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Multimode quantum analysis of an interferometer
with moving mirrors
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A multimode quantum analysis of noise reduction in interferometric measurements is presented. A
unitary transformation relating the output modes with the input ones for a Michelson interferometer
with moving mirrors is given. The evaluation of the noise spectrum shows that with a proper choice
of the input states, the sensitivity of the interferometer can be pushed beyond the standard quantum
limit. The results are compared with a semiclassical analysis.

PACS number(s): 42.50.Dv, 42.50.Lc, 03.65.Bz, 07.60.Ly

I. INTRODUCTION

The improvement of the experimental schemes for
the measurement of very weak forces, in particular, for
gravitational-wave detection, has stimulated a careful ex-
amination of their ultimate precision [I]. Apart from its
own interest, as far as the sensitivity of the designed in-
terferometers improves, the quantum limits on their mea-
surability become a matter of practical interest. So in
their analysis it can be supposed that other noise sources
have been eliminated and limit the discussion to the pure
quantum noise.

When the quantum nature of radiation is taken into
account, the first source of quantum noise to be consid-
ered is the photon noise, the photon-number Auctuations
of the outgoing fields. Its magnitude can be reduced by
increasing the mean power.

In an interferometric measurement, for instance, by
means of a Michelson interferometer, a weak force is de-
tected as a variation in t, he relative separation of the
mirrors. This phase difference is transformed into an
intensity signal. Therefore, if the mirrors can move, the
radiation pressure produced by the reflection of light on
them must be considered, the motion of the mirrors being
sensitive to the fiuctuations of the intensity in each arm
of the interferometer. This disturbance increases with
the mean power.

In the first derivations of the noise caused by these
sources they were considered as separate effects [2]. The
photon noise is evaluated assuming the mirrors at rest
and the radiation pressure is calculated in terms of the
internal intensities of the interferometer. Then the to-
tal noise is obtained as the sum of these separate con-
tributions yielding an optimal sensitivity, the standard
quantum limit (SQL), that is valid for all input states.
Essentially each noise contribution is due to a quadra-
ture of the vacuum entering the normally unused port of
the interferometer. Then the SQL arises from the Heisen-
berg principle, assuming the uncertainties are equally dis-
tributed on both quadratures.

Unruh [3], and more recently Jaekel and Reynaud [4]
using a semiclassical linear analysis, have shown that if
both sources of noise are linearly superimposed the sen-

sitivity can be pushed beyond the SQL with a proper
choice of the input states.

A careful examination shows that the separate calcu-
lation cannot be completely satisfactory. Since the quan-
tities actually observed are the output fields, all informa-
tion about the measurement must be contained in their
statistics [5]. Therefore all noise must be obtained as
a photon noise. Moreover, the separate calculation as-
sumes mutually incompatible observations from the point
of view of the uncertainty principle [6].

These difBculties can be avoided if the whole interfer-
ometer with moving mirrors is considered as performing
an input-output transformation on the fields. Following
the model introduced by Loudon [7] we have recently
developed a full quantum transformation law including
the radiation pressure for pure monochromatic fields [8].
However, in this kind of measurement, the time depen-
dencies of the signal and noise play an important role.
The detection will occur in a frequency band where the
mirrors are almost free to move, while they can be con-
sidered as bounded for other frequencies. In other words,
a spectral analysis is needed.

Here we present a multimode description of the in-
terferometer action when the mirrors can move and the
radiation pressure must be taken into account. In this
way all the information about the measurement is car-
ried by the output fields. The superposition previously
discussed naturally emerges and all the noise is obtained
as a photon-counting error. The multimode character al-
lows the calculation of the noise spectrum. We show that
this complete quantum analysis confirms the reduction of
noise below the SQL.

In Sec. II we examine the field reflected by a single
moving mirror and characterize its action. Then we con-
sider the whole Michelson interferometer in Sec. III. The
noise spectrum is evaluated in Sec. IV. The necessary
condition for the noise reduction and the states fulfilling
it are considered as well.

II. QUANTUM THEORY
OF A MOVING MIRROR

We first analyze the simpler case of a single moving
mirror illuminated by a field propagating in the Z axis
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with only one polarization but all possible frequencies,
that is, we shall regard the system as one dimensional.
We give the transformation relating the refIected field
with the incident one in terms of the mirror's motion.

An ideal mirror can be described by means of appro-
priate boundary conditions on the electromagnetic field.
For a fixed mirror, the usual continuity requirement is
the vanishing of the electric field at its position z

E(z, t) = 0. (2.1)

For a moving mirror, it is natural to impose this condition
in the reference frame in which it is instantaneously at
rest. The electric field in this frame is [9]

field in terms of the corresponding ones for the incoming
field, which completely characterize the mirror action

d4) ~

i-~ft+g(g)/c] ( )
z—~[i z—(t)/c]

OU)' ~ain ~ c

(2 6)

The range of integration over ~ in Eq. (2.6) strictly ex-
tends only from 0 to oo, but it is a good approximation
to take a range —oo to oo for narrow-bandwidth fields.

Since we are going to consider very weak forces, only
small displacements will occur. Taking the origin of coor-
dinates at the position of the mirror in absence of forces,
we have, for the frequencies of interest

1 Z
E(z, t)+ -B(z,t),

1 —zz/cs . ' c (2.2) —z(t) « 1.
C

(2.7)

where B is the magnetic field and z is the speed of the
mirror. In terms of the vector potential A in the Coulomb
gauge, the condition E' = 0 is

BA . OA d

Bt Dz dt
+ z = —A(z(t), t) = 0.

Without loss of generality we can require that

A(z(t), t) = 0.

(2.3)

(2 4)

Decomposing A into an incoming field (propagating to
the right) and an outgoing field (propagating to the left),
the above equation reads

A.„,(z(t), t) = —A;„(z(t), t). (2.5)

Expanding Eq. (2.5) in terms of Fourier components, we
can express the frequency amplitudes of the outgoing

!

With this assumption, the moving-mirror action on the
field can be regarded as a small perturbation from the
case of the mirror at rest. This suggests that we can
expand the frequency amplitudes as a power series of
the perturbation z(t). This is most conveniently accom-
plished in terms of an iteration parameter A such that
its powers correspond to the order of the perturbation
calculation. We can then replace ~z(t)/c by A~z(f)/c,
and assume a solution for a „,(a) in the form of a power
series of A [10]. Expanding as well the exponentials in
both sides of Eq. (2.6), a recursive procedure results from
equating the coefBcient in the same power of the itera-
tion parameter, providing a recursion scheme which may
in principle be carried out to arbitrarily high orders. In
the final results A is set equal to l. Retaining the first
terms, we obtain for a «(~)

a,«(~) = a;„(~)+ — du)'V'~~'z(~ —~') a(~') —— d~'d~"~'v'~~" z(~ —~')z(~' —~")a;„(~")y
C C

(2.8)

where aou~(~) = UJa;„(~)U, . (2.11)

z(tz) = f Cee' 'z(e) (2.9)

The same result may be obtained using the time t' =
t + '( ] at which we observe the output field and in this
way all the dependence on z is in the right-hand side of
Eq. (2.6). The expansion of the exponential just gives
Eq. (2.8).

These relations so far hold whether the fields are clas-
sical functions or quantum operators. To quantize the
theory the frequency amplitudes become operators veri-
fying the canonical commutation relations

[a;„(~),a,.'„(~')]= a(~ —~'),
(2.10)

[a;„(~),a;„(~')]= 0.

In the quantum case, the moving mirror can be consid-
ered as performing an input-output transformation, that
can be represented by an operator V, such that

Alternatively, the mirror action becomes a transforma-
tion from the input state vector

~
in) into the output

state [ out) = U, ( in).
The operator U, performing the transformation (2.8)

1s

U, = exp
~

— d~d~ 4~~'z(~ —~ )a,„(~)a;„(~)
(2i I I

C

(2.12)

as can be easily checked by using the well-known relation

e Be = B+ [B,A]+ —[[B,A], A]+ . . (2.13)
1

This operator U, is unitary provided "'(—0) = z(fI), so
the commutations relations (2.10) are preserved for the
output field.

Now, we focus in the case when the force acting on the
mirror is due to the radiation pressure force, that can be
taken as twice the momentum flow



A. LUIS AND L. L. SANCHEZ-SOTO

2h
FRp(t) = — d~ Cku'v'urcu'e'~ &'at„(~)a;„(~').

(2 14)

Considering this How to be mainly due to a narrow fre-
quency band around some frequency ~p, ERp can be ap-
proximated by

out, +

(

a, r' ain, 1 out, 1

FRp(t) = 2hkoat„(t)a;„(t)

where kp = 4)0/c and the operator a;„(t) is

(2.15)

ain(t) = d~e ' 'a;„(cu). (2.16) a-t

z(t) = f dt'y(t —t')FRp(t'), (2.18)

valid, in particular, for a mirror held in its equilibrium
position by a damped harmonic force, in which case the
susceptibility in the frequency domain reads [12]

1

M(QM2 —Qs —iI'0) '

where O~ is the eigenfrequency of the system with mass
M and damping constant 1.

Then the transformation operator including the radi-
ation pressure is obtained simply by considering the de-
pendence of z(t) on the input power. Using the narrow-
band approximation U, can be expressed as

The commutation relations in the time domain derived
from (2.10) are

["(t), ,'.(t')] = ~(t —t'),
(2.17)

[u.(~) n. (~')] = o

With this definition the operator n;„(t) = at„(t)a;„(t) can
be interpreted as the Aux of the light beam in units of
photons per unit time.

Let us characterize the response of the mirror to the
force FRp(t) by the linear susceptibility g [ll]

FIG. 1. Scheme of the Michelson interferometer showing
the input, output, and internal modes.

force. For the modes propagating in each arm, the sit-
uation is essentially equivalent to the problem we have
discussed in Sec. II, so that model can be applied here.

The interferometer can be considered as consisting of
two input ports (in, +), usually illuminated by a laser
beam, and (in, —), normally unused; two output ports
(out, +) and (out, —) and two internal paths 1 and 2 with
path lengths in darkness I ~ and L2.

The lossless beam splitter couples the internal modes
in the interferometer to the input (output) modes. The
relation between the input-mode annihilation operators
is (see Fig. 1)

(3 1)

where the conditions for a unitary coupling matrix are

I ~+ I'+
I

&- I'=
I
~- I'+ It+ I'=I,

(3 2)

~+ —b]+ —b, —b„

As we shall see later, in order to optimize the response
of the interferometer the choice

U, = exp i2kp dtz t a;„ t a;„ t (2.20)
I
~- I=it- I=I ~+ I=it+ I= ~

Taking into account the time dependence of z(t) in
Eq. (2.18), the final expression for the transformation is

U, = exp
l

i4hk,' dtdh'x(t —t')n;„(t)n;„(t') l,

(2.21)

the unitarity of the operator being preserved after this
substitution [13]. In the next section we shall consider
the whole interferometer with this mirror action.

III. THE MICHELSQN INTERFEROMETER
WITH MOVING MIRRORS

In this section we derive the input-output transforma-
tion law for the Michelson interferometer schematized in
Fig. 1 when mirrors can move in order to detect a small

~~+ O ~ +

(3.3)

&ou(;,j(~):U &in,j(~)K (3.4)

where j = +, —.This transformation can be obtained
by suitably combining the unitary operators representing
the action of each one of the elements of the interferom-
eter in the farm

V = UBSUpU VpUgs- (3 5)

Here UBS is the unitary transformation for the beam
splitter, which can be easily obtained from Eq. (3.1) [14];

and L~ ——L2 = Lp is especially convenient.
The annihilation operators for the output fields are

related to the corresponding ones for the input fields via
a unitary transformation U
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Uo represents the free propagation

&p = exp
~

— duu[Lin;„ i(u) + Lan;„2(u)] ~, (3.6)

and U, is the moving-mirror action we have discussed in
the preceding section, which, for identical mirrors, can
be written as

nor(t) =i a;„+(r)a;„(r)—a;„(r)a;„+(r)
+a . (r)A(r)a .,-(r) —a .+(r)A(r)a ., +(r)

+2 a.
,

(r)A'(r)a. ,+(r)

U, = exp i4hko dt dt'y t —t' n;„~ t n;„~ t'
—af„+(r)A'(r)a;„(r) . (3.11)

n~(t) = n()uB +(t) —nouB, (t)
= Uf [n;„+(t)- n;„, (t)] V. (3.8)

With the knowledge of the transformation operator for
the interferometer, we can express the detection operator
(3.8) in terms of the operators of the input fields includ-
ing the effect of the radiation pressure, getting [5]

n~(t) = af„(r)sin[A(r)]a;„(r)
—a~„+(r) sin[A(r)]a;„+ (r)
+i(a~„+(r) cos[A(r)]a;„(r)

—a~„(r)cos[A(r)]a;„+(r)], (3.9)

r
+n;„,(t)n;„,(t')]

(3 7)

This total transformation enables one to know the out-
put fields in terms of the input ones, and therefore the
result of any measure on them.

We assume that the detectors, placed at the two out-
put channels of the interferometer, give a response pro-
portional to the output photon flows. This assumption
is equivalent to a detection of energy flow taking the
narrow-band approximation [15].The optimum response
to small displacements of the mirrors can be reached ei-
ther by phase-modulation techniques or balanced detec-
tion, both schemes giving similar sensitivities, at least for
ideal conditions [16]. When balanced detection is used
the difference between the two output flows is measured
around a working point where it is zero. The operator of
interest in this case is

The first term in this equation is just the detection op-
erator in absence of radiation pressure, while the other
terms are successive corrections. This relation for the
detection operator allows us to obtain all the informa-
tion about the measurement once we specify the states
entering the interferometer.

IV. NOISE SPECTRUM

X(t) = e'""a;„(t)+ e ' "at„(t),

Y (t) = i e ' ' a,„ (t) —e' "a;„ (t)

(4.3)

In the kind of measurements we are discussing, the
input port (in, +) of the interferometer is illuminated by
a laser beam, so for this channel we consider a coherent
state in a single mode of frequency up [17],

a;„+(~) ( in, +) = nb(~ —cup) ) in, +),
(4.1)

a.,+(t) I in, y) = oc-'"'
I

in +).
Before evaluating the noise for a particular choice of

the input state in channel (in, —) we can see its features
better if we consider the coherent intensity to be much
higher than the corresponding one in the (in, —), as is
often the case. So, it will be a good approximation to
replace the operator a;„+(t) by the complex amplitude
ee '~' neglecting its fluctuations. Therefore we can take

W

na(t) /f 'Y(r)—+ BBBofjdt'gn(r —f')X(t')

(4.2)

where f =~ o(
~

represents the flux in units of photons
per unit time and

where

B(v) = BBkj') f dt'yR(v —t)'
x af„(t')a;„+(t')

+a,'„p (t')a;„(t'), (3.10)

witll gn(t —t ) =
2 [y(t —t') + y(t' —t)] and r = t-

2Lp/c. Since the radiation pressure effects are small ac-
cording to Eq. (2.7), we can expand n~(t) up to second
powers in A, obtaining

are the quadratures of the (in, —) field.
In a separate calculation each noise source can be as-

signed to the fluctuations of one quadrature of the (in, —)
field. The use of squeezed states allows an adequate bal-
ance between them to reach the SQL.

Since only photon noise can be measured, we have ar-
gued before that a superposition of both sources of noise
should appear in the detection. We see in Eq. (4.2)
that this is the case in this unified calculation, being the
key to overcome the SQL. In fact, in the fluctuations of
n~(t) the correlations between the two quadratures of
the (in, —) field contribute to the noise, a fact absent in

any separate calculation. The necessary condition to the
reduction of noise is that the state (in, —) presents the
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appropriate correlation. This can be done, for instance,
with the use of a correlated squeezed vacuum. Therefore
we consider the mode (in, —) to be obtained from the out-
put of a degenerate parametric amplifier in the case of
a single-ended cavity, which has proved to be one of the
most successful ways to achieve it [18]. In such a case we
have [19]

where

Enyo(t) = nag(t) —(n~(t)),
that in our case becomes

5' (h)) = f dt e "''('na(t+t )na'(t))

(4 9)

(4.1o)

)=o,

(a;„(~)a;„(~'))= M(~)b(2~p —~ —~'),

with

N(~) =-EP 1

2 (&z
—e) + (~p —~)

1

( z + E) + ((B)P —(d)

(4 4)

(4.11)

where

Sxx(Q) = 1+ N(~p+ Q) + N(~p —Q)

+M(~p+ Q) + M (up —Q),

It should be noted that there is no ordering problem with
the operators because [n~(t), n~(t')] = 0.

Since we have assumed the radiation pressure to be a
small efFect [see Eq. (2.7)] and the coherent intensity to
be much higher that the squeezed one, we can use the
expansion (3.11), retaining just the greatest term in each
power of y. With all these in mind the noise spectrum is

S„„(Q)= fSy~(Q) + 16hk()f Xn(Q)S~r (Q)
+64h k() f y~(Q)Sx~(Q),

M(~) = —e'~'Y ~e 1

2 (&~
—e)z + (~p —~)'

(4.5) Spy(Q) = 1+ N(~p+ Q)+ N(~p —Q)
—M(~p + Q) —M'(~p —Q),

S~~(Q) = i [M'(up —Q) —M(urp + Q)] .

(4.12)

(n~(t)) = 2kp fz, (4 7)

so the interferometer is effectively prepared at the opti-
mum working point.

The fluctuations in the output photon flows cause the
corresponding uncertainties in the relative separation of
the mirrors. We next calculate the spectrum of the out-
put if there are no external forces acting on the mirrors.
That is to say, the background noise spectrum from which
the signal should be detected.

The incident states we have chosen allows us to con-
sider nn(t) as a stationary variable. Therefore the spec-
trum of fluctuations can be obtained as the Fourier trans-
form

5 „(hh) = f dt'e '(4 (t+'t n)BABB(t)),
' (4.8)

where c and 8 are the modulus and phase of the ampli-
fication constant, y is the cavity damping, and we have
assumed that the frequency around which the squeezing
has been produced coincides with the frequency of the
coherent input.

The role of the interferometer is to transform a small
variation of the relative separation of the mirrors z =
Lq —L~ into a variation in the output photon flows. Un-
der the conditions assumed it is easy to see that if there
are no external forces acting on the mirrors

(4 6)

while a small variation of z gives a signal

that is

Sx~(Q)b(Q + Q') = (X(Q)X(Q')),
Sy~(Q)b(Q+ Q') = (Y(Q)Y(Q')),
Sx~(Q)b(Q+ Q') = 2(X(Q)Y'(Q') + Y(Q)X(Q')).

We have not yet completely specified the detector re-
sponse to the photon flow. The detector can be charac-
terized by a response function g in such a way that the
detected output is

hh(B(t) = f dk'et(t —t')na(t') (4.15)

The function g contains the frequency response as well
as the duration of the measure. In the frequency domain
its effect will appear as a multiplicative factor as

S)v~(Q) =I n(Q) I' S-(Q). (4.16)

We can consider this frequency-dependent response of the
detector as a filter selecting the appropriate frequency
band centered at the signal frequency.

The previous fluctuations in the detected output pho-
ton flows cause the final indetermination in z to be

These last functions are nothing but the correlation
functions of the operators

X(h)) =f dte' 'X(t) = a;„(an+ ()) d-a.
,„(eea —h)),

(4.13)

Y(h)) =f dk e'neY(t)

=i at„(~p —Q) —a;„(~p+ Q)
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((& ) )=2~
0

(4.17)

B = — dQ [ g(Q) i2

Using now Eq. (4.11) for S„„,we have

(4.18)

where the bar denotes the mean value over the normal-
ized frequency distribution induced by the filtering de-
tector in Eq. (4.16), and B its bandwidth

((zXz) ) = 8BX/XR —XR,
when

(4.25)

pressed in Eq. (4.2), that leads to the uncertainty de-

pending upon the correlat, ions between X and Y vari-
ables. This fact can be used to reduce the noise in front
of the uncorrelated case. Essentially, the fluctuations of
the (in, —) field must be squeezed in the appropriate di-

rection of the XY plane.
Now Sxy can be varied giving a minimum uncertainty

1
((b,z) ) = 2B 2 Syy+4hgttSxy

0

XR
Y =

XR XR
2 2

(4.26)

+16h ko fy2R SXX (4.19)

SXXSYY = 1+SXy.2 (4.20)

In these conditions, when f is varied, the minimum of
Eq. (4.19) gives

((«)') = SBX
1 y'~+ SXXY /XR+ xzSRX (4.21)

for the optimum photon flow

in—
1 Syy

8gy2 2 SXX
0 XR

(4.22)

When the field entering the channel (in, —) is the vac-
uum (Sxx = Syy = 1,Sxy = 0), the minimum uncer-
tainty gives the SQL

((&z)4r.) = 8BX/Xzz

and the optimum photon flow in this case

(4.23)

1
fsc1L-

8hk02

(4.24)

translates to an unpractically high optimum power.
Caves's proposal [2] corresponds to squeezing the Y
quadrature of the (in, —) field, which leads to the same
SQL uncertainty, but for a smaller input power.

As we have mentioned, the unified calculation shows
the superposition of both sources of fIuctuations, ex-

Actually with the present available sources of squeezed
states the spectrum of fluctuations of the output is much
broader than the detection bandwidth of this kind of
measurements [20]. Then we can consider the white-
noise limit of infinite-band squeezed vacuum, neglecting
the frequency dependence in Eq. (4.5), and consider the
correlations in Eq. (4.12) to be independent of the fre-

quency, verifying the relation

This lower bound is clearly below the SQL in

Eq. (4.23). The precise amount of noise reduction and
the feasibility of achieving it, depends both on the filter-
ing distribution and the susceptibility. A lower bound
for the sensitivity has been discussed by Jaekel and Rey-
naud [4] assuming that noise can be optimized at each
frequency. This analysis is formally equivalent to the
noise reduction in a single-mode model [8].

V. CONCLUSIONS

The quantities actually observed in interferometric
measurements are the output fields. So the discussion
about the quantum noise should be done in terms of
their statistics. In this work, we have presented a mul-
timode quantum model for the Michelson interferometer
with moving mirrors, giving a unitary transformation re-

lating the output fields with the input ones that includes
the radiation pressure effect. With a multimode descrip-
tion the noise spectrum can be evaluated. That would
in particular allow one to discriminate a signal from the
background noise. We have shown that, as it could be
expected, photon noise and radiation pressure are not in-
dependent sources of uncertainty. Our analysis supports
previous results, appearing in the total noise a correla-
tion term, can be used, with a judicious choice of the
input states, to push the uncertainty below the SQL.

The interferometer described here is, of course, a
highly idealized system. Real interferometers are subject
to other error sources that must be overcome in the de-

sign of real experiments and render the detection of gravi-
tational waves a formidable experimental task. However,
as interferometers are made longer, the ultimate quan-
tum limits on their measurability become a matter of
practical interest.
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