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Abstraci—

Connectives are usually assumed associa-
tive. Associativity abllows recursive applice-
tion of the same bhinary connective, in such a
way that memorizing only one binary connec-
tive iz enpught. no matter the dimension of
the real problem. OWA operators are not as-
spciative. and its application requires & previ-
ously Axed dimensicn, not to be modified. In
this paper we develope the proposal given in
[2], where each OWA operator was represent-
ed in terms of a family of binary OWA opera-
tors. A connective rule will be conceived here
as a consistent family of connectives capahbie
of solving arbitrary dimension problems.

Key words: Connective rules. fuzey sets. linguis-
tic quantifiers.

1. INTRODUCTION.

Decision making usually requires a previous analysis
of data, which very often implies some kind of aggre-
gation of information process. In this way, complex
wsues are simplifed in order to fit some avaliable de-
cision making procedure. In particular. information
tmay be passed to an connective operator as an of-
dered sequence of real numbers. which without loss
of generality can be supposed to belong o the vnic
tnterval,

Standard connectives are t-norms and t-CONGCITS.
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which generalize the notion of conjunction and dis-
junction of classical logic. They are assumed com-
mutative and associalive. so calouius is made simpler
iinformation vo be aggregated need not Lo be preseni-
ed in any particular way. no matter its dimension ).
It is well known {see. a.p., |31} that the min nperater
i5 the meximal \-norm and the maz operator is the
runimal t-conorm.

In order to fill the gap belween min and maz,
Yager [B] {see also [6]) proposed Ordered Weiphied
Averaging (3 WA f operators, which bave been widely
uzed in many different fieids. To simplify the lormal-
ization of WA operators let us introduce the notion
of sorfing permutaizon of a list.

IfL=[a;.6z.. . aa is a list of numhbers, a sort-
ing permutaiion ¢ for L & any permutation of the
elements af [ that produces a list

o{L) = [apy). - - - 6u)]
vertying upy & upp forall 1 £ 5.
DEFINITION 1 An (WA sperator of dtmension

it ots @ connechoe operaler @ kel fas an assocaled

fest of weeghis W = {1eq. .. w,] suck that
Ly e[ ] feratfl<i<n
Syl g
3 forany L =laj.ay..... uy] and 1is correapond-
mg oLy = ap. .- a[n]}

ALYy = Z wyds.




It iz clear that OWA operators are commutative.
monotone and idempotent. but in general not asso.
ciative. Hence, given an OWA operator of dimension
n, it can be only applied to aggregation problems of
such a dimension k. If the dimension problem is mod-
ified, such OWA operator can not be appiied. Bat it
is clear that there are considerably many real life de-
cision processes where at different times one has to
aggregate {possibly very large) lists of inpurs of dif.
ferent dimensions. Connective rules have guite often
to be defined before knowing such a list. In many
times, we do not know even the number of elements
in such a lst. A conoective rule is in general a role
allowing sggregation of any list. no matter its dimean-
sion.

In this paper we focus cur atiention on the [act
that connective rules must allow us aggregation of
arbitrary lists. A conmective rule must always allow
an ageregated value for aony possibie dimension of
the list to be aggregated. In this way, a connective
rule should in principle be understood as a family of
conaective operators, allowing a recursive evaluation.

Sometimes our recursive definition does pot de-
pend oo the size of inpucs itself, This is the case for
asgociative binary rules as t-porms and L-conorme:
grven Flz i} associative, and given any n values
{a1,....a,), we can apply the same operative defi-
pition of F{z, y} to obtain

Play,....00) =
F{F[nla e |Eﬂ—1_}san_:| =
Floy, Flaz, ... a0}

(in the first case the final vaiue has besn obteined by
means of a {eft recursion call and io the second case
by means of a rght recursion call).

Although such an associative procedure can not be
considered when dealing with OWA operators, both
recursive analysis of OWA opeartors can be applied
to the ordered list associated to {my..... 4,). Then.
we Just need a sequence of QWA operators that takes
into account the information about the humber of
values to be aggregated. Thus, practical aggrega-
t1cn problems, where the number of vafues Lo be ag-
gregated is not necessarely previousiy known, should
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be solved by choosing one of these famifies of QWA
vperatars.  Each one of these families soives every
aggregation problem for any arbitrary size of the in-
put. Moreover. anr recursive definition has alsa the
advantage that aggregation weights can be computed
iuwckiy by using a dynamic programming approach
{see [1]).

The above arguments also apply 1o other connec-
tive operators different to t-norms, t-conorms and
{OWA. 1L is sometimes surprising Anding references
to tonhnective rules which are oot assoeciative, wich-
out noticing that such a copmective ruie shauid be
understood as a family of connective operators. For
sxample, when we talk aboot the mean rufe we do
not refer to the mean of n numbers

El

n
E._ a;
M,.{r].h...,an}: +

but to the rule that evalutates such a mean for any set
of ® numbers. Io fact, we can obtain such & mesn ruds
by means of any partition of the set of cumbers to be
aggregated, just keeping in mind the number of items
each aggregated value represents (zome consequences
of this property (o group decision making were shown
in Montero [4]; see also the general concept of bag
mapping intraduced by Yager [7.8]). For example. if
we congider 1 4 § + £ = i, we can evaloate

M“l:dh.,.,a,.} =
Mis (Ml aid, My( o igg), Mi(.. . 4))

where

o dieby A feby kb
Mij alb by ) = 1L .

II. RECURSIVE DEFINITION OF
CONNECTIVE RULES.

We shall focuss our attention on those families of
ronnective operators that can be defined by means
of left or right recursive application of their bina-
[y connective operators. allowing just a previaus re-
arrangement of the 1tems Lo be aggregated.

DEFINITION 2 A right connective rule 14 g fom-
wy af connectinee operuiors

TR S



such {hat cach o 15 a connective oprmior af drepn-
g g
e 00T — il

mosuck a4 way that there eresis 2 fumnly of Eragry
ire. Jedimensin! rornectite pperators

T G
verifiing Lhaf
@alig. ... S ) = Folo Sl Faily bapbad . b
for rach n, betng
LT

some permudation of iop. .. un).

Left comnective rules can be defined analogously.
by means of a family of binary connective e ators
&z, ... (Fn ... such that for cach n we have

P2y, ..., dnl =
Gﬂ[bl. ,I:IEIH_:;. Gg[#n_g: f_?zl:_ll.lﬂ_l:[..'_.‘]}l] 3 1
where
“l‘; ..... -f-‘n 1
is Bome permutation of {a,. .. g,

Meust connettive rules @u,.... 0, ... that can be
found in the literacute are defined by means of a u-
nique commutative and associative hinary opgratar

#:[0.1]F — 1]

such that
Tpla . .. ant =
tp{ - .@{@[bh If'g}xﬁai'., o lfl‘n_:| =
wldy, . cAbg g wlhy g @b ;b M

for any permutation

of fa;.....aa}. Hence. when we refer Lo some t-norm
O & £-CONOIIM 858 & connecie rule we really mean Lhe

e . F

Gimdy f conseetsre operatars in this a WAL Ll Al
ly defited. “Jhe whole farily of connective aperators
1= fully rharacterized by ns Hrst connectve operatcr
af diresion 2

hveously. the above delinition represeitts a conses-
frrey assurnprion 1o be o mposed on connective riles.
sotevery farmly of connective cperators will be con-
agfenl o LRl sense. s shown in o the hext sechan
when draling with QWA reies.

ITI. OWA RULES.

CAVA uperators are not in general associative. so
when the concept of (WA rafe is Lo be mtrodueed.
we reler 1o a congtsient family of (WA operators. YWe
can check that oice an WA operator of dumension
1 has been fixed. all (VWA operators of lower dimen-
sion belonging 1o 11s nigit and el OWA rules can be
nnivocaliy defined. In fact. every QWA operator can
e recursively defined, hioth left and right. once the
values to be aggregated have been properly ordered.
and these two recilrsive representalions are unique.

A consisten! (JWA rute will be then given by a se-
quence of WA operators that can be explained 1n
terms of a sequence of binary OYWA operators aligw-
ing s right ar lefl recarsive representation. §t s thern
natural to characterize each consutent WA rule by
means of the sequence of weights assuoiated to its
right or defl tecursive representation (see (2]).

DEFINITION 3 A basis function 15 any mapping
f that lo amy tnieger n associates & number in the
ungd anierval {that 15 fin) € [0,1] for ol n) wath
fly=1,

Each basis [unction [ will then allow the recursive
definition of twe {amilies of OWA operators. If for
any f = 2. we shall denote by £y and F. the vwo-
dimension OWA cperatars such that

Falb b} =11 — I["J}b[lt + flfﬂ.]lﬁfy
and
F!:[éq.i.r-:l = _flﬂ_}lb“] 1 = f{?‘l]]b[g]

{1 is then easy to check that noi every family
-2 T In....} of OWA operators can be recursive-

|y defined as abiove by means of WA operators of



dimensiun 2. ARNWAY, 0F Sencevlereg A e s
charasterized by nieats of rhe wenghos i sl LIWA

IPErALOFS.

Two particular cases e be analvzod are the e
rafe and those tules charactarized by 2 constant base
Functicu [i.e.. when there exists o vaiuea £ 5L

that flan) = for all 0 = 2

IV, Final CORMMENTS

Following a basic resuit oliained by tlie aochors o
[2] for OWA pperators. we kave proposed a general
approach to arbitrary conpective zules. Tlese con-
necltive retes are concerved Rere as consistens fannies:
ol eonnective operalors, aliowing s representalion In
terms of right or el recucsion of hinary connective
operators. Lach one of these clements of 1w con-
nective mle can be characlerized. as here shown for
consistent (WA rules. Non-zssociative operators can
not be considered in mosk praclical apelications 1 a
consiatent rule has not besn debfined Cunless Ve nan-
bar of iterns o be aggregared is known and reusaine
constant through out our study’
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