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The Zernike power spectra of the all-sky night brightness distributions of clear and cloudy nights are computed
using a modal projection approach. The results obtained in the B, V and R Johnson-Cousins' photometric bands
during a one-year campaign of observations at a light-polluted urban site show that these spectra can be described
by simple power laws with exponents close to −3 for clear nights and −2 for cloudy ones. The second-moment
matrices of the Zernike coefficients show relevant correlations between modes. The multiplicative role of the cloud
cover, that contributes to a significant increase of the brightness of the urban night sky in comparison with the
values obtained in clear nights, is described in the Zernike space. © 2014 Optical Society of America
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1.Introduction
The constant increase of the sky glow produced by the
anthropogenic emissions of light is one unwanted side-effect of
the continuous spread of public and private lighting systems. A
considerable amount of research is being devoted to the
measurement and characterization of this phenomenon, in order
to get reliable data for modeling accurately its propagation [1−6],
to understand better its consequences in diverse fields [7−14],
and to devise practicable strategies to keep it within acceptable
limits [15−16].
The multiplicative role of the cloud cover is also a matter of
concern. Clouds greatly enhance the night sky brightness by
reflecting (scattering) the upward radiation of the city lights.
Urban overcast skies may reach radiances an order of magnitude
higher than the corresponding clear skies, and four times bigger
than rural clear moonlit nights [17−19]. Overall, the present
levels of light pollution in many places across the world amount
to a substantial change in the natural conditions of the nighttime
environment.
A widespread technique for monitoring the night sky
brightness is based on the use of all-sky cameras with
hemispheric field-of-view [20−23] that record with good spatial
resolution the sky radiance in standard astronomical photometric
bands like the B, V, and R Johnson-Cousins' set [24]. In a
previous work [25] we have shown that the all-sky night
brightness maps obtained in clear and moonless nights can be
efficiently described in terms of Zernike polynomials [26−27].
Using this approach the information content of each map is
condensed into an equivalent small-sized vector whose elements
(the Zernike coefficients) have a definite physical meaning.

Besides achieving a significant level of essentially lossless data
compression, the study of the hemispherical night sky brightness
may benefit that way from the conceptual and computational
tools associated with modal analysis.
As an example of application we described in that work the
modal composition of clear and moonless urban night skies in the
range of low to mid Zernike frequencies (radial orders n ≤ 10 ).
While an expansion up to this order is generally enough for a
successful reconstruction of the relatively smooth maps
corresponding to clear skies, it falls somewhat short for other
practical applications. Cloudy skies, for instance, generally
require to be expanded up to higher Zernike orders if one wants
to reproduce accurately the irregular radiance distributions
associated to the different types of clouds and the varying degrees
of cloud coverage. On the other hand, a full statistical description
of the ensemble of night sky brightness maps requires the
determination of the covariance matrix of the Zernike coefficients
as well as the associated noise propagators. For many relevant
applications (e.g. evaluating the reconstruction error associated
to different estimation algorithms or building the optimum linear
minimum mean square error estimators [28]) these matrices
have to be determined up to radial orders high enough as to
ensure that no significant truncation error remains in the
expansion.
In this work we describe the Zernike statistics of the night sky
brightness of clear and cloudy urban skies in the B, V, and R
Johnson-Cousin's photometric bands. We evaluate their Zernike
composition and describe their second-moment statistical
parameters with special emphasis on its asymptotic behavior in
the region of high Zernike spatial frequencies ( 11 < n ≤ 27 ). To
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achieve such high-order modal expansion the definition domain
of the Zernike polynomials must be reasonably free from
obstacles blocking the hemispheric field of view. In most urban
sites this requires setting the limit of the unit-radius circle at
some angular height above the geographical horizon. If the unit
radius circle is unblocked and the all-sky maps have enough
pixels we show here that a modal projection approach can be
used as a practical alternative to the conventional least-squares
estimation procedure based on the use of pseudoinverse matrices
[25, 28−29].
The contents of this paper are as follows: in Section 2 we
describe the modal projection approach and its application to the
determination of the Zernike coefficients of the night sky up to
high radial orders. Section 3 provides expressions to evaluate the
expected reconstruction error and derives the associated noise
propagators, which account for the effects of the measurement
noise onto the final results. Section 4 reports the experimental
results obtained from a set of 603 all-sky maps taken at a urban
light-polluted site during a one-year observation run carried out
by Universidad Complutense of Madrid, including a wide sample
of partially cloudy and overcast skies. In Section 5 we analyze the
amplification effects of the cloud cover and in Section 6 we
explore the possibility of getting statistically reliable information
of the night sky brightness outside the region originally used to
compute the Zernike coefficients. Additional remarks, including
the relationship between the modal projection approach and the
conventional least-squares fitting algorithms, can be found in
Section 7. Conclusions are summarized in Section 8.

2.High-order Zernike estimation of the night sky
brightness by modal projection
"Night sky brightness" is a short-hand term for the spectral
radiance of the night sky weighted by the trasmittance function
of a given photometric filter and integrated across wavelengths.
An all-sky night brightness map is the projection of the
hemispheric brightness distribution of the celestial vault onto a
flat circular domain. The projections that conserve the surface
element are particularly useful for modal analyses. Henceforth
we will consider all-sky night brightness maps obtained using a
zenithal equal area (ZEA) projection [30].
The actual Zernike coefficients ak (k = 1,...,∞) of an all-sky
night brightness map B(r ) are given by:

ak =

1

π

noise. N is the number of pixels contained in C. This data set can
be arranged for convenience as a (N × 1) column vector such that
the above expression can be compactly written as s = b + ν .
If the number of pixels N of the all-sky map is high and there
are no significant obstacles within C blocking the view of the
celestial vault, the first M Zernike coefficients of B(r ) can be
estimated by evaluating the modal projection integrals in Eq.(1)
as discrete sums:
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where âk (k = 1,...,Μ) is the k-th estimated coefficient and Δp is
the area of the pixel p, expressed in units normalized to the
radius of C. Assuming that all pixels are of equal size, Δp = Δ ,
and taking into account that π is the area of the unit-radius
circle, we have π = NΔ , so that
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Stacking the estimated coefficients as an (M × 1) column vector
â and defining the (M × N ) modal projector matrix P such that
its generic (k,p) elements are given by

(P )k p = (1 N )Zk (rp ) ,

(4)

the set of equations (3) for k = 1,...,M , can be rewritten as

â = P s .

(5)

Once the elements of â have been determined, the estimated
brightness map is straightforwardly retrieved as:

Bˆ (r ) =

M

 aˆk Zk (r )

(6)

k =1

3. Expected reconstruction error and noise propagation
The actual (as opposed to estimated) brightness of the sky, in
turn, can be expanded exactly as the infinite series

B(r ) =

∞

 ak Zk (r ) ,

(7)

k =1
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  B(r )Zk (r )r dr dθ ,

1

(1)
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where Zk (r ) is the k-th Zernike mode, r = (r ,θ ) is the position
vector on the map plane, being r the zenital distance and θ the
azimuth angle, and the integration is performed over C, the unitradius circle of area π chosen to define the Zernike polynomials.
Eq. (1) is the analytical expression of the modal projection
operation whereby each Zernike coefficient is obtained as the
inner product of B(r ) and the corresponding element of the basis
in the Hilbert space.
Since the experimental all-sky images are pixelated and noisedegraded versions of the sky radiance we do not have access in
practice to the actual values of B(r ) , but rather to a discrete set
of measurements S (rp ) = B(rp ) + ν (rp ) , where B(rp ) (p = 1,..,N)
is the actual brightness integrated within the field-of-view of the
pixel p, rp is the position vector of the center of that pixel
expressed in normalized coordinates in C, and ν (rp ) is the pixel

albeit for all practical purposes the Zernike coefficients with
index k higher than a given M' (dependent on the atmospheric
conditions of the local sky and the spatial distribution and
radiance of the lighting sources) are negligible, and the series can
be truncated at that term with no significant penalty.
Defining the expected reconstruction error σ 2 as the squared
difference between the actual and reconstructed maps, spatially
averaged over the circle C and statistically averaged over the
ensemble of maps, and taking into account the orthonormality of
the Zernike polymonials we have:

σ2=
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π
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where the brackets · denote ensemble averages. The first sum
accounts for the error in the retrieved coefficients and the second
one is the error due to the fact that the modes of index higher

than M are not estimated (the so-called truncation error). Taking
into account Eqs.(5) and (7), Eq. (8) can be rewritten as [31−32]:

σ 2 = trace [(I − PZ )Ca (I − PZ )T ] +

M'

a

k = M +1

2
k

+ σν2 trace [PP ] ,
T

(9)

where I is the (M × M ') identity matrix, Ca =
is the
(M '×M ') second-moment matrix of the Zernike coefficients of
the actual sky brightness, and σν2 is the variance of the
measurement noise, assumed to be zero-mean and uncorrelated
between pixels and with the elements of b. Finally, Z is a
(N × M ') matrix whose generic element (Z )pk is given by the
spatial average of the Zernike polynomial Zk (r ) within the fieldof-view (FOV) of the pixel p. Taking into account that for typical
all-sky images N is large and the pixel's FOV is very small, there
is no noticeable error in replacing this average by the value of the
polynomial at the center of the pixel, such that (Z )pk = Zk (rp ) .
The first term of the right-hand side of Eq.(9) accounts for the
bias (i.e. the error incurred in the estimated coefficients in the
absence of noise), the second one is the truncation error, and the
third accounts for the effects of noise propagation. If the number
of pixels N is high enough as to ensure a good estimation of all
relevant modes present in B(r ) , i.e. if we can successfully
estimate the Zernike coefficients up to M ≈ M ' in the absence of
noise, then the bias term cancels out because PZ ≈ I , the
truncation term tends to zero, and the resulting error is
dominated by the noise propagation term such that:

aaT

σ 2 ≈ σν2 trace [PPT ] = σν2
M

M

M
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k =1 p =1

time getting a sufficient coverage we restricted C to the region of
the sky with zenith angles z ≤ 80º , corresponding to a radius
0.91 times that of the horizon in the ZEA map.
Figure 1 shows an example of reconstruction of a cloudy map
in the V band, using 406 Zernike terms (up to radial order n =
27). The estimated Zernike coefficients â were obtained using
Eq.(5), with the modal projector P defined in Eq. (4) and a data
vector s composed of the brightness values of all pixels contained
within the unit radius circle C. Small residual obstacles near the
rim of the field-of view were set to zero. The colorbar scale is in
units of milliJansky per square arcsecond (mJy/arcsec2).

Figure 1: (Left) All-sky night brightness map taken in the V-band at the
UCM observatory the 16th November 2012 at 21:32h (UT). Exposure
time: 40 s; (Right) Reconstructed map obtained using 406 Zernike
coefficients estimated by modal projection. Uncorrelated zero-mean
random gaussian noise with the same variance as that of the noise present
in the original image has been added to the reconstructed map.

N

 (PPT )kk = σν2  (P )kp(PT )pk

N

M 
1 1
= σν2      Zk (rp )Zk (rp ) = σν2  
N
 N  k =1  N  p =1

(10)
the last equality being obtained from the orthonormality of the
Zernike modes. The parameter Np = trace [PPT ] = M N is often
referred to as the overall noise propagator of P, since
σ 2 = Npσν2 . The expected reconstruction error is then
proportional to the pixel noise variance and to the number of
estimated modes, and inversely proportional to the number of
pixels available within the unit radius circle C. For typical all-sky
maps we have M ~ 10 2 and N ~ 10 6 , so that the noise
propagation is strongly attenuated.

4.Experimental results: expected values and secondmoment matrices of the urban night sky brightness
distribution
An ensemble of 603 night sky brightness maps taken at 21:30h
and 02:00h (UT) in moonless nights during the 2012-2013
campaign at the UCM Astronomical Observatory, located within
Madrid city, were used for this study. Of them, 363 corresponded
to cloudy skies (125, 119 and 119 in the B, V, and R JohnsonCousins photometric bands [24], respectively) with different
levels of cloud coverage, and 240 corresponded to clear skies (80
maps in each band).
The hemisphere was mapped using a ZEA projection [30] onto
a circle of radius 1150 pixels. In order to ensure that the unitradius circle be reasonably free from obstacles and at the same

Figure 2. Average values of the first 406 Zernike coefficients (in log10 scale)
for clear skies (left column, 80 all-sky maps in each band) and cloudy skies
(right column, about 120 maps in each band, see text), in the B, V and R
bands (from top to bottom, respectively). Coefficients with average positive
values are displayed as blue squares, whereas those with negative values
are plotted as red circles. Scale in mJy/arcsec2.

The decimal logarithms of the average values of the Zernike
coefficients for each subset of maps (clear/cloudy) at each
photometric band are displayed Figure 2. Blue squares
correspond to coefficients whose average value is positive, and
red circles to those whose average is negative. The first Zernike
coefficient â1 , corresponding to the constant term or piston, gives
the mean brightness of the sky, spatially averaged over the field
of view, in mJy/arcsec2.

city light sources, and also highlight the multiplicative effects of
the cloud cover. An enlarged view of the boxes correponding to
the first 36 modes can be seen in figure 4. The existence of
correlations between modes of different radial order (n) but the
same angular frequency (m) is apparent, e.g. between the
rotationally symmetric modes k = 1, 5, 13, 25..., all of them
corresponding to the angular order m = 0.
The Zernike modal power spectrum P(k ) of the all-sky night
brightness maps at each photometric band is the diagonal of the
corresponding Ca matrix, P(k ) = Ca (k,k ) . The Zernike radial
power spectrum P(n ) is obtained for each radial order n by
adding up the ensemble-averaged power contributions of all its
azimuthal modes [25]. The radial spectrum conveys information
about the relative contribution of the Zernike polynomials of
degree n to the ensemble of all-sky maps.

Figure 3. Logarithmic display of the absolute values of the second moment
matrices of the first 406 Zernike coefficients of the night sky brigthness at
the UCM observing site, for clear and cloudy skies (B, V and R bands).
Colorbar in units log10(mJy/arcsec2)2. Mode indexing (k = 1) begins at the
upper-left corner of each matrix.

Figure 5. Zernike radial power spectra P(n) of the all-sky night brightness
distributions measured at UCM for clear and cloudy skies. In both graphs,
the plots correspond to the B (upper dataset), V (middle dataset) and R
(lower dataset) bands.

Figure 4. Enlarged view of the upper-left boxes of the matrices in Figure 3,
showing the second moments of the first 36 Zernike modes of the night sky
brigthness at the UCM Observatory. Modes with the same angular
frequency (e.g. k = 1, 5, 13, 25...,) tend to be correlated.

Figure 3 displays the absolute values of the second-moment
matrices of the modal coefficients, Ca = aaT , in log10 scale, for
the first 406 Zernike terms. The elements of these matrices are
the products of individual Zernike coefficients, averaged over the
whole sample of all-sky maps for each band and cloud condition.
The origin of the mode indices (k = 1) is located at the upper-left
corner of each matrix. The Ca matrices reveal the higher night
sky brightness observed at longer wavelengths, a direct
consequence of the prevalent spectral composition of the Madrid

Table 1. Parameters of the Zernike power spectra of the all-sky
night brightness maps
Subset / Band
Clear
B
V
R
Cloudy
B
V
R

α (mJy/arcsec2)2

β (dimensionless)

0.0558
0.5563
1.0957

3.1175
3.2332
3.2239

0.0741
1.4015
3.5007

2.3399
2.0549
1.9541

Figure 5 shows the radial power spectra of clear and cloudy
skies in the B, V and R bands for orders ranging from n = 0 to n =

27 (Zernike mode indices k = 1 to k = 406). The log-log plots of the
spectra show a linear dependence on n of slope −β whose
decreasing trends can be approximately described by power laws
of the type P(n ) = α (n + 1) − β , with exponents β between 1.9
and 3.2 (Table 1).
The smaller exponents of the power spectra of cloudy skies
reflect the fact that these skies need to be expanded up to
relatively high Zernike orders (406 terms, nmax = 27) to account
for the irregular brightness distributions produced by the
different kinds of clouds and the varying degrees of cloud
coverage. The comparatively smooth brightness distributions of
clear skies, in turn, can be succesfully described using a
significantly smaller number of Zernike polynomials (~ 66 terms,
nmax = 10) [25].
The parameter α is the value at the origin of the regression
line of the log-log P(n ) data set. Since the radial order n = 0 is
composed only by the first Zernike term, we have P(0 ) ≡ a 12 .
In consequence, the square root of P(0 ) gives us the root meansquare value (averaged over the ensemble of nights) of the mean
sky brightness (averaged over directions in the sky). An
inspection to the values of in Table 1 reveals at a first glance the
increased sky brightness of typical urban overcast nights in
comparison with clear ones. The multiplicative role of the cloud
cover is analyzed in the next section.

expected, cloudy nights (the ensemble includes partially covered
and overcast skies) present wider distributions that peak at
slightly higher values than clear skies do.
The night sky brightness averaged across directions in the
upper hemisphere is directly given by the value of the first
Zernike coefficient of the corresponding map. Figure 7 shows the
histograms of absolute frequencies of the average sky brightness
(mJy/arcsec2) in each photometric band for our sample of nights.
In comparison with clear nights (bold bars), cloudy ones (light
bars) show a distribution more extended towards higher
brightness values and also show a higher dispersion, a
consequence of the varying degree of cloud coverage in the set of
maps included in our sample.

5. Cloud multiplication factor in the Zernike space
The presence of clouds greatly enhances the night sky brightness
at urban and suburban sites, in comparison with that of clear
skies at the same locations [17−19]. The increased brightness due
to the cloud cover depends on several factors related to the
composition of the atmosphere and the spectral radiance and
geographical distribution of artificial lights [2]. This
enhancement by clouds at cities contrasts with what happens at
rural locations with pristine dark skies, where clouds rather act
as screens that block the propagation of the starlight and the
airglow of the upper atmosphere, thus reducing the recorded sky
brightness.

Figure 7: Histogram of absolute frequencies of the spatially averaged night
sky brightness in the B, V and R bands. Abscises in mJy/arcsec2. Bold
bars: clear nights. Light bars: cloudy nights.

Table 2 gives the values of the maximum, mean and median
averaged brightness of the sky and their corresponding cloud
multiplication factors. These results are consistent with those
obtained by Kyba et al for moderate degrees of cloud coverage
(Table 2 of Ref. [18]), in spite of the fact that the observational
data are not directly comparable: the data reported in [18]
correspond to the average brightness measured within a
Gaussian field of view of 20º (FWHM) centered at the zenith,
recorded using R, G and B conventional color filters.
Table 2. Spatially averaged brightness across the celestial vault
B

V

R

Maximum

0.35 / 0.70 (2.0)

1.10 / 3.31 (3.0)

1.58 / 5.40 (3.4)

Mean

0.24 / 0.32 (1.3)

0.71 / 1.22 (1.7)

0.99 / 1.99 (2.0)

Median

0.25 / 0.32 (1.3)

0.69 / 1.04 (1.5)

0.94 / 1.60 (1.7)

Values Clear/Cloudy in mJy/arcsec In parentheses:(Multiplication factor)
2

Figure 6. Average histogram of the absolute frequencies of the pixel
brightness values in the B, V and R bands, for clear (solid line) and cloudy
(solid line with dots) skies.

Figure 6 shows the histograms of brightness values of the
pixels of average clear and cloudy sky maps at the measurement
site, in the three photometric bands analyzed in this study. As

The multiplicative role of the clouds in the Zernike space can
also be assessed in Figure 8, that shows the cloud multiplication
factor (CMF) for each radial order of the Zernike spectrum. The
CMF is defined as:

CMF(n ) = Pcloudy (n ) Pcl ear (n ) ,

(11)

and represents the increase in the spectral power of each Zernike
radial order due to the presence of clouds. The value of the CMF

at the origin gives the enhancement of the mean squared value of
the average sky brightness due to the clouds.
The numerical values of the CMF(0) shown in Figure 8 are
slightly different from the ratios of the corresponding parameters
α in Table 1 because the CMF(0) are based on the measured
values of the power spectra at n = 0, whereas the α ratios are
deduced from the values of their log-log fits at the origin (Fig. 5).
It can be seen that the CMF at all radial orders n is
consistently higher for the R band, relative to the V and B bands.
This behavior reflects the fact that whereas the reflectance of the
clouds is only slightly dependent on wavelength, the molecular
scattering is stronger at blue than at red wavelenghts. The
relative increase of the night sky brightness in presence of clouds
with respect to that of clear skies is then expected to be greater at
longer wavelengths. Besides, all CMF curves peak at about n =
16, a radial order at which clear or completely overcast skies
have relatively low power in the Zernike spectrum but at which
the contribution associated to fragmented clouds is noticeable.

Extrapolating behind obstacles may be of interest for enlarging
the number of available brightness data across the visual field,
not only at regions close to the horizon. This may be helpful for
comparing the predictions of theoretical models of light
propagation through the atmosphere with all-sky observations,
when some relevant region of the field of view is partially blocked
by nearby obstacles like buildings or trees.
One approach to address this issue is to build a new set of
Zernike polynomials within the circle C' and to transform
("rescale") the original coefficients â obtained at C to account for
the larger size of the new definition domain. This can be done by
means of a suitable linear transformation, represented by a
matrix T, such that the new coefficients â' are given by
aˆ' = T aˆ . There is an extense literature on the transformation of
Zernike mode coefficients between reference frames related by
linear conformal mappings [33−44], this one being a particularly
simple case because it only involves an overall change of scale
between the old and new unit radius circles C and C'. This
procedure guarantees that the extended brightness distribution
B̂ ' (r ) estimated in C' using the set of coefficients â' is equal
within the old domain C to the original function B̂ (r ) estimated
using the set of coefficients â . Nothing warrants us a priori that
in the thin region comprised between the rims of C and C' the
extended function B̂ ' (r ) will represent accurately the actual
night sky brightness. Nevertheless, previous experiences with
Zernike expansions of relatively smooth functions in other
science fields suggest that moderate extrapolations (up to a ~10
to 15% increase in the radius of the definition domain) can be
successfully achieved by means of this approach [32].

Figure 8. Cloud multiplication factor (CMF) in the Zernike space, for the
R, V and B band (top to bottom). Each dot represents the ratio
Pcloudy(n)/Pclear(n).

6. Extrapolating beyond the unit radius circle
The choice of the circle C used to define the Zernike polynomials
and to expand the night sky brightness B(r ) is limited by the
need of reducing the presence of obstacles, in order to preserve
the orthonormality of the Zernike modes. To avoid significant
blocking in C, in this work we expanded B(r ) within a circle of
radius corresponding to a maximum zenital angle of 80º.
Although most of the remaining 10º field comprised between the
circle C and the urban horizon was full of artificial obstacles,
there remained some small regions of the sky that were left
outside C.
One may wonder whether some kind of extrapolation could be
used to get some insight about the Zernike composition of B(r )
at a wider circle C' of larger angular diameter (ideally
encompassing up to the horizon) and, with all due cautions, also
behind obstacles. The rationale behind this possibility is that the
scattered light coming from artificial sources has a relatively
smooth dependence on the directions across the celestial vault,
even if some relevant gradients may be present near the horizon.

Figure 9: (a) Upper left: Original all-sky night brightness map, restricted
to a circle C of radius z = 80º; (b) Upper right: The corresponding estimated
map, reconstructed using 406 Zernike modes (nmax = 27); (c) Lower left: The
original map, from zenith to horizon (with artificial obstacles set to zero);
(d) Lower right: The map in (b) extrapolated by reescaling its Zernike
coefficients, expanded up to nmax = 12 (91 modes). Original all-sky images
(a) and (c) taken in the V band, November 6th, 2012, at 21:25h (UT). Scale
in mJy/arcsec2.

A limitation of this procedure for high order Zernike coefficient
rescaling is that the elements of the matrix T corresponding to

modes of order n may reach values of order εn, where ε is the ratio
of the physical radii of C' and C (in our case, ε>1), so that even
very small errors in the estimation of â may translate into
noticeable errors in â' , provided that n is high enough. This
makes advisable to restrict the maximum value of n included in
the expansion of B̂ ' (r ) to a somewhat smaller value than that
used to expand B̂ (r ) . The price to pay is a somewhat smaller
spatial resolution of the expanded map. For our sample of clear
skies the best trade-off was consistently achieved by expanding in
C' up to nmax = 15 the extrapolated maps. The optimum
expansion order for cloudy skies was found to be more dependent
on the individual cases, with most values in the range nmax = 8 to
15. This approach allows to reconstruct successfully the night sky
brightness in regions located outside C and closer to the horizon.
Figure 9 shows an example of the performance of this kind of
extrapolation. Note, however, that in case of existing steep
luminance gradients close to the horizon due to the presence of
light sources that do not contribute significantly to the luminance
in the measured field of view, potentially relevant extrapolation
errors may arise.

7. Additional remarks
In those cases when the number of available pixels N is small
and/or there are significant regions in C blocked by artificial
obstacles the discrete sum in Eq. (2) does not provide a reliable
estimate of the value of the modal coefficients, even for modes of
very low radial order. The underlying reason is that the Zernike
polynomials fail to be orthonormal in the available set of data
points.
In such cases the low- to medium-order modal coefficients can
still be successfuly estimated by means of a standard leastsquares approach (LSQ), using an appropriate (M × N )
pseudoinverse reconstruction matrix R , as â = R s . The LSQ
pseudoinverse is usually built as [28−29]
T
T
R = (ZM
ZM )− 1 ZM
,

(12)

where the elements of the (N × M ) ZM matrix are given by
(ZM )pk = Zk (rp ) . An example of application of this approach can
be found in [25], where the border of the circle C was identified
with the geographical horizon, a significant region above its rim
was blocked by obstacles, as it is frequent in urban settings, and
the estimation was carried out up to mid-Zernike orders,
( n ≤ 10, M ≤ 66 terms), which were found sufficient to describe
accurately the typical moonless urban clear skies.
However, the presence of obstacles close to the border of C may
represent a problem for the LSQ approach if the estimation is
attempted up to very high radial orders (e.g. n ≥ 25, M ≥ 351
terms). The reason is that the Zernike polynomials of very high
order only achieve non-negligible values within a small region
close to that border. If we have no sky brightness measurements
from that region due to the obstacles located near the horizon
(buildings, trees, etc), the noise propagator Np = trace [PPT ]
grows quickly with the number of estimated modes M, and the
retrieved coefficients soon become unreliable, even if the number
of pixels N is large enough as to avoid the potential illT
ZM matrix.
conditioning of the ZM
Estimating the asymptotic behavior of the Zernike spectrum of
the night sky brightness in the limit of very high Zernike orders
requires then that the unit radius circle C be chosen in such a
way that it be reasonably free from obstacles. In urban settings
this usually amounts to exclude from the fit a small region of the

celestial vault close to the horizon. Since this region is usually
crowded with buildings and direct artificial sources this loss of
spatial coverage may be deemed acceptable. Once the circle C is
defined free from obstacles, the estimation of the modal
coefficients can be performed within it up to extremely high
Zernike orders using either the LSQ approach or the modal
projection one, as it was done in the present work.
As a matter of fact both approaches are equivalent in the limit
of very large N, if C is unobstructed. Note that the elements of
T
ZM matrix are given by:
the ZM
N

N

p =1

p =1

(ZMT ZM )k j =  ( ZMT )k p(ZM )p j =  Zk (rp )Zj (rp ) =
 1  N

= N   Zk (rp )Zj (rp ) = Nδk j
 N  p =1


(13)



the last equality holding for very large values of N, due to the
orthonormality of the Zernike polynomials. Hence in that limit
T
ZM )− 1 = (1 N ) I , where I is the (M × M )
we have (ZM
identity matrix, and in consequence, taking into account Eq.(12)
and the definition of P, we have R = P .
Zernike terms with large values of the index k describe the
high spatial frequency components of the scattered light field. In
a layered atmosphere with cloudless skies the scattered light
from artificial sources tends to give rise to relatively smooth
radiance patterns, which have a limited content of high spatial
frequencies. In this case the associate Zernike coefficients show a
decreasing trend even for intermediate values of k. Cloudy skies
require higher order terms to be correctly fitted, but the spatial
frequency content of cloudy images also tends to decrease with k.
This can be expected on physical grounds (single and multiple
scattering tend to smooth the radiance distributions) and has
been verified experimentally with the urban skies image dataset
used in our study.
Although data storage is not a critical limiting factor
nowadays, the use of a modal approach facilitates data handling
and interpretation: the relevant information contained in a raw
all-sky image with more than 4 million useful pixels within the
hemispheric field of view can be compressed down to, say, 100
real numbers. Even more important, from a physical standpoint,
is that each one of this numbers acounts for a particular
structural feature of the night brightness map. However, the
huge reduction in storage needs (and real time memory
requirements when running code to process big sets of all-sky
images) should not be dismissed: the relevant features of the 14
GB set of images used in our study can be stored in a text file of
Zernike coefficients of size less than 2 MB.
Modal analysis, that is, the description of the all-sky night
brightness maps in terms of an orthonormal set of functions with
well-defined symmetry properties, or modes, complements and
simplifies the traditional description of these maps in the
directions space carried out by specifying the values of all pixels
within the field of view. The Zernike basis set used in this work
has some desirable properties which have been extensively
exploited in Optics for the analysis of functions defined on a
circular domain: they are orthonormal on the unit radius circle
and their coefficients trasform in a relatively simple way under
linear transformations of the definition domain, such as
rotations, lateral displacements and changes of scale. Each of the
Zernike coefficients describes a particular structural feature of

the all-sky map, as revealed by the geometry of the
corresponding Zernike mode. Of course, other basis sets can also
be used for this purpose. Fourier transforms, for instance, are
standard tools for analyzing the spatial frequency content of
images and can also be successfully applied to the study of all-sky
night brightness maps. However, the Fourier spectra of these
maps is not band-limited, due to the fact that their spatial
definition domain is bounded by the horizon line. Since the twodimensional funtion describing the sky brightness has a sharp
discontinuity at that border, the Fourier spectrum of an all-sky
night brightness map spreads up to infinitely high spatial
frequencies. The Zernike basis avoids this issue because its
definition domain is coincident with that of the maps.
In this work we provide a complete account of the second-order
statistics of the night sky brightness in the Zernike space. The
key results are the explicit values of the second-moment matrices
Ca of the Zernike coefficients, described in section 4. These
second-moment matrices contain in their diagonal elements the
Zernike power spectrum but their usefulness goes well beyond
that: they provide key information about the correlations
between the Zernike modes, which is essential for a complete
characterization of the night sky brightness statistics.
Additionally, the knowledge of the Ca matrices -together with
the average values of the Zernike coefficients and the noise
statistics- is all that is required to assess the performance of
different strategies for recovering the all-sky night brightness
maps from discrete sets of measurements made with
instruments of arbitrary spatial resolution using linear
estimation algorithms, of which all-sky cameras are just an
example. These evaluations may be carried out by any interested
reader by applying Eq.(9) to their particular instruments
(through the proper definition of matrix Z) and intended
reconstruction algorithms (through the appropriate choice of the
matrix P). The Ca data obtained in the present study are freely
available upon request.

8. Conclusions
In this work we have shown that the Zernike coefficients of allsky night brightness maps, under clear and cloudy conditions,
can be efficiently computed by direct modal projection with the
proviso that the unit radius circle C where this calculation is
performed be reasonably free from obstacles. If the number of
available pixels is enough high, the modal projection approach
enables to extend the computation of the Zernike power
spectrum up to very high radial orders n, allowing thus to assess
its asymptotic behavior in the region of high spatial frequencies.
After analyzing the field of view of our hemispherical images
and in order to fulfill the condition that the unit-radius circle be
reasonably free from obstacles we have chosen its radius such
that it corresponds to a zenithal angle z = 80º. We have shown
that with some due cautions it is possible to perform a moderate
extrapolation of the results obtained therein to unit-radius circles
of larger angular size, including its extension up to the horizon,
by a simple linear transformation of the Zernike coefficients.
Since the elements of the transformation matrix used to compute
the extrapolated Zernike coefficients diverge exponentially with
n, tending to increase without bound the effects of noise, the
extrapolation must be judiciously restricted to the mid-frequency
range (nmax about 8 to 15). In such way the values of the night
sky brightness in a small region outside C can be satisfactorily

estimated, at the price of a somewhat smaller spatial resolution
of the reconstructed maps due to the limitation of the Zernike
modes included in the expansion.
We have applied this approach to compute the relevant
statistical parameters of the night skies at the UCM observatory,
an urban site located within Madrid city with high levels of light
pollution. The results show the greater night sky brightness
present at the R band, in comparison with that of the V and B
bands, in that order. This is a direct consequence of the prevalent
spectral composition of the Madrid city lights. We have found
that the Zernike power spectra of clear and cloudy nights at each
band can be described by simple power laws. Whereas for clear
skies the exponents of these laws are close to −3, cloudy skies are
better described by exponents close to −2, reflecting the fact that
more terms of the Zernike basis are required to represent
adequately the more irregular sky brightness distribution
produced by the reflections of the lights at the base of the clouds.
Relevant correlations between Zernike modes have been found
under both atmospheric conditions, as revealed by the second
moment matrices of the Zernike coefficients.
It shall be stressed that the Zernike expansion, as such, does
not allow to forecast directly the sky luminance in regions distant
from the one where the all-sky images were acquired. The
Zernike coefficients depend on the measurement location: they
shall be expected to change with the observer's position within a
city, in order to account for the changes in the corresponding allsky night brightness distributions.
Our results highlight the multiplicative role of the cloud cover,
more pronounced at the R band in comparison with what
happens at shorter wavelenghts, that are more efficiently
scattered than the longer ones in a clear atmosphere. These
results, obtained in the Zernike space, are consistent with
previous findings reported in the spatial domain. Particularly
high multiplication factors were found for all photometric bands
at intermediate Zernike frequencies (n ≈ 16 ) , an effect probably
related to the size distribution of the clouds present in the
sample.
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