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We show that the propagation of the widely used
Schell-model partially coherent light can be easily un-
derstood using the ambiguity function. This approach
is especially beneficial for the analysis of the mutual
intensity of Schell-model beams (SMBs), which are as-
sociated with stable coherent beams such as Laguerre-,
Hermite-, and Ince-Gaussian. We study the evolution
of the coherence singularities during the SMB propaga-
tion. It is demonstrated that the distance of singular-
ity formation depends on the coherence degree of the
input beam. Moreover it is proved that the shape, po-
sition and number of singularity curves in far field are
defined by the associated coherent beam. © 2015 Optical

Society of America
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Singular optics was born in the context of coherent light [1] and
its applications in optical particle manipulation, imaging and
free-space communications are widely acknowledged. Later,
the existence of spatial correlation singularities has been found
[2–4]. A peculiarity of the partially coherent beam singulari-
ties is that the intensity in such points has not vanished as it
must occur for the coherent case. In particular, it has been re-
ported [5–7] that the spatial coherence function of Schell model
Laguerre-Gaussian (LG) beam has robust circular phase singu-
larities in far field even when its intensity distribution is almost
Gaussian. Such hidden singularities might play an important
role, for example, for information encoding in the context of
free-space communications. To exploit them, however, a better
understanding of the singularity nature is required. In this letter
we analyze the formation and evolution of singularities in the
coherence function during propagation of Schell-model beams
(SMBs). These singularities are associated with cross-correlation
function zero points which usually correspond to the transition
between positively and negatively correlated field and are ex-
perimentally observed as dislocations of the interference fringes.
First of all, we demonstrate the advantage of using the ambi-
guity function (AF) for comprehensive description of the SMB
propagation. Then we explain the splitting of the coherence
phase singularities during the beam propagation and show that

their stability depends on the stability of the coherent beam as-
sociated with the SMB. We remind that a stable coherent beam
does not change the form of its intensity distribution apart from
a scaling during propagation. Stability of coherence singularities
means that there exist a direct relation between the number and
position of the coherence singularities in the input and far-field
planes. As an example, the evolution of coherence singularities
of the Hermite-Gaussian (HG) SMBs is considered.

In general, the analysis of partially coherent beams is much
more difficult than the coherent one. Its description even in
scalar quasi-monochromatic case involves complex-valued 4D
function, i.e. mutual intensity (MI) defined as Γ(r1, r2) =
〈 f (r1) f ∗ (r2)〉 [8]. Here, f (·) is a complex field amplitude and
rt = (x, y) is a position vector at the plane transverse to the beam
propagation direction z. In the latter expressions, t stands for
the transpose operation and 〈·〉 stands for ensemble averaging,
which is omitted for the coherent case: Γc(r1, r2) = f (r1) f ∗ (r2).
Partially coherent beams are often assumed to be SMBs [9],
whose MI is given in the following simplified form

Γ(r1, r2) = Γc(r1, r2)γ (r1 − r2) , (1)

with γ(·) being an equal-time complex degree of spatial co-
herence (DoC). A SMB is generated, for example in microscopy,
when a partially coherent plane wave characterized by γ(·) prop-
agates through a sample described by a complex transmittance
function f (r). Note that the intensity distribution of the SMBs,
I(r) = Γ(r, r) = Γc(r, r) = | f (r)|2, does not depends of γ(·) in
the input plane. Nevertheless, this relation as well as the Eq. (1)
are only valid for the input plane and become much more com-
plex for a propagating beam. Let us consider the propagation of
the SMB through a paraxial system described by the 4× 4 ray
transformation matrix

T =

 A B

C D

 , (2)

which includes the case of a free space interval for D = A = I
and C = 0 (where I is a unity matrix 2× 2). The propagation can
be easily described by using the AF, A(r, p), which is a complex
function related to the MI via the Fourier transform (FT):

A(r, p) =
¨

Γ
(

R +
r
2

, R− r
2

)
exp [−i2πRp]dR. (3)
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Here and further we use normalized coordinates s−1r =: r,
sp =: p, where s has dimension of length and therefore all the
variables as well as the parameters of the ray transformation
matrix T are dimensionless. In the input plane one obtains a
simple relation between the AF of a SMB and the AF for the
associated coherent beam, denoted by Ac(r, p):

A(r, p) = γ(r)
¨

Γc

(
R +

r
2

, R− r
2

)
exp [−i2πRp]dR

= γ(r)Ac(r, p). (4)

The beam propagation through the optical system described by
the matrix T results in an affine transformation of the AF [10]:

A(r, p; T) = A(Dtr− Btp,−Ctr + Atp). (5)

Therefore, taking into account the last three equations the MI at
the output plane of the system is written as

Γ
(

R +
r
2

, R− r
2

; T
)
=

¨
γ(Dtr− Btp)

×Ac(Dtr− Btp,−Ctr + Atp) exp [i2πRp]dp. (6)

The analysis of the MI is often reduced to the consideration of the
intensity distribution, I(r) = Γ (r, r) , and the cross-correlation
function (CCF): Γ (r,−r). The Eq. (6) is easily particularized for
the intensity distribution

I(R; T) =
¨

Ac(−Btp, Atp)γ(−Btp) exp [i2πRp]dp, (7)

and the CCF

Γ
( r

2
,− r

2
; T
)
=

¨
Ac(Dtr− Btp,−Ctr + Atp)

×γ(Dtr− Btp)dp. (8)

Moreover, from Eq. (7) the simple well-known relation between
the intensity distributions of the SMB and the associated coher-
ent beam, Ic(R; T), is obtained:

I(R; T) =
¨

Ic(R′; T)γ̂B(R− R′)dR′, (9)

where γ̂B(R) =
˜

γ(Btp) exp [−i2πRp]dp.
The expressions Eq. (6), Eq. (8) and Eq. (9) are especially ben-

eficial for the analysis of the propagation of partially coherent
SMBs associated with coherent stable beams such as LG, HG,
Ince-Gaussian and many others [11]. Since these beams are
eigenfunctions for the fractional FT [12], their AFs do not change
during propagation through the fractional FT system character-
ized by the transformation matrix Tα with A = D = I cos α and
B = −C = I sin α, thus Ac(r, p; Tα) = Ac(r, p). Therefore, the
expression Eq. (8) is reduced to

Γ
( r

2
,− r

2
; Tα

)
=

¨
Ac(r, p)γ(r cos α− p sin α)dp. (10)

This is a crucial equation for the analysis of the CCF singu-
larity evolution. Note, that the fractional FT for α ∈ [0, π/2]
describes in paraxial approximation the free-space propagation
of the beam’s complex field amplitude, apart from scaling and
additional quadratic phase shift [13]. It makes the fractional
FT system, see for example [14], appropriate for the analysis
of CCF singularities of stable SMBs in the Fresnel and far field
(α = π/2) regions. We recall that the spatial coherence singular-
ities of LG-SMBs have been discussed in [5–7] only in far field.
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Fig. 1. (Color online) Ambiguity function of the 1D SMB asso-
ciated with HG modeH1 and its projections (AF integration
along the directions indicated by arrows) for α = 0, π/4, π/2
corresponding to the CCF in the input plane, Fresnel and
Fraunhofer regions, respectively.

We underline that Eq. (10) allows studying the evolution of the
coherence singularities from near- to far-field for SMB related to
any stable coherent beam.

From a simple inspection of the CCF of a SMB in the input
plane, Γ (r/2,−r/2) = γ(r)Γc (r/2,−r/2), it is clear that its
singularities are defined not only by the singularities of the co-
herent CCF, Γc (r/2,−r/2), but also by the DoC. For example,
the DoC described by sinc or Airy functions adds new singular-
ity points to the SMB CCF. Here we will restrict our analysis to
the SMB with Gaussian DoC, γ(r) = exp

[
−πr2/2ρ2], in order

to consider the evolution of singularities originated only by the
coherent CCF.

As an example, the coherence singularities evolution of the
HG-SMB is analyzed. This beam is associated with a coherent
HG mode given by f (r) = Hn(x)Hm(y), with

Hn(x) =
21/4
√

2nn!
Hn(
√

2πx) exp
[
−πx2

]
, (11)

where Hn(·) is an Hermite polynomial of order n. For simplicity
we have chosen the fundamental Gaussian beam waist equal to
w = s/

√
π. The MI of the HG-SMB

Γ(r1, r2) = Hn(x1)Hm(y1)Hn(x2)Hm(y2)

× exp
[
−π

(x1 − x2)
2 + (y1 − y2)

2

2ρ2

]
= ΓHn (x1, x2)ΓHm (y1, y2), (12)

is separable in the Cartesian coordinates. The same is true for the
AF, Ac(r, p) = AHn (x, u)AHm (y, v), and the Wigner Distribution
(WD) of these beams. The well-known expression for the WD
of the HG beam (see for example [15]) and its relation to the AF,
AHn (x, u) = (−1)n2−1/2WHn (−x/2,−u/2), allows for writing
the AF as it follows:

AHn (x, u) =
√

2Ln

[
π
(

x2 + u2
)]

exp
[
−π

2

(
x2 + u2

)]
, (13)
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where Ln(·) is a Laguerre polynomial of order n. Using the
beam separability we first consider the evolution of only one
CCF component of the 2D HG-SMB:

ΓHn

( x
2

,− x
2

; Tα

)
=

ˆ
AHn (x, u)γ(x cos α− u sin α)du

=

ˆ √
2Ln

[
π
(

x2 + u2
)]

exp
[
−π

2

(
x2 + u2

)]
× exp

[
−π

(x cos α− u sin α)2

2ρ2

]
du. (14)

Since AHn (x, u) is symmetric with respect to rotation in x− u
phase space plane the CCF evolution during propagation cor-
responds to the projection changes of the input AF: A(x, u) =
AHn (x, u) exp

[
−πx2/2ρ2]. This simple tomographic interpreta-

tion of the CCF evolution of the SMB beam associated with stable
coherent beam is illustrated in Fig. 1 for the case of HG mode
with index n = 1. By integrating A(x, u) over u one obtains
the CCF in the input plane ΓHn (x/2,−x/2), that corresponds
to α = 0. While by integrating it over x, the CCF of the SMB
in far field (α = π/2) is calculated. Choosing other integration
directions (α) the CCF for Fresnel propagation region is obtained.
The integral Eq. (14) can be analytically calculated yielding to
the CCF expressed in the form

ΓHn (x/2,−x/2; Tα) = P2n(α, ρ, x) exp
[
−πx2/2

]
× exp

[
−πx2 cos2 α

2(ρ2 + sin2 α)

]
, (15)

where P2n(α, ρ, x) is a 2n−order polynomial of x. The polyno-
mial has 2n roots, but they might be complex or multiple. The
latter case, for example, corresponds to the case α = 0 when the
number of different roots is reduced to n. The zero points of
P2n(α, ρ, x) define the singularity points of the CCF. For example,
for n = 1 two singular points are expressed as

x± = ±
sin α

√
ρ2 + sin2 α√

π
[
ρ4 + sin2 α (1 + 2ρ2)

] . (16)

From the analysis of this equation it follows that in the region
α ∈ (0, π/2] , associated with free space propagation at the
distance z (Fresnel number equals F = w2/λz = cot α, where
λ is a wavelength), the CCF has two singular points where its
sign changes, see blue points in the CCF profiles in Fig. 1. For
α = 0 the two solutions are collapsed. Indeed, in the input plane
(α = 0) the CCF is given by

ΓH1

( x
2

,− x
2

)
= −2πx2 exp

[
−πx2

2

]
exp

[
−πx2

2ρ2

]
, (17)

with only one singularity at x = 0. In this CCF singular point
the SMB intensity is also zero. On the other hand, for far field
(α = π/2) the expression Eq. (14) is reduced to

ΓH1

( x
2

,− x
2

; T π
2

)
=

2ρ
[
1− πx2 (ρ2 + 1

)]
(ρ2 + 1)3/2 exp

[
−πx2

2

]
, (18)

with two singularity points. Note that the larger ρ corresponds to
the smaller interval between these points: ∆x = 2/

√
π (1 + ρ2),

which is zero for the completely coherent case.
The evolution of the CCF and the intensity distribution (cal-

culated using Eq. (9)) for 1D SMBs associated withH1 andH2
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Fig. 2. (Color online) Evolution of the CCF, ΓHn (x,−x; Tα), (a,
b) and of the intensity distribution (c,d) during propagation
(α) for the 1D SMBs associated with HG modeH1 (a,c) andH2
(b,d). Dashed curves indicate singularity points of the CCF.

is shown in Fig. 2. The value ρ = 1/
√

2 chosen in this letter for
demonstration corresponds to an input coherence length equal
to the fundamental Gaussian beam waist w. As it is expected
for partially coherent beams the correlation length and the ef-
fective beam width increase during the propagation. In Fig. 2(a)
and 2(b) one observes that every CCF singular point at the in-
put plane (α = 0) is doubled (see dashed lines) in the far field
(α = π/2). However, forH2−SMB there exists a region of propa-
gation distances (α from 0 to approximately π/9) where the CCF
does not have any singularity (complex roots for the polynomial
P4(α, ρ, x) ), while forH1−SMB two singular points are present
for any α ∈ (0, π/2]. Zero intensity points (see Fig. 2(c) and 2(d))
are observed only at the input plane and are washed out during
the beam propagation. Note that the intensity values in the CCF
singularity points, indicated by green dashed curves in Fig. 2(c)
and 2(d), are quite high especially in the far field.

Taking into account these results and the separability of
the 2D HG-SMBs, the expression for the evolution of its
CCF (and analogously for the intensity distribution) is ob-
tained by multiplication of 2D CCFs: ΓHmHn (r,−r; Tα) =
ΓHm (x,−x; Tα) ΓHn (y,−y; Tα). In Fig. 3 one can observe how
the singularity lines (indicated by dashed lines), which coincide
with the position of zero intensity line for α = 0, change during
beam propagation. For α = π/10 one horizontal CCF singularity
line is transformed into two lines, while the vertical singularity
lines disappear. The structure of the HG beam’s intensity are
washed out in the SMB counterpart for far field, while the CCF
doubled singularity-lines displayed in Fig. 3 (α = π/2) serve as
a fingerprint to identify the original coherent beam.

In order to understand the formation process of CCF singu-
larity let us analyze the singularity curves for 1DHn−SMB for
n = 1, 2, 3 and 4 displayed in Fig. 4. One sees in Fig. 4(a) and
4(c) that the input singularity point corresponding to xs = 0 is
doubled for any α ∈ (0, π/2]. However, the input singularities
located in other points xs 6= 0 are doubled only in the region
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Fig. 3. (Color online) Evolution of the CCF (first column) and
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(α) for the 2D SMBs associated with HG modeH2(x)H1(y) in
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Fig. 4. (Color online) Evolution of the CCF singularity points
during propagation (α) for the 1D SMBs associated with HG
modeH1 ,H2,H3, andH4, presented in (a), (b), (c) and (d)
respectively. Blue points at α = 0 and α = π/2 indicate the
position of the CCF singularities in the input plane and far
field, correspondingly.

α ∈ (αs, π/2], see Fig. 4(b), 4(c) and 4(d). The larger the |xs| the
larger the αs for a fixed value of ρ. Note that the increase of ρ
yields to the decrease of the distance (αs) of singularities reap-
pearance. We conclude that the formation of CCF singularity
requires a certain degree of coherence around xs which is in-
creased during beam propagation (see Fig. 2(a) and 2(b) and the
first column of Fig. 3). The always higher degree of coherence
around xs = 0 explains immediate doubling of this singularity
in the input plane for n = 1 and 3. These results demonstrate
that the CCF has a memory about its input singularities, coincid-
ing with the intensity zero points, which are finally revealed in
far field in the form of the doubled singularity points. Thus the
2D HmHn−SMB has in far field 2m vertical and 2n horizontal
CCF singularity lines. As it has been previously mentioned, the
CCF singularities of the SMB-LG in far field were studied in
[7]. In particular, 2p + |l| CCF ring singularities (where p and l
are the radial and azimuthal mode indices of a LG mode) were
observed. By comparing the results obtained for the HG- and
LG-SMBs it follows that the number of CCF singularity curves
in far field is related to the Gouy phase of the coherent mode
defined by the index sum k equals to m + n and 2p + |l|, respec-
tively. In the case of the closed curves (rings) the number is k
while for the open curves (lines) it is 2k.

The proposed analysis of the CCF singularity evolution is ex-
tendable for other SMBs associated with stable modes. The close
relation between the shape, position and number of CCF sin-
gularity curves and the mode opens up promising perspectives
for designing new information encoding protocols in free-space
communications based upon partially coherent light. For the
experimental observation of CCF singularities a simple interfer-
ometric setup as the one applied in [5, 7] can be used.
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