckmann and Spizzichino [16]. The integralsin-
volved have been solved by means of the Stationary Phase
method [17].

Fig. 1. Experimental diffracted intensity when a laser beam
with a Gaussian profileimpinges upon asilver cylinder with a
diameter of 200 pm. The incidence angle is a = 30°. The max-
imum of intensity at the bottom of the figure corresponds to
thedirection of incidence. Theintensity increases aswe separ -
ate from thisincidence direction. The lack of light at the left
of thecircle correspondsto the wire holder.
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Fig. 2. Diagram showing the parametersinvolved in the cal-
culations.

2. Diffraction by cylinders

A well-known approximation for the diffraction of light is
the Helmholtz-Kirchhoff integral theorem [18]. To solvethe
equationsinvolvedit is necessary to know thefield over the
surface and/or the value of its derivative in the direction
normal to the surface. Asthesevalues arerarely known sev-
eral models that predict these values have been developed,
as the Kirchhoff approximation (also known as the geomet-
rical optics approximation) and the Rayleigh-Sommerfeld
approximations [19]. When the light isreflected by the sur-
face, the usual approximation for the field and its deriva-
tive at the surface is the one proposed by Beckmann and
Sizzichino [16]

Els=(1+R) E|s,

OE
on

where E; isthe incident field over the surface, Risthe re-
flection coefficient (which depends on the polarization and
on the angle of incidence according to Fresnel equations
[18], n is the normal to the surface, and k; =k (0, —Sina,
cosa), where k is the wavenumber, describes the direction
of theincident field, that we have supposed to be contained
in the plane YZ (fig. 2). We consider the scattered field at
infinity and, thus, the diffraction pattern is represented in
terms of the wavevector direction k, = k(sinf cos¢, sinf
sing, cos6). Under the boundary conditions of eqg. (1) the
Helmholtz-Kirchhoff integral results

Ex(9,0) D[ [Ei(Ri—p)exp(iv()ds, (2
S

S:(l— R) Eils ki [N, D

where a, is the radius of the cylinder, r = (ay cose,
8y Sing, 2) defines the surface, n = (cose, sing, 0) is the
normal to the surface, the surface element is given by

dS= a, dedz since we use cylindrical coordinates to de-
scribe the surface, and

v =Ky —Ky = K(vy, vy, 1) 3

=Kk(-sin6 cos¢, —sind sing —sina, cosa — coso),

p=ky +k; =k(=vy, —vy—2sina, cosa + cosh). (4)

We have supposed that the incident field is a gaussian
beam, whose beam waist is on the wire surface. Therefore,
the incidence amplitude can be expressed by

cosp—xo [ [Osin zDZD
Ei(p,2) = EoeXpB-EaO 9~ % Hwa
z

where w,, w,, are the principal widths of the beam and xO is
the misalignment between the incident beam and the cylin-
der. In order to simplify the calculations we have supposed
that the principal width w, is parallel to the cylinder axis.

Introducing egs. (3), (4) and (5) in eq. (2) it results that
the double integral E,(¢, 6) can be divided in the product
of two separated integrals: one with a dependence in z and
another with a dependencein ¢:

Ex(¢, 0) = CkEyU, Us. (6)
The first integrals is

Csina z[F O
Ui(9,0) = eXpB— 0 )
' f ng HE
[exp (|k v, Z) dz,
that it is easily solved by
0 kv, w, 0
2 exp ooz zl 8
Pi02sna 0  ©

The second integral can be written in the following way

Ua(¢, ) = [ g(¢) exp [i kf (¢)] do, )
where

9(¢) = 2o exp [~ (8 Cosp — Xo) /]
‘[(R+1) (v cos@ + vy, sing) +2sinasing],

f(9) = ag (v, COSP + 1, SINQ). (20)
An analytical solution to thisintegral isonly possible when
the surface behaves as a perfect reflector, the beam is
aligned with the cylinder axis (Xy = 0) and its width w, is
large enough with respect to the cylinder radius a; so asthe
first term of the exponential in eg. (5) be zero. On the other
hand, when the cylinder radius is much larger than the
wavelength A, an approximate solution to this integral can
be obtained by means of the so called Sationary Phase
Method (SPM) [17]. As the exponential term of the equa-
tion (9) is strongly variable, the positive and negative parts
cancel except at the points ¢g were df((p)/d<p|¢, =0. The
approximate solution to thls integral by SPM is

U2(¢,0)=%H 9o
@Xp@a(fo'*'g—

where h,, = d"h(x)/dx"|,, (h=f, g), and

(11)

ag f, M
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cos@ = Ux
CE
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—sin6 cosg
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In order to determine g5 we have neglected the imaginary
part of R, asit is much smaller than f (¢). With this station-
ary value we obtain
fo=—"fo= _aO(Vx + Vy)ll2
O

=a, ex D,- X / ZD
=R e g
[{(R+ 1) (vx + 22+ 25ina vy /(v + vy)l’z} k)

Finally, introducing theseresultsin eq. (11) the diffracted
light by the cylinder is

1/2
E,(9,0) DEp 2
Sha

00 f 0
fexp O- 20 Vx Xor1 /w2 Cuw
pB Vf+v§)1/2 OE XB z
O kv, wy, _ DZD
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O

v
EﬂjR(y) +1) (vx+vy)““+2snaﬁm

exp i phao (v +19)Y° s (14)

where y is the angle between the direction of the incident
beam and the normal to the surface

_ 1 —- . .
cosy =— =snasin @s.
JkalIn| (15)
The intensity is, of course,
12(¢, 0) = Ex(9, 6) E3(9, 0). (16)

In eg. (14) we can see that, when using the SPM approx-
imation, the diffraction minima and maxima around the di-
rection of incidence are lost.

2.1. Large beam with w,

And important case occurs when the width w, of the inci-
dent beam is much larger than the wavelength A. Then, an
easier solution can be obtained. For this, wewill usethefol-
lowing limit

n- o

lim iﬂnexp(— n?x%) - 8(x). (17

where 6 is the Dirac delta. If n=w,, Xx=kv,/2siha in
eg. (8), then U, results

T s [k (cosa — cosf [

Yi(0)= sna U 2sina o (18)
and since
_< 6(0-0))
oh@)=y ————~,
MON=Y "o (19)

where 6, are the zeros of h(60) and h'(6,) isthe derivative of
h evaluated in 6;; U, becomes

WOES ;’;a 50 -a). (20)

When 6 = q, the vector v results
v=—ksina (cos¢, 1 +sing, 0), (21)
and, as a consequence, eq. (14) results
12
Oa o
Ey(¢,0) 0 =—— EgR
2(9,0) CngD  ° (9s)
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being the intensity
12(6.0) Dl 2° R (9.0)
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where |y = | Eq|* and % = |R|2. Theintensity is proportional
tothereflectivity and to the cylinder radiusag, andinversely
proportional to sina.

3. Analysis of the results

A. Width of the incident beam. In the first place, we will
study the behaviour of the diffraction pattern in terms of the
widths of the Gaussian beam. In fig. 3, the diffraction pat-
tern, obtained according to eg. (16), for severa values for
the width w, is shown. For large values of w, (figs. 3a—b)
the cone of light becomes very narrow, as we have seen in
the previous section. In the other hand, when w, decreases
the cone widens, asit is shown in figs. 3c—f.

We have al so studied how the intensity in the diffraction
pattern changes when the parameter w, varies. In fig. 4 we
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Fig. 3. Intensity distribution at thediffracted conefor differ-

ent values of the width w, a) and b) w,=1 pm, c) and d)
w, =3 pm, e) and f) w, = 10 pm. Asthe width w, decreasesthe
cone of light becomes wider. The wire radius is 50 pm with a
perfect reflector behaviour, a = m/4 and the wavelength is
A=0.63 pm.

can see the intensity profile, when w,> A, at the scattered
cone of light for severa values of w,. As the parameter
w,/ag decreases the edges of the cylinder have less incident
light and the intensity distribution becomes narrower.

B. Misaligment. The misaligment X, between the cylinder
and the Gaussian beam has al so been consideredinegs. (14)
and (22). Infig. 5 we can see that when the parameter x; in-
creasesthelight that reaches the cylinder decreases, and the
diffraction pattern becomes asymmetrical.

C. Angle of incidence. Another parameter that we have
studied is the angle of incidence a. When w,> A the inten-
sity distribution only depends on the angle « indirectly
through the reflection coefficient R (eq. 15), asit is shown
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Fig. 4. Intensity profile at the diffracted cone for perfect re-

flector cylinder for several values of the width w, = 1000, 200,
100, 50 um. The cylinder radius is 100 pm with a perfect re-
flector behaviour, a=m/4 and the wavelength is A = 0.63 pm.
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Fig. 5. Intensity profilefor acylinder, which surfaceisa per-

fect reflector, of radius ag =100 um, w, = 200 pm and differ-
ent misalignment parameter x, =0, 25, 50, 75, 100, 125 and
150 um. We have considered w,> A and the angle of incidence
isa=mn/4.

in fig. 6a—b. However, when the beam width w, isonly a
few microns, then the intensity distribution depends
strongly on the angle of incidence, (fig. 6¢).

D. Polarization and reflectivity. We have also analyzed
the effect of the beam polarization and the cylinder’s mate-
rial on the diffracted intensity distribution. In eq. (14) it is
shown that the effect of these parametersisincluded in the
equations by the reflection coefficient R. In fig. 7 we show
the diffracted intensity at the cone for several materials, for
parallel and perpendicular polarizations, and for two angles
of incidence. We can see that for normal incidence
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Fig. 6. Intensity distribution for a cylinder of radius
a, = 100 um for several incidence directions a. When the pa-
rameter w,ishigher than afew micronstheintensity distribu-
tion does not depends appreciably on a asit can be seen in a)
a=mn/8, w,=5pum and b) a=n/16, w, =5 um. However, when
w, and o are small the intensity distribution of light changes,
asit can beseenin c) a = n/16, w, = 2 pm. In thiscasethewave-
length is A =0.63 um.

(a=m/2), the intensity is the same for both polarizations
for ¢ = /2. However, when the beam incides obliquely on
the cylinder theintensity increasesfor the perpendicular po-
larization and it decreases for the parallel polarization. The
difference between both polarizations is notorious for the
case of tungsten (fig. 7e—f).

4. Conclusions

In this paper an analytical solution for the diffraction of adi-
agonally and off-axis Gaussian beam over a metdlic cylin-

-50 o 50 100 150 200 250 -50 [ 50 100 150 200 250

2
o4

Fig. 7.
cylinder sof different materials, for parallel (——) and perpen-
dicular (——-) polarizations. a) and b) silver n=0.2 + 3.44i,
c) and d) gold n=0.47+ 2.83i, and €) and f) tungsten
n = 3.46 + 3.25i. For a given material the first figure is for
a=m/4, and the second figure for a=m/2. The radius of the
cylinder isag = 100 um.

Intensity profile in the specular direction (6= o) for

der isgiven. We see that the diffracted ligth generates a cone
which intensity depends on the cylinder radius, the polariza-
tion of the beam and the reflection coefficient of the surface.
We have also studied the effect of the beam widths and the
misalignment between the cylinder and the Gaussian beam.
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