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Abglract: This paper deale wWith the concapt of structure
function, basic in rellability thesry. The main purpose is to
develop sope prapertigs of general structure functions,
defined ac wappings $:L +5, being L and 5 complete Tatticas,
Such structure function will be assumed to be measurable with
raspect the Boral o-field gmaneratad by the ardser tepology,
and a fixed measura reveals how the system 45 onbearved and
distinguished from othare ., In this comtext 4t 35 discusead
the idea of duality, together with the foncept of cgherency,
and some results and axamples are shown.
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lL.- IWNTROGUCTION

It 95 well known that Classical Raliability Theary has
been built for binary systess with bimary cosparents, where
only two states are allowed: perfect funcetiosning and conplate
fafilure. Such systems ara then wodelled By an  structurs
furctian ¢={D.l}h+{ﬂ,1}. which assfigns the performance level
of the zystem -"0™ if jt iz failed, ™17 if it is functioning-
to each profile of states for its n components -T0 T Af kne
campenent i iz failed, V7 Af companent 4 s functioning-
{see, e.g., Barlow & Proschan, 1975). & Firet ogenecralizatian
tries to devalap a theory of Fipite multistate systems., where
a finite and linearly ordaced set of performance ‘evels ‘s
assumed (see, &.9., E1-Newsihi #¢ al. | 1972, and Griffith,
1980. A second generalization have been intraduced by =one
authers {(see, e.8., Baxtmr., 1984 & 1586, and Block & Sawits,
1984) by considering a continuum of different states betwesn
both extreme performance levels, just taking a rea’ Tnbervat

a= the space of states for the system and its comporeqts {Ffar

example, the unit interval [0,31). Such "continuum  systems”
have been alsp called "fuzzy systems™ in grder to aveid  any
confusion with topalagical cantinuity {Nermtero, 198823, and
their @ssoeciatad structure functions will he given by
wappings #:10,117+{0,11. A third generalization has been
recently introduced By the author by considaring a general
complate lattice a4s the bhatic structure of =tatas, with an
associate weasure defined on the Acrel #-field generated by
the ordar topalogy [Montaro, 198Bh). [n this papar we shall
discusz tha concept of dual steucture function whan the space

aof states of the tystem has a multidimensienal nature [S=Lk].

2.~ GEMERAL STRUCTURE FUMCTIDMS

Wa shall azsume the existence of a basic space of
parfarnance lewels given by a conplete partially orderad set
(Ly=3. A5 usual, a*b means that a=b halds but rot b2a, and
than the level af performance a is strictly higher tman the
Yevel b. Therefore, L i= alsc caomoact and there exists
alowest parformance lave! 0=infi {(complete failure) and a

highest performance level l=s#us (perfect Fumetianingd.

Lefinition 1,- Any mapping ¢:Ln+;L nill ke said to ha a
multisevaluated L-structure furctian [MLSEY.

Hernce, the variable ¢ indicates the state of the svstem,
which is datermined by the states af its n conponents. The
v=ual product Takttice is them awzcciated ta LT ard Lk {wZy
holds if and anly if X5y, Yiz owey melds 1F ang anly fF 0 wSy
but not y=x). Mareover, since L ‘s compact, =suvcn  product

spaces are assured to bhe also comoant,

Gut as pointed put by Bar'uw and Proscnan (19753, &
Tystem wou'd be guite unusual {o- perhaps poorly defined} iF
idproving the performance of a5 ccmonnaent causes the svstem to
deterigrate its perfarmance ‘evs’ ., Mareuver. non informative
camponents can be #19minated. Tha: we car restrict sur  sbudy
to "eeherent™ MLSF, that s, M.S7 heing monokonic  (els 2y
when nEy) and with ne irrelevant codpanents  fthere s npo



cemponent 1 such that ¢[y1,x)=¢[zL,x} veel" vyx'ﬁEL halds,
being {ﬁ‘x]=[“1""'xp;'ﬂ’”ai
compornent i will be irrelevamt in a momotonic svystem iF  and

anly iF @0 ,x)=e{l ,x) wxal").

1.1.,xrh ohyiousty, a
’

But it s clwar that any realistic =structure funetion
assumes the existence of an aparopriate measure on the
initial =pace, whicth rewveais which states are raally
obearvable, #r how the structure functian ig really
recagnized. Hence. Ewa MLSF ¢, and ¢, defined on  the sawme
measure space (L7 2873 0] are indistinguishable 1f they are
identical alwogt everywhera. I[Ff we consider the Borel
e-fields «{2") and B[Skl genérated by the product arder
topatogy im L, then We can atsume, without loss of practical
generglity, that our MLSF is neasurahle {that ig,
& T {Blex(Z") ?Bso{xk]h. Hernce, given a Ffixed meazsure space
with L a complete lattice, am abserwvasle structure Functien
(O5F) & will be an equivalence clazs of neasurable MLSF being
indistinguishable between them, and It will be said
"coherant™ if there exists ¢&F being nwopolonic, and there i3
ra irrelevant codpament for any given ped,

.- DUAL OBSERVABLE MULTIENALUATED . S"RUCTURE FUNCTiONS

[t must be noted that the set af varformarce leyelts =
usually defined accerding to a high interra’ dwaiity  which
dssures the sxistence of a are-to-oae mapping S:(L.,z¥a(L,%)

neing order-oreserving fEfa)sdinl if and anly if
achh.
Definition 2.- Let ws consider a BLSF ¢, Supoesed a

are-to-dne mapping £:1c+l being arder prececving., 1ts  S-duaal
“tructure funetion will be give by ;D:x:'; l[¢{ﬂix]}], Where
ﬁ:(Lm.ﬂ[3m1}+CLm,Ui3m)} is the assaciazed chne-*o-one mapping

suth that A (x}=six 1 ¥4 Wyxel™ Fov any arhitrary dimeasian R,

2 &, G H = :
Obwiously, {23 =¢¢ 15 rot  assured “o0¢ an ark*trary

igoMarphism & in L. Moreover, such ‘Somo-phni=d i pot unique

in general, but it must be moted that dual structure can  be

#njgue 71 some important cases:

Thezrem |.- Let us comsider a "parallel”™ structure such  that
Plud=guple v 00008 ) ve#l”., Then its &-dual structyre
function is  the Tseries™ structure @lxd=infix . ....x )

¥uet", and conversely, for any given isamorphism & da L,

Theorem 2.- Let us coensider a limearly ardered set L, and g
e-finita measure & associated ro (L”, o(E™)). Let us A55UNe
that the isoWorphism & 49 L must be measurs preserving, in
the fense that »(B) = {A(B)) Vowe (%), Then, if it exists,
the associated ﬂ:(L”.ﬂ{Eﬁ]}i{Ln,aiﬁn}) is unique almost
svaryahere,

Thezres 3.- Let us consider a clased dnterval L of the

comeact real limpe Bof-w @}, and let us atsume that it is

defined a proper product probability measure in the LT, being

absolurtely continuous wiktn density functian strictly
Ld}

possitive in . Tnen 2 iz defined a uhigue

medsJre-presearving isanarphisn,

[t 5 easy Lo prove thar, 40 any case, ¢é i= a8 ecnherent
WLEF whengver @& is a vohe-ent  MLFS. Birt wWhen we try  to
translate the corcepr of dieglity and this rclasare theorem
irts the centext of observahle MLEF, we find that the S-gdual

Set 5% . [¢6 f =l of a coherent observable MLSF & 45  nat
aseured to be an egaivalenre class of measu-ahle and
indistinguishahle M_ S5, lhe desired clesure thearem will
apreas when a nmeasurse preserving  ispmerphism & can be
defined:

Treorsm h. - Let & ke » measure -presérving isomarpbism defined
nn aur gereral space of <tates (L ,o(B ) ,L]. and "et ¥ be a
ceherert  obserwvable MISF.  Thenq 55 is alszo a4 coherent
sher-vable MLSF,

4.- FIWAL CCMMENTS



Az %0 classical reliabi’ ity theory, the concest of dual
structure function will be usefw] inm  analyzing systems of
camponents subject te two kinds of failure, as in most safety
systems. fFor example, 1f we consider 3 contral Flood of twa
independent zluices im 3 river, we find that =ach one czn
respend at a Tevel % to oa command te close and at a level ¥,
ta a command to open, being L a limearly ordered set and & a
natural order-preserving isoacrphisa hetwaen the degrees gof
reasponss to each command, 17 we want to close the Flood, it
i% clmar that the system can be representsd by & =eries
structure functian depending on the wvalues L bt if "'
want te pper the flood, the Systed will be represented by a
parallel structure frenetion depending an the values ¥, - Then
it 45 wery uwzeful that both failure to close and failure tao
epen can be analyzed using the zane structure function {ane
iz the dual structure af the ather}.
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