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6
Faculdade de Fı́sica, Universidade Federal do Pará, 66075-110, Belém, Pará, Brazil
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In the context of fðR; TÞ theories of gravity, we study the evolution of scalar cosmological perturbations
in the metric formalism. According to restrictions on the background evolution, a specific model within
these theories is assumed in order to guarantee the standard continuity equation. Using a completely
general procedure, we find the complete set of differential equations for the matter density perturbations.
In the case of sub-Hubble modes, the density contrast evolution reduces to a second-order equation.
We show that for well-motivated fðR; TÞ Lagrangians the quasistatic approximation yields to very
different results from the ones derived in the frame of the concordance CDM model constraining
severely the viability of such theories.
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I. INTRODUCTION
It is a well-known fact that modifying the law of gravity
renders possible explanations for the acceleration mechanism of the Universe [1,2]. However it is far from clear
which class of dark energy theories will finally prevail and
all the viable mechanism must be studied very carefully.
Whereas the theories explaining the accelerated expansion
of the Universe in the framework of general relativity (GR)
[3] are usually dubbed as dark energy models, theories in
the framework of modified gravity are more specifically
referred to as modified gravity dark energy theories.
In this paper we consider a class of modified gravity
theories in which the gravitational action contains a general function fðR; TÞ, where R and T denote the Ricci
scalar and the trace of the energy-momentum tensor, respectively. This kind of modified gravity was introduced
first in [4] where some significant results were obtained. In
the framework of fðR; TÞ gravity, some cosmological aspects have been already explored: the reconstruction of
cosmological solutions, where late-time acceleration is
accomplished, was studied in Ref. [5] and the energy
conditions analyzed in Ref. [6]. The thermodynamics of
Friedmann-Lemaı̂tre-Robertson-Walker (FLRW) spacetimes has been studied in Ref. [7], and also the possibility
of the occurrence of future singularities (see Ref. [8]). So
far, a serious shortcoming in this kind of theory has been
the nonconservation of the energy-momentum tensor. In
this paper we circumvent this problem by showing that
functions fðR; TÞ can always be constructed to be consistent with the energy-momentum tensor standard conserva-
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tion. In the following we shall assume separable algebraic
functions of the form fðR; TÞ ¼ f1 ðRÞ þ f2 ðTÞ. Within this
special choice, the function f2 ðTÞ is obtained by imposing
the conservation of the energy-momentum tensor.
Once the cosmic background evolution is known, the
following step consists of determining the evolution of
matter cosmological perturbations. The analysis of perturbed field equations by decomposing linear perturbations
in scalar, vector and tensor modes led to a better understanding of the stability and features of the RobertsonWalker spacetime and proved to be a required tool to
analyze the density contrast growth and the integrated
Salch-Wolfe effect. Second- (and higher-) order perturbative terms with respect to the background are usually
considered negligible since the perturbations are assumed
to be small in order to preserve the global homogeneity and
isotropy of Robertson-Walker geometry and therefore the
linear terms are generally enough to encapsulate the small
departure from the background. Seminal references [9]
focused their attention to GR and found that the evolution
of the density contrast obeyed a second-order differential
equation which in the sub-Hubble limit is scale independent. In such a regime, the density contrast grows as the
cosmological scale factor for early times whereas at late
times requires to be fitted numerically [10].
Nonetheless the growth of structures is manifestly dependent on the gravitational theory under consideration.
This fact can be used to test alternative theories of gravity
in order to find out whether those theories are in agreement
with GR standard predictions [11] and experimental data
[12] and thus curing the so-called degeneracy problem
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[13] that some modified gravity theories suffer at the
background level. This sort of work has been developed
in the last years but mainly for the fðRÞ gravity scenarios
[14,15]. In this realm, the evolution of scalar cosmological
perturbation for fðRÞ theories in the metric formalism
proved that fðRÞ theories mimicking the standard cosmological expansion usually provide a different matter power
spectrum from that predicted by the CDM model [16].
Still in the framework of fðRÞ theories of gravity, the
growth of matter perturbations at low redshifts was shown
to be different from that of scalar-tensor theories [17]. For
further details about cosmological perturbations within
fðRÞ gravity see [18]. Therefore the dynamics of cosmological scalar perturbations is a powerful tool to constrain
the viability of the pleiad of modified gravity theories in
literature, by comparing their density contrast evolution
with GR expected features [19–21].
Nonetheless, no full attention has been yet paid to
study the density contrast evolution in fðR; TÞ theories.
Extensive analyses have been carried out in the framework
of nonstandard couplings between the geometry and the
matter Lagrangian (see [22]). For our purpose in this communication, the dynamics of linear perturbations are performed studying the problem of obtaining the exact
equations for the evolution of matter density perturbations
for f1 ðRÞ þ f2 ðTÞ type gravitational Lagrangians. More
precisely, we shall assume for simplicity the algebraic function f1 ðRÞ to be the Einstein-Hilbert term R and the tracedependent function f2 ðTÞ the one for which the covariant
conservation of the energy-momentum is accomplished.
When interested in sub-Hubble modes, the usual approach
consists of studying the so-called quasistatic approximation
where time derivatives of Bardeen’s potentials are neglected, and only time derivatives involving density perturbations are kept [16,18]. Let us point out that this
approximation may remove essential information about
the evolution of the first-order perturbed fields [23,24] and
therefore requires careful study when considered.
The paper is organized as follows: in Sec. II, we briefly
review the state of the art of fðR; TÞ gravity. Section III is
devoted to introduce the background cosmological equations for fðR; TÞ ¼ f1 ðRÞ þ f2 ðTÞ models as well as the
condition to guarantee standard energy-momentum conservation for such models. Then, Sec. IV addresses the
calculation of the scalar perturbed equations for fðR; TÞ ¼
f1 ðRÞ þ f2 ðTÞ models while Sec. V deals with the study of
the quasistatic approximation for this kind of models. In
Sec. VI we apply our results to two particular models and
numerical results are obtained and compared with the
CDM model. Finally in Sec. VII we conclude with the
main conclusions of this investigation.

S ¼ SG þ Sm ¼

(1)

where 2 ¼ 8G, R is the Ricci scalar and T represents the
trace of the energy-momentum tensor, i.e., T ¼ T   ,
while Lm is the matter Lagrangian. As usual the energymomentum tensor is defined as
2 Sm
:
T ¼ pﬃﬃﬃﬃﬃﬃﬃ 
g g

(2)

Then, by varying the action with respect to the metric field
g , the field equations are obtained:
1
fR ðR; TÞR  fðR; TÞg  ðg h  r r ÞfR ðR; TÞ
2
¼ ð2 þ fT ðR; TÞÞT  fT ðR; TÞ ;
(3)
where the subscripts on the function fðR; TÞ mean differentiation with respect to R or T, and the tensor  is
defined as
  g

T
Lm

:
 ¼ 2T  g Lm þ 2g
g
g g
(4)

Note that for a regular fðR; TÞ function, in the absence of
any kind of matter, the corresponding fðRÞ gravity equations are recovered, and consequently the corresponding
properties and the well-known solutions for fðRÞ gravity
are also satisfied by fðR; TÞ theories in classical vacuum
[for a review on fðRÞ theories, see [1]]. Moreover, here we
are interested to study the behavior of this kind of theories
for spatially flat FLRW spacetimes, which are expressed in
comoving coordinates by the line element:
ds2 ¼ a2 ðÞðd2  dx2 Þ;

(5)

where aðÞ is the scale factor in conformal time . Then,
the main issue arises on the content of the Universe is given
by through the energy-momentum tensor, defined in (2).
Since we are interested on flat FLRW cosmologies, the
usual content of the Universe (pressureless matter, radiation, etc.) can be well described by perfect fluids, whose
energy-momentum tensors take the form
T ¼ ð þ pÞu u  pg :

(6)

Here and p are the energy and pressure densities, respectively, and u is the four-velocity of the fluid, which
satisfies u u ¼ 1, and in comoving coordinates is given
by u ¼ ð1; 0; 0; 0Þ. Since Lm ¼ p, according to the definition suggested in Ref. [4], the tensor (4) yields

II. fðR; TÞ GRAVITY THEORIES
Let us start by writing the general action for fðR; TÞ
gravities [4],

1 Z 4 pﬃﬃﬃﬃﬃﬃﬃ
d x gðfðR;TÞ þ Lm Þ;
22

 ¼ 2T  pg :
Thus the equations motion become
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1
fR R  fg  ðg h  r r ÞfR
2
¼ ð2  fT ÞT þ fT pg :

(8)

where we have dropped the explicit dependences of f in R
and T.
It is straightforward to see that the usual continuity
equation is not satisfied for the field equations (8), and
consequently the covariant derivative of the energymomentum tensor is not null in general r T  Þ 0. In
order to obtain the modified continuity equation, let us take
the covariant derivative of the Eq. (8):

1
r fR R  fg  ðg h  r r ÞfR
2

¼ ð2 þ fT ÞT  fT 
1
! fR r R þ R r fR  g ðfR r R þ fT r TÞ
2
 ðg r h  r r r ÞfR
¼ r ½ð2 þ fT ÞT  fT  :

(9)

Thus, using the identities r ðR  12 Rg Þ ¼ 0 and
ðr h  hr ÞfR ðR; TÞ ¼ R r fR , the covariant derivative of the energy-momentum tensor needs to satisfy

f
1
g r T  ðT þ  Þr ln fT
r T ¼ 2 T
 þ fT 2


 r  :
(10)
Hence, for a perfect fluid with an equation of state
p ¼ w , being w a constant, the 0 component of the
covariant derivative (10) turns out to become


w3
2
 þ
fT  ð1 þ wÞTfTT T_
2
€
þ 3ð1 þ wÞ½Hð2  fT Þ  2fTR ð4H H_ þ HÞT
¼ 0;
(11)
where let us remind that T ¼ T   ¼  3p. The last
equation differs from the usual continuity equation on the
non-null right-hand side. Thus, it may lead to violations of
the usual evolution of the different species in the Universe.
Nevertheless, in the next section we focus our attention
on a model that keeps the usual continuity equation
unchanged.
III. f1 ðRÞ þ f2 ðTÞ TYPE THEORIES
In this section, we choose the algebraic function fðR; TÞ
to be a sum of two independent functions
fðR; TÞ ¼ f1 ðRÞ þ f2 ðTÞ;
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where f1 ðRÞ and f2 ðTÞ, respectively, depend on the curvature R and the trace T. The generalized Einstein equations
from (8) yield
0
 3H f1R
þ 3H 0 f1R0 
0

¼ 2 a2

0

þ ð1 þ c2s Þ

a2
f
2 10
2
0 a f2T0

þ

0
2
00 þ H f 0
f1R
1R0  ðH þ 2H Þf1R0 þ
0

¼ 2 a2 c2s

0



a2
f ;
2 20

(13)

a2
f
2 10

a2
f ;
2 20

(14)

where the prime holds for the derivative with respect to ,
H  a0 =a and the subscript 0 holds for unperturbed background quantities: R0 denotes the scalar curvature corresponding to the unperturbed metric, 0 the unperturbed
energy density, with f10  f1 ðR0 Þ, f1R0  df1 ðR0 Þ=dR0 ,
f20  f2 ðT0 Þ, f2T0  df2 ðT0 Þ=dT0 and c2s ¼ p0 = 0 . The
continuity equation (11) for Lagrangians given by (12)
yields



1
1

2
f
¼ 2
@
þ
c
f
r T0

 
s 0 2T0
2 20
  f2T0

(15)
þ T0  @ f2T0 ;
showing explicitly that the energy-momentum tensor is not
a priori covariantly conserved in fðR; TÞ theories. Thus,
for these theories, the test particles moving in a gravitational field do not follow geodesic lines. By exploring
Eq. (15) for  ¼ 0 component, one gets
0 þ 3H
0

¼

2
0 ð1 þ cs Þ


1
ð1 þ c2s Þ
2  f2T0

0
2
0 f2T0 þ cs

1 0
0
0 f2T0 þ f20
2


:

(16)

Note that whether f2 vanishes [i.e., fðRÞ theories] or
characterizes a nonrunning cosmological constant, both
0
f2T
and f2T0 vanish, and then the continuity equation in
0
these scenarios becomes
0
0

þ 3H ð1 þ c2s Þ

0

¼ 0:

(17)

In order to guarantee that Lagrangians such as (12) are
consistent with the standard conservation equation, the
right-hand side of (15) has to vanish leading to the differential equation
1
ð1 þ c2s ÞT0 f2T0 T0 þ ð1  c2s Þf2T0 ¼ 0;
2

(18)

where c2s Þ 1=3. The general solution of this differential
equation reads

(12)
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f2 ðT0 Þ ¼ T0

þ ;

(19)
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where  and  are integration constants. In the case of a
barotropic equation of state c2s ¼ 0, i.e., dust, the model
(19) becomes
f2 ðT0 Þ ¼ T01=2 þ :

(20)

This function represents the unique Lagrangian that satisfies the usual continuity equation (17) within the class of
models given by expression (12).

~ constant or null, the whole right-hand
For functions f2 ðTÞ
side of the previous equation vanishes. Consequently the
perturbed conservation equations become the usual ones
that are obtained both in GR and fðRÞ theories [16] as can
be inferred from (15).
For the linearized equation (23), the components (ij),
(00), (ii) and ð0iÞ  ði0Þ, where i, j ¼ 1; 2; 3; i Þ j in
Fourier space, read, respectively,
¼

IV. PERTURBATIONS IN fðR; TÞ THEORIES
Let us consider the scalar perturbations of a flat FLRW
metric in the longitudinal gauge
ds2 ¼ a2 ðÞ½ð1 þ 2Þd2  ð1  2Þdx2 ;

^ i ¼ p
^ i ¼ c2s
T
j
j

0 ;
i

^
^
T
i ¼ T 0 ¼ ð1 þ
0

 ð3H 0  6H 2 Þf1R0

(21)

0
þ ð9H   3H  þ 30 Þf1R
0

¼ a2 2 0 þ ð1  2c2s  3c4s Þ 20 f2T0 T0

1
þ ð3  c2s Þ 0 f2T0 ;
2

i
0  j ;

c2s Þ 0 @i v;

(22)

where v denotes the potential for the velocity perturbations. Using the model (12), the perturbed metric (21) and
the perturbed energy-momentum tensor (22), the firstorder perturbed equations reads

  ^
^
 ½g
0 ð Þ   g0 ð Þ@ f1R0

^  þ 1 ð1  c2s Þf2T 
¼ ð  f2T0 ÞT
0 
2

þ ð1  3c2s Þð1 þ c2s Þ 0 f2T0 T0 u u ^ ;

0 þð3Þf 00
þð3H H þ30 Þf1R
1R0
0


1
¼ a2 2 c2s 0 þ ð13c2s Þ 0 f2T0 ;
2

(27)

0
ð2  Þf1R
þ ½0 þ 0 þ H ð þ Þf1R0
0

¼ a2 ð1 þ c2s Þð2  f2T0 Þ

0 v;

(28)

with
^ ¼  2 ½300 þ 6ðH 0 þ H 2 Þ
R
a2
þ 3H ð0 þ 30 Þ  k2 ð  2Þ;

(23)

where f1R0 R0 ¼ d2 f1 ðR0 Þ=dR20 , r r and r holds for the
covariant derivative with respect to the unperturbed metric
(5). In (23), we have made use of the relation linking the
trace to the energy density, T0 ¼ 0  3p0 ¼ ð1  3c2s Þ 0 ,
^ ¼ ð1  3c2s Þ^ . Here the equations
and by the way, T
of motion at the left-hand side of (23) present a set of
fourth-order differential equations. By following the same
assumptions, the equation of the perturbations of the continuity equation (15) can be easily obtained, which yields
^  þ 
^  T  
^  T 
r T
0

0

1
^ T
f2T0 T0 Tr
¼ 2
0
ð  f2T0 Þ


1
^
^
^
f
T
þ
p
T
þ
pf
þ 
@
f
 
0 2T0 T0
2T0
2 2T0

^ :
^  þ T  @ ðf2T T TÞ
þ @ ðf2T0 ÞT
0
0 0

(26)

½00 þ00 þ3H ð0 þ0 Þþ3H 0 þðH 0 þ2H 2 Þf1R0




^ 
^
f1R0 G
 þ ðR0 þ r r   hÞf1R0 R0 R

^  Þr r  
^ 
þ ½ðg
 ðg Þr r f1R0

(25)

½3H ð0 þ 0 Þ þ k2 ð þ Þ þ 3H 0 

where   ð; xÞ and   ð; xÞ are the scalar perturbations. The components of perturbed energymomentum tensor in this gauge are given by
^ 0 ¼ ^ ¼
T
0

f1R0 R0 ^
R;
f1R0

(24)

(29)

where it is easy to notice that for f2 ðT0 Þ ¼ 0 the fðRÞ
equations are recovered [16]. Moreover, for f1 ðR0 Þ ¼ R0 ,
the GR equations are obtained [9]. Now, by considering
(15) and (24) in the case of c2s ¼ 0, the energy-momentum
tensor conservation renders to the following first-order
equations:
0  k2 v  30



3H f2T0 T0 0  1
f2T þ 0 f2T0 T0
¼ 2
ð  f2T0 Þ2 2 0
 

1
1
þ 2
0 f2T0 þ 0 f2T0 T0
2
  f2T0


5
1
2
f
þ 0 f2T0 T0 T0 þ f2T0
 3H 
2 0 2T0 T0
2

and
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1
1
f2T  þ 3H
 þ H v þ v0 ¼  2
  f2T0 2 0

0 f2T0 T0 v



(31)
for the temporal and spatial components, respectively.
From the previous expressions is clear that for f2 ðT0 Þ 
0, the usual conservations equations in fðRÞ theories (GR
in particular) are recovered [see for instance Eqs. (21) and
(22) in [16]]. Note that expression (17) has been used in
order to obtain both (30) and (31). After further simplifications, the last two expressions become
0  k2 v  30 ¼ 0

(32)
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Then, by using the previous result (35) in Eq. (36) one gets
2


3f
f2T
1
2T
0
00 þ H 1 
0 þ 4k2 2 0
2
2
2ð  f2T0 Þ
ð  f2T0 Þ
0
13
2 f
1 þ 4 ak2 f1R1R0 R0
2
a
0@
0 A5
 ð2  f2T0 Þ
 ¼ 0 (37)
f1R0 1 þ 3 k22 f1R0 R0
a

that can be understood as the quasistatic equation for
fðR; TÞ models of the form (19). By neglecting in (37)
the terms f2 ðT0 Þ, i.e., paying attention only to fðRÞ theories, one recovers the usual quasistatic approximation for
those theories (see for instance [24–26])

and
f2T0
ð3H v  Þ
 þ H v þ v0 ¼
2ð2  f2T0 Þ

0

Hence, the complete set of equations that describes the
general linear perturbations for the kind of models considered here, fðR; TÞ ¼ f1 ðRÞ þ f2 ðTÞ, have been obtained,
which provides enough information about the behavior of
the perturbations within this class of theories, that can be
compared with expected results from CDM model.
V. EVOLUTION OF SUB-HUBBLE MODES AND
THE QUASISTATIC APPROXIMATION
We are interested in the possible effects on the density
contrast evolution once the perturbations enter the Hubble
radius in the matter dominated era. In the sub-Hubble limit,
i.e., H  k, and after having neglected all the time derivative for the Bardeen’s potentials  and , Eqs. (25)
and (26) can be combined yielding
1 þ 2k
a2

2

¼

f1R0 R0
f1R0
f

1R0 R0
1 þ 4k
a2 f1R0
0
4k2
1 @1 þ a2
¼ 2
2k 1 þ 3k22
2

a

;
f1R0 R0 1
f1R0
f1R0 R0
f1R0

Að2  f2T Þ a 0 :
0
f1R0

00 þ H 0  @

(33)

that when combined yield


3f2T0
f2T0
00
 þH 1
0 þ k 2
 þ k2 
2
2
2ð  f2T0 Þ
2ð  f2T0 Þ


3f2T0
00
(34)
 3  3H 1 
0 ¼ 0:
2ð2  f2T0 Þ

2

(35)

f1R0

f1R0 R0 1
2 2
f1R0
A a 0
2 f
3 ak2 f1R1R0 R0 2f1R0
0

1 þ 4 ak2
2

1þ

and for GR [f1 ðR0 Þ ¼ R0 ], the quasistatic equation for 
becomes the well-known k-independent expression
00 þ H 0  4G

0a

2

¼ 0:

(36)

(39)

Note that the effect of the f2 ðT0 Þ terms in (37) is twofold:
first, the coefficient of 0 gets an extra term that depends on
the first derivative of f2 ðT0 Þ with respect to T0 that in
general will be time dependent. Second, the coefficient
for  is also modified by adding a k2 dependence that is
absent the standard quasistatic limit both in GR and in fðRÞ
theories and modifying as well the usual coefficient already present for fðRÞ theories by a factor (2  f2T0 ). The
k2 presence may have extraordinary consequences since
for fðRÞ theories it is usually claimed that in the two
asymptotic limits [i.e., either GR or fðRÞ domination],
the quasistatic equation is scale independent and only in
the transient regime, differences associated to the scale
may show up. For the class of fðR; TÞ theories under study,
the k2 term will be always dominant for deep sub-Hubble
modes at any time of the cosmological evolution.
On the other hand, a qualitative analysis taking into
account that 2  MP2  ð1019 GeVÞ2 and f2T0 
1=2
3
eVÞ2 , implies that Eq. (37) may be simcritical  ð10
plified yielding
2
0
13
2 f
1 þ 4 ak2 f1R1R0 R0
2
5
1
a
0
0
@
A5 ¼ 0:
00 þ H 0 þ 4k2 þ f2T0
2
2
f1R0 1 þ 3 k22 f1R0 R0
a

In addition, Eq. (34) in the quasistatic approximation
yields


0
0
3f2T
f2T
00
 þH 1
0 þ k2
 þ k2  ¼ 0:
0
0
2
2
2ð  f2T Þ
2ð  f2T
Þ

 ¼ 0 (38)

f1R0

(40)
Furthermore, if now one is interested only in extreme subHubble modes, it is clear that (40) becomes


5
1
4
a2 0
00 þ H 0 þ k2 þ f2T0
 ¼ 0 (41)
2
2
3
f1R0
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that in this limit and after having considered reasonable
gravitational Lagrangians, i.e., not divergent, yields
5
1
00 þ H 0  k2  ¼ 0:
2
2

(42)

The last expression, as well as the intermediate results
(40) and (41), proves that gravitational Lagrangians depending on the trace of the energy-momentum tensor and
satisfying the usual conservation equation will exhibit a
density contrast evolution that is k dependent for subHubble modes. In comparison with the GR result (39),
which predicts a transfer function [TðkÞ / jk ðt ¼
ttoday Þj2 ] independent of the scale, this fact implies that
the transfer function in this class of fðR; TÞ gravities is
scale dependent. Thus, perturbations entering the Hubble
horizon would become scale dependent in k. Therefore,
models such as (20), i.e., the unique models ensuring the
standard conservation equation, would be theoretically
excluded as will be graphically shown in the next section.
In addition, note that Eq. (37) exhibits a singular point at
2  f2T0 ¼ 0. For the Lagrangian f2 ðT0 Þ ¼ T01=2 þ ,
such a singular point is easily identified. From now on, let
us assume the following coupling constant:
  c1 2 ð

today Þ

1=2

;

(43)

where c1 is a dimensionless constant. This parametrization
is justified in order to fix the correct dimensions for the
coupling constant . On the other hand, by solving the
continuity equation (17) for a pressureless fluid, the evolution of the matter density yields
0

¼

3
today a

¼

today ð1

þ zÞ3 ;

(44)

where the usual relation 1 þ z ¼ a1 has been used. Then,
the expression appearing in the denominator of some terms
in Eq. (37) is given by


c1
2
2
  f2T0 ¼  1 
:
(45)
ð1 þ zÞ3=2
Hence, a singularity occurs at zs ¼ c2=3
1  1. Then, the
avoidance of such a singularity constrains the value of
the free parameter c1 :
(i) c1 < 0, the singular point is located at zs < 1,
outside of the allowed range for the redshift, as
defined above.
(ii) c1 > 0, here we can distinguish between two cases:
if 0 < c1 < 1, then 1 < zs < 0, and the singularity
will occur in the future, while if c1  1, the singularity is located at zs  0, i.e., either at present or
past cosmological evolution.
In order to avoid any singularity, at least for the range
z > 0, we shall assume c1 < 1. Note also that in the neighborhood of the singularity, Eq. (37) reduces to

00  H

3f2T0
f2T0
0 þ k2
 ¼ 0;
2
2ð  f2T0 Þ
2ð  f2T0 Þ
2

(46)

and in consequence the perturbations would behave as a
damped oscillator, as is analyzed in the following section
and shown in Fig. 3.
VI. NUMERICAL RESULTS
In order to check the results obtained in the previous
section, we study two particular fðR; TÞ models with
f1 ðR0 Þ assumed to be given by the usual term proportional
to the Ricci scalar, i.e., f1 ðR0 Þ ¼ R0 . This choice
encapsulates a modification to GR purely originated by
the function f2 ðT0 Þ introduced in Sec. II through the
expression (19).
A. fA ðR0 ; T0 Þ ¼ R0 þ T01=2
For this function we parametrize the constant  according to expression (43), thus possessing the appropriate
dimensions. In this case, one can solve the background
evolution that can be rewritten as
~ 2 ¼ 0 a1 þ ð1  0 Þa1=2
H
m
m

(47)

with 0m  2 m ðtoday Þ=3H02 , the usual fractional matter
density today, H0 the Hubble parameter today and dimensionless conformal time defined as 
~ ¼ H0 . According to
Eq. (47), the parameter c1 must accomplish
c1 ¼ 

1  0m
:
0m

(48)

For this model, we compare the density contrast obtained from (40) with the standard CDM quasistatic
approximation (39). The initial conditions are given at
redshift z ¼ 1000 where  is assumed to behave as in a
matter dominated universe, i.e., k ðÞ / aðÞ with no k
dependence. In Fig. 1 we have plotted the evolution of the
density contrast for several modes. One can see how the
strong k dependence of Eq. (40) renders the evolution of
these modes completely incompatible with the density
contrast evolution provided by the concordance CDM
model and leads  outside the linear order at redshift
z  100.
B. fB ðR0 ; T0 Þ ¼ R0 þ T01=2  2
Let us now consider the general model found in (19),
which also satisfies the usual continuity equation in the
background but where the usual GR term is supplemented
with a cosmological constant 2. The first FLRW equation (14) yields
~ 2 ¼ 0 a1  c 0 a1=2 þ c a2 ;
H
1 m
2
m

(49)

with c1 again given by (43), and   3H02 c2 in order
to provide the correct dimensions to the free constants
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(50)

This expression provides a constraint on the dimensionless
parameters fc1 ; c2 g, where one remains arbitrary. As for the
previous case, the strong dependence on k in Eq. (37) leads
to an evolution of the matter perturbations incompatible
with the observations. In fact, only a very restricted limit
for the free parameter c1 can avoid such strong violations
together with an upper limit on k. In Fig. 2, the case for a
negative c1 ¼ 103 is considered, yielding a similar
behavior as in Fig. 1. Another illustrative example of the
behavior of Eq. (37) is shown in Fig. 3 for the value
c1 ¼ 103 . In this case, it is straightforward to check that
Eq. (37) turns out the damped oscillator equation for large
k modes, since the k-dependent term is positive and dominates over the other terms for small redshifts.

k=500 H0
k=1000 H0

ΛCDM
0

10

Log[δ k]

2

parameters f; g. By evaluating Eq. (49) at z ¼ 0 [with
aðz ¼ 0Þ ¼ 1], one gets the constraint

k=50 H0

1

1.5

FIG. 3 (color online). k evolution for fB ðR; TÞ model according to the quasistatic evolution given by (37) and CDM given
by (39). Here we have assumed a positive value for the free
parameter c1 ¼ 103 , which leads to an oscillating behavior of
the matter perturbations, which turns out stronger as k is larger,
and whose oscillations are observed for large small redshifts.
The model mimics the CDM model only those modes small
enough k < 50H0 .

k=100 H0

10

1

Log[1+z]

Log[1+z]

FIG. 1 (color online). k evolution for fA ðR; TÞ model according to the quasistatic evolution given by (40) and CDM given
by (39). The depicted modes are k ¼ 50, 100, 200, 500 and 1000
(in H0 units). The plotted redshift ranged from z ¼ 1000 to
z ¼ 0 (today). The value of 0m was fixed to 0.27 for illustrative
purposes. It is seen how whereas the CDM is k independent,
the fA ðR; TÞ model evolutions diverge for all the studied modes
and leave the linear region at redshifts z  100. For larger k
modes (deep sub-Hubble modes) the divergence happens at
larger redshift (earlier in the cosmological evolution).

0.5

-1

10

-2

10

-3

10
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1

1.5
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3

VII. CONCLUSIONS

Log[1+z]

FIG. 2 (color online). k evolution for fB ðR; TÞ model according to the quasistatic evolution given by (37) and CDM given
by (39). Here we have assumed a value c1 ¼ 103 . As previously, the dependence on k leads to a strong growth of the
matter perturbations for large values of k, whereas the behavior
is similar to the CDM model for the modes k < 200H0 .

In this work we have studied the evolution of matter
density perturbations in fðR; TÞ theories of gravity. We
have presented the required constraint to be satisfied by
these theories in order to guarantee the standard continuity
equation for the energy-momentum tensor. This constraint
restricts severely the form of fðR; TÞ models able to
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preserve both big bang nucleosynthesis abundances and the
usual behavior of both radiation and matter as cosmological fluids. Thus, for models of the form f1 ðRÞ þ f2 ðTÞ we
have determined the unique f2 ðTÞ / T 1=2 model able to
obey the standard continuity equation.
Once such a viability condition was imposed in the
background evolution, we have obtained the quasistatic
approximation for these theories and shown that, for subHubble modes the density contrast obeys a second-order
differential equation with strong wave number dependence. This fact is in contrast with well-known results for
fðRÞ fourth-order gravity theories and also HilbertEinstein action with a cosmological constant.
Then, we have compared our results with the usual
quasistatic approximation in general relativity and shown
how these two density contrasts evolve differently. As
analyzed in the bulk of the manuscript, the quasistatic
approximation equation may also contain a singular point
forcing the matter perturbations to diverge along the cosmological evolution. Alternatively, the study of a positive
coupling constant for the modified term T 1=2 led to a
damped harmonic oscillator for large k modes, as we
illustrated in the second model under consideration, in
particular in the case depicted in Fig. 3. This assumption
provides a way to constraining the value of the coupling
constant c1 but does not prevent the strong deviation of the
sub-Hubble models for this kind of models. Moreover, the
departure from the linear regime in this kind of models
may happen very fast due to the explicit wave number
dependence as we showed in our first studied model.
The dependence of the matter perturbations on the
scale k implies a great deviation with respect to those
results predicted by general relativity, giving rise to a
contradiction with the observational data provided by
the main sky surveys, as for instance the Sloan Digital
Sky Survey (see Ref. [12]). Consequently, further analyses on these theories in the realm of cosmological perturbations evolution, including the power spectrum of the
cosmic microwave background as well as the baryonic

acoustic oscillations determination, would reveal the disagreement with the last observations provided by Planck,
ruling out definitely the kind of gravitational actions
studied in this investigation.
Hence, our investigation concludes that models of the
form fðR; TÞ ¼ f1 ðRÞ þ f2 ðTÞ, where the only viable
f2 ðTÞ function is given by (19), lead to results in strong
contradiction with the usually assumed behavior of the
density contrast in the sub-Hubble regime, setting strong
limitations for the viability of these theories and preventing
this class of models to be considered as competitive candidates for dark energy.
Therefore, a deep analysis of a particular theory, where
the background evolution is studied alongside the cosmological perturbations, and combined with the last observations of Planck and the sky surveys, provides a powerful
tool to discriminate the validity of alternative gravitational
theories, as is the case of fðR; TÞ gravity studied in this
manuscript.
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