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The use of Kramers–Kronig transforms is proposed for the treatment of admittance spectroscopy
data of junctions when significant shunt conductance or series resistance is present. An algorithm
has been implemented to calculate the transformations numerically and the validity of the method
developed has been tested using simulated data. Two experimental systems,p-n junctions into InP
made by ion implantation, and atomic-layer-epitaxy-grown CdS/CdTe heterojunctions, have been
characterized using this procedure. ©1996 American Institute of Physics.
@S0021-8979~96!08909-2#

I. INTRODUCTION

Deep impurity levels are responsible for major proper-
ties in semiconductor devices. Deep level transient spectros-
copy ~DLTS! is the most extended method to characterize
them, although admittance spectroscopy~AS! is an alterna-
tive technique especially useful for detecting relatively fast
~or shallow! levels. AS, as developed by Losee1 and further
developed theoretically by Pautratet al.2 and Ghezzi,3 con-
sists of measuring the junction admittance as a function of
temperature and frequency. While AS is usually conducted
measuring small-signal admittance at a few discrete frequen-
cies sweeping the temperature over the required range, an-
other possibility is to sweep the frequency for a few fixed
temperatures. Both methods are equivalent, and the choice
between them depends only on the experimental setup avail-
able. Deep levels crossing the Fermi level give rise to a
relaxation in the capacitance when the frequency of the ac
signal or the temperature are changed in the proper range.
The application of a small ac voltage causes a charge oscil-
lation arising from trapping and detrapping of carriers
around the point where the Fermi level crosses the trap. This
contributes to the junction capacitance as far as the fre-
quency is lower than the inverse of the proper time of the
trap ~directly related to emission and capture rates!. At this
critical frequency the mentioned relaxation occurs causing a
decrease in the real part of the capacitanceC8 and a peak in
the imaginary partC9. The peak frequencyvp can be related
to the energy position of the trap through the following equa-
tion:

vp5NBn ths exp~2DE/kT!, ~1!

wheres is the capture cross section,v th is the thermal ve-
locity, NB is the effective density of states of the band, and
DE is the energy position of the trap in the gap.

Although a Debye-like relaxation is obtained for the
complex junction capacitance solving the detailed balance

equation for the trap in a small signal approach, significant
departures from the Debye behavior have been observed
probably obeying spatial or energy distribution of traps. On
the other hand, various factors such as shunt conductance or
series resistance can seriously distort the peak due to the
deep level or even make it disappear. This is because the
contribution to the conductance due to deep levels is usually
low and a relatively low shunt conductance can easily over-
shadow it. Series resistance involves an additional relaxation
in the capacitance but in most cases it occurs at frequencies
high enough to show no effect on measured data. The pres-
ence of shunt conductance or series resistance can also make
the peak shift in frequency, leading then to wrong results.
Real capacitance data can be easily corrected for series re-
sistance and, as shown below, they are not affected by shunt
conductance, so that information about traps can be obtained
from it using the Kramers–Kronig transforms. This proce-
dure can be avoided by a complex nonlinear least-squares
fitting to a response model describing the relaxation;4–6 how-
ever, when dealing with experimental data the model is often
unknown, i.e., no analytical expressions nor equivalent elec-
trical circuits are known to obtain the distribution of relax-
ation times. In this sense, the use of Kramers–Kronig trans-
forms to obtain the imaginary part of the junction
capacitance is a straightforward way to determine the energy
position of the trap.

This work presents the use of Kramers–Kronig~KK !
relations between real and imaginary components of the ca-
pacitance to obtain the peak associated with a deep level free
of the influence of the factors explained above. It is based on
the fact that the real part of the capacitance is not influenced
by the shunt dc conductance. Since the KK relations are
computed in the frequency domain, the frequency-swept
technique has to be used in order to apply the method pro-
posed here. Some authors have previously used the
Kramers–Kronig relations in electrochemical studies and in
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impedance spectroscopy data analysis.7–9 These relations are
usually employed to show the validity of experimental ad-
mittance data or to study linearity and stability of systems.
We have developed a computer routine to evaluate the inte-
grals involved in KK relations. Some relevant aspects of this
program concerning the proper evaluation of these integrals
are explained. Simulations of admittance data are used to
check the validity of the method and some of them are pre-
sented. Finally, we demonstrate the usefulness of the method
developed by applying it in the analysis of admittance data
of InP p-n junctions and a CdTe/CdS solar cell.

II. METHOD AND APPLICATION TO SIMULATED
DATA

Junction admittanceY~v! is defined as the relation be-
tween electric current and the applied electric voltage,

I ~v!5Y~v!V~v!. ~2!

For the purpose of this work a complex capacitanceC*
is introduced defined as

C* ~v!5
Y~v!

jv
, ~3!

which can be written in terms of its real and imaginary parts
as

C* ~v!5C8~v!2 jC9~v!. ~4!

Both components of complex capacitance are obtained
from AS measurements, and can be expressed in terms of an
equivalent dielectric susceptibility, a more general function,
as

C8~v!5ke0@11x8~v!#, ~5!

C9~v!5kS s0

v
1e0x9~v! D , ~6!

wherek is a pure geometrical factor,e0 the vacuum permit-
tivity, and s0 is the dc conductivity.

Real and imaginary components of the susceptibility are
related by the Kramers–Kronig relations by the following
expressions:10

x8~v!5
2

p E
0

` xx9~x!

x22v2 dx, ~7!

x9~v!52
2

p E
0

` vx8~x!

x22v2 dx, ~8!

derived as a pure mathematical result, provided the following
four general requirements are fulfilled: causality,~the re-
sponse of the system must be only due to the applied pertur-
bation!; linearity ~the response of the system must be inde-
pendent of the magnitude of the perturbation!; stability
~system must return to its original state after the perturbation
is removed!; Continuity ~susceptibility must be continuous
and finite valued for all frequencies and finite valued at the
limits v→0 andv→`!.

The program written to evaluate numerically the inte-
grals involved in KK relations and to obtain the imaginary
~or real! part of capacitance from the real~or imaginary! part

uses as input data a set of complex capacitance values mea-
sured at discrete frequencies over a range of a few decades
~usually 20 Hz–1 MHz!. The output data can be obtained at
any desired frequency in the measuring interval.

Numerical integration of any of the KK relations re-
quires the knowledge of the susceptibility function in the
whole frequency spectrum, however, the measured data are a
discrete and finite set. This problem is approximately solved
with the algorithm used from which the following aspects
should be underlined:

~i! Since the experimental frequency window is finite,
the contribution of lower and higher frequencies to the inte-
gral cannot be taken into account.~This is known as the tails
problem.! Measured data have been extrapolated by one de-
cade beyond the measuring frequency edges to improve the
results of integration. A linear least-squares fit of one decade
at the edges of the measuring frequency range is used to do a
linear extrapolation in a double logarithmic scale. This is
usually enough as far as the numerator under the integral is a
slowly varying function of frequency at the edges of fre-
quency window, and provided the denominator is a rapidly
growing function of the difference between frequencies con-
sidered.

~ii ! Another problem is not having an analytic expression
for the frequency dependence of the susceptibility in the
range of integration to obtain its value numerically. It is thus
necessary to interpolate for creating a curve between experi-
mental data. Since usually susceptibility is a slowly varying
function with frequency in a log–log scale, a two-degree
polynomial function between each three data points can be
used to interpolate with enough accuracy if logarithmic val-
ues are being used. We have used the Aitken11 method to
interpolate because it does not require the points to be
equally spaced in frequency.

Another point that should be underlined when evaluating
the integral is that the denominator becomes zero atx5v.
This singularity is avoided separating the total integration
interval into three subintervals,

v i

10
,x,1021/ppdv5 i , ~9!

1021/ppdv5 i,x,101/ppdv5s, ~10!

101/ppdv5s,x,10v f , ~11!

where vi and vf are the first and last frequencies of the
experimental window, and ppd is the number of points per
decade selected to do the transformation. Even if the mea-
suring points are not equispaced in frequency the interpola-
tion mentioned allows calculating the integral at frequency
points spaced by 1/ppd in a log scale. This permits defining
an arbitrarily narrow interval, limited byi ands, around the
frequency at which the integral is being calculated~v!.

For the first and last subintervals, integration has been
performed simply by using Simpson’s rule.11 Integrating by
parts and assuming the susceptibility to behave linearly be-
tweeni ands, the integral in the central subinterval may be
approximated by the following expressions:
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2

p E
i

s vx8~x!

x22v2 dx

5
1

p Fx8~s!2x8~ i !

s2 i
v lnS s22v2

v22 i 2 D
1

x8~ i !s2x8~s!i

s2 i
lnS ~s2v!~v1 i !

~s1v!~v2 i ! D G , ~12!

2

p E
i

s xx9~x!

x22v2 dx

5
2

p
@x9~s!2x9~ i !#

1
1

p Fx9~s!2x9~ i !

s2 i
v lnS ~s2v!~v1 i !

~s1v!~v2 i ! D
1

x9~ i !s2x9~s!i

s2 i
lnS s22v2

v22 i 2 D G . ~13!

This procedure facilitates the numerical integration
aroundx5v providing analytical expressions of the integrals
in this interval and is shown to work satisfactorily as dis-
cussed below. A different integration procedure has been
proposed by other authors.9

The validity of the method was tested using two differ-
ent simulated systems. Both sets of data were generated from
100 Hz to 1 MHz with 10 points per decade.

The first, shown in Fig. 1~a!, represents a system with a
Debye-like dielectric relaxation and a superimposed shunt dc
conduction. A Debye-type relaxation is characterized by a
single relaxation timet and therefore complex capacitance is
given by the expression

C* ~v!5C`1
C02C`

11 jvt
2 j

G0

v
, ~14!

whereC0 andC` denotes the constant values of the real part
at low and high frequencies, respectively, andG0 is the shunt
conductance. We have chosenC0520 pF, C`510 pF,
t51025 s, andG051026 S for the simulation. This system
satisfies all conditions listed above andC8 is practically con-
stant at the limits of the frequency window. Therefore, there
must not be any significant deviation inC9 between simu-
lated data and data obtained through KK relations. In fact,
the simulated imaginary capacitance data after removing dc
conduction and those obtained KK transforming the real
simulated data differ in less than 1% for three decades in
frequency around the peak and only small departures are
found at the high-frequency edge due to the tails problem
already mentioned. Data are presented in Fig. 1~b!.

The second simulation@Fig. 2~a!# represents a system
with a Cole–Cole dielectric relaxation and a dc conduction.
The complex capacitance is given by the expression

C* ~v!5C`1
C02C`

11~ jvt!a2 j
G0

v
, ~15!

wherea accounts for a distribution of relaxation times and
satisfies 0,a,1. The parameters for the simulation have
been C0520 pF, C`510 pF, t51025 s, a50.6, and

G051026 S. In a Cole–Cole relaxation the peak is wider and
real and imaginary parts of the complex capacitance decrease
asv2a at high frequencies; this behavior commonly appears
in p-n junctions containing traps. This response is usually
explained in terms of a continuous energy distribution of
traps states or of a spatial distribution of a single trap level.
As in the first simulation, we have also plotted the imaginary
simulated data after removing dc conduction and the imagi-
nary data obtained from KK transforms of the real simulated
data@Fig. 2~b!#. This system exhibits a stronger variation of
C8 near the edges of the frequency window. This involves
that extrapolated values are poorer and, consequently, the
tails problem becomes more critical. Nevertheless, the differ-
ence is below 1% for one frequency decade at each side of
the maximum, being this enough to correctly define the
shape of the peak. In order to show that the origin of the
errors at the edges, even for exact synthetic data, is in the
extrapolation ofC8 data, Fig. 2~b! also presents KK trans-
formedC9 using the exact data from expression~15! as ex-
trapolated values forC8 beyond the edges of the frequency
window. In this case there is no appreciable difference from
the exactC9 data from simulation.

Alternative methods to KK transforms for analyzing ad-

FIG. 1. ~a! C8 ~j! andC9 ~d! for a simulated system showing a Debye
dielectric relaxation and a superimposed shunt dc conduction according to
expression~14!. The parameters chosen for the simulation wereC0520 pF,
C`510 pF, t51025 s, andG051026 S. ~b! C9 for the previous system
without shunt dc conduction~s!. Solid line representsC9 obtained fromC8
data using KK relations.
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mittance spectroscopy data have been proposed recently
based on fitting experimental data to a distribution of relax-
ation times5,6 which allow obtaining one of the parts of the
susceptibility~real or imaginary! from the other avoiding the
extrapolation problem. It is worthwhile referring to a very
recent approach by Boukamp12 which uses a linear fit to get
an arbitrary number of relaxation time estimates with no it-
eration. This method shows that the uncertainties in the pa-
rameters have virtually no consequences in the susceptibility
determination as far as they provide a good fit to the experi-
mental data. Any of those methods should be applicable to
analyze the experimental data ofp-n devices presented be-
low, however, series or shunt resistances must be treated as
separate parameters to avoid confounding their effects with
those of the distribution of relaxation times.

The simulations used above confirm the validity of the
method with exact synthetic data, but not necessarily with
real data which may be affected by experimental errors. The
question of the transformation of errors in KK transforms has
been already discussed by other authors.9 Gaussian errors
with zero mean and 0.02 standard deviation were used in
generating data with either proportional or additive and pro-
portional errors as proposed in Ref. 9. In this way the Cole–
Cole relaxation data modified by the presence of random
errors have been used to check the validity of the algorithm
for ‘‘experimental’’ data. Figure 2~c! presents the imaginary
part of the complex capacitance obtained from KK transfor-
mation of the real part affected by two different kinds of

errors: proportional and equally weighted additive and pro-
portional errors. Exact data of the imaginary part of the ca-
pacitance not affected by the dc conductance are also plotted
in the same figure. It can be seen that the shape and position
of the peak are maintained for the transformed data. Since
experimental errors are usually smaller than the ones used in
these simulations, we can state that the errors present on real
data do not pose serious difficulties in analyzing admittance
spectroscopy data using KK transforms.

III. EXPERIMENT

The InPp-n junctions were made by ion implantation.
Mg was implanted into undoped InP at 80 keV with a dose
of 1014 cm22. The undoped InP wasn type, withn concen-
tration around 231015 cm23. The implanted samples were
rapid thermal annealed at 875 °C for 5 or 10 s, which has
been measured to producep-type doping withp around
331018 cm23.13 Ohmic contacts of AuGe/Au~for then-type
zone! and AuZn/Au~for thep-type zone! were deposited by
thermal evaporation and subsequent alloying at 420 °C for 1
min. The junctions were defined by the evaporated dots,
which were squares of 5003500 mm2, being isolated from
each other by ion implantation. Using the dots as implanta-
tion mask, He was implanted at 90 keV with a dose of 1014

cm22. The energy of this implantation was calculated for it
to penetrate deeper than thep zone of the junctions, but
without passing through the AuZn/Au contacts on the top.

FIG. 2. ~a! C8 ~j! andC9 ~d! for a simulated system showing a Cole–Cole
dielectric relaxation and a superimposed shunt dc conduction according to
expression~15!. The parameters for the simulation wereC0520 pF,C`510
pF, t51025 s, a50.6, andG051026 S. ~b! C9 for the previous system
without shunt dc conduction~s!. Dotted line representsC9 obtained from
C8 data by KK transformation. Solid line representsC9 obtained by KK
transformation but with an improved extrapolation procedure.~c! C9 data
obtained by KK transformation ofC8 affected by a Gaussian distribution of
errors with zero mean and 0.02 standard deviation:~d! proportional errors
and~h! equally weighted proportional and additive errors. Solid line repre-
sents exact syntheticC9 data not affected by dc conduction.
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The He implantation intop-type InP is reported to give a
resistivity high enough to achieve a good isolation between
the diodes.14

The CdTe/CdS heterojunctions were grown by atomic
layer epitaxy~ALE!. The ALE CdS/CdTe thin-film solar-cell
structure was simultaneously processed on SnO2-coated soda
lime glass in an ALE reactor type F-120. The thicknesses of
CdS and CdTe layers were 100 and 2500 nm, respectively.
No intentional dopings of the films were made. The back
contact consists of layers of Cu/Ni/Al sputtered on the CdTe
surface previously etched with H3PO4–HNO3 acid mixture.
More details on the fabrication method can be found in Refs.
15 and 16.

Complex admittance was measured in a Hewlett–
Packard 4284ALCR meter, in the frequency range 100
Hz–1 MHz, at constant temperatures, from 200 to 330 K.
The ac signal was in all cases 50 mV, which gave a stable
reading even at low frequencies. The data acquisition was
computer controlled, using the IEEE-488 standard. Each re-
corded measurement was obtained as an average of 16 single
measurements, which resulted in very low noise. The
samples were mounted on a Cu piece, in which a K-type
thermocouple was tightened, using an Ag conductive com-
posite. To avoid oxidation or water condensation on the
samples, an inert atmosphere was kept in the measurement
cell by using a flux of N2. All samples were measured in the
dark.

IV. RESULTS AND DISCUSSION

The data of the ion-implantedp-n junctions into InP
annealed with two different times are shown to illustrate how
the effect of the shunt conductance on complex capacitance
measurements can be eliminated using the technique ex-
plained above, showing the presence of one or more peaks in
C9 otherwise overshadowed by it. After that, data of CdTe/
CdS heterojunction are used to demonstrate the usefulness of
the same technique when the presence of a series resistance
introduces a distortion in the form of a peak inC9.

A. InP p -n junctions

Real and imaginary parts of the complex capacitance of
an InPp-n junction annealed at 875 °C for 10 s, measured at
273 K, are shown in Fig. 3. The imaginary part of the ca-
pacitanceC9 obtained from the real one by KK relations is
also shown. It can be seen that no peaks appear in the mea-
sured imaginary component of the capacitance. This compo-
nent is dominated by the termG0/v due to a significant shunt
conductanceG0, resulting in a straight line with slope21 at
low frequencies in the log–log plot. The shunt conductance
was found to be due to the isolation implant, as other junc-
tions processed by mesa etching did not show this contribu-
tion. Obtaining the true junctionC9 by simply subtracting a
term of the formG0/v ~i.e., the shunt conductance! is not
possible, since the magnitude of the trueC9 may be of the
same order of magnitude as the experimental error of the
measurement at low frequencies. Since, as explained above,
the parallel conductance has no effect on the real part of the
capacitance, the trap related peak~see Fig. 3! can be obtained
by KK transformation ofC8. The traps cannot respond to the

ac signal at high frequencies, andC8 is due only to oscilla-
tions in the width of the depletion region, whereas at suffi-
ciently low frequencies traps response gives rise to an addi-
tional contribution inC8.

Figure 4 shows the complex capacitance of the same
sample at four different temperatures. The imaginary parts

FIG. 3. C8 ~h! andC9 ~d! for an InPp-n junction annealed at 875 °C for
10 s, measured at 273 K. The solid line representsC9 obtained by KK
transforms fromC8.

FIG. 4. ~a! C8 for an InPp-n junction annealed at 875 °C for 10 s, mea-
sured at different temperatures.~b! C9 data obtained by KK transforms from
theC8 data shown in~a!.
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were obtained from the real ones using the method described
here. The emission rate of traps is related to the peak fre-
quency through the expression quoted in the introduction. A
plot of vp/T

2 in a logarithmic scale, whereT22 accounts for
the temperature dependence of the pre-exponential factor,
versus the reciprocal temperature, yields a straight line
whose slope is directly related to the energy level of the trap.
Assuming this model, an activation energy of 0.2 eV has
been obtained.

The InPp-n junctions annealed at the same temperature
but only for 5 s showed two different peaks as can be seen in
Fig. 5. These peaks cannot be directly observed from mea-
sured data, again due to a significant shunt conductance, and
appear clearly inC9 only when it is obtained via KK rela-
tions fromC8 experimental data. The peak observed in this
figure at higher frequencies was found to have an activation
energy of 0.2 eV, which seems to indicate that this peak has
the same origin as the one found in the sample annealed at
875 °C for 10 s and is probably due to the He implantation.17

The origin of the second deep level, of activation energy
around 0.35 eV, could be related to the implantation damage,
as it disappears for anneals with longer times.

B. CdTe/CdS solar cell

AS measurements on the CdTe/CdS heterojunction at
294 K are presented in Fig. 6. It displays theC8 and C9
measured, as well asC9 obtained from theC8 measured
through the KK relations. It is again observed the presence of
a deep level giving rise to a relaxation in the capacitance. At
this temperature, there is not a significant shunt conductance
affecting the measuredC9 at low frequencies, but the begin-
ning of a new peak can be seen at high frequencies. It ap-
pears as a consequence of a Debye-like relaxation in the
capacitance due to the existence of a series resistanceRs .
The proper time of this relaxation calculated as the product
of Rs ~5V, obtained from theI –V characteristics of the cell!
and the high-frequencyC8 ~Chf8 5 4.35 nF! is 2.1831028 s,
and therefore the relaxation occurs at 1/2pt57.3 MHz. The
series resistance originates an increase ofC9 with slope 1 in
a log–log scale reaching the maximum amplitude~Chf8 /2

5 2.18 nF! at 7.3 MHz. This contribution becomes observ-
able below 1 MHz due to the lowC9 values of the junction
capacitance. On the other hand the effect of this series resis-
tance onC8 consists of a decrease toward zero beyond the
relaxation frequency with slope22 in a log–log scale. How-
ever, in a Debye relaxationC8 changes slightly below the
relaxation frequency: An easy calculation using the expres-
sion of the frequency dependence of the capacitance quoted
above shows that a relative change of only 1% occurs in the
real part of the capacitance one decade below the relaxation
frequency. This explains the relatively flatC8 characteristic
for frequencies up to 0.8 MHz. In this way aC9 character-
istic free from the effect of the series resistance can be ob-
tained by KK transforming the measuredC8 data up to 0.8
MHz ~see Fig. 6!. This improves largely the accuracy in
determining the position and the amplitude of the deep level
related peak otherwise distorted by the effect of the series
resistance. As can be seen from this figure, the position of
the peak is clearly shifted for the transformed data. It has to
be emphasized that the temperature activated series resis-
tance may have a significant effect in an accurate determina-
tion of the position of the peak when temperature is changed,
thus yielding erroneous level positions. At temperatures
above 320 K the effect of the shunt conductance becomes
dominant at low frequencies distorting theC9 peak. KK
transformations allow obtaining theC9 associated with the
deep level free of the effect ofRs andG0. Figure 7~a! shows
the measuredC8 data at different temperatures. Figure 7~b!
shows theC9 data obtained fromC8 at these same tempera-
tures. An energy level of 0.54 eV has been obtained from the
shift of the peak toward low frequencies when temperature is
lowered. An Arrhenius plot of the peak frequency versus the
reciprocal temperature is shown in Fig. 7~b! as an inset. It is
interesting to note that a complex nonlinear least-squares fit-
ting to a response model would be a more adequate proce-
dure to separate junction admittance from the effect of series
and shunt resistance,4–6 however, this response model is not
known in our case in which the junction response is affected

FIG. 5. C8 ~h! andC9 ~d! for an InPp-n junction annealed at 875 °C for
5 s, measured at 225 K. The solid line representsC9 obtained by KK rela-
tions fromC8.

FIG. 6. C8 ~h! andC9 ~d! for a CdS/CdTe heterojunction measured at 294
K. The solid line representsC9 obtained by KK transforms fromC8.
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by a not known distribution of interface states~probably
caused by lattice mismatch! through which excess charge
carriers recombine.

V. CONCLUSIONS

The use of Kramers–Kronig transforms on measured
data has shown to be useful to accomplish AS characteriza-
tion of junctions with significant shunt or series resistance.

An algorithm has been developed to calculate numerically
the KK transforms, which allows evaluating the imaginary
part of the complex capacitance from the real one, not af-
fected by shunt conductance. This algorithm has been tested
using simulated data for two systems, one showing a Debye-
like relaxation, and the other one a Cole–Cole relaxation in
the complex capacitance.

This method has also been applied top-n junctions into
InP made by ion implantation, in which the shunt conduc-
tance overshadowed the presence of peaks inC9 related to
deep levels. Using KK relations the peaks appeared clearly
showing two different deep levels with activation energies of
0.2 and 0.35 eV. The level at 0.35 eV is probably related to
the implantation damage as it disappeared after annealing the
samples for 10 s instead of 5 s. ALE-grown CdS/CdTe solar
cells have also been analyzed with this procedure due to the
presence of both shunt conductance and series resistance on
the measuredC9 and showed a single trap level at 0.54 eV.
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